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Abstract
We propose novel goodness-of-fit tests for the Weibull distribution with unknown 
parameters. These tests are based on an alternative characterizing representation 
of the Laplace transform related to the density approach in the context of Stein’s 
method. Asymptotic theory of the tests is derived, including the limit null distri-
bution, the behaviour under contiguous alternatives, the validity of the parametric 
bootstrap procedure, and consistency of the tests against a large class of alterna-
tives. A Monte Carlo simulation study shows the competitiveness of the new proce-
dure. Finally, the procedure is applied to real data examples taken from the materials 
science.

Keywords  Goodness-of-fit · Weibull distribution · Hilbert-space valued random 
elements · Contiguous alternatives

1  Introduction

The Weibull distribution was introduced by Waloddi Weibull in his key paper 
(Weibull 1951). In this paper, Weibull proposes applications in the materials sci-
ence (i.e., yield strength of a Bofors steel), for geological phenomena (i.e., size dis-
tribution of fly ash) up to the analysis of fossils (i.e., length of Cyrtoideae). Since 
then, numerous publications in applied sciences have used the Weibull distribution 
in diverse fields, such as engineering, physics, chemistry, meteorology, hydrology, 
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medicine, psychology and pharmacy, to name just a few. A list of approximately 
200 references related to applications is supplied by Rinne (2009), see Tables 7/1 to 
7/12.

Due to the success and the wide applicability of the Weibull law, some authors 
warn about possible perils of unguarded fitting of Weibull distributions to data, see 
(Mackisack and Stillman 1996) and for more references (Rinne 2009). Hence, a first 
step to serious statistical inference involving this family of distributions is to check 
whether given data are sufficiently compatible with some Weibull law. This ques-
tion belongs to the area of goodness-of-fit testing for parametric families of distribu-
tions. We consider the case of a composite hypothesis in which the parameters of the 
underlying distribution are unknown. To be precise, let W = {W(𝜆, k) | 𝜆, k > 0} be 
the family of Weibull distributions, where W(�, k) is the Weibull distribution defined 
by the probability density function

and 𝜆 > 0 is the scale and k > 0 is the shape parameter. In what follows, let X1,… ,Xn 
be independent and identically distributed (i.i.d.) copies of a positive random vari-
able X with distribution ℙX . We want to check the assumption that ℙX belongs to the 
family of Weibull distributions, or equivalently, to test the composite null hypothesis

against general alternatives.
This testing problem has been considered in the literature, although (compared 

with tests of normality or of exponentiality) the amount of available procedures 
is relatively sparse. Hitherto known tests for the Weibull distribution are based on 
functionals of the empirical distribution function, see (Chandra et  al. 1981), on 
probability plots, see (Smith and Bain 1976), on statistics of Shapiro-Wilk type, 
see (Shapiro and Brain 1987), on normalized spacings, see (Mann and Fertig 1975; 
Mann et al. 1973), on the Kullback–Leibler information, see (Pérez-Rodríguez et al. 
2009), on generalized Weibull families, see (Krit et al. 2016), on a Stein type char-
acterization in Fourier space, see (Bothma et  al. 2022), on the empirical moment 
generating function, see (Cabaña and Quiroz 2005), and the empirical Laplace trans-
form, see (Krit 2014). For a review with some more references and a comparative 
Monte Carlo simulation study see (Krit et al. 2021).

In what follows, we introduce and study a class of goodness-of-fit tests for the 
Weibull distribution that is based on a novel characterization of the Weibull law by 
an alternative representation of the Laplace transform. At its heart lies the density 
approach in the context of Stein’s method. We state the rationale of the test and the 
resulting test statistic in Sect. 2. Section 3 provides the asymptotic theory of the tests, 
including the limit null distribution, the behaviour under contiguous alternatives, the 
validity of the parametric bootstrap procedure, and the consistency of the tests. In 
Sect.  4 we present results of a comparative Monte Carlo simulation study, while an 
application to real data sets is provided in Sect. 5. We finish the paper in Sect. 6 by 
stating some conclusions and open problems. For the sake of readability, proofs are 

f (x, �, k) =
k

�k
xk−1 exp

(
−
(
x

�

)k
)
, x ≥ 0,

(1)H0 ∶ ℙ
X ∈ W,
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deferred to Appendix A. Throughout the paper, the symbol ∼ will denote equality in 
distribution, and o

ℙ
(1) stands for a term that converges to zero in probability as n → ∞ . 

Moreover, we will write D
⟶

 for convergence in distribution as n → ∞.

2 � Rationale of the test and the test statistic

The density approach in the context of Stein’s method (compare Ley and Swan (2013)) 
states that, under suitable conditions, a real-valued random variable X follows a distri-
bution with differentiable density f  if and only if

for each function p from a sufficiently large class of test functions. Here, f ′ denotes 
the derivative of f  . If f  is the standard normal density, then (2) is the famous char-
acterization of the standard normal law in Stein’s lemma.

Due to the results in Betsch and Ebner (2021) equation (2) can be untied from the 
class of test functions p under weak assumptions. As a consequence, we obtain the 
following characterization of the Weibull distribution. For a proof of Theorem 1 see 
Appendix A.1.

Theorem 1  Let 𝜆, k > 0 and X be a positive random variable with differentiable den-
sity f and Laplace transform LX satisfying �||X (d∕dxf (x)|X)∕f (X)| < ∞ . Then X has 
a W(�, k)-distribution if and only if

for each t > 0.

To construct a test statistic based on (3), we replace the theoretical moments by their 
empirical counterparts. The resulting equation is useful to check whether a given sam-
ple is generated by a Weibull distribution with fixed parameters 𝜆, k > 0 . However, the 
composite hypothesis (1) requires a more elaborate approach. Since the parameters of 
the hypothetical Weibull distribution are unknown, they have to be replaced by consist-
ent estimators. If we denote these estimators by �̂n and k̂n and replace the Laplace trans-
form by the empirical version L̂X(t) = n−1

∑n

j=1
e−tXj , our test statistic is the weighted 

L2-distance

Here, w ∶ [0,∞) → (0,∞) is a positive weight function satisfying

(2)�

[
p�(X) +

f �(X)

f (X)
p(X)

]
= 0

(3)tLX(t) = �

[
1

X

(
k

(
X

�

)k

− k + 1

)(
1 − e−tX

)]

(4)

Tn = n∫
∞

0

|||||
1

n

n∑
j=1

1

Xj

(
k̂n

(
Xj

�̂n

)k̂n

− k̂n + 1

)(
1 − e−tXj

)
−

t

n

n∑
j=1

e−tXj

|||||

2

w(t)dt.
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Rejection of the null hypothesis is for large values of Tn.

Remark 2 

1.	 It is well-known that W(�, 1) = Exp (1∕�) , for 𝜆 > 0 . If we fix k = 1 in Theo-
rem 1, (3) yields the identity LX(t) = (1 − �[exp(−tX)])∕(�t) , t > 0 . Solving for 
LX(t) leads to LX(t) = 1∕(�t + 1) , which is the Laplace transform of Exp (1∕�) . 
On the other hand, using the formula LY (t) = 1∕(�t + 1) for the Laplace transform 
of a random variable Y with the exponential distribution Exp (1∕�) confirms the 
identity. In this case, the test statistic Tn is equivalent to the test of exponentiality 
based on the empirical Laplace transform proposed in Henze (1993); Henze and 
Meintanis (2002).

2.	 Goodness-of-fit tests based on characterizations are known to lead to comparably 
strong procedures, see (Nikitin 2017) for a survey on that topic. A fundamental 
building block of Stein’s method are characterisations of the type in Theorem 1, 
which then leads to distributional approximation for probability metrics as the 
Wasserstein- or the Kolmogorov distance. For a motivation of the use of the 
distributional characterizations of Stein’s method for goodness-of-fit testing, see 
(Anastasiou et al. 2023).

If the weight function w figuring in (4) is taken to be w(1)
a
(t) = e−a|t| or 

w(2)
a
(t) = e−at

2 , t ∈ [0,∞) , where a > 0 is some tuning parameter, the test statistic 
Tn allows for a representation that does not involve any integration and is thus 
amenable to computations. Indeed, writing

for the error function, and putting

straightforward computations give

and

(5)∫
∞

0

(t4 + 1)w(t)dt < ∞.

erf (x) =
2√
� �

x

0

exp(−t2) dt, x ≥ 0,

r(i, �̂n, k̂n) = X−1
i

(
k̂n

(
Xi∕�̂n

)k̂n
− k̂n + 1

)
,

T (1)
n,a

=
1

n

n∑
i,j=1

{
r(i, �̂n, k̂n)r(j, �̂n, k̂n)

(
1

a
−

1

a+Xi

−
1

a+Xj

+
1

a+Xi+Xj

)

− 2r(j, �̂n, k̂n)

(
1

(a+Xi)
2
−

1

(a+Xi + Xj)
2

)
+

2

(a+Xi+Xj)
3

}
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3 � Asymptotic Theory

In view of what follows, we now change to a more general setting and consider a 
triangular array Xn,1,… ,Xn,n, n ∈ ℕ , of row-wise i.i.d. random variables, defined on 
a common probability space (Ω,A,ℙ) , with

and

Moreover, let X be a random variable with the Weibull distribution W(�0, k0).
As a first step, we specify the estimators �̂n, k̂n . We propose to take either maxi-

mum likelihood estimators or moment estimators, both of which are discussed in 
more detail in the next subsection. If not stated otherwise, we write �̂n and k̂n for 
both types of estimators, since the pertaining calculations follow the same lines. 
In view of the statements made in Theorem 5, we assume that the estimators �̂n, k̂n 
allow linear representations

where �1 und �2 are measurable functions satisfying

T (2)
n,a

=
1

n

n�
i,j=1

�
r(i, �̂n, k̂n)r(j, �̂n, k̂n)

1

2

�
�

a

�
1 − eX

2
i
∕(4a)

�
1− erf

�
Xi

2
√
a

��

− e
X2
j
∕(4a)

�
1− erf

�
Xj

2
√
a

��
+ exp

�
(Xi+Xj)

2

4a

��
1− erf

�
Xi+Xj

2
√
a

���

−
r(j, �̂n, k̂n)

√
�

2(
√
a)3

�
exp

�
(Xi+Xj)

2

4a

�
(Xi+Xj)

�
1− erf

�
Xi+Xj

2
√
a

��

− eX
2
i
∕(4a)Xi

�
1− erf

�
Xi

2
√
a

���
+

1

8(
√
a)5

�
−2

√
a(Xi+Xj)

+ exp

�
(Xi+Xj)

2

4a

�√
�(2a + (Xi+Xj)

2)

�
1− erf

�
Xi+Xj

2
√
a

����
.

Xn,1 ∼ W(𝜆n, kn), kn, 𝜆n > 0,

(6)lim
n→∞

𝜆n = 𝜆0 > 0, lim
n→∞

kn = k0 > 0.

(7)
√
n(�̂n − �n) =

1√
n

n�
j=1

�1(Xn,j, �n, kn) + o
ℙ
(1),

(8)
√
n(k̂n − kn) =

1√
n

n�
j=1

�2(Xn,j, �n, kn) + o
ℙ
(1),
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and

3.1 � Estimation of �
n
 and k

n

We start with an investigation of the maximum likelihood estimators, which are 
defined as the solutions of the likelihood equations

These estimators exist, and they are unique with probability 1 , see Appendix I of 
McCool (1970). If we transfer Theorem 17 of Ferguson (1996) to our setting of a 
triangular array, we obtain the almost sure convergence (�̂n, k̂n) → (�0, k0) , i.e., the 
strong consistency of the sequence of maximum likelihood estimators.

For the proof of Theorem 5, it is necessary to show asymptotic normality and the 
existence of a linear representation of the maximum likelihood estimators. The following 
result can be proved in the same way as Theorem 6.2.2 of Bickel and Doksum (2015).

Theorem 3  In the setting above, the maximum likelihood estimators allow of the lin-
ear representation

Thereby, I(�0, k0) is the Fisher information matrix. Moreover, the limit distribution 
of 
√
n(�̂n − �n, k̂n − kn) as n → ∞ is a centered bivariate normal distribution.

We turn to the behavior of the moment estimators. Note that, if X has the Weibull 
distribution W(�, k) , then the random variable − logX has an extreme value type-I 
distribution EV(�, �) , where � = − log � and � = 1∕k . Writing � = 0.57721⋯ for 
the Euler–Mascheroni constant, the expectation and variance are then given by

(9)�[�1(Xn,1, �n, kn)] = 0, �[�2(Xn,1, �n, kn)] = 0,

(10)�[𝜓2
1
(Xn,1, 𝜆n, kn)] < ∞, �[𝜓2

2
(Xn,1, 𝜆n, kn)] < ∞,

(11)
lim
n→∞

�
[
�2
1
(Xn,1, �n, kn)

]
= �

[
�2
1
(X, �0, k0)

]
,

lim
n→∞

�
[
�2
2
(Xn,1, �n, kn)

]
= �

[
�2
2
(X, �0, k0)

]
.

�̂n =

�
1

n

n�
i=1

X
k̂n
n,i

�1∕k̂n

,

n

k̂n

+

n�
i=1

logXn,i =
n

∑n

i=1
X
k̂n
n,i

n�
i=1

X
k̂n
n,i
logXn,i.

√
n

�
�̂n − �n
k̂n − kn

�
=

1√
n

n�
i=1

I(�0, k0)
−1 d

d(�, k)
log f (Xn,i, �, k)

����(�n,kn)
+ o

ℙ
(1).
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Therefore, the moment estimators are solutions of the equations

where S2
n
= (n − 1)−1

∑n

i=1
(logXn,i − logX)2 and logX = n−1

∑n

i=1
logXn,i . A direct 

conclusion from (12) and (13) is the strong consistency of the estimators, since

A linear representation of the estimators is obtained by rewriting Eqs.  (12)–(13) 
and performing multiple Taylor expansions. Moreover, similar to Van der Vaart 
(1998), Section 4.1, the moment estimators have an asymptotic normal distribution.

Theorem 4  The moment estimators satisfy (7)–(11) with

and the limit distribution of 
√
n(�̂n − �n, k̂n − kn) is a centered bivariate normal 

distribution.

Thus, both the maximum likelihood estimators and the moment estimators sat-
isfy the assumptions (7) to (11).

3.2 � Limit distribution under H
0

Let L2
w
= L2([0,∞),B[0,∞),w(t)dt) be the Hilbert space (of equivalence classes) of 

Borel-measurable functions g ∶ [0,∞) → ℝ satisfying ‖g‖2 = ∫ ∞

0
g2(t)w(t)dt < ∞ 

with respect to a measurable positive weight function w(⋅) that is subject to (5). 
The scalar product on L2

w
 is defined by ⟨g, h⟩ = ∫ ∞

0
g(t)h(t)w(t)dt. If we write

�[− logX] = − log � +
�

k
and Var[− logX] =

�2

6k2
.

(12)k̂n =
�√
6
(S2

n
)−1∕2,

(13)log �̂n = logX +
�

k̂n

,

∞∑
n=1

Var(log(Xn,1))

n
< ∞ and

∞∑
n=1

Var(log(Xn,1)
2)

n
< ∞.

�1(Xn,i, �n, kn) =�n

(
logXn,i +

3�kn

�2
(logXn,i − log �n + �∕kn)

2

+
�

2kn
− log �n

)
,

�2(Xn,i, �n, kn) =
kn

2
−

3k3
n

�2
(logXn,i − log �n + �∕kn)

2,
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t ≥ 0 , the test statistic Tn allows of the representation

It is easily seen that Vn is ℙ-a.s. an element of L2
w
 , and the measurability with respect 

to the Borel �-field follows from the continuity of the sample paths of Vn . The proof 
of the following Theorem is technically involved and is therefore deferred to Appen-
dix A.2.

Theorem 5  Under the triangular array introduced at the beginning of this section, 
we have

Here, W is a centered Gaussian element of L2
w
 with covariance operator Σ�0,k0

 given 
by

where

and X has the Weibull distribution W(�0, k0).

Remark 6  The distribution of ‖W‖2 is that of

where N1,N2,… are independent standard Gaussian random variables, and �1, �2,… 
are the eigenvalues of the integral operator Σ�0,k0

 . The eigenvalues depend on the 
unknown parameters �0, k0 and on the structure of the weight function w, and thus 

(14)Vn(t) =
1√
n

n�
j=1

�
1

Xn,j

�
k̂n

�
Xn,j

�̂n

�k̂n

− k̂n + 1

��
1 − e−tXn,j

�
− te−tXn,j

�
,

(15)Tn = ‖Vn‖2.

Tn = ‖Vn‖2
D

⟶‖W‖2, as n → ∞.

(16)(Σ�0,k0
g)(s) = ∫

∞

0

�
[
W(t)W(s)

]
g(t)w(t)dt, g ∈ L

2
w
,

W(t) =
1

X

((
X

�0

)k0

k0−k0+1

)(
1−e−tX

)
− te−tX

− �1(X, �0, k0)
k2
0

�
k0+1

0

�
[
Xk0−1

(
1−e−tX

)]

+ �2(X, �0, k0)

(
k0

�
k0
0

�
[
Xk0−1 log(X∕�0)

(
1−e−tX

)]

− �
[
X−1

(
1−e−tX

)]
+

1

�
k0
0

�
[
Xk0−1

(
1−e−tX

)])
,

(17)
∞∑
i=1

�iN
2
i
,
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representation (17) is hardly useful to find critical values of the test statistic Tn . For 
this reason, we propose a parametric bootstrap procedure in order to compute criti-
cal values, see Sect. 3.4.

3.3 � Behavior under contiguous alternatives

In this subsection we show that our class of tests has positive asymptotic power 
against sequences of contiguous alternatives that approach the null hypothesis at the 
rate n−1∕2 . This property is in general not shared by density-based goodness-of-fit 
tests. A notable example is the test for multivariate normality of Henze and Zir-
kler (1990), which is equivalent to the test of Bowman and Foster (1993). The limit 
behavior of these tests against sequences of alternatives is stated in Section  7 of 
Henze (2002). To derive the behavior of the test statistic Tn under contiguous alter-
natives, let Xn,1,… ,Xn,n, n ∈ ℕ , be a triangular array of row-wise i.i.d. random vari-
ables having Lebesgue density

Here, f  is the density of a random variable having the Weibull distribution W(�, k) 
for some fixed 𝜆, k > 0 , c ∶ [0,∞) → ℝ is a measurable, bounded function satisfying

and we assume n to be large enough to ensure that gn is positive.

Theorem 7  Under the stated assumptions, we have

Here, W is the Gaussian element defined in the claim of Theorem 5, and � ∈ L
2
w
 

satisfies ⟨� , g⟩ = �[⟨�(X, ⋅), g(⋅)⟩c(X)] for each g ∈ L
2
w
 , where X has the Weibull dis-

tribution W(�, k) , and

for x, s ≥ 0.

(18)gn(x) = f (x)

�
1 +

c(x)√
n

�
, x ∈ [0,∞).

∫
∞

0

c(x)f (x)dx = 0,

Tn
D

⟶‖W + �‖2 as n → ∞.

�(x, s) =
1

x

((
x

�

)k

k − k + 1

)(
1 − e−sx

)
− te−sx

− �1(x, �, k)
k2

�k+1
�
[
Xk−1

(
1 − e−sX

)]

+ �2(x, �, k)

(
k

�k
�
[
Xk−1 log(X∕�)

(
1 − e−sX

)]

− �
[
X−1

(
1 − e−sX

)]
+

1

�k
�
[
Xk−1

(
1 − e−sX

)])
,
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The proof is provided in Appendix A.3. Note that � ∈ L
2
w
 figuring in the state-

ment of Theorem 7 can be expressed as

where � is also given in the statement of the theorem.

3.4 � Bootstrap procedure and consistency

We now prove that the test which rejects the hypothesis H0 for large values of Tn 
is consistent against general alternatives. Hereafter, we consider an i.i.d. sequence 
(Xn)n∈ℕ of copies of X, where X is a non-degenerate positive random variable satis-
fying �[Xm] < ∞ and �[| logX|Xm] < ∞ for each m ∈ ℕ . Moreover, we assume that 
there are 𝜆0, k0 > 0 such that

where �̂n and k̂n are either the moment or the maximum likelihood estimators as in 
the previous section. The following result is a direct consequence of a Taylor expan-
sion and Fatou’s lemma.

Theorem 8  Under the stated conditions, we have

where

Since the null distribution of the test statistic depends on the unknown parameters 
of the underlying Weibull distribution, we propose a parametric bootstrap procedure 
in order to obtain critical values. For a sample X1,… ,Xn of random variables that 
satisfy the assumptions above, we compute the estimators �̂n = �̂n(X1,… ,Xn) and 
k̂n = k̂n(X1,… ,Xn) . We then generate another sample of size n , say X∗

1
,… ,X∗

n
 , fol-

lowing the W(�̂n, k̂n)-law, estimate the parameters � and k from X∗
1
,… ,X∗

n
 and calcu-

late the test statistic Tn . By repeating this procedure b times, we obtain T∗
n,1
,… , T∗

n,b
 

and compute the empirical distribution function

of this sample, where 1{⋅} denotes the indicator function. Given the nominal level 
� ∈ (0, 1) , we use the empirical (1 − �)-quantile of T∗

n,1
,… , T∗

n,b
 , i.e.,

�(⋅) = ∫
∞

0

�(x, ⋅)f (x)c(x)dx,

(19)(�̂n, k̂n)
a.s.
⟶ (�0, k0), as n → ∞,

lim inf
n→∞

Tn

n
≥ Λ�0,k0

ℙ-a.s.,

Λ�0,k0
= ∫

∞

0

(
�

[
1

X

(
k0

(
X

�0

)k0

−k0 + 1

)(
1 − e−tX

)]
−�

[
te−tX

])2

w(t)dt.

H∗
n,b
(t) =

1

b

b∑
i=1

1{T∗
n,i

≤ t}, t ≥ 0,
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as a critical value. Here, T∗
1∶b

,… , T∗
b∶b

 are the order statistics of T∗
n,1
,… , T∗

n,b
 . The 

hypothesis H0 is rejected if Tn = Tn(X1,… ,Xn) > c∗
n,b
(𝛼).

By the same arguments as in Betsch and Ebner (2019) and Henze (1996), Theo-
rem 3.6, we show the asymptotic validity of this bootstrap procedure. Denote the dis-
tribution function of Tn under the W(�, k)-law by Hn,�,k(t) = ℙ(Tn ≤ t) , t ≥ 0 , and the 
limit distribution function by H�,k(t) = ℙ(‖W‖2 ≤ t), t ≥ 0 . Again, W is the centered 
Gaussian random element from Theorem 5, and it can be shown that the function H�,k 
is strongly monotone and continuous. Using the continuity of H�,k , Theorem 5 and the 
almost sure convergence of (�̂n, k̂n) , it follows that

for each t ≥ 0 . With a triangular version of Theorem 16 of Ferguson (1996), a rea-
soning similar to the proof of Theorem 3.6. of Henze (1996) yields

Thus, c∗
n,b
(�)

ℙ

⟶ H−1

n,�̂n ,̂kn
(1 − �) as b → ∞.

If X1,… ,Xn are i.i.d. according to the Weibull distribution W(�0, k0) , the continuity 
of H�0,k0

 gives

Now, if X1 does not follow a Weibull distribution, then Theorem 1 yields Λ𝜆0,k0
> 0 , 

and it follows that

Thus, our test is consistent against each alternative distribution that satisfies the 
assumptions stated at the beginning of this section. Of course, one has to discuss the 
convergence of the estimators �̂n and k̂n under alternatives described in (18). Notice 
that, under a fixed alternative, the maximum likelihood estimators converge almost 
surely to some limits �0, k0 if

To ensure convergence, the supremum needs to be attained at some unique maxi-
mizer (�0, k0) , which necessarily implies �[logX] < ∞ and �[Xm] < ∞ for each 
m ∈ ℕ.

c∗
n,b
(�) = H∗−1

n,b
(1 − �) =

�
T∗
b(1−�)∶b

, b(1 − �) ∈ ℕ,

T∗
⌊b(1−�)⌋+1∶b, otherwise,

lim
n→∞

H
n,�̂n ,̂kn

(t) = H�0,k0
(t) ℙ-a.s.

sup
t≥0

|H∗
n,b
(t) − H

n,�̂n ,̂kn
(t)| ℙ

→ 0 as b, n → ∞.

lim
n→∞

lim
b→∞

ℙ(Tn > c∗
n,b
(𝛼)) = 𝛼.

lim
n→∞

lim
b→∞

ℙ(Tn > c∗
n,b
) = 1.

�

[
log k0 − k0 log �0 + (k0 − 1) log(X) −

Xk0

�
k0
0

]

= sup
(�,k)∈(0,∞)2

�

[
log k − k log � + (k − 1) log(X) −

Xk

�k

]
.
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If �| log(X)|2 < ∞ , and if we employ moment estimators, then (12) and (13) yield

almost surely as n → ∞.

4 � Simulations

In this section, we examine the behavior of the newly proposed test statistics by 
means of a simulation study. In Krit et  al. (2016, 2021), the authors investigated 
the power of many established procedures in the context of goodness-of-fit testing 
for the Weibull distribution with unknown parameters. We thus compare the small 
sample power of our test statistics with the strongest competitors that are recom-
mended by Krit et al. (2016, 2021). These are the Anderson–Darling test (AD), the 
Oztürk–Korukogu test (OK), the Tiku–Singh test (TS) and a generalized smooth test 
based on sample skewness (ST). For more details and definitions of the test statis-
tics, see (Krit et al. 2016, 2021) and the references therein, and for implementations 
of these tests see the R package (Krit 2019). Since the performance of the new statis-
tics depends on a tuning parameter a, we use a ∈ {1, 2, 5} for both weight functions 
w(1)
a

 and w(2)
a
. As in section  1, the resulting statistics are denoted by T (1)

n,a
 and T (2)

n,a
, 

respectively. For computations, we throughout employed the statistical software R, 
see (R Core Team, 2021). All simulations are done with the nominal level � = 0.05 
and for the sample sizes n = 20 and n = 50. The parameters of the Weibull distribu-
tion are always estimated by maximum likelihood, since the results are generally 
better when compared to estimation by the method of moments. In each setting, the 
critical values are determined by a bootstrap sample of size b = 500 , whereas each 
empirical power result is based on 5000 replications.

The data generating distributions for H0 are:

–	 Weibull distributions with parameters (�, k) = (1, 0.9) , (�, k) = (1, 1.5) and 
(�, k) = (1, 3) : These are denoted by W(1,  0.9), W(1,  1.5) and W(1,  3), respec-
tively.

–	 an exponential distribution with � = 4 , which corresponds to W(1/4,  1), see 
Remark 2, and is therefore denoted with W(1/4, 1).

To generate data under various alternatives, we choose the following distributions:

–	 Gamma distributions with density 

k̂n →
�√
6
(�[(logX)2] − (�[logX])2)−1∕2,

log �̂n → �[logX] +
�

k0

f (x, a, s) =
1

saΓ(a)
xa−1e−x∕s, x, a, s > 0,
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where the shape and scale parameter are (a, s) = (8, 1) , (a, s) = (2, 1) and 
(a, s) = (0.2, 1) , respectively: These are denoted by Γ(8, 1), Γ(2, 1) and Γ(0.2, 1), 
respectively.

–	 Lognormal distributions having density 

with (�, �) = (0, 0.5), (�, �) = (0, 0.8) and (�, �) = (0, 1.2) , denoted by 
LN(0, 0.5), LN(0, 0.8) and LN(0, 1.2), respectively.

–	 Inverse Gamma distributions with density 

with shape parameters � = 3, 1.5 and scale parameter � = 1 , denoted by iΓ(3, 1) 
and iΓ(1.5, 1).

–	 Generalized Gamma distributions having density 

with (m, s, g) = (0.6, 0.9, 1.4) and (m, s, g) = (10, 0.0001, 0.2) , respectively, where 
m is the shape parameter, s the scale parameter and g the family parameter. These 
distributions are denoted as GG1 and GG2.

–	 Additive Weibull distributions with density 

x, a, b, c, d > 0 , with (a, b, c, d) = (7, 5, 0.9, 0.9) and (5,  2,  0.8,  6) (denoted by 
AddW1 and AddW2, respectively).

–	 Pareto distributions having density 

with location parameters m = 0.5 and m = 1.5 and dispersion parameters s = 2 
and s = 2.5 , denoted by P(0.5, 2) and P(1.5, 2.5).

–	 Inverse Gaussian distributions with density 

with m = 1 and dispersion s = 1 and s = 2 , denoted by IG(1, 1) and IG(1, 2).

f (x,𝜇, 𝜎) =
1√
2𝜋𝜎x

exp

�
−
(log x − 𝜇)2

2𝜎2

�
, x > 0,𝜇 ∈ ℝ, 𝜎 > 0,

f (x, 𝛼, 𝛽) =
𝛽𝛼

Γ(𝛼)
x−1−𝛼e−𝛽∕x, x, 𝛼, 𝛽 > 0,

f (x,m, s, g) =
gxg−1(
m

s

)gs

Γ(s)

xg(s−1)e−(xs∕m)
g

, x,m, s, g > 0,

f (x, a, b, c, d) =

(
b

a

(
x

a

)b−1

+
d

c

(
x

c

)d−1
)
exp

(
−
(
x

a

)b

−
(
x

c

)d
)
,

f (x,m, s) =
s

m(s − 1)

(
1 +

x

m(s − 1)

)−s−1

, x,m > 0, s > 1,

f (x,m, s) =
1√
2𝜋sx3

exp

�
−
(x − m)2

2xsm2

�
, x,m, s > 0,
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Power estimates of the tests under discussion are given in Tables 1 and 2. The 
entries are percentages of rejection of H0 , rounded to the nearest integer.

As was to be expected, all test statistics perform better for the larger sam-
ple size and nearly hold the nominal level of significance under H0 in the simu-
lations. Furthermore, there is no test that performs best in each of the above 
settings. This observation reflects the theoretical findings in Janssen (2000). 
However, the Tiku–Singh test seems to perform quite well in most cases, even 
though there are some alternatives which are most often detected by the newly 
proposed test statistics. As anticipated, the tuning parameter a exerts influence 
on the results. Taking a = 5 seems to be a generally good choice for both test 
statistics. Nevertheless, there are alternatives for which a = 1 and a = 2 yield 
better results. Interestingly, power breaks down completely against the Γ(0.2, 1)
-alternative for the test statistics T (2)

n,a
 , which presents a phenomenon that lacks 

theoretical explanation. Hence, we suggest to use T (1)

n,5
 , although this statistic has 

slightly less power, but it seems to be a more robust choice. Finally, as noted in 
Krit et  al. (2021), a superior test might result by merging two tests. Krit et  al. 
(2021) recommended to combine two statistics that perform well in complemen-
tary settings. Therefore, a combination of the newly proposed statistic and the 
Tiku–Singh statistic might yield the best results.

Table 1   Percentages of rejection ( n = 20 , 5000 replications, b = 500 bootstrap samples)

Alt. AD TS ST OK T
(1)

n,1
T
(1)

n,2
T
(1)

n,5
T
(2)

n,1
T
(2)

n,2
T
(2)

n,5

W(1, 0.9) 5 5 7 6 5 6 6 5 6 6
W(1, 1.5) 5 6 6 5 5 5 5 5 6 5
W(1, 3) 5 6 6 6 5 5 6 5 6 6
W(1/4, 1) 5 5 7 5 6 6 6 6 5 5
Γ(8, 1) 11  20 17 16 2 5 9 5 8 11
Γ(2, 1) 6 12 6 7 6 5 3 3 2 3
Γ(0.2, 1) 20 4 20 25 16 12 11 0 0 0
LN(0, 0.5) 22 42 30 30 24 16 19 9 15 20
LN(0, 0.8) 22 42 29 30 25 15 19 8 13 22
LN(0, 1.2) 22 40 33 31 20 13 19 9 12 21
iΓ(3, 1) 50 70 59 58 40 47 51 49 51 51
iΓ(1.5, 1) 61 83 72 67 61 49 60 33 45 60
GG1 7 2 7 7 7 9 9 9 10 9
GG2 13 26 16 15 10 7 11 8 11 15
AddW1 5 3 3 4 5 6 6 5 6 6
AddW2 68 27 73 74 80 77 77 75 77 77
P(0.5, 2) 13 19 16 16 8 15 20 20 21 24
P(1.5, 2.5) 11 19 14 15 9 7 10 6 9 12
IG(1, 1) 32 59 41 41 20 27 37 32 37 39
IG(1, 2) 42 68 59 47 24 40 46 48 51 49
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5 � Real data examples

In what follows, we apply the new tests to data of failure stresses of single car-
bon fibers, which are displayed in Table  3. These data have been collected by 
Mark Priest at the University of Surrey, and they have already been analyzed by 
various scientists, among others see (Smith 1991; Watson and Smith 1985). Fail-
ure stresses of single fibers are often associated with the so-called weakest-link 
hypothesis. The latter states that the strength of a fiber can be represented by the 
minimum of independent strengths of sections. It is thus not surprising that the 
development of the Weibull distribution is also connected to the failure stresses 
of single fibers. Accordingly, we may guess that the new tests will not reject the 
hypothesis H0 when applied to the data. Since one can assume that data to differ-
ent fiber lengths originate from different distributions, we tested the four data sets 
separately. In view of the previous section, we chose a = 5 for both test statistics, 
and we used Monte Carlo simulations to derive p-values (see Table 4). However, 
the choice a = 1 results in similar p-values.

Unexpectedly, at least at first glance, the p-values of the data sets with respect 
to the length 10mm are small, which leads for all considered tests to a rejection of 
the hypothesis of an underlying Weibull distribution at a level of significance of 
5% . However, Watson and Smith (1985) obtained similar results. They argue that 

Table 2   Percentages of rejection ( n = 50 , 5000 replications, b = 500 bootstrap samples)

Alt. AD TS ST OK T
(1)

n,1
T
(1)

n,2
T
(1)

n,5
T
(2)

n,1
T
(2)

n,2
T
(2)

n,5

W(1, 0.9) 5 6 6 5 5 4 5 5 5 5
W(1, 1.5) 6 5 5 5 5 6 5 5 6 5
W(1, 3) 6 5 5 5 5 5 5 5 5 5
W(1/4, 1) 5 5 5 5 6 6 6 6 5 5
Γ(8, 1) 25  45 38 38 16 24 31 25 31 35
Γ(2, 1) 10 15 11 11 11 9 7 6 4 7
Γ(0.2, 1) 48 19 56  60 31 24 19 0 0 0
LN(0, 0.5) 55  80 71 70 65 57 63 50 59 62
LN(0, 0.8) 55  79 72 68 62 55 65 44 57 66
LN(0, 1.2) 55  79 71 68 51 40 61 30 42 62
iΓ(3, 1) 92  99 97 95 92 94 93 94 93 92
iΓ(1.5, 1) 97  100 99 98 97 96 98 93 97 98
GG1 9 5 11 11 10  13 12  13 12 12
GG2 28  49 43 41 19 15 28 16 25 36
AddW1  5 4  5 4  5  5  5  5  5  5
AddW2 97 86 98 98  99  99  99  99 98 98
P(0.5, 2) 33 37 37 40 22 35 42 43 46  48
P(1.5, 2.5) 23 28 28  30 19 14 23 12 16 27
IG(1, 1) 80  96 90 85 66 82 84 85 86 84
IG(1, 2) 89  99 96 92 73 90 91 93 93 90
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Table 3   Data of failure stresses (GPa) of single carbon data fibers

1 mm

2.247 2.64 2.842 2.908 3.099 3.126 3.245 3.328 3.355 3.383 3.572
3.581 3.681 3.726 3.727 3.728 3.783 3.785 3.786 3.896 3.912 3.964
4.05 4.063 4.082 4.111 4.118 4.141 4.216 4.251 4.262 4.326 4.402
4.457 4.466 4.519 4.542 4.555 4.614 4.632 4.634 4.636 4.678 4.698
4.738 4.832 4.924 5.043 5.099 5.134 5.359 5.473 5.571 5.684 5.721
5.998 6.06

10 mm

1.901 2.132 2.203 2.228 2.257 2.35 2.361 2.396 2.397 2.445 2.454
2.454 2.474 2.518 2.522 2.525 2.532 2.575 2.614 2.616 2.618 2.624
2.659 2.675 2.738 2.74 2.856 2.917 2.928 2.937 2.937 2.977 2.996
3.03 3.125 3.139 3.145 3.22 3.223 3.235 3.243 3.264 3.272 3.294
3.332 3.346 3.377 3.408 3.435 3.493 3.501 3.537 3.554 3.562 3.628
3.852 3.871 3.886 3.971 4.024 4.027 4.225 4.395 5.02

20 mm

1.312 1.314 1.479 1.552 1.7 1.803 1.861 1.865 1.944 1.958 1.966
1.997 2.006 2.021 2.027 2.055 2.063 2.098 2.14 2.179 2.224 2.24
2.253 2.27 2.272 2.274 2.301 2.301 2.339 2.359 2.382 2.382 2.426
2.434 2.435 2.478 2.49 2.511 2.514 2.535 2.554 2.566 2.57 2.586
2.629 2.633 2.642 2.648 2.684 2.697 2.726 2.77 2.773 2.8 2.809
2.818 2.821 2.848 2.88 2.954 3.012 3.067 3.084 3.09 3.096 3.128
3.233 3.433 3.585 3.585

50 mm

1.339 1.434 1.549 1.574 1.589 1.613 1.746 1.753 1.764 1.807 1.812
1.84 1.852 1.852 1.862 1.864 1.931 1.952 1.974 2.019 2.051 2.055
2.058 2.088 2.125 2.162 2.171 2.172 2.18 2.194 2.211 2.27 2.272
2.28 2.299 2.308 2.335 2.349 2.356 2.386 2.39 2.41 2.43 2.431
2.458 2.471 2.497 2.514 2.558 2.577 2.593 2.601 2.604 2.62 2.633
2.67 2.682 2.699 2.705 2.735 2.785 2.785 3.02 3.042 3.116 3.174

Table 4   Empirical p-values of 
failure stresses of single carbon 
fibers of the test statistics T (1)

n,5
 , 

T
(2)

n,5
 and Tiku–Singh statistic TS

1 mm 10 mm 20 mm 50 mm

T
(1)

n,5
0.189 0.013 0.215 0.228

T
(2)

n,5
0.180 0.019 0.219 0.218

TS 0.137 0.010 0.193 0.135
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the weakest-link hypothesis does not seem to have been tested in many applica-
tions. Hence, it is not surprising that the hypothesis H0 is rejected.

6 � Conclusions and outlook

We have proposed new families of test statistics for testing the fit of a data set to the two 
parameter Weibull law with unknown parameters. Moreover, we obtained the limit dis-
tribution of the test statistics both under the null hypothesis and under contiguous alter-
natives to H0 . Parameters of the Weibull distribution may be estimated in various ways, 
which include maximum-likelihood as well as moment estimators. The tests, which are 
carried out by means of a parametric bootstrap procedure, are consistent against general 
alternatives. A Monte Carlo study shows that the choice of the weight function and of 
a pertaining tuning parameter exerts influence on the power of the new tests. The lat-
ter outperform the hitherto best known methods for some alternatives, while providing 
solid power performances in most cases.

We close this article by pointing out open and related problems for further research. 
If we replace the estimators (�̂n, k̂n) by the unknown parameters (�, k) in the definition 
of Tn in (4) and minimize with respect to the parameter space, we obtain new estimators

of minimum distance type for the parameters of W(�0, k0) , whenever X1,… ,Xn are 
i.i.d. with the distribution W(�0, k0) . This approach leaves some flexibility for opti-
mization, since the weight function w(⋅) can be chosen appropriately. For a related 
approach and first steps to derive theoretical results, see (Betsch et al. 2021). Simi-
lar characterizations as Theorem  1 for other families of continuous distributions 
are found in Betsch and Ebner (2021) and for discrete distributions in Betsch et al. 
(2022). Such characterizations have been successfully applied to the inverse Gauss-
ian family, see (Allison et al. 2022), to the Rayleigh distribution, see (Grobler et al. 
2022), or to the Gamma law, see (Betsch and Ebner 2019). A general approach to 
goodness-of-fit testing for parametric families of distributions using Stein-type char-
acterizations is found in the review paper (Anastasiou et  al. 2023), section  5.4.2. 
An open problem is to find an optimal (data driven) choice of the tuning parameter 
a > 0 in order to maximize the power of Tn,a w.r.t. the underlying alternative, for first 
results for location scale families, see Tenreiro (2019).

(�̂n, k̂n) = argmin(�,k) ∫
∞

0

|||||
1

n

n∑
j=1

1

Xj

(
k

(
Xj

�

)k

− k + 1

)(
1 − e−tXn,j

)

−
t

n

n∑
j=1

e−tXj

|||||

2

w(t)dt,
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A Proofs

A.1 Proof of Theorem 1

We first assume that X has the Weibull distribution W(�, k) , and we write F(⋅, �, k) 
and f (⋅, �, k) for the distribution function and the density function of X, respectively. 
Furthermore, we put

Letting � = (−�k log(1∕2))1∕k , we have

Using L’Hôspital’s rule, we deduce limx→0

(
x−k(1 − exp(−(x∕�)k))

)
= �−k , and it 

follows that limx→0 �f (x)[3] = | k−1
k
|. It is easily seen that limx→∞ �f (x) = 1. The con-

tinuity of �f (⋅) then yields

A further application of L’Hôspital’s rule gives

In view of (20), (21) and

we can apply Corollary 2 of Betsch and Ebner (2021). Hence X follows a W(�, k)

-distribution if and only if its density is given by

for almost every s > 0 . Next, we apply Tonelli’s theorem to conclude that

holds for t > 0 . Using Fubini’s theorem, the Laplace transform of X takes the form

𝜅f (x) =
||||

d

dx
f (x, 𝜆, k)min

(
F(x, 𝜆, k), 1 − F(x, 𝜆, k)

)

f 2(x, 𝜆, k)

||||, 0 < x < ∞.

min
(
F(x, 𝜆, k), 1 − F(x, 𝜆, k)

)
=

{
F(x, 𝜆, k), x ≤ 𝜏

1 − F(x, 𝜆, k), x > 𝜏
.

(20)sup
x∈(0,∞)

𝜅f (x) < ∞.

(21)lim
x→0

F(x, �, k)

f (x, �, k)
= lim

x→0

f (x, �, k)
d

dx
f (x, �, k)

= 0.

�
∞

0

x
|||
d

dx
f (x, 𝜆, k)

|||dx ≤ k − 1 +
k

𝜆k
�[Xk] < ∞,

fX(s) = �

[
−

d

dx
f (x, 𝜆, k)|X
f (X, 𝜆, k)

1{X > s}

]
= �

[
−
k − 1 −

kXk

𝜆k

X
1{X > s}

]

�
∞

0

e−ts�

[||||−
d

dx
f (x, 𝜆, k)|X
f (X, 𝜆, k)

||||1{X > s}

]
ds =�

∞

0

e−ts �
∞

0

|||
d

dx
f (x, 𝜆, k)

|||1{x > s}dxds

≤�
∞

0

x
|||
d

dx
f (x, 𝜆, k)

|||dx ≤ |k − 1| + k
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for t > 0 . The converse assertion follows since the Laplace transform determines the 
distribution.	�  ◻

A.2 Proof of Theorem 5

Recall (15) and the definition of Vn given in (14). The proof consists of two steps. We 
first write Vn as a sum of i.i.d. random elements of L2

w
 plus a term that is o

ℙ
(1) . Then, 

a Hilbert space central limit theorem completes the proof. As for step 1, we apply two 
Taylor expansions in order to approximate the estimator k̂n in the exponent by kn and �̂n 
in the denominator by �n . Starting with k̂n , a second-order Taylor expansion yields

where

and |k∗
n
− kn| ≤ |̂kn − kn| . We now define

and show that

To this end, notice that

LX(t) = ∫
∞

0

e−ts�

[
−
k − 1 −

kXk

𝜆k

X
1{X > s}

]
ds = �

[
1

X

(
k

(
X

𝜆

)k

−k + 1

)(
1

t
−

1

t
e−tX

)]

(
Xn,j

�̂n

)k̂n

=

(
Xn,j

�̂n

)kn

+ log

(
Xn,j

�̂n

)(
Xn,j

�̂n

)kn

(̂kn − kn) + Rn,j (̂kn − kn)
2,

Rn,j =
1

2

(
log

(
Xn,j

�̂n

))2(Xn,j

�̂n

)k∗
n

V (1)
n
(t) =

1√
n

n�
j=1

�
1

Xn,j

��
Xn,j

�̂n

�kn
�
k̂n + log

�
Xn,j

�̂n

�
k̂n (̂kn − kn)

�
− k̂n + 1

�

×
�
1 − e−tXn,j

�
− te−tXn,j

�

(22)‖Vn − V (1)
n
‖2 = o

ℙ
(1).

(23)

‖Vn − V (1)
n
‖2 = �

∞

0

��Vn(t) − V (1)
n
(t)��2w(t)dt

= �
∞

0

����
k̂n√
n

n�
j=1

1 − exp(−tXn,j)

Xn,j

(̂kn − kn)
2Rn,j

����
2

w(t)dt

≤ k̂2
n

�√
n(k̂n − kn)(̂kn − kn)

�2
⋅

�
1

n

n�
j=1

Rn,j

�2

⋅ �
∞

0

t2w(t)dt,
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since 1 − e−t ≤ t for t ≥ 0 . The first factor of (23) converges to zero in probability 
in view of the tightness of 

√
n(k̂n − kn) , and assumption (5) ensures the existence 

of the integral. It thus remains to show that n−1
∑n

j=1
Rn,j is a tight sequence. Since 

(a − b)2 ≤ 2a2 + 2b2 (a, b ∈ ℝ ), the definition of Rn,j yields

The factors that precede the arithmetic means converge almost surely and are thus 
tight sequences. Hence, it remains to show that Zn,1 = n−1

∑n

j=1
X
k∗
n

n,j
 and 

Zn,2 = n−1
∑n

j=1

�
logXn,j

�2
X
k∗
n

n,j
 are tight sequences. We tackle Zn,1 since the reason-

ing for Zn,2 is the same. Given 𝜀 > 0 , we have to find K > 0 such that ℙ(Zn,1 > K) ≤ 𝜀 
for each n. Since k∗

n
 converges almost surely, there is some positive k+ such that 

ℙ(k∗
n
≤ k+) ≥ 1 − �∕2 , n ≥ 1 , whence ℙ

�
Zn,1 ≤ 1 + n−1

∑n

j=1
Xk+

n,j

� ≥ 1 − �∕2 for 
each n. In view of the almost sure convergence of n−1

∑n

j=1
Xk+

n,j
 , there is some L > 0 

such that ℙ
�
n−1

∑n

j=1
Xk+

n,j
≤ L

� ≥ 1 − �∕2 for each n. Taking K = 1 + L , it follows 
that ℙ(Zn,1 ≤ K) ≥ 1 − � for each n, as was to be shown.

In a similar way, a Taylor expansion yields

where

and |�∗
n
− �n| ≤ |�̂n − �n| . Putting

and

it follows by complete analogy with the first expansion that

0 ≤ 1

n

n∑
j=1

Rn,j ≤ 1

�̂
k∗
n

n

⋅

1

n

n∑
j=1

(
logXn,j

)2
X
k∗
n

n,j
+

(
log �̂n

)2

�̂
k∗
n

n

⋅

1

n

n∑
j=1

X
k∗
n

n,j
.

(
Xn,j

�̂n

)kn

=

(
Xn,j

�n

)kn

− kn

X
kn
n,j

�
kn+1
n

(�̂n − �n) + R̃n,j(�̂n − �n)
2,

R̃n,j =
1

2
(kn + 1)kn

X
kn
n,j

(�∗
n
)kn+2

V (2)
n
(t) =

1√
n

n�
j=1

�
1

Xn,j

⎛
⎜⎜⎝

�
Xn,j

�n

�kn

− kn

X
kn
n,j

�
kn+1
n

(�̂n − �n)

⎞
⎟⎟⎠

×

�
k̂n + log

�
Xn,j

�̂n

�
k̂n (̂kn − kn)

�
− k̂n + 1

��
1 − e−tXn,j

�
− te−tXn,j

�
,

(24)

An,j∶= k̂n+log

(
Xn,j

�̂n

)
k̂n (̂kn − kn),

Bn,j∶=

(
1+log

(
Xn,j

�̂n

)
(̂kn−kn)

)
,
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To finish the first step, we show

where Wn,j(⋅) is defined by

Here, X has the Weibull distribution W(�0, k0) , and �1,�2 satisfy (7) – (11). To ver-
ify (25) we successively eliminate the remaining estimators in V (2)

n
 . Note that – with 

An,j given in (24) –

where

We have

‖V (1)
n

− V (2)
n
‖2 =�

∞

0

�V (1)
n
(t)−V (2)

n
(t)�2w(t)dt

=�
∞

0

����
1√
n

n�
j=1

1−exp(−tXn,j)

Xn,j

An,jR̃n,j(�̂n−�n)
2
����
2

w(t)dt

≤�√n(�̂n−�n)
2k̂n

�2�1

n

n�
j=1

Bn,jR̃n,j

�2

�
∞

0

t2w(t)dt = o
ℙ
(1).

(25)
�����
V (2)
n
(⋅) −

1√
n

n�
j=1

Wn,j(⋅)
�����

2

= o
ℙ
(1),

Wn,j(t) =
1

Xn,j

((
Xn,j

�n

)kn

kn − kn + 1

)(
1 − e−tXn,j

)
) − te−tXn,j

− �1(Xn,j, �n, kn)
k2
n

�
kn+1
n

�
[
Xkn−1

(
1 − e−tX

)]

+ �2(Xn,j, �n, kn)

(
kn

�
kn
n

�
[
Xkn−1 log(X∕�n)

(
1 − e−tX

)]

− �
[
X−1

(
1 − e−tX

)]
+

1

�
kn
n

�
[
Xkn−1

(
1 − e−tX

)])
.

V (2)
n
(t) =

1√
n

n�
j=1

�
1

Xn,j

��
Xn,j

�n

�kn

An,j − k̂n + 1

��
1 − e−tXn,j

�
− te−tXn,j

�

−
√
n(�̂n − �n)

�
k2
n

�
kn+1
n

�
�
Xkn−1

�
1 − e−tX

��
+ K(1)

n
(t)

�
,

K(1)
n
(t) =

1

n

n∑
j=1

1

Xn,j

kn

X
kn
n,j

�
kn+1
n

(
k̂n + log

(
Xn,j

�̂n

)
k̂n (̂kn − kn)

)(
1 − e−tXn,j

)

−
k2
n

�
kn+1
n

�
[
Xkn−1

(
1 − e−tX

)]
.
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say. Regarding In,1 , we have

say. To tackle I(2)
n,1

 , we use Fubini’s theorem and the convergence in distribution of 
(Xn,i,Xn,j, kn) to (X(1),X(2), k0) as n → ∞ for i ≠ j , where X(1),X(2) are i.i.d. random 
variables having the Weibull distribution W(�0, k0) . Invoking the continuous map-
ping theorem, the inequality 1 − e−t ≤ t for t ≥ 0 and assumption (5), it follows that

‖K(1)
n
‖2 =∫

∞

0

�
1

n

n�
j=1

knX
kn−1

n,j

�
kn+1
n

k̂n
�
1−e−tXn,j

�
−

k2
n

�
kn+1
n

�
�
Xkn−1

�
1−e−tX

���2

w(t)dt

+ 2∫
∞

0

�
1

n

n�
j=1

kn

X
kn−1

n,j

�
kn+1
n

k̂n
�
1 − e−tXn,j

�
−

k2
n

�
kn+1
n

�
�
Xkn−1

�
1 − e−tX

���

×

�
1

n

n�
j=1

kn

X
kn−1

n,j

�
kn+1
n

log

�
Xn,j

�̂n

�
k̂n (̂kn − kn)

�
1 − e−tXn,j

��
w(t)dt

+ ∫
∞

0

�
1

n

n�
j=1

kn

X
kn−1

n,j

�
kn+1
n

log

�
Xn,j

�̂n

�
k̂n (̂kn − kn)

�
1 − e−tXn,j

��2

w(t)dt

= ∶ In,1 + 2In,2 + In,3,

In,1 =∫
∞

0

(
1

n

n∑
j=1

kn

X
kn−1

n,j

�
kn+1
n

kn
(
1 − e−tXn,j

)
−

k2
n

�
kn+1
n

�
[
Xkn−1

(
1 − e−tX

)])2

w(t)dt

+ ∫
∞

0

(
1

n

n∑
j=1

kn

X
kn−1

n,j

�
kn+1
n

(̂kn − kn)
(
1 − e−tXn,j

))2

w(t)dt

+ 2∫
∞

0

(
1

n

n∑
j=1

kn

X
kn−1

n,j

�
kn+1
n

(̂kn − kn)
(
1 − e−tXn,j

))

×

(
1

n

n∑
j=1

kn

X
kn−1

n,j

�
kn+1
n

kn
(
1 − e−tXn,j

)
−

k2
n

�
kn+1
n

�
[
Xkn−1

(
1 − e−tX

)])
w(t)dt

= ∶ I
(1)

n,1
+ I

(2)

n,1
+ 2I

(3)

n,1
,
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By Markov’s inequality, the expression inside the expectation in (26) is a tight 
sequence. Since k̂n − kn → 0 almost surely as n → ∞ , we have I(2)

n,1
= o

ℙ
(1) . We now 

show that I(1)
n,1

 converges to 0 in L1(Ω,A,ℙ) . With the same arguments as above, it 
follows that

Using again 1 − e−t ≤ t for t ≥ 0 , the variance is bounded from above by t2�[X2kn
n,1

] , 
and the last integral converges to zero as n → ∞ by dominated convergence. 
Hence, �

[
I
(1)

n,1

]
→ 0 and thus I(1)

n,1
= o

ℙ
(1) . Likewise, the Cauchy-Schwarz inequality 

implies I(3)
n,1

= o
ℙ
(1) . Moreover, with a similar reasoning, one obtains In,2 = o

ℙ
(1) 

and In,3 = o
ℙ
(1) and thus ‖K(1)

n
‖2 = o

ℙ
(1) . Using the tightness of the sequence √

n(�̂n − �n) and display (7) we conclude ‖V (2)
n
(⋅) − V (3)

n
(⋅)‖2 = o

ℙ
(1) , where

We can write

(26)

sup
n∈ℕ

𝔼

[
�

∞

0

(
1

n

n∑
j=1

kn

X
kn−1

n,j

𝜆
kn+1
n

(
1 − e−tXn,j

))2

w(t)dt

]

≤ sup
n∈ℕ

1

n2

n∑
i,j=1

𝔼

[(
kn

X
kn
n,i

𝜆
kn+1
n

)(
kn

X
kn
n,j

𝜆
kn+1
n

)]
�

∞

0

t2w(t)dt

= sup
n∈ℕ

k2
n

𝜆
2(kn−1)
n

1

n2

(
n(n − 1)𝔼

[
X
kn
n,1
X
kn
n,2

]
+ n𝔼

[
X
2kn
n,1

])
�

∞

0

t2w(t)dt < ∞.

�
[
I
(1)

n,1

]
=∫

∞

0

{
�

[
1

n2

n∑
i,j=1

(
k2
n

�
kn+1
n

)2

X
kn−1

n,i
X
kn−1

n,j

(
1 − e−tXn,i

)(
1 − e−tXn,j

)]

− 2
k2
n

�
kn+1
n

�
[
Xkn−1

(
1 − e−tX

)]
�

[
1

n

n∑
j=1

k2
n

�
kn+1
n

X
kn−1

n,j

(
1 − e−tXn,j

)]

+

(
k2
n

�
kn+1
n

)2

�
[
Xkn−1

(
1 − e−tX

)]2}
w(t)dt

=

(
k2
n

�
kn+1
n

)2{
1

n ∫
∞

0

Var
[
X
kn−1

n,1

(
1 − e−tXn,1

)]
w(t)dt

+ ∫
∞

0

(
�
[
Xkn−1

(
1 − e−tX

)]
− �

[
X
kn−1

n,1

(
1 − e−tXn,1

)])2

w(t)dt

}
.

V (3)
n
(t) =

1√
n

n�
j=1

�
1

Xn,j

��
Xn,j

�n

�kn
�
k̂n + log

�
Xn,j

�̂n

�
k̂n (̂kn − kn)

�
− k̂n + 1

�

×
�
1 − e−tXn,j

�
− te−tXn,j − �1(Xn,j, �n, kn)

k2
n

�
kn+1
n

�
�
Xkn−1

�
1 − e−tX

���
.
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where

In a similar way as for K(1)
n

 , one can show that ‖K(2)
n
‖2 = o

ℙ
(1) . Using the tightness of 

the sequence 
√
n(k̂n − kn) and display (8) we conclude ‖V (3)

n
(⋅) − V (4)

n
(⋅)‖2 = o

ℙ
(1) , 

where

Next, we rewrite

where

V (3)
n
(t) =

1√
n

n�
j=1

�
1

Xn,j

��
Xn,j

�n

�kn

k̂n − k̂n + 1

��
1 − e−tXn,j

�
− te−tXn,j

− �1(Xn,j, �n, kn)
k2
n

�
kn+1
n

�
�
Xkn−1

�
1 − e−tX

���

+
√
n(̂kn − kn)

�
kn

�
kn
n

�

�
log

�
X

�n

�
Xkn−1

�
1 − e−tX

��
+ K(2)

n
(t)

�
,

K(2)
n
(t) =

1

n

n∑
j=1

log

(
Xn,j

�̂n

)
k̂nX

kn−1

n,j

�
kn
n

(
1−e−tXn,j

)
−

kn

�
kn
n

�

[
log

(
X

�n

)
Xkn−1

(
1−e−tX

)]
.

V (4)
n
(t) =

1√
n

n�
j=1

�
1

Xn,j

��
Xn,j

�n

�kn

k̂n − k̂n + 1

��
1 − e−tXn,j

�
− te−tXn,j

− �1(Xn,j, �n, kn)
k2
n

�
kn+1
n

�
�
Xkn−1

�
1 − e−tX

��

+ �2(Xn,j, �n, kn)
kn

�
kn
n

�

�
Xkn−1 log

�
X

�n

��
1 − e−tX

���
.

V (4)
n
(t) =

1√
n

n�
j=1

�
1

Xn,j

���
Xn,j

�n

�kn

− 1

�
kn + 1

��
1 − e−tXn,j

�
− te−tXn,j

− �1(Xn,j, �n, kn)
k2
n

�
kn+1
n

�
�
Xkn−1

�
1 − e−tX

��

+ �2(Xn,j, �n, kn)
kn

�
kn
n

�

�
Xkn−1 log

�
X

�n

��
1 − e−tX

���

+
√
n(k̂n−kn)

�
− �

�
X−1

�
1−e−tX

��
+

1

�
kn
n

�
�
Xkn−1

�
1−e−tX

��
+ K(3)

n
(t)

�
,
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It is an easy task to show that ‖K(3)
n
‖2 = o

ℙ
(1) . Due to the tightness of 

√
n(k̂n − kn) 

and (8) we obtain (25).
Note that Wn,j, j = 1,… , n , are centered and row-wise i.i.d. random elements of L2

w
 

with finite second moments, i.e., we have �‖Wn,1‖2 < ∞ for all n . Furthermore, by 
dominated convergence we conclude that limn→∞ �[Wn,1(s)Wn,1(t)] = �[W(s)W(t)] , 
where W is defined in the claim of the theorem.

Step 2: By assumptions (9) and (10), there is a function c̃ such that 
|�[Wn,1(s)Wn,1(t)]| ≤ c̃(s, t) for each n and for each s, t ∈ [0,∞) × [0,∞) . Moreover, 
by assumption (5),

Therefore, the Lindeberg–Feller central limit theorem and Slutzky’s lemma imply

where �2
(�0,k0)

(g) = limn→∞ �
�⟨Wn,1, g⟩2

�
= �

�⟨W, g⟩2�. The last equality follows 
from (27). Note that Lindeberg’s condition is easily verified since Wn,j are i.i.d. for 
j = 1,… , n . Thus, an application of Lemma 3.1 of Chen and White (1998) yields 

Vn

D
⟶W for some centered Gaussian random element W of L2

w
 with covariance 

operator Σ̃(�0,k0)
 satisfying �2

(�0,k0)
(g) = ⟨Σ̃(�0,k0)

g, g⟩ for each g ∈ L
2
w
⧵{0} . By Fubi-

ni’s theorem and dominated convergence, we obtain

where Σ(�0,k0)
 is given by (16). Thus Σ̃(�0,k0)

= Σ(�0,k0)
 and the assertion follows. 	�  ◻

A.3 Proof of Theorem 7

Let �n and �n denote the probability measures of (Xn,1,…Xn,n) under H0 and in the 
situation of the assertion, respectively. As in the proof of Theorem 5, we have

K(3)
n
(t) =

1

n

n∑
j=1

1

Xn,j

((
Xn,j

�n

)kn

− 1

)(
1 − e−tXn,j

)
+ �

[
X−1

(
1 − e−tX

)]

−
1

�
kn
n

�
[
Xkn−1

(
1 − e−tX

)]
.

(27)∫
∞

0 ∫
∞

0

�c(s, t)iw(s)w(t) ds dt < ∞, i = 1, 2.

1√
n

n�
j=1

⟨Wn,j, g⟩
D

⟶N(0, �2
(�0,k0)

(g)), g ∈ L
2
w
⧵ {0},

�2
(�0,k0)

(g) = lim
n→∞∫

∞

0 ∫
∞

0

�
[
Wn,1(t)Wn,1(s)

]
g(t)g(s)w(t)w(s)dtds

= ∫
∞

0

(Σ(�0,k0)
g)(s)g(s)w(s)ds,
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where

By contiguity, it follows that

Putting

for g ∈ L
2
w
 , a combination of Slutzky’s lemma and the multivariate Linde-

berg–Feller central limit theorem give

for some 𝜎2(g) > 0 . Now LeCam’s third lemma yields the convergence in distribu-

tion of 1√
n

∑n

j=1
⟨W∗

n,j
, g⟩ to the N(�(g), �2(g))-law under �n for every g ≠ 0 , i.e. the 

convergence of the finite-dimensional distributions. The tightness under �n follows 
by contiguity. Therefore, n−1∕2

∑n

j=1
W∗

n,j

D�n

⟶W + � , where � is defined in the asser-
tion. 	�  ◻
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