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Abstract

In this paper, we consider variable selection for a class of semiparametric spatial
autoregressive models based on exponential squared loss (ESL). Using the orthogo-
nal projection technique, we propose a novel orthogonality-based variable selection
procedure that enables simultaneous model selection and parameter estimation, and
identifies the significance of spatial effects. Under appropriate conditions, we show
that the proposed procedure is consistent and the resulting estimator has oracle prop-
erties. Furthermore, some simulation studies and an analysis of the Boston housing
price data are also carried out to examine the finite-sample performance of the pro-
posed method.
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1 Introduction

In recent years, spatial autoregressive models have received extensive attention in
the literature of statistics and econometrics. These models can describe the spa-
tial correlation effects of data, which extend traditional regression models by con-
sidering the spatially lagged terms of response variables. For parametric spatial
autoregressive models, especially the linear spatial autoregressive models, due to
their strong explanatory power and easier estimation, many researchers have pro-
posed and studied different estimation methods, Ord (1975), Kelejian and Prucha
(1998), Kelejian and Prucha (1999) and Lee (2004), among others. If the form
of regression function can be specified correctly, the parametric spatial autore-
gressive model can provide more accurate and effective estimation and statistical
inferences. However, sometimes the form of regression function may possibly be
misspecified, which will result in inconsistent parameter estimation of the para-
metric spatial autoregressive model.

However, Basile (2009) suggested that the relationship between response vari-
ables and covariates in a spatial autoregressive model may not only be linear but
also be possibly nonlinear. In order to capture the potential relationship between
response variables and covariates, some semiparametric spatial autoregressive
models have been proposed in recent literatures. For example, Su and Jin (2010)
proposed a profile quasi-maximum likelihood estimation method for partially
linear spatial autoregressive models. Using the approximation of nonparametric
functions by basis functions, Du et al. (2018) proposed a generalized method of
moment estimation for partially linear additive spatial autoregressive models.
Cheng et al. (2019) studied the generalized moment estimation method for partial
linear single-index spatial autoregressive models.

Furthermore, variable selection is an important topic for statistical inference
of spatial autoregressive models. Including too many spurious covariates sig-
nificantly reduces estimation efficiency, while ignoring any important covariates
results in serious bias. For semiparametric spatial autoregressive models, there
are many literatures on its variable selection problem. Li and Guo (2020) consid-
ered variable selection for a partially linear spatial autoregressive model based
on a penalized quasi-maximum likelihood estimation procedure, which selects
important explanatory variables and simultaneously estimates nonzero param-
eters. Luo and Wu (2021) considered variable selection for a class of semipa-
rametric spatial autoregressive models and proposed a variable selection method
based on a two-stage estimation. Li et al. (2020) proposed a penalized contour
least squares method to address the variable selection problem in semiparametric
spatial autoregressive models.

However, many classical variable selection methods are closely related to least
squares. It is well known that the least squares method is very sensitive to outli-
ers in finite samples, and thus many robust methods have been proposed. Wang
et al. (2013) proposed a robust estimation method based on exponential squared
loss (ESL) function ¢, (1) = 1 — exp(—t>/y). An obvious feature of this method is
that it controls the robustness and effectiveness of an estimator by introducing an
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adjustment parameter y. Specifically, in the linear model y; = xl.Tﬁ + ¢;, the param-
eter f can be estimated by minimizing

n

Z{l —exp [—(y,-—x[Tﬂ)z/}’]}a )

i=1

where y > 0 controls the degree of robustness and efficiency. When y is large,
1 —exp(—t%/y) = 1*/y so that the proposed estimator is approximately the least
squares estimator. When y is small, observations with large |¢;| values will have a
smaller impact on the estimator, and thus smaller y will reduce the influence of out-
liers on the estimation. Wang et al. (2013) proposed how to choose y, and pointed
out that compared with Huber’s estimation, quantile regression estimator (Koen-
ker and Bassett 1978) and composite quantile regression estimator (Zou and Yuan
2008), this ESL-based estimator has stronger robustness.

The ESL estimation method has been applied to some semiparametric models,
such as Wang and Lin (2016), Jiang et al. (2017) and Jiang et al. (2019). Recently,
Song et al. (2021) proposed a class of penalized robust regression estimators
based on ESL for parametric spatial autoregressive models. However, as far as
we know, no one has studied this method for semiparametric spatial autoregres-
sive models. Therefore, we propose a variable selection method based on ESL
by using QR decomposition technique. Among the variations of the QR decom-
position technique, the one proposed by Zhao et al. (2021) can select important
covariates in the parametric components independently without affecting the non-
parametric components. Under appropriate regularization conditions, we show
that the proposed procedure is consistent and the resulting estimators have oracle
property. Finite numerical simulations show that our variable selection procedure
can handle data with outliers and as what the theory indicates, the variable selec-
tion results are consistent with the oracle ones, which means that our proposed
method is not only robust but also efficient.

The rest of this paper is organized as follows. In Sect. 2, we present a variable
selection procedure for a partially linear semiparametric spatial autoregressive
model. In Sect. 3, we derive the main asymptotic results of the estimation method
under certain regularization conditions. Section 4 is devoted to developing algo-
rithms for computation and tuning parameter selection. In Sect. 5, we conduct
simulation studies to evaluate the performance of our proposed variable selection
procedure. In Sect. 6, we illustrate the proposed method through the analysis of
the Boston housing price data set. Section 7 is conclusion. Finally, we provide in
Appendix the detailed technical proofs of all asymptotic results.

2 Methodology

Consider the following partially linear spatial autoregressive model
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n
Y, =p ) wi¥,+ X f+gU)+e, i=1,...n, )
Jj=1

where Y; denotes the dependent variable and X; and U, are exogenous covariates of
the i-th individual, p is the scalar autoregressive parameter, f = (f,, f,. ..., ﬂp)T is
the vector of unknown parameters, w;; is the specific spatial weight between subjects
i and j, g(-) is an unknown nonparametric function, and the model error ¢, satis-
fies E(g;|X;, U;) = 0 and Var(e;|X;, U;) = 6% < 0. In this paper, we assume that the
parameter f is sparse, which implies that some components in X; are insignificant
covariates. In addition, to make sure model (1) is sensible, we also assume that not
all covariates are insignificant covariates, which implies that some components in f
are nonzero coefficients. The variable U; is assumed to range over a nondegenerate
compact interval and, without loss of generality, we assume U, takes values in the
unit interval [0, 1]. The spatial weights matrix W is constructed from geographical
or economic information to characterize the spatial dependence in practice, which is
often assumed a known matrix with zero diagonal elements and standardized rows,
that is, w; = 0 and 27=1 w;; = 1; see Su and Yang (2007) for more details.

Inspired by Song et al. (2021), we propose a robust and efficient variable selec-
tion estimation method using the ESL function for estimating g(-) and f by maxi-
mizing the objective function

n P
£(g.5)= Y exp {—[Yi AL —X?ﬁ—g(U»]z/r} - X (le]): o
i=1 7=l

where ¥, = EJ’;I w;Y; and 4; > 0 is the regularization parameter. The selection of

tuning parameter y will be discussed in Sect. 4.

Based on the B-spline approximation technique (see Schumaker 1981), we
first use B-spline basis functions to approximate and replace g(:) in (1). We
denote B(u) = (B;(u), B,(u), ... ,BL(u))T as the B-spline basis functions, where
L =K+« + 1, k is the order of the B-spline basis functions and K is the number of
interior knots. Then, the nonparametric function g(u) can approximated by

g(u) = Bw)'n, )
where n = (n,,m,,...,n;)" is the vector of basis function coefficients. With this
approximation, model (1) can be written as

n
Y,xp ) wi¥ + X[ p+BU) n+e, i=1,..n, )
J=1
where  B(U;) = (B,(U,), B,(U)), ..., B, (U))’. Denote Y=(,,Y,,...,Y)T,
X=X.,X5....X,)', S=(BWU,),BWU,,...,BU))" and €=/ (€,¢,,...,¢,)".
Then, model (4) can be rewritten as in the matrix form

Y~ pWY+Xp+Sn+e. 6)
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Similar to Zhao et al. (2021), we assume that S is a n X L column full rank matrix.
Then using QR decomposition method for processing, S can be decomposed as

c-off).

where Q is a nXn orthogonal matrix, R is a L X L triangular matrix, and 0
is a (n—L)XL zero matrix. Let O =1(q,.9 ----9,)> O =1,91>----9L)
and Q, = (9111-9142---+4,)» then we have S=QR, 070, =0 and further
Q1S = QT0Q|R = 0. As aresult, left multiplying both sides of model (5) by Q7 yields

OlY ~ QIWYp+ QLXp + Qle. ®)

Define ¥, =¢"Y, D;=q"WY, X, =¢'X and & =g’ for i=L+1,L+2,...,n,
then model (7) can be rewritten as

Y#Dp+X'p+¢, i=L+1,L+2,....n )

Further let ¥ = (¥, .Y, ,,.....Y)", Z =D, X, Z=(Z,,,.2,..... Z,)",
€ =(€141,€40>---»E)T and 0 = (p, BT)T, then (8) can be rewritten as

Y~Z70+¢. (10)

Hence invoking model (9), the penalized ESL function can be rewritten as

n p+l1
0= exp{—[?,- —Z,-Te]z/y} -0 Y poh  an
=1

i=L+1

where p, (...) is the adaptive LASSO (ALASSO) penalized function, and /1j is the
tuning parameter. Finally, the regularized estimator of 8 = (p, #7)7 is given by

0, = argmax £(0). (12)

3 Large sample and oracle properties

For notational convenience and simplicity, let 8, = (p,, ﬂOT )T be the true value of
0 = (p, B7)T and y, be the true value of y. Without loss of generality, 6, can be par-
titioned as 6, = (0&, GOTZ)T, where all the elements of 6, are nonzeros while those
of 6, are all zeros. Similarly, 6 can be partitioned accordingly as 6 = (HIT, 92T T with
6, € R* and 0, € RP*'~5, Accordingly, the estimator 6, given in (11) can be parti-
tioned as §, = (9;1, 9;2)T. Let

a, =maX{P;f(|9oj|) : Hoj # 0},

b, =max{p} (10y]) : 6; # 0}

and

@ Springer



954 X.Wang et al.

10,y) = % / Z7" exp(—rz/y)<27r2 - 1>dF(Z, ),

where r=Y —Z76, F(Z,Y) is the joint distribution function of (¥,Z). Let
Z; = (Zl.Tl,Zl.g)T, where Z;; and Z, are the covariates corresponding to 6, and 6,,
respectively.

We assume the following regularity conditions:

Assumption 1. X = E(ZZ") is positive definite and E||Z||> < 0.

Assumption 2. The matrix I — pW is nonsingular with |p| < L

Assumption 3. The sequences of matrices W and I — pW are uniformly bounded in
absolute value of both row and column sums.

Assumption 4. 'The nonparametric function g(u) is v-th continuously differentiable
on (0, 1) with v > 2. In addition, g’(«) and g”(u) are both bounded

on (0, 1).

Assumption 5. There exists a constant C such that %{{:}} <C and
max{|h —h;l} = o(K™"), where K is the number of interior
knots, e, =0, e,y =1, ey, ..., eg are the interior knots on [0, 1],

and h;, = e; —¢;_;.

Assumption 6. The tuning parameter /; satisfies 1/ min | ;.41 4; = 0,(1), and the
penalty function satisfies

limin,_ , liminf,_o. {min ;e 47 (11 }> 0.
Assumption 7. \/r_zan = op(l), b, = op(l).
Assumption 8.y, — vy = 0,(1) for some y, > 0.

Assumption 9. There  exist constants C; and C, such that

4 p;’/_(Ql) —p:{j(92) < G0, — 6, for 6,,0, > C, and
j=1...,p+ 1L

Assumption 1 ensures that the main term dominates the remainder in the Taylor
expansion (18). Assumptions 2 and 3 are required according to the literature on spatial
autoregressive models. Assumptions 4 and 5 are common assumptions on the nonpara-
metric function used in B-spline approximation techniques. Assumption 6 makes the
penalty function singular at the origin, which makes the penalized estimator sparse.
Assumptions 7 and 8 ensure the unbiasedness of large parameters and the existence of
the \/Z-consistent penalized exponential square estimator, and ensure that the impact
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of the penalty function on the penalized estimators is no greater than that of the least
square function. Assumption 9 is the smoothing condition imposed on the non-concave
penalty function.

Theorem 1 Suppose that Assumptions 1-9 hold and the number of interior knots
K satisfies K = O/ @+D). Then there exists a local maximizer 0, such that

16, = 6oll = O,(n™'/* + a,).

Theorem 2 (Oracle Property) Suppose that Assumptions 1-9 hold, the number
of interior knots K satisfies K = on'/@+Y), and 1(6,y,7,) is negative definite. If

\/ﬁ(yn = Yo) = 0,(1) for some y, > 0, then én = (éz ,éZZ)T satisfy

(a) Sparsity: énZ = 0 with probability 1;

(b) Asymptotic normality:
V= LU, 61, 70) + ZD18, — 001 + L, By 70) + 2714} = N(O, Z),
where X, = diag{p:{j(wOl D, ... ,p;’j(|603|)}, 3 = Cov(exp(—rz/yo)i—:zl),
4= (P;/(|901 Dsign(6y,), ... ,p;/_(l%xI)sign(eo,g))T, and

r2 ~ o~
1,01 70) = Elexp(=r/10) = = DI X (EZy Z}).
Theorem 3 Suppose that Assumptions 1-9 hold, and the number of interior knots K
satisfies K = O/ @YY, Then we have
180 = g@)ll = 0, (n™/*D),

where v is defined in Assumption 4, and || ... || denotes the L, norm.

4 Algorithm and choice of tuning parameters

To facilitate the computation, we use a quadratic approximation to replace the loss
function. Let

* c v 7 2
7@ =Y e {-[T.-Z0]'/r}. (13)
i=L+1
Let 6 = (5, f7)T denote an initial estimator, then the loss function is approximated as
£5(0) ~ £*(0) + %(0 —0)TV2£*(6)(0 — 0). Thus, 6 can be estimated by maximizing
the penalized loss function approximation in quadratic form

p+l1

£0) % 50 -0V @O -0 - =1 Y p, (). (14)
j=1
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which leads to an approximated solution of (11).

To implement our proposed method, we need to choose the tuning parameters
4; and y. Since 4; and y are interdependent, it can be treated as a binary optimi-
zatlon problem. In this paper, we consider a simple selection method for 4; and a
data-driven procedure for y. For the nonparametric component, we choose cubic
B-splines to approximate the nonparametric functions and use equidistant knots
where the number of internal knots is taken to be the integer part of K = n!/2+3),

4.1 The choice of tuning parameter A;

In our simulation, we use the ALASSO penalty p, ('6~|) = 4;10;|, where 4; = T»/lé-|k

for some k > 0 and 7; is the regularization parameter. We set k = 1 as suggested by
Zou (2006) and then the ALASSO penalty can be rewritten as

ZM!@\) > 4o}

where 4; = 7;/ |0 |- In general, many methods can be used to select 4;, such as cross-
Valldatlon Akalke information criterion (AIC), and Bayesian 1nformat10n criterion
(BIC). To reduce intensive computation and guarantee consistent variable selection,
we choose the regularization parameter by minimizing a BIC-type objective func-
tion (see Wang et al. 2007)

i;; [1 —exp {—[f/l. —ZiTQ)]Z/y}] +(n— L)g Ao
p+1

— D 10g(0.5(n — L)) log(n — L),

=
which leads to 4, = %,/|6;| with £ log(" L It's easy to notice that this simple

choice satisfies both \/_ ni;, — 0 for J< po and \/— ni; — oo for j > p,, where p, is
the number of nonzero elements in the true 6 vector. Further, we can prove that our
estimators are 4/n-consistent under this condition.

4.2 The choice of tuning parameter y

The tuning parameter y controls the degree of robustness and efficiency of the pro-
posed robust regression parameter estimators. We use the procedure proposed by
Wang et al. (2013) to handle y. This procedure is data-driven and yields both high
robustness and high efficiency simultaneously. At first, a set of adjustment parame-
ters are determined such that the proposed penalized robust estimator has an asymp-
totic breakdown point of 1/2, and then tuning parameters are selected with maxi-
mum efficiency. The whole process is described in the following steps.

Step 1. Set the initial estimator.

Let = (p, f7)T be an initial estimator, for which we can use the MM-estimator.
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Step 2. Find the pseudo outlier set of the sample.
Let D,_; = {(Z 41, Y111 Z1 420 Y1 10). (Z,,¥,)}, and calculate r,(0) = ¥, — ZT9,

i=L+1,L+2,...,n, and S, = 1.4826 x median{ Iri(0) - medlanj(rj(e))l,
i=L+1,L+2,...,n}. Then, take the pseudo outlier set

={(Z.Y) : |r(0)] =258, )},

wherem =#{1 <i<n: |ri(§)| >25S, ,).LetD, ;, , =D, ,/D,.
Step 3. Chose the tuning parameter y.
Define V(y) = {1,(8)}~' Z,{1,(0)}, where

Y B - NN A ()) 1~ ==
1,0) == —— —r-(0 -1 A4 ,
1(6) y{ —Léle"p( r,()/y)( - x n_Li;Hl,

. ON 2r2(0) .
22=C0V{exp( +1(9)/y) LH ZL+1,.. ,exp(— r2(6)/y) S n}.

Let y be the minimizer of det(V(y)) in the set G = {y : &(y) € (0, 1]}, where
() =2+ = i SO, () =1 —exp(=1?/y), and dei(...) denotes

n—. L n— L
the determinant operator.

Step 4. Updata 6.
With the chosen regularization parameter A = log(n — L)/((n — L)|0 |) and the
selected y in Step 3, update 8 by maximizing (10) Go to Step 3 until convergence.

5 Simulation studies

In this section, we conduct simulation studies to assess the finite-sample perfor-
mance of the proposed variable selection method. We simulate N = 1000 data sets
from the partially linear spatial autoregressive model

—pr A+ X p+gU)+e, i=1,....n (15)

where  g(u) = sin(2zu) + cos(2zu), the p-dimensional parameter vector
p=1(15,3,2,2.5,0,...,0)7, and the covariates X; ~ NP(O,I ) and U; ~ U[0, 1]. We
consider four different settings for ¢;:
D Ze~r22)/2-1,
(ii) iei ~ 0.99N(0,0.5) + 0.01N(0, 100),
i) Le, ~ 1(3)
v) Le ~C(1,0)
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where C(1, 0) represents a Cauchy distribution with location parameter 0 and scale
parameter 1. In order to examine the effect of the error term on the variable selec-
tion process, we consider three different ¢? values o2 = 0.2,0.5,0.8. Following
Lee (2004) and Case (1991), we assume there are R districts in W and each dis-
trict has m members. More specifically, we assume the spatial weight matrix is
W=, =1 ®2,, where 2, = ﬁ(lmlfl —-1,),1,, is the m-dimensional vector
with all elements 1, and ® is Kronecker product. In our simulation, we take m = 5
and n = R X m. For spatial scalar parameter p, we consider five different values
p=0,0.3,0.5,0.6,0.9.

We first assess the performance of the recognition ability in terms of the signifi-
cance of spatial effects. In this simulation, we set the dimension of parameter f as
p =10, ¢, ~ N(0,0.5), and the spatial scalar parameter p is taken from 0 to 0.2 at
intervals of 0.01. Recognition accuracy is used to evaluate spatial effects at differ-
ent levels. In addition, the penalty function is taken to be the ALASSO penalty. In
our variable selection process, since we need to estimate some nonparametric func-
tions at the same time, we need a large sample size. In the following simulation, we
consider sample sizes n = 250,400, 550. Similar to Zhao et al. (2021), the nonzero
identification rate (NIR), which is used to assess the effectiveness of the spatial
effect significance procedure, is defined as

NT
NIR = —, (16)
where NT represents the number of times the spatial effect parameter p is estimated
to be nonzero among the total 77 number of simulation runs. Obviously, 77 = 1000
in our case.

Based on 1000 simulation runs, the simulation results are shown in Fig. 1. From

Fig. 1, we have the following observations.

(1) Note that for p = 0, NIR provides the proportion of misidentified spatial effects
when they are actually not significant. Figure 1 shows that the NIR values are

e e e e e e e e e e e
- ,/:“ *
.y 7
© /
o L g
/ /
© | I A
o /
: )
<« | 1, //
S :
.’,- /
1700
o 7
o ‘/‘,/ - — = n=250
JA 2 IEPP T n=400
o | =7 -—-— n=550
o
I I 1 I I
0.00 0.05 0.10 0.15 0.20

Fig. 1 The identification power for spatial effect significance with the ALASSO penalty
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very small for different sample sizes. This indicates that when the spatial effect
is not significant, the probability of misidentification by our proposed identifica-
tion method is almost zero, i.e., the proposed method can correctly identify the
insignificant spatial effect.

(2) Note that for p # 0, NIR provides the proportion of correctly identified spatial
effects when they are actually significant. For any given sample size n, the NIR
value increases rapidly and approaches 1 with the increase in p, indicating that
when the spatial effect is significant, the proposed identification method can
correctly identify the significance of the spatial effect.

Next, we evaluate the performance of the proposed covariate selection proce-
dure. In the following simulation study, we compare the performance of the
selection procedure under different errors. For comparison, we also calculate the
estimates obtained by ESL-ALASSO and oracle. Again we simulate 1000 repli-
cates each time for different n and p. Define the generalized mean square error
(GMSE) as

GMSE = (- p)" | 1 > xxI'|(6-p).
=

Let C denote the average number of true zero coefficients that are correctly esti-
mated to be zero, I denote the average number of true nonzero coefficients that are
erroneously estimated to be zero, and FSR denote the false selection rate, i.e., FSR
= IN/TN, where IN is the number of insignificant covariates incorrectly set as impor-
tant covariates and 7N is the total number of significant covariates. The simulation
results are reported in Tables 1, 2, 3 and 4.

From Tables 1, 2, 3 and 4 we can see that the error distribution has little
effect on the results. Regardless of the four different error distributions, both
FSR and GMSE decrease as the sample size n increases, and the C value always
tends to be very close to the true number of zero coefficients, regardless of sam-
ple size. We also find that our selection procedure performs significantly better
for larger sample sizes than for smaller sample sizes, due to the fact that consist-
ent estimators are involved in the selection process. It is noted from Tables 1, 2,
3 and 4 that with the increase in sample size n or the decrease in variance 62,
the performance of the ESL-ALASSO method is getting closer and closer to the
oracle result. In addition, comparing the results under the five different p values,
we can conclude that the spatial autoregressive parameter p has little effect on
the finite-sample performance of the proposed variable selection method. This
demonstrates that the variable selection method we proposed in this paper is
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Fig.2 The estimated (dashed) and true (solid) curves of g(u) with the error distribution from case (i) to
case (iv)

effective regardless of whether there is a spatial effect in model (1) and regard-
less of the size of the spatial autoregressive parameter p.

In Fig. 2, we display the true and the estimated nonparametric component g(u)
by our method, when g = (1.5,3,2,2.5,0,0,0,0,0, 0)7, p=0.5,6 = 1and n = 250.
The images given in (a)-(d) are for cases (i)-(iv) of the model error, respectively. We
can see from Fig. 2 that the estimated curve is very close to the true curve, regard-
less of the error distribution. This not only indicates that our estimation procedure
performs well for the nonparametric component as well, but also demonstrates that
our estimation procedure is insensitive to error distribution.

6 Areal data example

In this section, we use the Boston House Price Dataset as a real data example to
show the application of the proposed variable selection method. The set contains
506 observations of the owner-occupied homes in 506 census tracts in the Boston
Standard Metropolitan Statistical Area in 1970, and is now freely available through
the GeoDa Center for Geospatial Analysis and Computation. Following Li and Guo
(2020), we take MEDV(the median value of owner-occupied homes) as response
variable, and consider 13 variables as explanatory variables that may explain
changes in house prices. These 13 variables are as follows:

e CRIM, per capita crime rate per tract;
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Table5 The selection and estimated coefficient parameters for the Boston housing price data

ﬁ ﬁl ﬁ2 ﬁ3 ﬁAA ﬁS ﬁAG ﬁ7 ﬁg ﬁg ﬂlO ﬁll ﬁlz

0.1377 -0.055s1 0 O O O 01250 O -0.0158 O -0.0235 -0.0337 0.0367

9()
28 30

26

24
1

22
1

0.0 0.2 0.4 0.6 0.8 1.0
u

Fig.3 The estimated curve of g(u) for Boston housing price data

e ZN, proportion of a town’s residential land zoned for lots greater than 25,000
square feet;

e INDUS, proportion of non-retail business acres per town;

CHAS, Charles River dummy variable (1 if tract bounds the Charles River; 0

otherwise);

NOX, nitrogen oxide concentration in pphm per town;

RM, average number of rooms per dwelling;

AGE, proportion of owner-occupied homes built prior to 1940 per tract;

DIS, weighted average of distances of a tract to five employment centers in the

Boston region;

RAD, index of a town’s accessibility to radial highways;

TAX, full value property tax rate per $10,000 per town;

PTRATIO, pupil-teacher ratio by town school district;

Bk, proportion of blacks per tract;

LSTAT, proportion of population that is in the lower status.

We consider the following partially linear spatial autoregressive model

Y,=p ) wi¥,+ X f+gU)+e, i=1,...n,

J# 17

where n = 506, Y, is the observation of In(MEDV), U, is the observation vector of
variable LSTAT, and we denote covariates CRIM, ZN, INDUS, CHAS, NOX, RM,
AGE, DIS, RAD, TAX, PTRATIO and Bk as X, ..., X,,. To facilitate the analysis,
similar to Li and Guo (2020), we convert the explanatory variables in the nonpara-
metric components to values in the interval (0, 1), and the explanatory variables in
the parametric components are all standardized, which also approximates the normal
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distribution of their marginal distribution. Following Su and Yang (2007), we take
the element w;; of W to be w;; = 2:’7%, where W;; = max(1 — d—(: 0) when i # j, and
Wy = 0 otherwise, with a’,_-,- the Eucjlidean distance calculated in terms of the longi-
tude and latitude coordinates of census tract and d;, a threshold distance used to con-
trol the degree of spatial dependence of the response variable. Here, we take
dy =0.05 as in Su and Yang (2007), which leads to a spatial weight matrix with
19.08% nonzero elements. We apply our proposed variable selection method to iden-
tify significant explanatory variables in the parametric component of model (16) and
simultaneously estimate nonzero parameters. The selection and estimated coefficient
parameters are summarized in Table 5. The estimation of the nonparametric func-
tion is shown in Fig. 3.

From Table 5, we see that the scalar autoregressive parameter estimator p > 0,
which means that there is a substantial spatial relationship between the responses.
In addition, our method selects CRIM, RM, DIS, TAX, PTRATIO and Bk as sig-
nificant explanatory variables, and ZN, INDUS, CHAS, NOX, AGE and RAD as
insignificant variables. Among the significant explanatory variables, CRIM, DIS,
TAX and PTRATIO have negative effects on the housing price, while the influence
of RM and Bk is positive. These observations are clearly in line with the implica-
tions of their impact on house prices. One noteworthy point is that Bk has a sig-
nificantly positive coefficient. Although this may be inconsistent with our common
sense, this conclusion is consistent with Harrison and Rubinfeld (1978) and Kong
and Xia (2012), with a detailed explanation given in Kong and Xia (2012). In addi-
tion, from Fig. 3, we see that the estimated nonparametric function shows a nonlin-
ear downward trend with the increase in the explanatory variable LSTAT, which is
also consistent with the observation in Li and Guo (2020).

7 Conclusion

In this paper, we propose a robust variable selection procedure based on ESL, for
partially linear spatial autoregressive models. By using the technique of orthogonal
projection, we are able to select important covariates in the parametric components
without affecting the nonparametric components. Under appropriate regularization
conditions, we show that the proposed procedure is consistent and the resulting
estimators have oracle property. Simulation studies show that the proposed method
can handle data with outliers and can identify small spatial effects. We examine
the finite-sample performance of our proposed estimation method under different
error distributions and find that both the parametric and nonparametric parts can
be well estimated regardless of error distribution. Even when p = 0, i.e. there is no
spatial effect, our method can still efficiently accomplish both variable selection and
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parameter estimation tasks. The real data analysis also indicates that our proposed
method performs well.

Our work mainly focuses on the study of partial linear spatial autoregressive
models with complete data. In reality, the data in many cases is not necessarily com-
plete, and thus one of our near future works will deal with spatial autoregressive
models with missing data.

Acknowledgements The research is supported by NSF projects (ZR2021MA077 and ZR2021MA048) of
Shandong Province of China.

Appendix

Proof of Theorem 1 Let & = n~'/? 4+ a,. Similar to Fan and Li (2001), we first prove
that for any given e > 0, there exists a constant C such that

P{ sup £(0, + fu) < f(eo)} >1—e¢, (18)

llufl=C

where u is a (p + 1)-dimensional vector such that ||u|| = C, and C is a large enough
constant. This means that the probability that there exists a local maximum in the
sphere {6, + &u : |lu|| < C} is at least 1 — e. Hence, we prove that there exists a
local maximizer 6 such that ||9 Oll = 0,(&). Let

ZT9)~
D(0,y) = Z exp {~(¥; - zW/y}— 2

i=L+1

Since plj(O) =0forj=1,...,p+landy, —y, =0,(1), by Taylor’s expansion we
have
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20, + &u) —£(6,)

l (¥, - Z1 (0, + £w))? u (¥, - 776,
=Zexp - —Zexp _y—

i=L+1 n i=L+1
p+1

—(n—=01) Y {p, (10 + &) = py (164}

J=1

l Y, -7, 2 " Y, - 76,7
< Zexp{-(‘ 7(6, + Ew) }_ Zexp{-(’ “ o) }

i=L+1 Yn i=L+1

—(n—=01) Y {p, (10 +&D = py, (1641}
=1

J

= &D(6,,7,)"u — %UT[—I(%, yolu(n = LE{1 +o(1)}

- ln- L)&p), (100;Dsign(6q)u; + (n = LIEp] (165} {1 + o(1)}]
Jj=1

= E(D(0y, 1) + 0,(v/m)} u — %uT[—uao, 7o) + o(Dlu(n — DE {1+ o(1))

-l - L)&p), (100;Dsign(6g)u; + (n = LYEP] (16} {1 + o(D)}]
Jj=1

1
< E{D(by, vp) + Op(\/i;))}Tu - EuT[—I(Go, Y0) + o(D]u(n — L)E*{1 + o(1)}
— [V/s(n = L)a,llu]l + (n = L)ED, [[u]1*].
(19)
Note that n~!/ 2D(8,, o) = 0,(1). Therefore, the order of the first term on the right

side of Eq. (18) is equal to O,(n'/?£) = 0,(n&?). By choosing a sufficiently large C,
the second term dominates the first term uniformly in |[u]| = C. Since b, = 0,(1),
the third term is also dominated by the second term of (18). Therefore, (17) holds by
choosing a sufficiently large C. The proof of Theorem 1 is completed. O

Proof of Theorem 2(a) We now prove the sparsity. We will prove that with probabil-
ity 1, for any 6, satisfying 6; — 6y, = O,(n~'/?), and for some small ¢, = Cn~'/% and

j=s+1,...,p+ 1, we have ()f(&)/dﬁj >0, for 0 < 0j < €,, and af(e)/aej < 0, for
—€, <0; <0. Let

0.0.7)= ), exp{~(¥,—Z]07/r}. (20)

i=L+1
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By Talylor’s expansion, we have

o£0) _ 00,(0.7,)

— (= L)p) (16;)sign(®))

0¢9j 09j
1
00,00, 1) & 920,60, 7)
=——"" — (9, - 6,
99 +z§' 90,00, O

p+1 p+l a’;Q ©*,7)
sin ’ .
+ ; ]; 90. 69109 - 601)(0k - 00]() —(n— L)Pil(|9]|)51gn(0]),

( L)—la 0,0.y,)

where 6 lies between 6 and 6,. Here we assume 33,00,06,
1

E(Mj;) < oo. Note that

< My, where

-1/2 aQn(QO’ }/0)

(n—L) 5 = O
_ azQ (90’70) azQ (90)
_ 1 n — n
(n—-1L) 26,90, E{ 36,00, } +0,(1),
and
3 *
(n—L)" 9°0,0%7,) _ 0,(1).

06,06,00,

Since b, =o0,(1) and \/ﬁan =0,(1), we obtain 6-06,= OP(n‘l/z)_ By
\/;(}’n — %) = 0,(1), we have
4C))
%,

1

mln)+lSJ<]1+l \/_}“

ity 1, the sign of the derivative is completely determined by that of ;. This com-
pletes the proof of Theorem 2(a).

= (1= DA { =41, (6 )sign(6) + 0,0 = )"/ 2) }.

Since = 0,(1) and liminf,_,  liminf,_,q. A7 P, (Iz]) > 0 with probabil-

Proof of Theorem 2(b) 1t can be shown easily that there exists a énl in Theorem 1 that
is a 4/n-consistent local maximizer of £{(6,,0)}, satisfying that
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02{@,,,0)} _

96,

0, forj=1,...,s. 21

Note that §,, is a consistent estimator,

00,{(0,,.0),7,} , .

a—;j — (n = L)/, (16, ])sign(6))
_ aQn(e()7 yn) u aan(909 Yn) A
==t 12:, {—aejagl + o,,(l)}w, = 0y

= (1= )|, (10 Dsign@y) + {104 + 0,1 } & = 6] = 0.

The above equation can be rewritten as follows
aQn(e()v Yn) . aan(907 Yn) A
= E{—— %+ +0,(1 — L), -0,
%) l}:, 30,36 0,(1) ¢(n—L)6, - )
+(n—-L)A+(n—-L)(Z, + 0‘,,(1))(én1 — 0y,
and
(n = ), (09, 70)(0,; — 0p)) + (n = L)A + (n — L)Y(Z, + 0,(1)(,; — 0y
= (1= L)1 (01, 7o) + 1), = 1) + (n = L)4
= (n = L)L, 0y, 70) + ZD{ 6, — 0p1) + (101, 70) + =)' 4)
00,6y, 7,)
= a—ej + 0,(1).
Since \/ﬁ(yn —¥) = op(l), invoking the Slutsky’s lemma and the Lindeberg-Feller
central limit theorem, we have

Vn—LU 0y, 70) + Zl){(én1 —0y) +U{(Byy570) + Zl)_lA} — N(0, 2,),

where 2 = diag{PC{i(lOOl D, ... 7P;,j(|005|)}a 2, = COV(CXP(_rz/Vo)i_:Zil)7

A = (p;j(|9()l |)Sign(001)’ see ’p;/_(le()xl)Sign(e()s))T7 and

LBy, 70) = J%E[exp(—rz/;/o)(2},—r2 -] x (EZ“Zl.Tl). Then the proof of Theorem 2(b)
0 0

is completed. O
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Proof of Theorem 3 Let that R(U,) = g(U;)) — B(U,)"y and R(U) = (R(U,),...,
R(U,))T. To facilitate expression, we set Z = (WY, X), g(U) = (g(U,), ..., g(U))T.
Similar to Zhao et al. (2021), a simple calculation gives that
i—n="S"s"(Y-26,)-n

=(STS)7 18720, + g(U) + € — Z6,) — 5

=(STS)718T(Z60, + g(U) = Sn + Sy + e —Z8,) —

= (STS)718T(Z0, + R(U) + Sn + e —Z6,) — (22)

=TS 1572, - 6,) + R(U) + e+ Sn) —n

= (STS)ISTRU) + (STS)'STe + (STS)7'sT2(8, - b,)

=R, +R,+R;.

By [[R(w)|| = O(n™/@"*D), we have

n -1 n
1 1 -V %
IR, < <Z > I|B(U,->B<Ui>T||> L3 IBWRW)I = 0,7/
i=1 i=1
Note that E{B(U,)¢|X;, U;} = 0, then by the central limit theorem we have n='/2 37"
B(U))¢; = O,(1). Therefore, we have

n -1
1 1
IR, Il < —( = D} IBW)HBW) |
Vn (" = )

L ZB(Ui)ei =0,(n"'7?).

s

By Theorem 1, we have \/2(9 - én) = 0,(1). Similar to the above proof, we can
obtain||R;|| = O,(n~'/%). Hence, we have

n

”ﬁ _ ’7” — OP(n—V/(2v+l) + n—l/2) — Op(n—v/(2v+l)). (23)
Therefore,
1
18w) — gw)||* = / {8(w) — g(u)} du
0
1
= / {B"(w)i — B" (wyn + R(u)}*du
* 1 24)
<2 / {BT(w)f — BT (w)n}du + 2 / R(u)*du
0 0
1 1
=2 —n" / B(u)B(u)" du( — n) + 2 / R(u)*du,
0 0

Note that || /01 Bw)B(u)" du|| = O(1), and thus invoking (22) gives
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1
H-m" / B(u)B(u)" du(f — n) = 0,(n=>"/7+D),
0

From ||R(u)|| = O(n~"/?"+V), we have

1
/ R(u)zdu — OP(n—ZV/(2v+1)).
0

As a result, [|3(u) — gw)||* = O,(n=>/@*V). This completes the proof of Theo-
rem 3. o
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