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Abstract

A rose diagram is a representation that circularly organizes data with the bin width
as the central angle. This diagram is widely used to display and summarize circular
data. Some studies have proposed the selector of bin width based on data. However,
only a few papers have discussed the property of these selectors from a statistical
perspective. Thus, this study aims to provide a data-based bin width selector for rose
diagrams using a statistical approach. We consider that the radius of the rose dia-
gram is a nonparametric estimator of the square root of two times the circular den-
sity. We derive the mean integrated square error of the rose diagram and its optimal
bin width and propose two new selectors: normal reference rule and biased cross-
validation. We show that biased cross-validation converges to its optimizer. Addi-
tionally, we propose a polygon rose diagram to enhance the rose diagram.

Keywords Rose diagram - Bin width estimator - Circular data - Nonparametric
density estimator - Histogram estimator

1 Introduction

Suppose that circular data 6, ...,0, are a random sample from a circular density
f(0) for 0 € [0,2x). Rose diagrams are frequently used to display and summarize
circular data, such as wind orientation, paleocurrent direction, and bird migration
direction. A rose diagram circularly arranges sectors with the bin width as the cen-
tral angle (see Fig. 1). Some researchers have asserted that the ancestor of modern
rose diagrams was Nightingale (1858), who used it to show monthly variations in
military mortalities (Fisher 1993; Chapter 1; Wells 2000). Sanderson and Peacock
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Fig. 1 Rose diagram summariz-
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(2020) found that rose diagrams are used to (i) show a departure from a random or
uniform distribution of direction, (ii) establish the poly-modal nature of data, (iii)
compare relative strengths of different modes, and (iv) compare regional variations
in the data.

Many studies have recommended that the area of a sector should be proportional
to the frequency by making the radius proportional to the square root of the fre-
quency (Mardia 1972, Chapter 1; Nemec 1988; Fisher 1993, Chapter 2; Mardia
and Jupp 2000, Chapter 1; Sanderson and Peacock 2020). This is because, when
the radius of a sector is proportional to its frequency, the area of that sector is also
proportional to the square of the frequency, causing the peak to appear exaggerated
(Nemec 1988). Therefore, we employ the radius proportional to the square root of
the relative frequency, such as the total area of the sectors is one, as proposed by
Nemec (1988).

The parameters controlling a rose diagram are the starting point of the bins and the
bin width. We assume that the starting point ¢, is zero without losing generality, as the
origin of the circular data is chosen arbitrarily. For definitions of the m bins, we fol-
low mesh {#;}, [=1,2,....mm+1witht,  =2randt; <t, < <t, <t
Define k-th bin as By := [t;, ;) with its bin width A, :=|t,,; — .| and k-th bin’s
frequency as v, fork =1,2,...,m. Set[x] :=min{n € Z|x < n}. We insert that the
first m — 1 bin widths &, for k =1,...,m — 1 are a common length 4, and the m-th
bin width is only #,, = ch with any constant ¢ € (0, 1], where ¢ =2z /h — (m — 1)
with m := [2z/h]. If 2z /h is not an integer, then, c is its fractional part. We then
define the radius of the rose diagram as follows:

o _ [ 2w /(h) if0€B, k=12,..,m-1,
P(O:h) 1= \2v [ (nhy) = { Vv J(nch) if6 € B,,. (1)

From Eq. (1), we find that selection of the common bin width / has an important role
in controlling the shape of a rose diagram. In this regard, studies have also discussed
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Bin width selection for rose diagram based on data 857

the choice of bin width. Andreasen (1990) suggested that the bin width should be
equal to the confidence interval width of the sample circular mean. Other studies
have proposed that the sample size should determine the bin width. For example,
Ballantyne and Cornish (1979) claimed that the bin number should not exceed n/5.
Pewsey et al. (2013) contended that the square root of the sample size is often used
as a reasonable first guess at the appropriate number of bins. Meanwhile, Sanderson
and Peacock (2020) proposed a bin width selection rule 4 = R/(2n'/3), where R is
the range 2x. The basis of & « n~1/3 is the result of Scott (1979) for a histogram on
the line. Scott (1979) provided the mean integrated square error (MISE) between a
histogram estimator and an unknown density and derived the optimal bin width as
its minimizer. To the best of our knowledge, in these rules, consistency has not been
established thus far.

This study aims to provide an automatic data-based bin width selection rule for
a rose diagram with consistency. First, we discuss the relationship between the rose
diagram and an unknown circular density. We present a circular distribution func-
tion F(0) as a sector, wherein the radius function rf(0), subtracted from the origin,
moves as much as 6, as shown in Fig. 2. Then, note that:

7(0) 1= V2 (©). @)

By comparing (1) and (2), we find that the radius of the rose diagram is the esti-
mator of r(6). For the global error criteria betweenzjrrf(e;h) and r,(6), we employ
the integrated square error (ISE) ISE[7(6;h)] 1= [~ {74(0:h) — rf(G)}2d6’ and its
MISE; that is, MISE[?f(H;h)] = E[ISE[?f(G;h)]]. We derive the asymptotic MISE
and optimizer h,,, = O(n~'/3) and, thus, obtain the convergence rate of the optimal
MISE as O(n~2/%). Through these means, we propose two new bin width selection
rules for rose diagrams: first, the normal reference rule (NRR), which is obtained
under the assumption that f is the von Mises density, and second, the biased cross-
validation (BCV). We show that this is consistent with the optimal bin width.

Fig.2 Von Mises distribution
with mean ¢ = z and concen-
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However, a circular kernel density estimator shows that the convergence rate of
the minimizing MISE is O(n*/%) (Hall et al. 1987; Taylor 2008; Di Marzio et al.
2011; Tsuruta and Sagae 2017, 2020). The rose diagram is less accurate than the
circular kernel density estimator because the bins are not smooth. We apply the lin-
ear interpolation to the rose diagram to overcome this lack of smoothness; then, we
call the corresponding estimator the polygon rose diagram estimator, based on the
frequency polygon proposed by Scott (1985). We show that the polygon rose dia-
gram estimator has a convergence rate of O(n~*/%), which is equivalent to the kernel
density estimation.

The remainder of this study is organized as follows: In Sect. 2, we discuss the
optimal bin width of the rose diagram and its bin width selectors. In Sect. 3, we pro-
vide the properties of the polygon rose diagram estimator. Section 4 summarizes the
results of the numerical experiment. Section 5 illustrates the real-data example for
these estimators. Finally, Sect. 6 concludes.

2 Optimal bin width of the rose diagram estimator

This section is structured as follows: We derive the optimal bin width of the rose
diagram estimator and describe NRR in Sect. 2.1. Section 2.2 summarizes the
asymptotic properties of BCV. For simplicity, we admit that the periodic extension
of fto R given by f(6 + 27) = f(6) for any 6 € R such as [ “+27 £(9)d6 = 1 for any
aeR.

2.1 Optimal width under von Mises density

First, we 1nvest1gate the theoretical properties of the rose diagram estimator 7(6;h).
Let R(g) : /0 2(0)>d6. We set four more assumptions:

(Al) Binwidthh =: h, - Oand nh — o0, as n — .

(A2) For any 6, f(6) > 0.

(A3) Density fis the second continuously differentiable.

(A4) First derivative r;.(e) is bounded for any 0. Quantity R(rjf,) is bounded.

Assumptions (Al) and (A4) are required to ensure the asymptotic MISE goes to
zero as n  increases.  Noting  that r}(@) =f"(0)/[vV2f(®] and
r}’(@) =f"(0)/[\2f(0)] —f’(&)z/[2\/§f(9)3/2], assumptions (A2) and (A3) imply

that () is the second differentiable.
We recognize that the bin count {v, } follows binomial distribution B(n, p,), where

e L= ka f(0)do. We know that the k-th bin’s relative frequency v, /n approximates

the normal distribution N(p,, p;(1 — p,)/n). The mean value theorem indicates that

Dy = kaf(Q)dH = hyf(&,) for some &, € By, where hy =hfork=1,...,m—1 and
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Bin width selection for rose diagram based on data 859

h, =ch with c € (0,1]. Therefore, we find that the histogram estimator

f(G;hk) :=v,/(nh) for 6 € B, has an asymptotic distribution in the following
lemma:

Lemma 1 Let W, :=f(0;h) —E[f(H;h)]. Assume that (Al), (A2), (A3), and (A4)
hold. Then,

120 ¢
(nhy) W, —N(O0,f(&,)), 0 € B,
as n — co. The moments are E[IW}'] =0, E[W] = f(&)/(nhy) — f(&)*/n, and
E[Wf’] = O((nh)™) for a natural number t.

Let Bias[7:(0;h)] := E[74(0;h)] — r,(6). By applying the delta method to Lemma
1, we obtain the following asymptotic MISE of the rose diagram estimator:

Theorem 1 Assume that (A1), (A2), (A3), and (A4) hold. Then,

Biaspp (@) = § OB+ 1= 0+ 002 + (™) O € Bk=1,....m~1,
SUACE r(OI(ch)/2 + 1, = 0]+ O(* + (nh)™") if € B,,,

3)
and
o= { YA 0SBkl
Combining (3) and (4) leads to:
MISE[?(8;1)] = AMISE[#(8;1)] + o(h> + (nh)™),
where
AMISE[#,(0:)] = i*R(r))/12 + 7/ (nh). )
The minimizer of the right-hand side (RHS) in (5) is:
hoy = 162 /RG] 0!/ 6)

By combining (5) and (6), we find that the convergence rate of the optimal MISE is
O(n2/3).

We present the proof in Appendix A. We derive the corollary from Lemma 1
and Theorem 1 using the delta method.

Corollary 1 Assume that (A1), (A2), (A3), and (A4) hold. Then,

() P[0 = 1y (O)——N((nh)/Bias[F, (Osm)), 2c) ™), 6 € B, (])

@ Springer



860 Y. Tsuruta, M. Sagae

as n — oo, where ¢, :=1 for k=1,2,...,m—1and c, :=c. Let h=n* When
a < —1/3andn — oo, we eliminate (nh)l/zBias[fff(G;h)] in the RHS of (7).

In Theorem 1, the rose diagram estimator indicates that the optimal MISE is
O(n~?/3). This rate is the same as that of the histogram estimator. The variance of the
rose diagram estimator does not depend on density f. Each bin count is approximately
a Poisson random variable in the histogram, and the square root of the histogram is
the variance-stabilizing transformation for Poisson data (Scott 2015, Chapter 3). It
is important to note that, according to (Scott 2015, Chapter 3), the square root scale
allows for easy comparisons of noise in the histogram in regions of high and low den-
sity. Moreover, if selecting all equal bin widths with ¢ = 1, then, the rose diagram esti-
mator has the homogeneity of variance.

We find that the asymptotic MISE of the rose diagram relates to the asymptotic
mean Hellinger distance (AMHD) of the histogram provided by Kanazawa (1993).
The AMHD of a histogram with the support of length 27 is equal to the AMISE
of the rose diagram divided by two. However, Kanazawa (1993) assumed that f is
the third differentiable. This constriction is more severe than the construction in
Theorem 1.

The optimal bin width depends on the sample size and the unknown quantity
R(r}’,), which denotes the magnitude of the roughness of the first derivative of the
underlying density f. Therefore, the bin width should be decreased as the sample
size increases with i o« n=!/3, It is preferable to decrease the bin width as the magni-
tude of the roughness of fincreases.

The optimal bin width requires the calculation of R(rji). We further suggest
employing the von Mises density for the reference density, as it plays a central role
in the statistical inference for circular data. It is also called the circular normal den-
sity. The von Mises density has: R(r}) = k1, (x)/[21,(x)], where 1,(x) denotes the
modified Bessel function of the first kind and order p with its concentration parame-
ter . In the literature, Mardia and Jupp (2000, Chapters 3 and 5) explained the sta-
tistical properties of the von Mises density, such as its maximum likelihood estima-
tor (MLE) and /,(x). Along these lines, we propose NRR as follows:

Definition 1 NRR is:
hngr = [1271y(R)/{RT, (&) }11/3n~ 173,

where k is the MLE of «.

2.2 Optimal nonparametric bin width

We consider a new nonparametric approach for estimating the optimal bin width.
This idea is based on the BCV of a density estimator (Scott and Terrell 1987). We
approximate rjf.(tk) by applying a finite difference in the rose diagram at the mid-

points of bin By and B,_, using the following equation:

@ Springer



Bin width selection for rose diagram based on data 861

] =
Pt = % ®)
k

where by = (h 4+ h_,)/2, P 1= Pty + Iy /2:h) = \/2v, [ (nhy) and
Feoy o= Pt — iy J2:h) = \/2v_ [ (nhy ) for k=1,2,-,m with

By :=[t,.t,,1) = B,,. Equation (8) produces the Riemann approximation of R(r )
as follows:
Ry = Y #t) = Y b (= 7).
k k
However, the expectation is:

E[R,] = R(r}) + = +o(1 + (nk’)™). )

We present the detail of Eq. (9) in Appendix C. Selecting the optimal % in Eq. (6)
indicates that the second term in the RHS of Eq. (9) approximates to
2z / (nh3 ) =R(r ) /3. Therefore, R1 has a bias that is one-third larger than R(r )

Correctlng this blas yields the following asymptotic unbiased estimator:

A (7 — ;’k—l) 2
R() = —_—

e (10)
In fact, we have E[R(r )] R(r )+o(1) By estimating R( ) using (10) in the
AMISE expression (5), we obtaln the following function:

(=7l 5
BCV(h) = 122% =. (n

We define the BCV estimator in the following manner:

Definition 2 The BCV estimator /gy is given by:

hgey = arg min BCV(h),
he(0,a)

for0 < a < 2x.

We recommend selecting @ = x in practical data analysis because the BCV func-
tion often has the local minimum at a value slightly greater than =, although the
optimal bin width becomes smaller as n becomes larger (see Fig. 3). In addition, we
consider that a > x is too large to fully visualize the shape of an underlying density,
as this choice provides only two bins.

The BCV function has the expectation and variance that follows the theorem
mentioned below.
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862 Y. Tsuruta, M. Sagae

Fig. 3 BCV function in Eq. (11)
based on the sample (n = 500)
generated from the von Mises
density with y = z and x = 1.
The dashed vertical line is the
optimal bin width (7 = 0.553).
The solid vertical line is the
value estimated using the BCV
estimator with a = 7 (h = 0.594

)

BCV
0.3 0.4 0.5

0.2

0.1

0.0

Bin width

Theorem 2 Assume that (A1), (A2), (A3), and (A4) hold. Then,
E[BCV(h)] = AMISE[#(6:h)] + o(h* + (nh)™"),
and
Var[BCV(h)] = ﬁ +o(n™h).

We present the proof in Appendix C. Theorem 2 leads to BCV estimator /AdBCV
being consistent with .

Corollary 2 Assume that (A1), (A2), (A3), and (A4) hold. Then,
A P
hgey/ hopt_’ L,

asn — oo.

We present the proof in Appendix D.

NRR or BCV often provides ¢ # 1 for the m-th bin width. The circular support of
density f allows statisticians to subjectively determine where the m-th bin is set. To
avoid this problem, we consider that all bins should have the same bin width. In this
case, we employ &, = 2z /m with a natural number m. A natural number M exists
such that it satisfies:

hyriy < hop <y, (12)

for the optimal bin width, /_ ,. Theorem 1 implies that:

opt*
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AMISE[#(0:8h,,01 52 2

AMISEL7, Gshp)] 3 ' 36" (13)

where § :=h/ hgpe- The ratio in Eq. (13) has only local minimum at 6 = 1. There-
fore, if n is sufficiently large, then, the bin widths 4, or A, , have the smallest of
MISE in {#,,}. Thus, replacing the optimizer A,y in Eq. (12) with any estimator h
provides an equal split bin width estimator as follows:

Algorithm 1 Let M := max{n € Z|n < 2z /h} for any bin width estimator /.

Step 1 Provide /i, = 22/M and hy,,, = 2z /(M + 1).
Step 2 Provide equal split bin width estimator:

hg := arg min{ AMISE[#(6:h,,)], AMISE[#(6:/,,, 1)1}
MM+1

If they are both the same, then, sz = sz.

Algorithm 1 provides an equal split bin width estimator based on NRR by
employing the AMISE that estimates R(rf’.) in the RHS in Eq. (5) by &1, (&) /[21(%)]
with the MLE . We call this the equal 'split normal reference rule (ENRR). This
also provides the equal split bin biased cross-validation (EBCV) estimator by
using AMISE that estimate R(rjﬁ) by Eq. (10).

Fig.4 Frequency polygon is the Histogram of X
linear interpolation of the mid-

. . . . 0 _
points of a bar in the histogram ®
o
@
wn |
N
2%
[}
3
o
Qv |
I 2
o |
0 A R S—
o
T T T T T T T 1
0 1 2 3 4 5 6 7

@ Springer



864 Y. Tsuruta, M. Sagae

3 Improving the rose diagram estimator

The rose diagram estimator has a convergence rate of O(n~2/3) in its MISE. How-
ever, the circular kernel density estimator has a convergence rate of O(n=*/>).
This is because the rose diagram is not smooth and has bumps on each bin. Thus,
smoothing may improve performance. For linear data, Scott (1985) proposed that
the frequency polygon is a continuous density estimator based on a histogram
(see Fig. 4). We propose a polygon rose diagram estimator with the linear inter-
polation of the rose diagram (see Fig. 5):

Definition 3

- he 00—t ey 0—1\,
RO = (= — —% )i @k + | 22+ — ) (63h),
: 2h hy 20 Iy

for 0 € [t, — hy_, /2,1, + h,/2) with k = 1,2,...m, where h, is the length of each
interval and #(0;h) is the rose diagram estimator in the k-th bin B, with B, = B,,.
Further, the interval [¢, — h,,/2,t,) corresponds to the interval [z, —h,,/2,t,.)
due to the circular support.

This estimator requires a smoother condition of an underlying density to derive
its theoretical properties. The assumption is

(AS). Density fis third continuously differentiable. The second Derivative r}’ 0) s
bounded for any 6. Quantities R(rj’/ ), R((rj’/ )/ 2;"Jf.rf_l/ %), and R((r]’,)zrf‘l)) are
bounded.

We have its asymptotic MISE as the following theorem.

Fig.5 Polygon rose diagram is .
the linear interpolation of the 09
mid-points of a sector in the 0.84
rose diagram 0.7 7n/4 n/4
0.6
051
0.4
0.3
0.2
2 0.4
S 0.04 3n/2 n/2
@
o
5n/4 3n/4
T
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Theorem 3 Assume that (A1), (A2), (A4), and (AS) hold. Then,
MISE[7/(-;h)] = AMISE[7(-;h)] + o(h* + (nh)™"),
where AMISE[7(0;h)] is:

2w

AMISE[T, (+h)] = G/ . r)h* + =2 (14)
where G(r/!, v/, 7;) := 49R(r!") /2880 + R((r) /2717 /%) /96 + R((r})?171)/576. The
optimizer of the RHS in Eq. (14) is:

hoaty = [7/6G(r) 1t ) 013, (15)

Combining (14) and (15) provide MISE[?f(-;hpoly)] = O(n~*/3).

We present the proof in Appendix E. The convergence rate in the MISE is equiva-
lent to that of the circular kernel density estimator and the frequency polygon. More-
over, the polygon rose diagram estimator outperforms the rose diagram estimator.

We consider a new bin width estimator for this estimator by employing the von
Mises density as the reference density. The von Mises density has:

(Y 1], 1) = [4Tk> L (%) /1o(x)] + 49%1 /11520, 16)

We then propose the following NRR for the polygon rose diagram estimator:

Definition 4
hpng = (19207 [4TR2L,(R)/1y(R) + 49&2]~ 1} /5p~1/5,

where & is the MLE of .

From Algorithm 1, we present the ENRR for this by employing the AMISE that

estimates G(r}’ , r;, r;) in the RHS of Eq. (14) by Eq. (16).

4 Numerical experiment
4.1 Comparison between bin width selection rules for rose diagram

We now investigate how a choice of the bin width affects the performance of the
rose diagram under finite samples. We perform a simulation to compare the pro-
posed bin width estimator in Sect. 2 to the rules from previous literature stated in
Sect. 1 under finite sample sizes. Sections 1 and 2 put the starting point at zero with-
out losing generality. We also want to know how the selection of the starting point
may affect its performance with small samples. As the starting point, we choose the
sample circular mean 6, the opposite point §, := 0 + z (mod 2x), the right point
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1.0 1.0
0.8 n/4 /4 0.8 n/4 /4
061 064

0.4 0.4
0.2 0.24

0.0 372 x/2 0.043%/2 /2

5n/4

3n/4 5n/4 3n/4

(a) Models 1-3. (b) Models 4-6.

Fig.6 Each line denotes the square root of twice the density. a Models 1-3 are von Mises (solid
line), cardioid (dashed line), and wrapped Cauchy (dotted line) distributions. b Models 4-6 are sine-
skewed von Mises(solid line), sine-skewed cardioid (dashed line), and sine-skewed wrapped Cauchy
distributions(dotted line)

Og :=0+ /2 (mod 2r), and the left point &, := + 3x/2 (mod 2x). For exam-
ple, in the data generated from symmetric unimodal distributions, the mean @ is the
concentrated position and the opposite 8, is the sparse position.

We conduct the numerical experiment under the six simulation scenarios Models
1-6, as presented in Fig. 6, which were employed by Tsuruta and Sagae (2020).
Model 1 (the von Mises distribution), Model 2 (the cardioid distribution), and
Model 3 (the wrapped Cauchy distribution) are well-used in numerical experiments,
whereas Model 4 (the sine-skewed von Mises distribution), Model 5 (the sine-
skewed cardioid distribution), and Model 6 (the sine-skewed wrapped Cauchy distri-
bution) are produced by skewing the first three distributions. These six distributions
are a subclass of a sine-skewed Jones—Pewsey distribution (Abe and Pewsey 2011).

We define the previous literature’s rules as the following:

(R1) Ballantyne and Cornish’s rule (BCR) is given by: figcp := 27/gpcr(n) with
gecr(m) 1= n/5 (Ballantyne and Cornish 1979).
(R2) Andreasen’s rule (AR) is given by:
hag ‘=2 xtdf X %
where tdf denotes Student’s z-value for n — 1 degrees of freedom at the.95
level and CSD is circular standard deviation (Andreasen 1990).
(R3) Square root rule (SRR) is given by: figgp := 27 /ggpr () With gegr (1) 1= n'/
(Pewsey et al. 2013).
(R4) Sanderson and Peacock’s rule (SPR) is given by: figpg := 27/gspr(n) With
gspr(n) 1= 2n'/3(Sanderson and Peacock 2020).

2
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For Rules (R2)-(R4), we consider the need to transform these rules to all equal bin
widths as Sanderson and Peacock (2020) rounded up ggpr(n) to the nearest integer,
although BCR provides all equal bin widths because all sample sizes are multiples
of five. Therefore, we also employ the following rules:

(R5) Equal Andreasen’s rule (EAR) is given by: szAR 1=2r/[gar(n)] with
gar(M) =271 [hg. .

(R6) Equal square root rule (ESRR) is given by: figgpg = 27/ [gsrr(?)]-

(R7) Equal Sanderson and Peacock’s rule (ESPR) is given by: hpspr = 27/ [ggpr ()]

Note that AR and EAR are only used in unimodal distributions. We execute the
simulation with R according to the following procedure:

1. Execute the following steps for Model 1:

(a) Generate a random sample of size n distributed in Model 1.

(b) Calculate each rose diagram’s numerical ISE:
ISE, . := joz’”{?f(e;iz) — rf(H)}sz, with any bin width estimator as h.

(c) Repeat (a)-(b) 1,000 times and then, calculate each mean and standard error
of ISE

rose

2. Execute steps (a)—(c) for Models 2-6.

We now discuss the results of the numerical experiment. Tables 1 and 2 show
little difference between all the methods for selecting the starting point in all the
bin width selectors in Models 1-6 when n > 500 (Supplementary Table 6 also
shows this future in all the bin width selectors in all the scenarios when n = 200).
The effect of choosing the starting point is significantly less than that of the
choice of bin width in all the models in all sample sizes.

The MISE of BCR is hardly decreasing in all cases. This is because the order
of BCR is n™!, but the order of n~! does not have consistency in Theorem 1. When
n > 500, the selectors of order n~'/?> (AR, SRR, EAR, and ESPR) perform less
than the selectors of order n~!/3 (NRR, ENRR, BCV, EBCV, SPR, and ESPR), in
all the models. This indicates that the optimal magnitude of the bin widths is
n~'/3 as (6). BCV and EBCV outperform SPR and ESPR in all models when
n > 500. When n > 500, although NRR, ENRR, SPR, and ESPR have little differ-
ence in Models 3 and 6, NRR and ENRR outperform SPR and EPSPR in the
other scenarios. This shows that we should appropriately estimate the quantity of
the roughness R(rj’,) in Eq. (6).

BCV has the best performance, and EBCV has the second-best performance
in all the scenarios when n > 500. Further, when n > 500, the third performances
are NRR and ENRR, although NRR and ENRR have little difference in perfor-
mance from SPR and ESPR in Models 3 and 6.

Now, we discuss the effect of the starting point in small samples. Supplemen-
tary Tables 4 and 5 show that the right point of EBCV outperforms the other
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Table 1 Means (its standard error) of 100xintegrated squared error of the rose diagrams based on the
number of repetitions N=1000 in Models 1-6 in the simulation in Sect. 4. The sample size is n = 500.
In the starting point 7, M denotes the sample circular mean, O denotes the opposite, R denotes the right
point, and L denotes the left point

Selector ¢, Modell Model2 Model3 Model4 Model5 Model6

NRR M 1.68(.02) 1.54(.01) 1.92(.01) 1.95(.02) 1.79(.02) 2.16(.02)
NRR (0] 1.71(.02) 1.54(.02) 1.97(.02) 1.96(.02) 1.80(.02) 2.18(.02)
NRR R 1.67(.02) 1.51(.01) 1.94(.02) 1.92(.02) 1.75(.02) 2.18(.02)
NRR L 1.67(.02) 1.53(.02) 1.94(.02) 1.93(.02) 1.77(.02) 2.15(.02)
ENRR M 1.64(.02) 1.50(.01) 1.91(.01) 1.89(.02) 1.72(.02) 2.12(.02)
ENRR O 1.64(.02) 1.49(.01) 1.90(.01) 1.89(.02) 1.73(.02) 2.11(.02)
ENRR R 1.63(.02) 1.47(.01) 1.89(.01) 1.88(.02) 1.72(.02) 2.12(.02)
ENRR L 1.64(.02) 1.48(.01) 1.90(.01) 1.89(.02) 1.72(.02) 2.10(.02)
BCV M 1.40(.01) 1.30(.01) 1.64(.01) 1.61(.01) 1.48(.01) 1.83(.01)
BCV (0] 1.41(.01) 1.33(.02) 1.66(.01) 1.62(.02) 1.47(.01) 1.86(.02)
BCV R 1.37(.01) 1.29(.02) 1.68(.01) 1.56(.01) 1.41(.01) 1.83(.02)
BCV L 1.37(.01) 1.26(.01) 1.79(.04) 1.54(.01) 1.45(.01) 1.82(.02)
EBCV M 1.51(.01) 1.41(.01) 1.77(.01) 1.74(.01) 1.62(.01) 1.95(.01)
EBCV (0] 1.53(.01) 1.46(.03) 1.80(.02) 1.80(.03) 1.61(.01) 1.99(.02)
EBCV R 1.54(.02) 1.44(.02) 1.80(.01) 1.73(.01) 1.60(.01) 1.96(.02)
EBCV L 1.53(.01) 1.41(.01) 1.93(.03) 1.73(.01) 1.61(.01) 1.99(.02)
BCR M 13.35(.07) 13.03(.07) 13.54(.07) 13.83(.07) 13.76(.07) 13.89(.07)
BCR (0) 13.35(.07) 13.03(.07) 13.54(.07) 13.83(.07) 13.76(.07) 13.89(.07)
BCR R 13.35(.07) 13.03(.07) 13.54(.07) 13.83(.07) 13.76(.07) 13.89(.07)
BCR L 13.35(.07) 13.03(.07) 13.54(.07) 13.83(.07) 13.76(.07) 13.89(.07)
AR M 3.03(.03) 2.73(.03) 3.14(.03) 3.55(.03) 3.30(.03) 3.54(.03)
AR (0] 3.08(.03) 2.80(.03) 3.13(.03) 3.58(.03) 3.31(.03) 3.57(.03)
AR R 3.04(.03) 2.76(.03) 3.11(.03) 3.56(.03) 3.27(.03) 3.56(.03)
AR L 3.03(.03) 2.78(.03) 3.15(.03) 3.52(.03) 3.30(.03) 3.55(.03)
SRR M 2.44(.02) 2.42(.02) 2.50(.02) 2.55(.02) 2.52(.02) 2.60(.02)
SRR (0] 2.53(.02) 2.49(.02) 2.52(.02) 2.61(.03) 2.54(.02) 2.67(.03)
SRR R 2.42(.02) 2.38(.02) 2.53(.02) 2.58(.03) 2.48(.02) 2.66(.03)
SRR L 2.42(.02) 2.41(.02) 2.51(.02) 2.59(.03) 2.5(.02) 2.66(.03)
SPR M 1.85(.02) 1.78(.02) 1.95(.02) 2.01(.02) 1.88(.02) 2.15(.02)
SPR (0) 1.84(.02) 1.77(.02) 1.97(.02) 2.00(.02) 1.88(.02) 2.14(.02)
SPR R 1.83(.02) 1.78(.02) 1.96(.02) 2.00(.02) 1.86(.02) 2.14(.02)
SPR L 1.83(.02) 1.77(.02) 1.96(.02) 1.98(.02) 1.88(.02) 2.14(.02)
EAR M 3.05(.03) 2.75(.03) 3.13(.03) 3.53(.03) 3.31(.03) 3.52(.03)
EAR (0] 3.05(.03) 2.75(.03) 3.12(.03) 3.56(.03) 3.30(.03) 3.53(.03)
EAR R 3.06(.03) 2.77(.03) 3.12(.03) 3.55(.03) 3.30(.03) 3.53(.03)
EAR L 3.08(.03) 2.78(.03) 3.12(.03) 3.55(.03) 3.27(.03) 3.54(.03)
ESRR M 242(.02) 2.38(.02) 2.51(.02) 2.58(.03) 2.50(.02) 2.63(.03)
ESRR O 2.42(.02) 2.42(.02) 2.49(.02) 2.55(.02) 2.47(.02) 2.59(.02)
ESRR R 2.45(.02) 2.40(.02) 2.46(.02) 2.56(.03) 2.45(.02) 2.61(.02)
ESRR L 2.44(.02) 2.39(.02) 2.50(.02) 2.55(.02) 2.52(.02) 2.60(.02)
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Table 1 (continued)

Selector ¢, Modell Model2 Model3 Model4 Model5 Model6

ESPR M 1.84(.02) 1.78(.02) 1.97(.02) 2.00(.02) 1.88(.02) 2.14(.02)
ESPR 0) 1.84(.02) 1.78(.02) 1.97(.02) 2.00(.02) 1.88(.02) 2.14(.02)
ESPR R 1.84(.02) 1.78(.02) 1.97(.02) 2.00(.02) 1.88(.02) 2.14(.02)
ESPR L 1.84(.02) 1.78(.02) 1.97(.02) 2.00(.02) 1.88(.02) 2.14(.02)

points in Models 1, 3, 4, and 5 when n < 100. The right point is placed in the
direction of the skewness of the underlying distribution in Models 4 and 5. The
right point of BCV has better performance than the other points in Models 1 and
5 when n < 100. NRR and ENRR have a smaller effect on the starting points
when n < 100, as NRR and ENRR do not depend on the starting point.

4.2 Comparison rose diagram and polygon rose diagram estimators

We now compare the rose diagram and polygon rose diagram estimators in Models
1-6 under finite sample sizes. We also use NRR, ENRR, BCV, and EBCV as the
selectors for the rose diagram. The selectors for the polygon rose diagram are NRR
and ENRR as defined in Sect. 3. The same methods are used for selecting the start-
ing point as in Sect. 4.1.

We now discuss the result of the numerical experiment. Table 3 shows that the
polygon rose diagram estimators (with NRR or ENRR) outperform the rose diagram
estimators (with NRR, ENRR, BCV, or EBCV) in all models when n > 500. How-
ever, the result could depend on the bin width selection. ENRR performs better than
NRR in all models in the polygon rose diagram estimators when n = 500. Moreover,
when n = 1000, ENRR outperforms NRR in Models 1,2, 3, and 5.

We also summarize the effect of the starting point on the polygon rose diagram.
Supplementary Tables 4, 5, 6, 7, and 8 show that ENRR has a smaller effect on the
starting points than NRR. ENRR is largely unaffected by the starting point when
n > 100 and outperforms NRR in almost all models when n < 500. Therefore, we
recommend using ENRR for the polygon rose diagram.

5 Application

We now illustrate a real-data example showing a rose diagram with the proposed
bin width selectors (ENRR and EBCV). We choose these selectors because soft-
ware often requires inputting the number of the bins under all equal bin widths such
as rose.diag in the circular library (Agostinelli and Lund 2017) in statisti-
cal software R (R Core Team 2021). We use wind data in the circular library
(see Fig. 7). In wind data, the sample circular mean 6 is 0.2922, the mean resultant
length is 0.6557, and the skewness is 0.3493. For the starting point, we employ the
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Table 2 Means (its standard error) of 100xintegrated squared error of the rose diagrams based on the
number of repetitions N=1000 in Models 1-6 in the simulation in Sect. 4. The sample size is n = 1000.
In the starting point #,, M denotes the sample circular mean, O denotes the opposite, R denotes the right
point, and L denotes the left point

Selector to Modell Model2 Model3 Model4 Model5 Model6
NRR M 1.04(.01) .97(.01) 1.22(.01) 1.20(.01) 1.14(.01) 1.35(.01)
NRR 0] 1.04(.01) .98(.01) 1.24(.01) 1.22(.01) 1.15(.01) 1.36(.01)
NRR R 1.03(.01) 95(.01) 1.22(.01) 1.19(.01) 1.13(.01) 1.35(.01)
NRR L 1.03(.01) .96(.01) 1.23(.01) 1.20(.01) 1.12(.01) 1.35(.01)
ENRR M 1.02(.01) .94(.01) 1.20(.01) 1.18(.01) 1.11(.01) 1.33(.01)
ENRR O 1.02(.01) .94(.01) 1.21(.01) 1.17(.01) 1.11(.01) 1.32(.01)
ENRR R 1.01(.01) .94(.01) 1.20(.01) 1.17(.01) 1.12(.01) 1.32(.01)
ENRR L 1.02(.01) .94(.01) 1.20(.01) 1.18(.01) 1.10(.01) 1.33(.01)
BCV M .86(.01) .79(.01) 1.05(.01) 1.03(.01) .95(.01) 1.17(.01)
BCV (0) .86(.01) .80(.01) 1.06(.01) 1.03(.01) .96(.01) 1.18(.01)
BCV R .84(.01) 77(.01) 1.06(.01) 1.02(.01) .92(.01) 1.19(.01)
BCV L .85(.01) .78(.01) 1.06(.01) 1.01(.01) .94(.01) 1.17(.01)
EBCV M .94(.01) .87(.01) 1.12(.01) 1.12(.01) 1.03(.01) 1.26(.01)
EBCV (0] .94(.01) .87(.01) 1.14(.01) 1.12(.01) 1.04(.01) 1.27(.01)
EBCV R .93(.01) .86(.01) 1.14(.01) 1.11(.01) 1.04(.01) 1.27(.01)
EBCV L .94(.01) .87(.01) 1.14(.01) 1.11(.01) 1.04(.01) 1.27(.01)
BCR M 13.33(.05) 12.98(.05) 13.47(.05) 13.94(.05) 13.7(.05) 13.87(.05)
BCR O 13.33(.05) 12.98(.05) 13.47(.05) 13.94(.05) 13.7(.05) 13.87(.05)
BCR R 13.33(.05) 12.98(.05) 13.47(.05) 13.94(.05) 13.7(.05) 13.87(.05)
BCR L 13.33(.05) 12.98(.05) 13.47(.05) 13.94(.05) 13.7(.05) 13.87(.05)
AR M 2.07(.02) 1.89(.01) 2.15(.02) 2.37(.02) 2.23(.02) 2.33(.02)
AR 0] 2.08(.02) 1.90(.02) 2.14(.02) 2.40(.02) 2.24(.02) 2.35(.02)
AR R 2.08(.02) 1.87(.01) 2.15(.02) 2.38(.02) 2.24(.02) 2.34(.02)
AR L 2.07(.02) 1.87(.01) 2.15(.01) 2.37(.02) 2.24(.02) 2.35(.02)
SRR M 1.65(.01) 1.62(.01) 1.69(.01) 1.71(.01) 1.69(.01) 1.74(.01)
SRR (O] 1.65(.01) 1.64(.01) 1.69(.01) 1.73(.01) 1.70(.01) 1.72(.01)
SRR R 1.65(.01) 1.63(.01) 1.69(.01) 1.71(.01) 1.69(.01) 1.72(.01)
SRR L 1.64(.01) 1.62(.01) 1.69(.01) 1.72(.01) 1.71(.01) 1.73(.01)
SPR M 1.13(.01) 1.10(.01) 1.24(.01) 1.23(.01) 1.19(.01) 1.32(.01)
SPR (0] 1.13(.01) 1.10(.01) 1.24(.01) 1.23(.01) 1.19(.01) 1.32(.01)
SPR R 1.13(.01) 1.10(.01) 1.24(.01) 1.23(.01) 1.19(.01) 1.32(.01)
SPR L 1.13(.01) 1.10(.01) 1.24(.01) 1.23(.01) 1.19(.01) 1.32(.01)
EAR M 2.07(.02) 1.88(.01) 2.15(.02) 2.38(.02) 2.24(.02) 2.34(.02)
EAR O 2.07(.02) 1.89(.02) 2.15(.02) 2.39(.02) 2.23(.02) 2.35(.02)
EAR R 2.06(.02) 1.89(.01) 2.14(.02) 2.37(.02) 2.23(.02) 2.36(.02)
EAR L 2.07(.02) 1.88(.01) 2.13(.02) 2.37(.02) 2.24(.02) 2.36(.02)
ESRR M 1.64(.01) 1.63(.01) 1.69(.01) 1.72(.01) 1.69(.01) 1.72(.01)
ESRR (0] 1.64(.01) 1.63(.01) 1.69(.01) 1.72(.01) 1.69(.01) 1.72(.01)
ESRR R 1.64(.01) 1.63(.01) 1.69(.01) 1.72(.01) 1.69(.01) 1.72(.01)
ESRR L 1.64(.01) 1.63(.01) 1.69(.01) 1.72(.01) 1.69(.01) 1.72(.01)
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Table 2 (continued)
Selector ty Modell Model2 Model3 Model4 Model5 Model6

ESPR M 1.13(.01) 1.10(.01) 1.24(.01) 1.23(.01) 1.19(.01) 1.32(.01)
ESPR 0} 1.13(.01) 1.10(.01) 1.24(.01) 1.23(.01) 1.19(.01) 1.32(.01)
ESPR R 1.13(.01) 1.10(.01) 1.24(.01) 1.23(.01) 1.19(.01) 1.32(.01)
ESPR L 1.13(.01) 1.10(.01) 1.24(.01) 1.23(.01) 1.19(.01) 1.32(.01)

right point according to the direction of the skewness. Figure 8 shows that two rose
diagrams with ENRR or EBCV represent that the distribution has the mode between
north and northeast and is almost symmetric, although the jumps of the rose dia-
grams obscure the existence of small modes. Figure 8 indicates that the polygon
rose diagram with ENRR has the mode between north and northeast and is smoother
than the rose diagrams.

6 Conclusion

In this study, we pointed out that the radius of the rose diagram (the square root of
the twice density) is a nonparametric estimator of the square root of twice density.
We set a condition that the m — 1 bin widths is a common bin width A, and m-th
bin width is ¢k with ¢ € (0, 1]. Then, we employed MISE as the global error cri-
terion between the rose diagram and the square root of twice density. We showed
that choosing the optimal bin width of order n='/3 provides the minimizing MISE
of order n=2/3. Moreover, we provided an asymptotic normal distribution of its esti-
mator with equal variance when ¢ = 1; that is, this means employing all the equal
bin widths, although the histogram has a heterogeneous variance that depends on an
underlying density. This property is an advantage of the rose diagram estimator.

Next, we proposed some data-based bin width selection rules. NRR employs the
von Mises density as the underlying density, while BCV is the nonparametric esti-
mator that does not assume a specific density. These rules often show that one bin
width is shorter than the other bin width. In this practice, we assumed that statisti-
cians prefer all equal bin widths to avoid arbitrariness in the placement of the shorter
bin width. Further, software of rose diagrams often requires all equal bin widths. We
also provided ENRR and EBCV as equal split bin width estimators. The numerical
experiment showed that BCV and EBCV outperform NRR and ENRR under the
finite samples, although our four rules have better performance than all the rules
in the literature introduced in Sect. 1. Moreover, the effect of choosing the starting
point is significantly less than that of the choice of bin width in all scenarios. In par-
ticular, when sample size n > 200, we can ignore the effect of the starting point on
the rose diagram.

We believed that all equal split bin width selectors such as ENRR and EBCV
have the following three advantages: First, these selectors avoid placing one bin
width with different lengths than the others. Second, all the equal bin widths provide
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Table3 Means (its standard error) of 100Xintegrated squared error of the rose diagrams (denoted
by Rose) with NRR, ENRR, BCV, or EBCV as its bin width selector) and the polygon rose diagrams
(denoted by Poly) with NRR or ENRR based on the number of repetitions N=1000 in Models 1-6 in the
simulation in Sect. 4. The sample size is n = 500. In the starting point ,, M denotes the sample circular
mean, O denotes the opposite, R denotes the right point, and L denotes the left point. The top block rep-
resents MISEs in sample size n = 500 and the bottom block represents MISEs in sample size n = 1000

Fr Selector  #, Modell Model2 Model3 Model4 Model5 Model6

Rose ~ NRR M 1.68(.02)  1.54(.01)  1.92(.01) 1.95.02) 1.79(.02)  2.16(.02)
Rose  NRR (0] 1.71(.02)  1.54(.02)  1.97(.02) 1.96(.02)  1.80(.02)  2.18(.02)
Rose ~ NRR R 1.67(.02)  1.51(.01)  1.94(.02) 1.92(.02) 1.75(.02)  2.18(.02)
Rose ~ NRR L 1.67(.02)  1.53(.02)  1.94(.02) 1.93(.02) 1.77(.02)  2.15(.02)
Rose =~ ENRR M 1.64(.02) 1.5(.01) 1.91(.01)  1.89(.02)  1.72(.02)  2.12(.02)
Rose ~ ENRR (0] 1.64(.02)  1.49(.01)  1.90(.01)  1.89(.02)  1.73(.02)  2.11(.02)
Rose ~ ENRR R 1.63(.02)  1.47(.01) 1.89(.01) 1.88(.02)  1.72(.02)  2.12(.02)
Rose ~ ENRR L 1.64(.02)  1.48(.01) 1.90(.01)  1.89(.02)  1.72(.02)  2.10(.02)
Rose  BCV M 140001) 1.30(01) 1.64(.01) 1.61(.01) 1.48(.01)  1.83(.01)
Rose  BCV (0) 1.41(.01)  1.33(.02) 1.66(.01)  1.62(.02)  1.47(.01) 1.86(.02)
Rose  BCV R 1.37(.01)  1.29.02)  1.68(.01)  1.56(.01)  1.41(.01)  1.83(.02)
Rose  BCV L 1.37(.01)  1.26(.01)  1.79(.04)  1.54(.01)  1.45(01)  1.82(.02)
Rose  EBCV M 151(01)  1.41(01) 1.77(.01)  1.74(.01)  1.62(.01)  1.95(.01)
Rose  EBCV 0] 1.53(.01)  1.46(03) 1.80(.02) 1.80(.03) 1.61(.01)  1.99(.02)
Rose  EBCV R 1.54(.02)  1.44(.02) 1.80(.01) 1.73(.01)  1.60(.01)  1.96(.02)
Rose  EBCV L 1.53(.01)  1.41(01) 1.93(.03) 1.73(.01) 1.61(.01)  1.99(.02)
Poly NRR M .71(.03) .89(.06) .93(.06) .95(.07) .95(.06) 1.05(.06)
Poly NRR 0} .75(.02) .75(.02) 1.02(.05)  .99(.06) .89(.02) 1.19(.02)
Poly NRR R .74(.02) 1.17(.36)  .96(.03) .99(.05) 1.00.06)  1.18(.04)
Poly NRR L .75(.03) .84(.04) 1.03(.03)  .94(.03) .94(.04) 1.08(.03)
Poly ENRR M .61(.01) .56(.01) .87(.01) .69(.01) .62(.01) .87(.01)

Poly ENRR (0] .61(.01) .56(.01) .83(.01) .70(.01) .62(.01) .95(.01)

Poly ENRR R .61(.01) .56(.01) .87(.01) .69(.01) .62(.01) .93(.01)

Poly ENRR L .61(.01) .57(.01) .83(.01) .69(.01) .62(.01) 91(.01)

Rose  NRR M 1.04.01)  .97(.01) 1.22(.01)  1.20(01)  1.14(.01)  1.35(.01)
Rose ~ NRR (0] 1.04(.01)  .98(.01) 1.24.01)  1.22(.01)  1.15(.01)  1.36(.01)
Rose  NRR R 1.03(.01)  .95(.01) 1.22(.01)  1.19(.01)  1.13(.01)  1.35(.01)
Rose  NRR L 1.03(.01)  .96(.01) 1.23(.01)  1.20(.01)  1.12(.01)  1.35(.01)
Rose ~ ENRR M 1.02(.01)  .94(.01) 1.20.01)  1.18(.01)  1.11(.01)  1.33(.01)
Rose  ENRR O 1.02(.01)  .94(.01) 1.21¢01)  1.17(01)  1.11(.01)  1.32(.01)
Rose  ENRR R 1.01(.01)  .94(.01) 1.20(.01)  1.17(.01)  1.12(.01)  1.32(.01)
Rose ~ ENRR L 1.02(.01)  .94(.01) 1.20.01)  1.18(.01)  1.10(.01)  1.33(.01)
Rose  BCV M .86(.01) .79(.01) 1.05(.01)  1.03(.01)  .95(.01) 1.17(.01)
Rose ~ BCV (0) .86(.01) .80(.01) 1.06(.01)  1.03(.01)  .96(.01) 1.18(.01)
Rose  BCV R .84(.01) 77(.01) 1.06(.01)  1.02(.01)  .92(.01) 1.19(.01)
Rose  BCV L .85(.01) .78(.01) 1.06(.01)  1.01(.01)  .94(.01) 1.17(.01)
Rose  EBCV M .94(.01) .87(.01) 1.12(.01)  1.12(.01)  1.03(.01)  1.26(.01)
Rose  EBCV O .94(.01) .87(.01) 1.14(.01)  1.12(.01)  1.04(.01)  1.27(.01)
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Table 3 (continued)

Fr Selector 7, Modell Model2 Model3 Model4 Model5 Model6
Rose  EBCV R .93(.01) .86(.01) 1.14(.01)  L.11(.01)  1.04(.01)  1.27(.01)
Rose  EBCV L .94(.01) .87(.01) 1.14(.01)  1.11(.01)  1.04(.01)  1.27(.01)
Poly NRR M 40(.02) .80(.21) .62(.04) 47(.03) .65(.05) .53(.02)
Poly NRR (0] A42(.01) A48(.02) .70(.03) 46(.01) .56(.02) .59(.01)
Poly  NRR R 42(.02) .54(.03) .67(.03) 46(.01) .56(.02) .63(.02)
Poly NRR L A43(.02) .55(.04) .67(.03) 45(.01) .61(.03) .59(.01)
Poly  ENRR M 35001 .32(.01) .52(.01) 41(.01) .38(.01) .55(.01)
Poly ENRR (0] .35(.01) .33(.01) .52(.01) 41(.01) .38(.01) .54(.01)
Poly  ENRR R .34(.01) .33(.01) 49(.01) A40(.01) .37(.01) .54(.01)
Poly ENRR L .34(.01) .32(.01) 49(.01) .40(.01) .37(.01) .56(.01)

Fig.7 Circular wind data plot o
of wind data (n = 310), which ‘
were recorded at a meteoro-
logical station named “Col de
la Roa” in the Italian Alps from
January 29, 2001 to March 31,
2001. The values are measured
in radians, clockwise from
north. The rose diagram is
illustrated by rose .diag with
bin width 0.4833 estimated by
ENRR (the number of the bins
is thirteen). The dashed line is
circular kernel density estima-
tion with bandwidth 32.51
estimated by the direct plug-in
selector proposed by Tsuruta
and Sagae (2020)

homoskedasticity. Third, we can employ these selectors in commonly used soft-
ware such as R because software often requires inputting the number of the bins
under all equal bin widths. Therefore, we recommend employing EBCV because
it has the best performance in the equal split bin width selectors in the numerical
experiment. When employing EBCYV, if n > 200, we observed little difference in the
choice of the starting points in the numerical experiment. Whereas, if n < 100, then,
we should select either the right point or the left point as the starting point because
these points have often better performance than the other points in the numerical
experiment. We also recommend that the choice between the two points should be
made according to the direction of skewness of the underlying distribution.

We presented a polygon rose diagram estimator to improve the rose diagram
with linear interpolation. We obtained the convergence rate of the optimal MISE
of the polygon rose diagram as O(n*/3). The numerical experiment showed that
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(c) Polygon rose diagram (ENRR)

Fig.8 a The rose diagram with bin width 0.4833 estimated by ENRR. b The rose diagram with bin
width 0.6283 estimated by EBCV. ¢ The solid line represents the polygon rose diagram with bin width
0.6283 estimated by ENRR. Each starting point in (a)—(c) is denoted by zero. The values in the circle are
measured clockwise from the starting point. All the starting points are 1.863 (the right point), which is
the radian measured from the north (upper direction)

the polygon rose diagram performs better than the rose diagram in all the scenarios,
although this result may depend on the bin width choice.

For further studies, we will derive the convergence rate of the BCV estimator.
We believe that the result can provide a comparison of its performance with that of
any other estimator. The problem of the starting point can be solved by the smooth-
ness, such as a moving average rose diagram, as proposed by Munro and Blenkinsop
(2012). Therefore, as a future objective, we shall investigate the theoretical property
of a moving average rose diagram with smoothness.
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Appendix A

Proof of Theorem 1 Recalling that W, = f(8;h,) — E[f(8;h,)] for @ in B,, the Taylor

expansion of the rose diagram estimator r,(6;h) around E[f(Q;hk)] is:

f,-(e;h>=\/2E[f<0hk)]+Z< 1y '\[(2’ VRO o, (17)

for @ € B;, where 2t — 1)!! :=1-3-5---(2t=3)(2t — 1) and (-1)!!:=1. Combining
Lemma 1 and (17), the expectation of the rose diagram estimator approximates to:

BU7(051)] = V2p,/hy + O(nh)™), 6 € By, (1%

Note that B, = [t;, t, + h;). From the Taylor expansion of f(-) around 6 € B, we

obtain
ty+hy
Pr = / SO)dy
I

t+hy

= [FO) + 1)y = 0) + Oy — 0)*)1dy 19)

= (t, + hFO) + 10Xt + by — 6)* /2 + O((t,, + by — 6)°)
— [15(0) +f'(0)(t, — 0)*/2 + O((t, — 6)*)]
= I f(0) + £ (Ol /2 + (1, — Oh ]+ O().

Approximating p, in the RHS in Eq. (18) by Eq. (19) leads to:

E[#(0:h)] = \/E\/f<9> +£1(O) Iy /2 + 1, — 0) + O(h?) + O((nh™"))
2£(0) + fO) ™' /*f (O) /2 + 1, — ) + OW* + (nh)™")  (20)
= rf(e) +r (0)(hk/2 +15,—-0)+ O(h2 + ()™,
for @ € B,. From (20), we obtain:
Bias[#(0:h)] = r{(@)(y/2 + 1, — 6) + Oh? + (nh)™), @21)

for 6 € B,. By applying the mean theorem to the first term in the RHS in Eq. (21),
we can obtain M € (4 1y + 1y, which satisfies

/Bk r}(H)Z(hk/2 +1, —0)*d = V;(ﬂk)z ka(hk/Z + 1, — 0)>d6. Thus, we obtain:
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/ Bias[7(0;m)1°d0 = rj(n,)* / (0 — t, — 1y /2)*dO1 + o(1)]
Bk Bk

= rj(n)* (i /12)[1 + o(1)].

(22)

LetISB = f02” Bias[i’f(H;h)]de. We find that ISB is the sum of the integrations in
B,in (22) fork=1,2,...,m withm :=m,, such asm, - oo as n — oo; that is,

m—1

ISB = - 2 r(m) R+ o(1)] + <L f(nm)2[1 +o(1)]

2
[ / f(9)2d9 / r(0)2d9+c3hr ) [T +0()]  (23)
2x—ch

h2

=5 r;(e)zda[l +o(1)],

Where we use the Riemann integral approximation in the second RHS and
f(0)2d9 — chr’ (11,,,)2 =o(1) in the last RHS. From Lemma 1 and (17), we

27r ch
obtain:

Var[#(6:h)] = Var[27'2E[f(8:1)]7'/* W, + 0,(W))]
= (2E[f(0:h))"EIW] + OEIW{])

- ) i (24)
= (2f (&))" If(&)/ (nhy) — (&) /n] + O((nh)™)
= 1/@nhy) = f(&)/@n) + O((nh)™).
LetlV := fOZ” Var[7#,(6;h)]d0. Integrating (24) provides:
2 7y 2y » .
IV = /o %de - /27r . %dé + /27r—ch 2cnhd€ +O0(n™" + (nh)™) 25)
= x/(nh) + o((nh)™).
Combining (23) and (25) leads to:
MISE[7:(0;h)] = th(;f;.)/IZ + z/(nh) + o(h* + (nh)™"). (26)
Theorem 1 completes the proof from combining (21), (24), and (26). O

Appendix B

We describe the expectation, variance, and covariance of the histogram estimator. We
base these proofs on the results in Scott (1979, 1985). We use these to derive the prop-
erties of the rose diagram estimator.

The Taylor expansion of fyields:
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t+hy

P = f(0)do

Iy

t+hy
= / [f(tk) + ()0 — 1) + %f”(zk)(e —1)* + 0((0 - tk)3)]d9 27

= e+ 3 W + £ R + O,

Note that p,_; = ftf"_hkilf(ﬁ)dﬁ and p, = ftl"’*' 5 J(0)d6. The Taylor expansion of f

ml T

also yields:

e, - %f’(tk)h,%_l + %f”(tk)hi_l + 0t if ke (2,3,...,m},
P=1=9 frapn, - %f/(zl)hi + (l)f”(tl)hfn +OHY, if k=1,

(28)
where use f(z,,,,) = f(z,). From (27), we obtain:
Bl =(0) + 3/ Gy + " @)1 + 0K, 29)
and
"t )hy 1 —f(t)h, + Oh?
E[W2] = lf(rk)hk R (t")n;l‘f ©
' 2 ‘ (30)
=@ +f () _f(tk) + 0D
nhy, 2n n
From (28), we obtain:
E[fi_ 1 =£(t) - %f’(tk)hk—l + éf"(tk)hi_l + 0, (3D
and
M) S0 SOG4 o) i k€ (2.3,..,m),
E[W} 1=9 fhr 2 " (32)

U 2
L) L0 L Iy o'y it k=1
nh, 2n n

m

We know that polynomial distribution’s covariance is Cov[v,,v,_;]1 = —nppi_;.
Thus, combining (27) and (28) yields

NPiPi—1
n2hhy_,

hy + O(h? hy_y + O(h?
_ U@l + OO @l + O] 33)

nhyhy_
_ S )’

n

E[W,W,_]= -

+ 0 'h),
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where use h, = h,,,.

Appendix C
Proof of Theorem 2 First, we derive the expectation f?l. Let the histogram estimator
f(-)in bin B, be f,. We obtain:

E[R]1 =2 ) I (Ef] + Elfiy] - B[R R, ). (34)

We obtain the following Taylor expansion of 7,7,_;:
Pehor = 2BIRIE - D'? + BRI 2E 1P W, + B PR 7 /W
| B A 1. -
_ ZE[}‘}(] 3/2E[f;(_]]1/2W]§ _ ZE[fk]]/zE[fk_]] 3/2W]3_1
| B P
+ EE[fk] Ef 7 PW W+ O, (Wi + Wil )P + (W + W)
(35)
Combining Lemma 1 and (35) yields E[7,7,_, ], which is equal to
o a P 1o 2
E[#.#_,] = 2ERIEF_, D2 - ZE[fk] SPE[f 1V PEIWE]
1.4 A | BT -
= ZBUV BV 17 PEIWE ] + SEG B, 17 PEIW W]

+ O((nh) ™).
(36)

Combining (34) and (36) provides:

ER1=2) i [(E[ffk]l/2 —E[fi 19 + %E[ﬁ(]‘3/2E[ﬂ_1]1/2E[W5]
k=1

=l

5 P | R — 1=
+ ZBUJ BV 7 PEIWE ] = SEUT B 17 PEIW W)

+ O((nh)'z)].
37

We now derive each term in the RHS in Eq. (37). Combining (29) and (31) (in
Appendix B) leads to:
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(E[f‘k]l/Z _ E[fk-]]l/z)z
_ 1 , " h2 1/2 1 , N h2 1/2y2
= {[ra0 + 37/ @+ 00| = [0 = 37/ oy + 00|
2
= {00 4+ Z70 P Wk = |70 = 21w aom | + 002}
2
=[5/ 21 wh, + 002
= L@ PR + 00)

1 ~
= E;f)’,(tk)zhi +O(h).

(38)
Combining (29), (30), and (31) provides:
[/ (1) + O()]'/? f(tk) _
E 3/2E ]l/ZE[WZ] 0( l)
e ) + O~ (39)
_ -1
= o Hoe™.
Combining (29), (31), and (32) provides:
N " 1 _
Elfd PEli )7 PEIW. 1 = —— + 0™ (40)
M
Combining (29), (31), and (33) provides:
21-172mr7 1-1/2 f( k) -
Elf ] ?Elfi 17 PEIW, W,_ ] = ——= + O(n™ ' h). 41)
By combining (37), (38), (39), (40), and (41), we obtain:
A_m~1l/ 272, 1 1 3, 1 o
E[R,] = k:ZIhk [zrf(tk) B+ o + . + 0 +n~" + (nh) )]
’h ! 1+o(1
[; it R+ Z 2nhkhk ; 2y lhk][ +ol
_ ! m\2 1 2 2
- [ /0 0o+ kz; a2 " nE o) (e + c2h2)] oDl
2 — (1 +co)h 2 2
= ROPUL+ oI+ | =i+ i s  ma x| o)
, 2 1 -
=ROp+ = +o(l+n Th=3).
(42)

From (42), we obtain:
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2 A
E[BCV(h)] = i’z {E[R]—f%} ’
T 2
- 12 ¥ h+0(h + )

= AMISE[?(8:h)] + o(h* + (nh)™).

We reduce R, to the simpler form. Recalling that B, = B
hy = h,,, we obtain:

. implies vy = v, and

Ry = Y @f + 2y = 20 B!

k=1
m—1 m—1 m
Vi Vi1 Vi Ym Yo V- -1 AP
=2 —4+ ) —+—+ = - R
L:z nh? kz=; nh®  nhhy - nhy,h, ”h0h1 nhh,, Z:: ¢ ]
v 2 1, =4 2 1]»
= 2{2 L —=— -G+ +2|—— - =
,Z;nh [(1+c)h | V1 ) [c(1+c)h h]f

- Z i Pty }
2a(c) 4b(c) . a
=— ==+ )+ —= 2Zh1rkrk 1
(44)
where a(c) := (1 —¢)/(1+¢)and b(c) :=[2 — (c + c?)]/(c + ¢?). Next, we provide
the variance of BCV(%). By combining (11) and (44), we reduce BCV (k) to

BCV(h) = % gn—”h + ’%@(ﬁ ) + hb(c” Z I Fer (45)
LetY,,—y := 7y — E[#7;_;]. Then, from (45), we obtain:
Var[BCV(h)] = 2—4 iiz,:zE[YZk_l] + hz“(c)z (E[W?] + E[W>_ ) + hzb(c)zE[WZ]
_E ”(‘) Zh (EIW, Y] +EIW,_ Yo, D) - 1be) § > B EIW,, Y]
P
a(c)ZE[W1 Wl

+ E Z B R B Y] +
k<l

+ h2a(c)b(c)

g EW\W,]+EW, W,

(46)
Combining (35) and (36) provides the following approximations of ¥ ;_;:
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Yo = E[f ] 2Elf,_ 1'Y*W, + B EF_ 172 W,
- iE[ﬁ]*”E[ﬁ_IJI”(WZ —E[W2)) - }tE[ﬁ]l/zE[fk_]J“”(WZ,1 —BIW.,])
+ G PEG T AW W,y ~ EIWW, 1)
+0,(W, + W, )* + (W + W,_)*) + O((nh) ™).
47)
By combining, (29), (30), (31), (32) (33), and (47) we obtain the following simple
form:
Yier = 1+ OMWIW, + W) + O,(W, + Wk_l)z) + O((nh)™). (48)
Combining, (30), (32) (33), and (48) yields:

E[Y;, 1= [1+OMWPFEW.]+EIW._ 1+EW,W,_,])+ O(nh)™)
_f@w N f@)

nh,  nhy_,

(49)

+0(n™" + (nh)™),
where h, = h,,. Using the same method as (33), we show that E[W,W,] = O(n™") for

any k # [. Therefore, combining this, (30), and (48) yields the following covariances:

E[W,Y, ;1] = E[[1 + OWIW,W, + WW,_)) + O,(W,(W, + W,_,))]
= [1 + OWIEIW,;W,] + EIW,W,_,])

(50)
[ f@)mh) T + O itk =j ork=j+1,
) oY otherwise,
for je {1,2,...,m},
[ @), + 0@ ik =m ork =1,
EIW, Yl = { on™H otherwise, G

and

E[Y, ;1. Y11= [1+ OWP*EIW, W]+ E[W,W,_1+E[W,_, W] +E[W,_,W_]
+ O((nh)™)

=0m™" + (nh)™).
(52)
Combining (33) and (52) demonstrates that the magnitude of the sixth, seventh,
and eighth terms in the RHS in (46) is O(n~'h?). This indicates that these terms are
ignored. Therefore, by combining (30), (32), (46), (49), (50), and (51), we obtain:
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h S f(tl) f@,) f(t ) f(@) _1 -
Var[BCV(h)] = 2 — — 0 h
arlBCV(A)] = 36[ Z‘ T A R S ey =+ @
R*a(c)* [f(t) | f,,_)] | h*b(c)* f(t,)
RTINS
B h%a(c) 2@ +f([m—l) )
18 nh nh “nch

_Eb) [ f@,) f([m)
9 \|nh,h, nhh

+ 0™ ')

1 2w—ch
/ F(©)do[1 + o(1)]

~ 18
= L o).
T 18n
(53)
Theorem 2 completes the proof from (43) and (53). O

Appendix D

Proof of Corollary 2 We denote the MISE and the asymptotic MISE of the rose dia-
gram estimator as MISE(4) and AMISE(h), respectively. From (5), we obtain:

AMISE(h) /MISE(h)—I; 1. (54)
From combining Theorem 2 and the law of large numbers, we obtain:
BCV(h)/AMISE(h) > 1. (55)

Leth, = hoy and y := hygey /h, We find that (54) and (55) hold for all /. Therefore,
we obtain:

AMISE(yh,,) /MISE(yh*)—]i» 1, (56)
and
BCV(yh*)/MISE(yh*)L 1. (57)

The ratio of the AMISE of bin width yh, to that of bin width 4, is a function
expressed in the following equation:

2
AMISE(vh,)/AMISE(h,) = %

2
g. (58)

The ratio in (58) is a convex function with minimum value at y = 1.Thus, if y # 1
and n is sufficiently large, from (56), we obtain:
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MISE(yh,) > MISE(h,). (59)

Suppose that y does not converge to 1.If n is sufficiently large, then BCV(#) is a con-
vex function with a minimum at & = yh,, as BCV(h) closes to AMISE(%). Therefore,
we obtain:

P(BCV(yh,) < BCV(h,)— 1, (60)
as n — oo. We combine (57) and (60), and find that
MISE(yh,) < MISE(h,), (61)

as n — oo. The contradiction between (59) and (61) completes the proof. O

Appendix E

Proof of Theorem 3 We now calculate the bias. Note that 7,(0;h) = 7,. Combining
(18) and (29) provides the approximation of E[7]:

1/2
E[?] = \/E(f(tk) + %f’(tk)hk + éf”(tk)hi + 0(h3)) + O((nh)™h

= V2f () + S L i + O + (nh)™)
2V2f()  62F (1) 16V2f (1)
4rf! (1) + ’f;~(tk)2’”f(tk)_l
24

=ri(f) + %r;(tk)hk + hi + O + (nh)™).
(62)

Similarly, combining (18) and (31) provides the approximation of E[7;,_, I:

4rl (6 + r()ry(t)™!
24

h |+ 03 + (niy™).
(63)

) 1
Elf_11 = rpt) — Er}(tk)hk—l +

By combining (62) and (63), we obtain:
EL7(0:)] = ry (1) + r(5)(0 = 1)
N 4”}'(%) + V}(fk)zrf(fk)_l

24
+ O(h® + (nh)™),

(heh_y +20 — )y — b)) (O

for @€l —h_/2,t,+ 1 /2). The Taylor expansion of rp(60) for
Oelty—h_ /2. t, +h/2)is

re(0) = r (1) + 7' ()6 — 1) + %r}'(tk)(ﬁ —1)* + 00 = 1,)"). (65)
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Combining (64) and (65) leads to:

r}’(tk) )
Bias[F(0:h)] = L—[hhy_, + 26 — t)(hy, — h_y) — 30 — 1)*]
1 _ 66
+ ﬂr}(tk)zrf(tk) Nhehy_y + 20 — 1)y — Iy )] (66)
+ O + (nh)™).
Let ISB := [ Bias[F(0;)]?d6. Note that ISB = hz/’;‘("“/ 2 Bias[7(0:h)]2d6

+o(l) = Y™ ! /’kjl’;/j Bias[#(0;1)]?d0[1 + o(1)].  For 0 € [t, — h/2,t, + h/2),

k=2,3,...,m— 1, Bias[#(0;h)]in (66) is
- 7 () 2 2, L0 —1;2 3 -1
Bias[#(0;h)] = T[h -300-1)1+ ﬁrf(tk) r(t) ™ h” + O(h” + (nh)™).
(67)
Integration of Bias[#(8;h)]in (67) for 0 € [t, — h/2,t, + h/2),k =2,3,...,m — lis

te+h/2
/ Bias[#(0;h)]>d6
t=h/2

/2 l(tk) 2 4 " 2 4 2,2
:/ { W —6(0 —1,)* + 900 — 1)1 + —r (1) (tk) re(t) T R = 3(0 — 1)*h?)
f—h/2 36

=T ,(tn“rf(tk)‘zh“}de[l +o(1)]

= [5aas O + 5 WGP + o) ) 1+ oD

(68)

We find that Y7~ r ;’(rk)zh Py 2n=(c+1/Dh "(9)2d9+o(1) = [ P(0d0 + o(1).
Calculating each term in (68) for k 2,3,. — lyields the followmg form:

ISB = { Se2=R07) + 5RO )+ RGP i+ o). (69)

Next, we derive IV := 0 " Var[7(0;h)]d6. We calculate the variances of #, and 7,_;
by applying the same method as in (24). By combining (17), (29), (30), (31), and
(32), we obtain:

Var[# ] = (ZE[;}(])_IE[W2] + O((nh)™?)

_ 1 -1 2 (70)
B+ 00 ),
and
Varl?,_i] = 5 2/{ : + 00" + (nh)™2). 71

Combining (17), (29), (31), and (33) leads to:

@ Springer



Bin width selection for rose diagram based on data 885

Cov[#,_y, 7] = 27N EFIEF D™ V2EIW, W, _ 1 + O((nh)72)
_ 1 [_f(tk)z
2f(5) + Oh)]

[

2

=-o O™ 'h + (nh)™?).

+ O(n_lh)] + O((nh)™2) (72)

By combining (70), (71), and (72), we obtain:

Y N A e, 60-1\* 1 B
o= (= 5) i (G52 50) o
(73)
Note that IV = Z:zl ft:k_;%z Var[#(0;h)]1d0[1 + o(1)]. For 0 € [t, —h/2,t, + h/2),
k=2,3,...,m— 1, from (73), we obtain:

0 — 2
L, ,0-w
2nh

Varl7,(6:h)] =

-1
S+2— ]+0((nh) ). (74)

Integration of Var[?f(e;h)] in(74)for0 € [t, — h/2,t, + h/2), k=2,3,...,m— lis

t+h/2 1
/ Var[7(0;h)]d0 = —[1 + o(1)]. (75)
1—h/2 3n

From (75), we obtain:

v —=h/2

>~

m=1 .y th/2
v / Var[?(@;h)]de[l + o(1)]
> J
1

3

1
Sn_h[l +o()]h (76)

>~
(8]

2z —(1+0)h B
T a— +o((nh)™")

_ 2z -1
=3 + o((nh)™").

Theorem 3 completes the proof from combining (69) and (76). O
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