Annals of the Institute of Statistical Mathematics (2023) 75:799-832
https://doi.org/10.1007/510463-022-00864-0

™

Check for
updates

Least absolute deviation estimation for AR(1) processes
with roots close to unity

Nannan Ma' - Hailin Sang? - Guangyu Yang?

Received: 7 July 2022 / Revised: 27 November 2022 / Accepted: 16 December 2022 /
Published online: 23 January 2023
© The Institute of Statistical Mathematics, Tokyo 2023

Abstract

We establish the asymptotic theory of least absolute deviation estimators for AR(1)
processes with autoregressive parameter satisfying n(p, — 1) — y for some fixed y
as n — oo, which is parallel to the results of ordinary least squares estimators devel-
oped by Andrews and Guggenberger (Journal of Time Series Analysis, 29, 203-212,
2008) in the case y = 0 or Chan and Wei (Annals of Statistics, 15, 1050-1063, 1987)
and Phillips (Biometrika, 74, 535-574, 1987) in the case y # 0. Simulation experi-
ments are conducted to confirm the theoretical results and to demonstrate the robust-
ness of the least absolute deviation estimation.

Keywords Asymptotic distribution - Autoregressive processes - Least absolute
deviation estimation - Local to unity - Unit root test
1 Introduction

Consider the following AR(1) process

Vi =P ten 1<i<n,
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where p is a deterministic parameter and {¢;};c7 is a sequence of independent and
identically distributed (i.i.d.) random variables with mean zero and finite variance.
The asymptotic properties of the ordinary least squares (OLS) estimator of p have
been extensively studied in the literature; we refer to Anderson (1959), White (1958),
Dickey and Fuller (1979), Phillips (1987), Chan (2009), Miao and Shen (2009), and
references therein. To further handle the data that allows for large shocks in dynamic
structure of the process, e.g. modeling the asset-price bubbles, it is usually to require
the parameter p to depend on the sample size n. On the other hand, to understand the
phenomena that the unit root test generally has a low discriminatory power against
the alternative of root close to but not equal to unity, Bobkoski (1983) and Cavanagh
(1985) introduced a local unit root model with the parameter p depending on the
sample size n and tending to unity as n — oo. Since then, many researchers system-
atically established the limit theory for various near unit root processes. See Chan
and Wei (1987), Phillips (1987, 1988), Phillips and Magdalinos (2007), Aue and
Horvath (2007), Andrews and Guggenberger (2008), Buchmann and Chan (2013),
Miao et al. (2015), Jiang et al. (2022), Tanaka (2017), and references therein. In par-
ticular, we refer to Stock (1991) for the empirical research or Phillips (2021) for the
recent theoretical progress and empirical research on the processes with near unit
roots.

Recently, Zhou and Lin (2014) and Wang et al. (2020) studied the statistical
inference for the autoregressive parameter under the framework of the least abso-
lute deviation (LAD) estimation. They proved that, if p, — 1 and n|p, — 1| = oo as
n — oo, then the LAD estimators have normal and Cauchy asymptotic distributions
under the mildly-stationary case and the mildly-explosive case, respectively, which
are complementary to the results of the OLS estimators established by Giraitis and
Phillips (2006) and Phillips and Magdalinos (2007). In fact, the LAD estimator was
first considered in the study of autoregressive processes in the case that the regres-
sive parameters are constants and the innovations have infinite variance due to the
robust property of LAD estimation. For example, see the papers (Pollard 1991; Phil-
lips 1991; Davis et al. 1992; and Li and Li 2009). Specially, Herce (1996) studied
the asymptotic property of the LAD estimator in a unit root process with finite vari-
ance innovations and correspondingly developed the unit root test in this case which
complement similar ones obtained by Knight (1989).

Motivated by the above work, the goal of the present article is to establish the
asymptotic theory of LAD estimators for AR(1) processes when the regressive
parameter satisfies n(p, — 1) = 0 or n(p, — 1) — y for some fixed y # 0 as n — oo.
To the best of our knowledge, this part of research is still missing although we
already have a rich literature in LAD estimations and unit root test for AR(1) pro-
cesses. It is shown that, if n(p, — 1) = 0 as n — oo, the limiting distributions are
dominated by the initial conditions both in the near-stationary case and the near-
explosive case. This phenomena have been studied by Miiller and Elliott (2003),
Phillips and Magdalinos (2009), and references therein. Our results in the near-
stationary case correspond exactly to the theory on the OLS estimators for the
same model developed by Andrews and Guggenberger (2008). With the condi-
tion n(p, — 1) — y for some fixed y # 0 as n — oo, we study the asymptotic the-
ory of the LAD estimator under the assumption y, = 0. The work in this case is
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complementary to the theory of the OLS estimation developed by Chan and Wei
(1987) and Phillips (1987).

This paper is organized as follows. After introducing the model, we state the main
results in Sect. 2. Section 3 reports some simulation studies to illustrate the finite
sample performance and to confirm the asymptotic results. Section 4 consists of
concluding remarks and Sect. 5 provides the proofs of main results. All the other
technical proofs are given in Appendix.

Throughout this paper, the symbols ‘—,’, ‘=" and ‘=," denote the weak con-
vergence, convergence in probability and equality in distribution, respectively; o,(1)
means tending to zero in probability; C denotes the standard Cauchy random vari-
able and .#(u, 6%) denotes the normal random variable with mean y and variance ¢?;
[x] represents the integral part of x; sign(-) is the signum function; [, is the indicator
function of set A and det(M) is the determinant of matrix M.

2 Main results

Suppose that the data {y;} are generated by the following autoregressive model with
order one

Yi=PwYio T € 1<i<n, @

where the parameter p,, satisfies p, — 1as n — oo, and the noises {¢;},.5 satisfy the
following assumptions:
(). {€;};cz arei.i.d. random variables with mean zero and finite variance ¢%;
(i1). €, has zero median and a differentiable density function f{x) in R with £(0) > 0
and sup, g [f'(*)| < 0.

Note that, formally the data {y;} is a triangular array but here n is omitted for nota-
tional simplicity. With the above assumptions on the noises, one can also study the
estimation of the parameter p, with p, — —1as n — oo. For the purpose of simplic-
ity, we only state the results for the positive p, case in this paper.

The LAD estimator of p, is defined as a solution of the following extremum
problem

. 1
=argmin { — E — py. )
PLAD g min {n pa |y; P)’z—1|} 2)

Notice that, the LAD estimators usually do not have closed forms and are not unique
if the object function has a flat segment; see, e.g. Herce (1996). Moreover, the LAD
estimators are robust, especially they are not significantly affected by the presence of
outliers. This is confirmed by the simulation study in Sect. 3.
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2.1 Thecasen(p, —1) > 0asn —

We first consider the case that the parameter p, satisfies n(p, — 1) = 0 as n = oo.
That is, the autoregressive parameter p, is very nearly unity in the sense that p, is
away from unity by o(n~!). The following two theorems are the main results in this
case. One is for the near-stationary case 0 < p, < 1 and the other is for the near-
explosive case p, > 1.

Theorem 1 (The near-stationary case) For model (1) with 0<p, <1 and

n(p, —1) = 0 as n — oo, assume that y, depends on the full past of the noise, i.e.
Yo = Z;() pile_j, then, as n — oo, we have

n R C
A /1_—1’3 (PLAD = P) =4 26£(0) 3)

S R 1
;yiz—l (PLaDp — P) =4 /V<07 m) 4)

Theorem 2 (The near-explosive case) For model (1) with p, > 1 and n(p, — 1) = 0
as n — oo, assume that y, is an infinitely distant initialization, i.e. y, = z;;”o p’ne_j,

and

withk,/n — o and k,(p, — 1) = 0as n - oo, then, as n - oo, we have

R C
V1K, (PLap — Pn) —4 m %)

and

c R 1
;)&1 (PLap — ) = /V<O’ %) (6)

We give some comments on Theorems 1 and 2.

Remark 1 Since the AR(1) model (1) is causal when O < p, < 1, the initial value y,
can be written as a linear combination over the past information in the linear process
form y, = Z;io w€_;- In the same case, p, € (-1, 1), n(p, — 1) — 0 and y, depends
on the full past of the noise, Andrews and Guggenberger (2008) obtained the limit
theorems for the OLS estimators which are similar to Theorem 1 except for the
appearance of f{0) here. Furthermore, because the limiting distributions of the ¢-type
estimator include f(0) in LAD estimations, in practice we use the following density
estimator (Silverman 1986) for statistical inference

F.0) = % ZK(

n =1

b

n

Yi — PLADYi-1 >
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where b, is the bandwidth and K(-) is a kernel function, e.g. the Gaussian or logistic
kernel.

Remark2 As we mentioned previously, Zhou and Lin (2014) and Wang et al. (2020)
studied the LAD estimations for p,, satisfying n|p, — 1| — oo where the initial value
Yo = 0,(1p, — 1|"/%) independent of {¢;, i > 1}. To be explicit, they obtained that

n A 1

Vg Prap = 2a) = Mo.375) )
n A 1

v Zi:] yi2—l (pLAD - pn) —d ‘/V(O’ 4f2(0)>

and

7

Py N C
pﬁ——l (PLAD = P) =4 W’ 8)
for the mildly-stationary case and the mildly-explosive case, respectively. Their
results match the classic results in Phillips and Magdalinos (2007) except for the
appearance of f{0), just like the usual LAD estimations.

It is worth pointing out that, here for the very nearly unit root processes, Theo-
rems 1 and 2 show that, in both near-stationary and near-explosive cases, the initial
value y, dominates the asymptotic distributions of the LAD estimator and the ¢-type
estimator which are Cauchy and normal, respectively. Moreover, since p, — 1 at a
much faster rate than 1/n, for the near-stationary case, by Lemma 1, the assumption

Yo =0,(p, — 1/='7%) can not hold and the convergence rate {/n/(1 —p2) has a

larger order than n which enlarges the convergence rate spectrum, while, for the
near-explosive case, the convergence rate 4/nk,, also has a large order than n which
is different from that in Eq. (8).

2.2 Thecasen(p,—1) > yasn -

Now we consider the local unit root case that the parameter p, satisfies n(p,, — 1) = y
for some fixed y # 0 as n — oo. We remark that, unlike the case, p, # 1 and
n(p, —1) = 0 as n — oo, where the initial condition entirely dominates the asymp-
totic distribution of the sample variance ) y[z_l, in this case, the initial value
depending on the past of the noise does not affect the analysis methods essentially so
we can assume that y, = 0 for simplicity.

To state the main results, we first introduce some notations. For1 <i < n, let

K, = L,z)i_l_”sign(ei) and L,; = Lp”_ie,

n,i n n i
Vn Y

and define
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[nt] [nt]

K@ := 2 K,; and L, := ZLWA, )
i=1 i=1

for 0 < ¢ < 1. If we further assume that 6> = 1 and E|e, |**® < oo for some § > 0, by
Lemma 3, the process {(K, (1), L,(?)),0 <t < 1} converges weakly to a continuous
process

X(1) = (K@®),L1n), 0<r<1 (10)
with independent Gaussian increments, mean vector zero and covariance matrix

e —1)  (Eley
L) = (@) = > o , 0<t<l. (11)

tEle | 2_}/(1 )

Theorem 3 For model (1), assume that y, = 0, 6> = 1, n(p, — 1) — y for some fixed
y #0asn — oo, and Ele, |2+5 < oo for some 6 > 0, then, as n — oo, we have

1
) 1 Jo L) dK (1)
n(PLap = Pn) =4 2£(0) ' A ! o-2r(1-012(r) dt .
and
ie1 (PLAD ~ Pn) 4 . . (42
A 2f(0) \/ fi e 2r1-012(p) dr

Remark 3 Zhou and Lin (2014) and Wang et al. (2020) worked on the case that
p, = 1l and n|p, — 1| = o0 as n — oo, where the convergence rate for the asymp-
totic distributions of the LAD estimators has an order in the range (n'/2,n) for the
mildly-stationary case. Together with the results in Theorems 1 and 2, we enlarge
the convergence rate spectrum in the asymptotic distributions of the LAD estima-
tors. The similar relationship between the rate of p, and the rate in the asymptotic
distributions was observed for OLS estimators in the literature, see, e.g. Chan and
Wei (1987), Phillips (1987), Phillips and Magdalinos (2007), and Andrews and
Guggenberger (2008).

Remark 4 Let

L Jo L) dK (1)
2f(0) A ' e=2r1-012(r) dt

Ay) = (14)

and
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1 o L) dK (1)
Zf(o) \//61 e_zy(l_t)Lz(t) dt

Notice that Z(y) and Ay) are continuous families of distributions indexed by the
parameter y. Thus, for the case, p,, = 1 + y/n, by Lemma 3, wheny =0, i.e. p, = 1,
we have

Ay) =

15)

| ./OIWZ(t)dWl(I) wd A0y ] ./01W2(t)dW1(t)’

AN0) =
24O [T wR(ydr SO S W ar

here W = (W, W,) is a bivariate Brownian motion with covariance matrix

_ 1 Ele]
- Ele| 1 '

These exactly correspond to the main results in Herce (1996), where the author dis-
cussed the structure of 2(0), a combination of a “unit root” distribution and a scale
mixture of normal distributions, and used it to construct the LAD-based unit root
tests. In addition, since 62 = 1, we have Ele,| < 1, hence the matrix = is non-nega-
tive definite. However, here Z(y) and “Ay) are too complicate to be analyzed effec-
tively so we do some simulations to give an overall view on the distributions of Z(y)
and ‘Ay) in Sect. 3 which illustrate how they depend on the parameter y. Finally, we
also remark that, from Theorem 1 in Herce (1996), the local unit root case has the
optimal rate of convergence for the alternative hypothesis, that is, it has the same
rate as in the unit root case.

[1]

Followed the above remark, there is a natural question, what can we say about
the distributions of ‘Ay) as|y| — oo? In fact, like the case for the OLS estimators in
Chan and Wei (1987) and Phillips (1987), we have the following result.

Theorem 4 For model (1), assume that y, = 0, 6> = 1, n(p, — 1) — y for some fixed
y #0asn — oo, and Ele;|**° < co for some § > 0, then we have

2/(0) - Ay) =4 MO, 1), as |y — co. (16)

Remark 5 Recall from Remark 2, Zhou and Lin (2014) and Wang et al. (2020)
proved that

2f(0) -

D32, (brap = £a) =4 MO, D), (17
i=1

for the mildly-stationary case, 0 < p, < 1 and n(1 — p,) = oo as n — oo. Theorem 4
together with Theorem 3 yields that, if let n(p, — 1) — y first, and then let |y| — oo,
we can also get the asymptotic normal distribution. Moreover, it is worth noting
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that, although Theorem 4 holds for y — oo and y — —oo, the underlying reasoning
is quite different between these two cases. In fact, for the large negative y’s, p, can
be thought of much less than one so the model (1) can be regarded as stationary and
then the asymptotic normality holds; for the positive y, p, is larger than one and the
model (1) is explosive, however Theorem 4 shows that the asymptotic normality is
still valid which is different from the mildly-explosive case discussed in Zhou and
Lin (2014) and Wang et al. (2020), i.e. Eq. (8) in Remark 2.

3 Simulations

In this section, we work on Monte Carlo simulation to examine the finite sample per-
formance of the estimators in our main results. For convenience, in all experiments,
we always suppose that the data are generated by the AR(1) model, y; = p,y,_; + €;
with p, = 1 +yn~ for some y € R and § > 1. Furthermore, we also assume that
the innovations are i.i.d. and have .40, 1) or U(—1, 1) distributions. Here U(—1, 1)
denotes the uniform random variable on the interval (-1, 1). To estimate the param-
eter f{0), we apply the following density estimator (Silverman 1986)

A 1 < Yi = PLADYi-1
0)=— K| ——————— ),
fn( ) nbn i=1 < bn >

where K () is the Gaussian kernel and the optimal bandwidth b, associated with the
MATLAB function ksdensity(-, 0) is automatically selected from the data.

3.1 Density curves of estimates

We first consider the simulations of Theorems 1 and 2. For the near-stationary case,
Yo = Z;io plne_j, the true parameters are taken to be (y, f) = (—10, 2) and we denote

the normalized estimator by j, = 2af,(0)4/n/(1 — P2)(Pyap — p,)- For the near-
explosive case, take y, = Z;ZO pf,e_j, (r,p)=(10,2),x, = [n!3], and denote the nor-
malized estimator by j, = 26f,(0)\/nk,(hap — p,)- For both cases, denote the
t-type estimators by 7, := 2f,(0)y/ X, 2 | (A ap — p,,)- We simulate 3000 replica-
tions with sample size n = 1000 for each case. Figure 1 shows that the density
curves of p, and p, are close to that of the standard Cauchy random variable. Fig-
ure 2 confirms the asymptotic normality of 7, in the near-stationary and near-explo-
sive cases by using the Q-Q graphs.

Next we simulate the limiting distributions, Z(y) and Ay), defined as in
Remark 4. Let § = 1 and suppose that the innovations are standard normal random
variables so f(0) = 1/4/2x. For Y(y), simulate 1000 replications with sample size

n = 200 for each case; Figure 3 illustrates the shape of the asymptotic density curves
of 2f(0)Z(y) for different y. For ‘Ay), simulate 1000 replications with sample size
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06 T T T T T T T T T 06
- = N(0,1) - = N(O,1)
Uy S UE1)
0.5F Cauchy | 1 0.5f Cauchy| 1
04f 1 04f 1

(A) The near-stationary case (B) The near-explosive case

Fig.1 Density curves of g, and g, with .40, 1) and U(—1, 1) innovations

(A) The near-stationary case (B) The near-explosive case
Fig.2 Q-Q graphs of statistics 7,, with .4(0, 1) innovation
n = 2000 (y < 0) and n = 1000 (y > 0) for each case; Figure 4 confirms Theorem 4,

i.e. the asymptotic normality of 2f(0)-Ay) as |y| — oo, which also demonstrates the
difference of the convergence rate between y - oo and y — —oo.

3.2 Accuracy of estimators

Andrews and Guggenberger (2008) achieved the asymptotic theory of OLS esti-
mators for model (1) with n(p, —1) = 0 and 0 < p, < 1. Here we will compare
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Fig. 3 Asymptotic density curves of 2f(0)Z(y) with .40, 1) innovation
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(A) The near-stationary case (B) The near-explosive case

Fig. 4 Asymptotic density curves of 2f(0).Ay) with .40, 1) innovation

the accuracy between the estimators p; o, and pg s, Where pg; g denotes the OLS
estimator of p,. For the near-stationary case, let y, = Zjio p’,,e_j, p=1.1, 13 and
y = =5, —50. Here we add 10 for each randomly selected 5% sample points to
construct outliers when generating data. In these experiments, we simulate 1000
replications each with sample size n = 200 or 500 to compare the empirical means
(EM), absolute errors (AE) and mean squared errors (MSE) of j; ,p and p; g in two
cases, with and without outliers. In the case without outliers, Table 1 shows that
EM is very close to the true value p, and AE and MSE are very small, which veri-
fies the accuracy of LAD estimator for very nearly unit root model. The errors (AE
and MSE) decrease as the sample size n increases. If there are outliers in the data,
Table 2 shows that the errors (AE and MSE) of OLS estimator are much larger than
those of LAD estimator. Furthermore, the OLS estimator occasionally produces esti-
mates greater than one. Hence it is concluded that p; o, is more robust than g g.
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Table 1 AE/EM and MSE of pjop(Aors) for near-stationary AR(1) processes with .40, 1), U(-1, 1)
noises: no outliers case

€:

i

N, 1) U(-1,1)
; y n o AE/EM MSE AE/EM MSE
11 -50 200 0.8528  0.0097/0.8431 0.0127 0.0112/0.8416  0.0207
(0.0083/0.8445)  (0.0083) (0.0084/0.8445)  (0.0077)
500  0.9463  0.0037/0.9426  0.0017 0.0049/0.9414  0.0030
(0.0034/0.9428)  (0.0012) (0.0036/0.9427)  (0.0012)
5200 09853  0.0046/0.9807  0.0010 0.0037/0.9816  0.0011
(0.0083/0.9770)  (0.0019) (0.0073/0.9780)  (0.0016)
500 09946 0.0026/0.9920  0.0002 0.0025/0.9921 0.0002
(0.0033/0.9913)  (0.0003) (0.0029/0.9917)  (0.0003)
13 50 200 09490  0.0072/0.9418  0.0038 0.0101/0.9389  0.0059
(0.0083/0.9407)  (0.0035) (0.0096/0.9394)  (0.0035)
500  0.9845  0.0028/0.9817  0.0005 0.0038/0.9807  0.0008
(0.0037/0.9808)  (0.0005) (0.0034/0.9811)  (0.0005)
5200 09949 0.0029/0.9920  0.0003 0.0025/0.9924  0.0004
(0.0065/0.9884)  (0.0011) (0.0047/0.9890)  (0.0006)
500 09985  0.0018/0.9966  0.0001 0.0018/0.9967  0.0001
(0.0025/0.9960)  (0.0001) (0.0019/0.9966)  (0.0001)

For the near-explosive case, we take k, = [n'?] in y, = Z;ZO pf;e_j, and let
p =15, 18,y =5, 50. The selection of the parameter values here guarantees that
n(p,—1) -0, x,(1 —p,) = 0 and x,/n > o0, as n - 0. Since the y values from
different cases have quite different scales, here we add 10 times of the absolute value
of the maximum for each randomly selected 5% sample points to construct outliers
when generating data. In these experiments, we simulate 1000 replications each
with sample size n =200 or 500 and study the empirical means (EM), absolute
errors (AE) and mean squared errors (MSE) of p; op and g g in two cases, with and
without outliers. Table 3 shows that, if there are no outliers in the data, EM is very
close to the true value p, and AE and MSE are very small, which verifies the accu-
racy of the LAD estimator and OLS estimator, while, if there are outliers in the data,
it is clear from Table 4 that p; o, is more robust than j; g.

4 Concluding remarks

In this article we develop the limit theory of the LAD estimator for the AR(1)
process with a root close to unity. The parameter p, satisfies n(p, —1) = 0
or n(p, — 1) = y for some fixed number y # 0, as n — oo. It is shown that, in
the first case, for both near-stationary and near-explosive processes, the LAD
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Table2 AE/EM and MSE of p;sp(Aors) for near-stationary AR(1) processes with .40, 1), U(-1, 1)
noises: outliers case

€:

i

N, 1) U(-1,1)
; y n o AE/EM MSE AE/EM MSE
11 -50 200 0.8528  0.0046/0.8574  0.0015 0.0046/0.8574  0.00009
(0.0451/0.8979)  (0.0121) (0.0500/0.9028)  (0.0138)
500 0.9463  0.0039/0.9501 0.0002 0.0033/0.9495  0.0001
(0.0320/0.9783)  (0.0052) (0.0338/0.9801)  (0.0058)
5200 09853 0.0015/0.9868  0.0001 0.0013/0.9866  0.0000
(0.0145/0.9998)  (0.0011) (0.0150/1.0003)  (0.0012)
500 0.9946  0.0007/0.9954  0.0000 0.0006/0.9953  0.0000
(0.0065/1.0011)  (0.0002) (0.0066/1.0012)  (0.0002)
13 50 200 09490  0.0024/0.9514  0.0004 0.0029/0.9519  0.0002
(0.0297/0.9787)  (0.0046) (0.0320/0.9810)  (0.0052)
500  0.9845  0.0016/0.9861 0.0000 0.0013/0.9858  0.0000
(0.0137/0.9982)  (0.0009) (0.0140/0.9985)  (0.0010)
5200 0.9949  0.0009/0.9958  0.0000 0.0011/0.9960  0.0001
(0.0091/1.0040)  (0.0005) (0.0095/1.0044)  (0.0006)
500  0.9985  0.0006/0.9990  0.0001 0.0004/0.9989  0.0001
(0.0040/1.0024)  (0.0001) (0.0040/1.0025)  (0.0001)

estimator and the 7-type statistic have Cauchy and normal asymptotic distribu-
tion, respectively. The simulation study in this case confirms the theoretical
results and it illustrates that the theory should be useful in statistical inference
and the LAD estimator is robust if there are outliers in the data. In the case that
n(p, — 1) — y for some fixed number y # 0, as n — oo, we also develop asymp-
totic theory for the LAD estimator and the #-type statistic under the assumption
that y, = 0 which gives us the connection with the existing results in literature,
e.g. Chan and Wei (1987); Phillips (1987), and Herce (1996).

In summary, we establish the asymptotic theory of the LAD estimators for the
nearly unit root processes which correspond to the results of the OLS estimators
developed by Chan and Wei (1987), Phillips (1987, 1988, 2021), Phillips and
Magdalinos (2007), Andrews and Guggenberger (2008), Chan (2009) and so on.
The results in this article are also the completion of the LAD estimators studied
in Zhou and Lin (2014) and Wang et al. (2020). These authors worked on the
case that p, — l and n|p, — 1| - o0 as n — o0. The normalizer of the asymptotic
distributions for the LAD estimators there has a rate in the range (n'/?,n) for
the near-stationary case. We enlarge the rate spectrum of the normalizer in the
asymptotic distributions of the LAD estimators.
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Table3 AE/EM and MSE of p; ap(Pors) for near-explosive AR(1) processes with .40, 1), U(-1, 1)
noises: no outliers case

€.

i

N, 1) Uu-1,1
; y n o AE/EM MSE AE/EM MSE
15 50 200 10177  2.2e-5/1.0177 2.5¢-9 2.2e-5/1.0177 2.5¢-9
(22e-5/1.0177)  (2.5¢-9) (22e-511.0177)  (2.5¢-9)
500 1.0045  2.8e-5/1.0045 3.9¢-9 2.8¢-5/1.0045 3.9¢-9
(2.8e-5/1.0045)  (3.9¢-9) (2.8¢-5/1.0045)  (3.9¢-9)
5 200 1.0018  -6e-4/1.0012 4.5e-5 -8e-4/1.0009 6.7e-5
(-e-6/1.0018) (e-5) (1.8e-4/1.0019)  (e-5)
500 1.0004  -3.8e-4/1.00007  1.3e-5 -5.7e-4/0.9999 2.8¢-5
(1.2e-4/1.0006)  (1.5¢-6) (0.0002/1.0007)  (e-6)
1.8 50 200 1.0036  -1.6e-4/1.0034  1.4e5 2e-4/1.0034 1.5e-5
(-5e-5/1.0036)  (3e-6) (-e-4/1.0035) (3.7e-6)
500 1.0007  -2.6e-4/1.0004  9e-6 3.7e-4/1.0003 1.8¢-5
(4e-5/1.0007) (e-6) (9¢-5/1.0008) (9e-7)
5 200 10004  -0.0017/0.9986  e-4 0.0020/0.9984  1.7e-4
(4e-4/1.0007) (1.9¢-5) (6e-4/1.0010) (e-5)
500  1.00007  -9.6e-4/0.9991  3.9¢-5 20.0011/0.9989  5.7¢-5
(3e-4/1.00036)  (1.6e-6) (2.7e-4/1.00035)  (9e-7)

5 Proof of main results

We first give some comments on the proofs. It is known that the methods of the
LAD estimation are classic which were developed by Pollard (1991), Davis et al.
(1992), Knight (1989, 1998) and Ling (2005). The limiting behaviors of the quad-
ratic functionals, Z;’zl yl.z_1 and )7, y;_;sign(e;), play the crucial role in the analysis.
Concretely, for the very nearly case, n(p,, — 1) = 0, we mainly follow the strategies
of Zhou and Lin (2014) and Wang et al. (2020), while, under our framework, the
initial values y, dominate the asymptotic behavior of Z:’zl yl.z_l; see Lemmas 1 and 2.
More work is required for the local unit root case, n(p, — 1) — y for some y # 0. To
treat the asymptotic joint distributions of <3—1 h. yi_lsign(ei),% hy yl.2_1>, we
need to develop a functional central limit theorem for the process
{(K,(1),L,(1),0 <t < 1}defined as in (9), i.e. Lemma 3, by the vector-value martin-
gale invariance principle. We remark that, although Phillips and Durlauf (1986)
(Lemma 3.1) established the asymptotic theory for sample moments of vector-value
integrated processes, their results can not be used here because the regression
parameter p, depends on the sample size n which causes the covariance matrix
defined as in (11) to be time-dependent. Finally, by using the tools from stochastic
calculus, we achieve the estimates, Lemmas 4 and 5, which is the key of the proof in
Theorem 4.
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Table4 AE/EM and MSE of p; ap(Pors) for near-explosive AR(1) processes with .40, 1), U(—1, 1)
noises: outliers case

€,

i

N, 1) U(-1,1)
g r n p, AE/EM MSE AE/EM MSE
15 50 200 1.0177 —0.0144/1.0033  0.0020 —0.0140/1.0037  0.0019
(—0.4835/0.5341)  (2.1195) (= 0.4703/0.5474)  (2.0560)
500 1.0045 —7.1e-3/0.9974  5.le-4 —0.0069/0.9976  5e-4
(= 0.5434/0.4610)  (1.9600) (- 0.5345/0.4700)  (1.9105)
5 200 1.0018 —0.0080/0.9939  3.8e-4 —0.0090/0.9928  4.6e-4
(= 0.7847/0.2171)  (3.1892) (= 0.7748/0.2270)  (3.1400)
500 1.0004 —0.0064/0.9941  2.5e-4 —0.0074/0.9930  3.2¢-4
(—0.7823/0.2182)  (3.1841) (=0.7731/0.2273)  (3.1062)
1.8 50 200 1.0036 —0.0033/1.0003  1.2e-4 —0.0038/0.9998  1.5e-4
(—0.7888/0.2148)  (3.1625) (—0.7929/0.2108)  (3.1825)
500  1.0007 —0.0045/0.9962  1.5e-4 —0.0055/0.9952  2.le-4
(= 0.7930/0.2077)  (3.2306) (= 0.7952/0.2055)  (3.2533)
5 200 1.0004 —9.6e-3/0.9907  4.8e-4 —9.8¢-3/0.9905  5e-4
(= 0.7404/0.2600)  (2.9465) (= 0.7364/0.2640)  (2.9257)
500 1.00007  —8.4e-3/0.9917  3.8¢-4 —0.0e-3/0.9911  4.3e-4
(- 0.7375/0.2625)  (2.9256) (= 0.7394/0.2607)  (2.9476)

Throughout the proof, we use the following identity of Knight (1998),

y

forx #0, |x—y|—|x| =—ysign(x)+ 2/ (I]{m} - I]{xso})ds. (18)
0

From the model (1), we also observe that

i
vi=dyo+ Y oile. 1<i<n. (19)
j=1

5.1 Thecasen(p, — 1) > 0asn —

In this subsection, we will prove Theorems 1 and 2. Let us start by presenting two
lemmas proved in Appendix.

Lemma 1 Under the assumptions of Theorem 1, we have

(D). /1 - piyo -, 0X;
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@. - T, o sign(e) =, ¥
(3). /A = p2)/nmax, g, 1yi_y| =, 0

here X and Y are independent standard normal random variables.
Lemma 2 Under the assumptions of Theorem 2, we have

D). \/Lx_yo —, oU;
(). 7= Ty 4 signe) =4 V
3).

1
N max, ., [yl =, 0;

here U and V are independent standard normal random variables.

Proof of Theorem 1 Denote i1, = 1/n/(1 = p*)(ppop — p,)- Then i, is the minimizer
of the following convex objective function,

n

Z,(w) = Z <|€; -\ (- pﬁ)/ny,-_lul - |€5|>-

i=1

Based on the ideas of Davis et al. (1992) and Ling (2005), if we can prove that, for

each u, Z,(u) converges weakly to a random variable which has a unique minimizer
Unin» then it, must converge weakly to u,,
By (18), we rewrite Z,(u) as follows

Z,(6) = —uA, +2 2} & W), (20)
here

= /4= 2:, yisign(e)
and

/\/(1—0,2,)/71%'-1” (

0

&) = Die<sy — I]{e[S()})ds'

Next we analyze the asymptotic properties of A, and &;(u), respectively. By (19), we
can decompose A, as follows

=/a- 2)/n2(p yo+2p' e, ) sign(e,)
=/ =p2y, - ﬁ ; pilsign(e) + R,

2y
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where the remainder

n i-1

=4/(L=p)/n Z i Je; sign(e,).
i=1 j=1

=1 j=

The parts (1) and (2) of Lemma 1, together with the continuous mapping theorem,
yield that the first term in Eq. (21) converges weakly to the random variable ¢ XY,
where X and Y are independent standard normal random variables. Now, we show
that the remainder converges to zero in probability. Obviously, by simple calcula-
tions, E(R,, ;) = 0 and

n i—1

[E(R21)= [( 3 o, s1gn(e))2]

p,
i=1 j=1
P

1— p2 n i—1 . N2 _ p2 _pZn
— n ZIE[(Z ;_1_]€j> ] =l’l 1<1_ n n - )62—)0
n A n (=11 = D)

j=1

as n — oo, where the last step is due to Proposition 2. Consequently, A, converges
weakly to the random variable 6 XY.

We now analyze the second term 2?:1 &,(u) in Eq. (20) by the martingale method.
Denote the filtration by F,; = 6(yg, €1, ..., ¢;) for 1 <i <nand n > 1, then we can
write

Y & = Y EEGWIF, )+ R,o,
i=1 i=1
where the remainder
R,> = D (&) = EGw)|F, ;).
i=1

is a martingale with respect to the filtration, { F,
By the Taylor’s formula,

n (1-p2 )/nv, u

D ECEWIF, ) = Z/ E(Ve <o)~ lieicop ) ds
i=1

2/\/(1 p2)/ny;_ju

1 <i<n}

l’ll’

(F(s) — F(0))ds
i=1 70

(22)
n \/WYH” 1., . 2
=Z/' (£s + 3£7)5% )as
i=1 /0 ?
w2f©0) 1-
= T ° 1'2—1 +Rn’3’

@ Springer



LAD estimation for AR(1) processes 815

where F(-) is the distribution function of €, s* € (0, s) and the remainder

1 i /\/(I_P%)/V’yilu

3= f/(s%)s%ds.
! 2 i=1 /0

We first consider the sample variance, Z:;l yl.2_1. From Egq. (19),

ETED WS WD AR N 0ty B
i=1

Simple calculations yield that

n 2 __ .2n

< 2 (n - 1)o? )
[E[ ( pi_j_le-> ] ,02(' =g? = (1 - L1 )
Note that, by the Cauchy-Schwarz’s inequality,
n i—1 2 n n i—1 b
i-1 i—j—1 2i-1) i—j—1
'an anj €j| Szpn Z(anj €j>’
i=1 =1 i=1 =1 " j=1

so, applying Proposition 2 for k, = n and part (1) of Lemma 1, for the second term
in (23), we can obtain

1_

ll ljl

€Yo =) 0.

It also follows, for the third term in (23),

n

-1 ) -, 0.

i=

Moreover, Proposition 2 and part (1) of Lemma 1, combined with the continuous
mapping theorem, imply that

sz(l 1)y2 —,0 252

Therefore, we have shown that

L —a X (24)

It remains to deal with the remainders, R, , and R, ;. Notice that
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816 N. Ma et al.

3/2
b supeee /@1 (1= &
IR, < 3 =) 2l
i=1

2\ 3/2
NP POLIZRN T e
- 3 n 1<i<n i=1 - =1’
iz

by Eq. (24) and part (3) of Lemma 1, R, ; converges to zero in probability. Since R, ,

is a martingale, with the methods of Wang et al. (2020) or Zhou and Lin (2014) and

the help of Lemma 1, we can prove that R, , converges to zero in probability.
Summarizing above discussions, we get that

Z,(u) = —uA, +2 2 E(u)
i=1

/(1= p2)yo - N L 3 i hsign(e) +17(0) 22 Z AN+ 0,(1)
-, —ucXY + u*c*f(0)X? =: Z(u).
Because Z(u) has a unique minimum at
Umin = Y /(20f(0)X),
by Lemma 2.2 of Davis et al. (1992), we derive that

ity = A1/ = R)Gian = 1) =4 555G

Combining this with Eq. (24) and using the continuous mapping theorem, we com-
plete the proof of Theorem 1. |

Proof of Theorem 2 The proof is similar to that of Theorem 1. In this case,

it, = /1K, (PLap — Py Z,(w) = X, (|€l- — (nk,)" 2y, _ju| - |€l-|), and in (20),

A

n Zyl ISIgn(G)
\/ Ky =

and

Vieiut/\/nk,
&) = / (I]{s,gs} - "{eism)ds-
0

Lemma 2 is applied to prove the corresponding terms as in the proof of Theorem 1.
Here we only partially demonstrate the role of the assumptions, k,/n — oo and
K,(p, —1) = 0 as n — oo. Let us consider the normalized sample variance. For the
third term of (23), we want to show that
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i—
1

! 2
i—j-1
nK ( z:‘ Pn €j> = 0

n
=l =

By a simple calculation, we get
n n i-1

i-1 2 _ . 2n
E[Y <; ) = X X e = (nl__1;§2 (- o =)

i=1 i=1 j=1

Then, Proposition 2 yields that

L.(n—l)az(l = >: (n)

_ ol
nk, 1-p2 (n—1D( - p2) K,

which tends to zero if k,,/n — o0 as n — oo. The proof is complete. O

5.2 Thecasen(p,—1) > yasn - o

In this subsection, we will prove Theorems 3 and 4.

Firstly, we prove Theorem 3 following the line as in the proofs of the case
n(p, —1) = 0. In this case, &, = n(p;op — p,) and it is the minimizer of the fol-
lowing convex function,

n

Z,) =Y (le;=n'yi_yul = l¢;). (25)

i=1

Again by the Knight’s identity (18), we can rewrite the quantity Z, (u) in (25) as
identity (20) with

1 < .
A == . .
0= 2 YmisiEn) (26)
and
nlyi
Eu) = / (n[q_g]—u{efso})ds. 27)
0

Again we use the filtration F, ; = ¢(yp, €, ... ,¢;) for] <i <nandn > 1, and write
D& = Y EEGWIF, i) + R, s
i=1 i=1

where
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818 N. Ma et al.

n
R, = Y (&) - EG)IF, 1) (28)
i=1
is a martingale with respect to the filtration, {7, ;, 1 < i < n}. By the same argument
as in (22),
S 2f0) 1
PIECOEABELELINES YN
i=1 s
where
n -1y
R.= 1 no Yt . 2d
n,z—Ei; ARG (29)

and s™ is between 0 and s. As in the proofs of Theorems 1 and 2, to obtain the asymp-
totic distribution of Z,(u), the key point is to analyze the joint distribution of

1 . 1
(£ 2L visignte), = X, 02, )

n

Lemma 3 Under the assumptions of Theorem 3, the process (K, (t),L,(),0 <t < 1)
defined as in (9) converges weakly to the continuous process (X(¢),0 < t < 1) defined
as in (10) with independent Gaussian increments, mean vector zero and covariance
matrix I'(t) defined as in (11). Moreover, we also have

t
X" = / A2(s)dBT(h(s)), 0<t<1, (30)
0
where A(-) is a non-negative definite matrix-valued function given by

<t<L1

=t =4,

_ ._ 1 [/ 1—tanh2y(1 —1)) E|e€|sechy(l —1))
A@) = (43(0) = E( E| e, |sechy(1 — 1)) 1 +1tanh(2y(1 -1) >’ 0

B = (B,, B,) is a two-dimensional standard Brownian motion and
ho) = L (sinh@y) - sinh@y(1 = 1)), 0<r<1.
14

Proposition 1 Under the assumptions of Theorem 3, as n — oo,

n n 1 1
<% Zyi_lsign(ei), n_lz Zyiz_l) -y </O L(t) dK(t),'/0 e 20-012(p) dt).
i=1 i=1

Proof Observe that

@ Springer



LAD estimation for AR(1) processes 819

n n i—1
1 Z . Z 1 - 1 z -n
n i=1 Visiente) = ( V= i ) \/n oy sign(e)

= / L,(t)dK, (1)
0

and

; 2
1
22y11=2 < m%)
= \/_J
1
= / e U1 dt + R, 5,
0

where the remainder

n . 1
1 - i —0y(1—
s== > p ")Li<—> - / U2 (1) dt.
i3 n 0

According to the same argument in the proof of Lemma 2.2 in Chan and Wei (1987),
we can show that R, ; —, 0 as n — oo. Hence Theorem 2.1 in Hansen (1992) and
Lemma 3 immediately yield the desired result. O

Proof of Theorem 3 Recall the analysis in the beginning of this subsection. Notice
that R, , in (29) satisfies

|”| Supxele(x)| l zl

2|Rn,2| < Vi l|3
n (31
P supxele(xﬂlmaXl | LZ
- 3 n 1<i<n Jic1 n? 4 Yier

By Propositions 1 and 3, R, , converges to zero in probability. In addition, following
the same line of Wang et al. (2020) or Zhou and Lin (2014), we can also show that
R, 1 1n (28) converges to zero in probability. Combining with Proposition 1, we have

Z,(u) = —uA, +2 Y &(u)
1 = 1
-, =l / L dK () + u?f(0) | eI DLy dr =: Z(u).
0 0

Because Z(u) has a unique minimum at

L o L) dK (1)
21(0) A L e-2r1-012(p) dr’

Upin =
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by Lemma 2.2 of Davis et al. (1992),

. o L) dK (1)
12O [T 2ri-or2dr

an = n(ﬁLAD - pn) -

as n — oo. Applying the continuous mapping theorem and Proposition 1 again, we
complete the proof of Theorem 3. O

Proof of Theorem 4 Denote the square root of the matrix-valued function A(¢) defined
as in Lemma 3 by

AV = <le(’) Zu(’)> 0<r<l.
An() dy®) )

Then, from Lemma 3, we know that

{ dK (1) = 7, (0dB, (h(1)) + Ay(1)dB, ((1) 32

dL(1) = 415 ()dB, (h(D)) + Ay (DdB, (h(D)) -

Moreover, by the time change for It integrals, e.g. Theorem 8.5.7 in @ksendal
(2005), we can rewrite Egs. (32) as

{ dK (1) = A, ()OI OdB, (1) + A, (OVI () de(t)

dL(1) = 2, ()OI (DB, (1) + Aoy ()W (0)dBy (1) ° (33)

here B = (El , Ez) is also a two-dimensional standard Brownian motion. If denote

OV OB, (1) + A, \VE @) de(z)
\/ 22 (Ol (1) + 12, (0l (1)

dB(t) =

then, by the Lévy characterization of Brownian motion, e.g. Theorem 8.6.1 in
Dksendal (2005), we know that B is a two-dimensional standard Brownian motion.
Notice that

PO+ 2,000 =21, 0<r<1,
hence the random variable “Ay) can be represented as
fy e 1701 dB(r)

2f(0) - Ay) =
\/ / e=2r(=D[2(f) dt

Now, the subsequent proof will base on Theorem 1 of Rootzén (1980) which is
restated as Theorem 6 in Appendix. We need verify the assumptions in Theorem 6.
Let
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@,(0)=2ye e L), 0<1<1, >0,

and
w, ()= /-2y 7L, 0<t<1,y<0,
then we have the following lemmas whose proofs are postponed to Appendix. O

Lemma4 Asy — oo,

t
sup /(py(s)ds —>p0 (34)
0<t<1 0
and
1
/ (pf(r)dt =, A0, 1). (35)
0
Lemma5 Asy — —oo,
t
sup / v, (s)ds| -, 0 (36)
0<r<1 0
and
1
/ wf(t)dz -, L. (37)
0

With the help of Lemmas 4, 5, and Theorem 6, we complete the proof of Theo-
rem 4. O

6 Technical appendix and proofs

Proposition 2 Let {k,,n > 1} be a sequence %positive numbers such that k, = oo

andknll—pil—>0asn—>oo,thenwehavepn”—>land
1_p2k,,
L =1+ 0(k,(1—p? 38
T k(1= 2)) (38)

asn — Q.

Proof Applying the Taylor’s formula, we have
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log(p2) = k, log(1 + p — 1)

(= 1
(-0

So pik” — 1. Moreover, using the Taylor’s formula again, we obtain, as n — oo
Py = explk,(p; — 1) + Ok, (0, — D)}
= 1+k,(p; = 1)+ Ok (p; = D).

Thus the estimation (38) follows. O

Proposition 3 For model (1), assume that y, = 0 and n(p, — 1) — y for some fixed
y #0asn — oo, then we have

lmaxly, | - 0, as n — co.
n 1<i<n P

Proof For any € > 0, by the Kolmogorov’s maximal inequality,

1
IP’( max |y;_ 1|>€>= <max|2p’”€|>ne>
n 1<isn 1<i<n

2¢,2(n—1) _
Z pz(n =) — — M — 0’
- I’l282 = n2e(p? —1)
as n — oo, which implies the desired result immediately. Here we used the facts,
n(p,—1) - yand p), — ¢’ asn — oo. O

ProofofLlemma 1 (1). Note that there exists a sequence m,, such that m,(1 — p,) = o
as n — oo, which implies that pnm" = 0(1). So we can rewrite 4 /1 — pﬁy0 as follows

\/1—PﬁyO=\/1—/’§i/’i€—j
\/1-0p Zp’e_1+\/l— i Z pne_J

Jj=m,+1

= Fn,l + Fn’z
Obviously, E(T', ;) = 0 and
E(,,) =" Pa? = o(1),

which immediately yield that I, , —, 0 as n — co. We apply the Lindeberg-Feller
central limit theorem for the first term I, ;. Denote {,;=4/1— pﬁp@e_j, then
B, ;) =0and
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E(, ) = (1 =g )o? > o?

as n — oo. Hence, to complete the proof, we verify the Lindeberg condition,
for any £ > 0, Z[E lig, 5ey) = o(D).

In fact, since 0 < p, < 1, by dominated convergence theorem, we have

D e ser) = (=00 D PVE(?01c 15e)

=0 =0

~.

mn
_ 2 2j 2
< p,,)Z;pn[E(e_ l—pﬁle_/-|>£})
]:
— _ 20m,+1) 2 —
= (1= p,"*NE(efl, 1—p5|el|>e}> o(1).

(2). Because the Lindeberg’s condition holds obviously in this case, we only need
to estimate the asymptotic variance. Noticing that €, have zero median, we get
E(sign(e,)) = 0 and

2n

[( Z” S‘gn(e)ﬂ 11_—/)”2)

asn — oo, here we use the facts, (1 — p7) ~ n(1 — p,) and p!! — lasn — co.
(3). Since

< .
max |y, | < max {Iyol,gslg lyii 1}

and
< i—1—j
max |y;_,| _gslglp yol+§ga<><|2p ¢l
part (1) of this lemma implies that

i—1
— 2 Y i—1-j
V(= s /nmax Iy <4/ pn)/”%?s§|2:4”n & +0,(D).
j:

By the Kolmogorov’s maximal inequality and Proposition 2, it follows that, for any
e >0,
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i-1
P(\/(l - pi)/n%lsllasw Z;p;'l'jeﬂ > e)
=
i1
= |]1><\/(1 - p%)/ngrsl?s); | Z{p;_lei_j| > s)
j=

2 1—p5" o2 1= p?

[0} n
<Z. =2 . “(1=p)=o0(l),
<3 " R (I=p,)=0(1)

which complete the proof of part (3). O

Proof of Lemma 2 Noting that x,(1 — p,) — 0 and applying Proposition 2, we can
show that, (1 — p,") ~ k,(1 — p,) and p," — 1 as n — co. We omit the remainder of
the argument since it is analogous to that in the proof of Lemma 1. O

Proposition 1 are required to achieve Theorem 3 and 4. So, in the rest of this sec-
tion, we mainly make the supplement for the proofs in Sect. 5. First of all, we
need the following modified version of Theorem 1.4 in Chapter 7 of Ethier and
Kurtz (1986).

Theorem 5 (Ethier and Kurtz 1986) Let I'(x) = (;/,-j(z‘));.{l.=1 be a continuous, symmet-
ric, d X d matrix-valued function, defined on [0, 1], satisfying I'(0) = 0 and for any
0<s<t<L1],

d
Z Y0 — yU(s) a;a; > 0, Va:(al,...,ad)eRd.

Let {&, F,n> 1,1 < k < n} be an R%valued square-integrable martingale differ-
ence array on a completed probability space (Q, F,P). Denote S, (t) = Z[m] &L and

[nt]
0,0 = (610)! _, ZE CARAVZNE

for 0 <t < 1. Suppose that,

[E< sup |S,(t) — Sn(t—)lz) -0, asn—- oo, (39)

0<r<1
and fori,j=1,2,...,d,
[E( sup |0£{(t) - Qg(t—)l) -0, asn— co. (40)
0<t<1

In addition, if, for each0 <t < landi,j=1,2,...,d,

01(t) =, 7;(1), asn— o, 1)

@ Springer



LAD estimation for AR(1) processes 825

then the process S, converges weakly to a continuous process G with independent
Gaussian increments, mean vector zero and covariance matrix I'(t), on the Skorohod
space Dga([0, 1]) of R%valued cadlag paths on [0, 1].

Proof of Lemma 3 Recall that, F;, = F,; = a(el, ...,€;) and Fy = {@,Q}. For con-
venience, denote X, ; = (K, ;, L, ;) and X NOES Z X ;for 0 <t <1, then it is clear
that {X,, ;, F;} is an IRZ valued square-integral martlngale difference array. Note that,
under these circumstances,

®(t)_Z[E n,i nz l Z[E n,i nl

To apply Theorem 5, we first verify the non-negative definiteness of the matrix-
valued function I'(r) defined as in (11). Clearly, for 0 < s < ¢ < 1, the first principle
minor of I'(f) — I'(s) is positive for any y # 0; moreover, since 62 = 1, we know that
Ele,| < 1and it follows that

det((1) = T(5)) = 1 (/9 = 79)” — ((t = 9)Ele,])” 2 0.
4y?

So the matrix-valued function I'(¢) is non-negative definite.
Now, we check the condition (39), i.e.

[E< max |X, | ) - 0, (42)

1<i<n
as n — oo. Obviously, since ph — e’ asn — oo, we know that
2. G 2

max [X, ;|7 < —<1Vmaxe )

1<i<n n I<i<n !
for some positive constant C; independent of n. For any € > 0, by the Chebyshev’s
inequality, we can get

P(max el.z > ne) < n[P’(ef > ne)
<

1<i<n
< 5—(2+6)/2n—5/2 . |E|€l |2+6 -0,

asn — 00. So

max |X,,;|* =, 0. (43)

1<i<n
On the other hand, notice that, for each n,

E[(maX]<l<n >(2+6)/2:| < |E|€1|2+(S

n né/2

Hence the family of random variables, {max, ;. |X,,;|*,n > 1}, is uniformly inte-
grable, which, combined with (43), suggests that the condition (42) holds.
We next calculate the covariance matrix. Observe that
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[nt] 1 [nf] —
Z[E Ly 2y 1B ey
- Itl
n,i "l fﬂ,,l[E|€1| Z” 2(n i)

Therefore it is straightforward to show that, as n — oo,

1
sup |¢9,111(t) Hll(t )| = = max pz(’ =m0,
0<t<l1 n 1<i<n

sup |¢9,2,2(t) - Biz(t—)l = 1 max pi("_i) -0,
n

0<r<1 1<i<n
sup |0!%(1) — 0)2(1—)| = sup [02'(1) — 07'(1-)| = 0,
0<t<1 0<e<1

and

0 S =1)  (Ele|
AO=TO=0T e S-em )

Hence, by Theorem 5, the process X, converges weakly to a continuous process
= (X(#),0 < r < 1) which has independent Gaussian increments, zero mean vector
and covariance matrix I'(¢).
We now turn to the proof of Eq. (30). From the proof of Theorem 1.1 in Chapter 7
of Ethier and Kurtz (1986), we know that the limit process X can be represented by

XT() = / AP(s)dBT(h(s), 0<t<1,
0

where A(-) is a non-negative definite matrix-valued function, B = (B,, B,) is a two-
dimensional standard Brownian motion, and

h() =y () +rp@), 0Lr<L1.

In fact, the entries 4;(-) of A(-) are the solutions of the following equations,

1@ = [y Ay (s) dhs),
Yaa(0) = [ Ap(s) dh(s),
Y120 = [ Apa(s) dhs),
Va1 (&) = [ Ay (s) dhs).

(44)

Solving (44), we can get
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i = = _e—2y<1—_t> _ 1 — tanh(2y(1 —r))’
e2r(1=0) 4 o=2y(1-1) 2
At) = e2r (=0 _ L+tanh(2y(1 - 1)
2 e2r(1=0 4 g=2r(1-0) 2 ’
Ele | Ele|

Ap(0) =4,(1) = 2r(0=0 4+ ¢=2r(-0 2 cosh(2y(1 — 1))

Hence we complete the proof of Lemma 3. O

Theorem 6 (Rootzén 1980) Let (B(t),0 < t < 1) be a standard Brownian motion with
respect to the filtration (F,,0 < t < 1). Suppose (¢,,(1),0 < t < 1), is a sequence of
random functions which is adapted to the filtration (F,,0 <t < 1). If

/ ¢, (s)ds
0

sup

-, 0, asn-— oo,
0<<1

and

1
/ qbﬁ(t) dt —», 7, asn— oo,
0
for some random variable T such that T > 0 a.s., then

o ba(0) dB()

\ o 2 d

Theorem 7 (Graversen and Peskir 2000) Let (V(t),t > 0) be the Ornstein-Uhlenbeck
process solving

-, M0,1), asn— oo.

dV(t) = —pV(r)dt + dB(¢)

with V(0) = 0, where f > 0 and (B(t),t > 0) is a standard Brownian motion, then
there exist universal positive constants c,,c| such that, for all stopping times © of
V(0,12 0),

Co €
\/E[E log(1 + f7) [E<om5?5§ | V(t)|> \/E[E log(1 + f7).
Proof of Lemma 4 Since

sup
0<r<1

t 1
/%mms/ﬁ%wm
0 0

it is enough to show /01 lp, ()| dt —, 0asy — oo. Notice that, from Lemma 3,
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L(t) ~ /V(O, ezy(lz;;ﬂﬂ))

SO

1 1
E / lp, (1)] dr = 2ye™ / e "UDE|L(r)| dt
0

0
I
= \/4y/7re_7/ Vet —1dr
0

<AV4/(zy) 1 —e7)—> 0, asy — oco.

By the Markov’s inequality, this establishes Eq. (34).
We next prove Eq. (35). Firstly, using integration by parts, we can get

1 1
/ ¢§(¢)dr=4y2e-4y / 'L (f) dt
0 0

1
=2ye™V / L*(r) de™!
0

1
=2ye™V <L2(1)e2V - / e sz(t)>.
0

Furthermore, since
PO @)+ 22,00 1) =717, 0<r<1,
the 1t6’s formula, together with Eq. (33), yields that
dL*(f) = 2L(1) AL(t) + ¥~ d1.

Therefore

1 1
/ (p}z/([) dr = 2ye ™ L2(1) = 2ye™ —dye™ / X' L(f) dL(7).

0 0

Noticing that

2;/_1
La ~/V(0,e )
(1) 2

we have

27 2(1) =, (V1= M0, D) =, A1,

as y — oo. In addition,
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1
[E<4ye_4” / e L(1) dL(t)>
0

2 1
= 16y%e7" / e'EL*(r) dt
0

1

=8ye™ [ (¥ —1)dt <4e™¥ — 0,
0

as y — oo. It follows from the Chebyshev’s inequality that
1
4ye™¥ / 'L dL(1) -, 0, asy — oo.
0
Hence we achieve Eq. (35). The proof is complete. a
Proof of Lemma 5 We first show that Eq. (36) holds. Let

L VH OB, (1) + Zoy(0)\/H (1)dB, (1)

dB* (1) = ~ =
VO + 0 ()

then, by the Lévy characterization of Brownian motion, B* is a one-dimensional
standard Browinan motion. Since

BN 0+ 22,00 1) =717, 0<r<1,
Eq. (33) implies that
dL(t) = e""7"dB*(1).

Hence, by the 1t6’s formula, we have
t t
/ w,(s)ds = /—=2ye™ / e’ L(s)ds
0 0
v —2ye”’ !
=———\e"L(t) - / e’ dL(s)
4 0
A/=2 1
-V < / e dB* (1) — B*(t)>.
0

oy

Therefore
t 2 t
sup /wy(s)ds <4/—=| sup /ey("“)dB*(t) + sup |B*(®)| ).
o<r<1 {Jo —Y \ o=t [Jo 0<<1
Obviously,

\/i< sup |B*(r>|> -0,
—7 \oxs<1
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as y —» —oo and Theorem 7 shows that
i ! c1v/2log(1 —
[E< i Sup / e}’(l‘—S) dB*(t)|> S ;M —
—Y o<t Jo

-7
as y — —oo. By the Markov’s inequality again, we achieve Eq. (36).
Finally, we verify Eq. (37). Notice that

0,

dL2(r) = 2L(1) AL(t) + ¥ dr.

It follows that
1 1
/ w () di = —L*(1) + 1 +2¢7 / X' L(r) dL(7).
0 0
Since
2y 1— —2yt
L(t) ~ Jy(()’ M)’
2y

we have

L*(1) -,0, asy— —oo.
Moreover,

2

1 1
[E<2e—2Y / ez”’L(t)dL(t)> =4e¥ / e UDEL2(p) dr
0

0
1
= %/ (e —1)dr - 0,
v Jo
as y — —oo. It concludes from the Chebyshev’s inequality that
1
2% / ' L(t)dL(t) -, 0.
0

Hence we obtain Eq. (37). The proof is complete.
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