Supplementary material for “Robust Density Power Diver-
gence Estimates for Panel Data Models”

Abhijit Mandal - Beste Hamiye Beyaztas - Soutir Bandyopadhyay

E Integral of the first term of the DPD measure

= (2m)~ T(1+7)|Q_1+7/exp{—T(y—xiﬁ)TQ_l(y—xiﬁ)dy}
Yy

) B (17)
= (om) F |2 (14 ) [(%)5 = exp{;@xw () (yzmdyH

= (21) T2 F(1+7)"

-

Nl

F Vector £ at Model

From Equations (6) and (15) of the main paper, we get

&) = [ watunlen) 13wl

i

T

Tx; a
/ [ Z:Ezt yzt xztﬂ 02 +TO'2 Z Yit — mztﬁ ] 1+’Y(yz|m2 dyz

o = t=1
=0, from (22).

€l = [ w0l sy e

T 2
:/ 2(02 +Ta2) " 2(0? +Ta2 {Z Yir — Titl3) } o (yilwi)dy

t=1

m X M(1 +'}/)7 uSiIlg (23)

2 2 .

+ W X ]\41-‘(0'6 +T0a)’ using (24)
Ty
2(02 +To2)



512) / Uo2 (ylzs) £, (%|331)dyz
i
B + (T - 1o
N /yl 202 o? + TO'2
02 (20% +To2)

20?(0? +To2)?

T [0? + (T — 1)02]

1 T
20_4 Z Yit — zztﬂ

€ t=1

T 2
{Z yzt xztﬁ } ] 1+’Y(yz|w )dyz
t=1

=— 22 x M (1 + ), using (23)

202(02 +To2)
1

+ 5.7 % TM(o? + o), using (20)

€

02 (20% + To?)
204(c2 +To2)?

MT~ [062 + (T - 1)02]
202(02 +To2)

G Matrix J® at Model

x MT(0? + To?), using (24)

From Equations (6) and (15) of the main paper, we get

79 = [ uled s ke

i

-/ T,
~ ), | 202+ To2)

T2
4(c2 +To2)?

fe (yi|5€z‘)dyi -

T
(0_2 + TO_2 {g Yit — mltﬂ

T d ’
m/ {Z ) } 577 (il dy,
€ i Lt=1

yz|$z dyz

T 4
1 14+
* 4(c2 +To2)4 / { §: Yit — T3t 3) } fo M (wilzs)dy;

2
= M+ ooy
T
- 2(02+To2)3
1 3MT?
+ 4(c2 + To2)* % (1+7)
_ MT(y* +2)
41+ ) (02 + To2)?

using (23)

(02 +Tol)?,

x MT(0? 4+ To?), using (24)

using (25)



u5 yzp%)“ﬂ (yz‘xz) (yz|552)dyz

1 & Tz;02 a
1 [?Z%t Yit — Titf3) — o202 + To2) > (Wi — zirB ]

t=1 t:l

1 & Tz;o r ’
) i0 _ 1+'y
[62 z:: it(Yit — vt B) — o202 £ To2) —|—T02 ; Yit — Tit3) 1 (yi|zi)dy;
1 2Tox,zt T?otz,zT / 9 14
tzzl [Ué Tt zt é(az‘FTUa) 03(052+T03)2 yi(yzt 1255) f9 (yl‘ 1) Yi
2T 02wzl T?0tz,2T
T aritdg atid; 14+
TiTyp — it — Tj it — Ty i) dy;
;[ ? it it 0-3(0-52+T0'g¢) Ug(Ug‘FTUa)Q /Lh(yzt 1t6)(ylt 1t B)fa (yl‘ 1) Yi
T
1 2T o2 27T T26% 7,27
= M(o? 4 o2 —zprl — @ Mk , using (20
(00 2 | Grem = STor v of) * aa(oT+ TolyE | e (20
2T o2 x4zt T204 7,27
+ Mo? Tyrh claliig o ! using (21)
; l gt ol(02 4+ ToZ) k(02 +To2)? |
T o
— Mo Z *%‘tm'Tt/ _ 210 xi T n T20’§17iIZT
o e oo+ Tok) oo +Toy)?
ZT: Wodwar] | TPoima]
—T zk
- T oMo+ To2) T oXo? + ToZ)?
Mo I g 2T3a§:rci;f;f N T*otz;zl
o2t o402+ To2) o0(o2+To2)?
27202 2,57 T3otzzl
M 2 —|—M a1ty aiy
o Z e MO G i T2) (o + TR
2 T 2 2 2~ =T 3 4~ =T
o _ 9 9 2T 0. 7;7; T 0,77,
Ze T _
Lg Z Sl + @ 1 - SR e st

3,4 =T
T 0,7;%;

(02 +T03)

t=
[ 2 anxn + 1?0252l — 21?02 3,27 +

2295 al +T%02 L'i—l 7zt
it (02 + To2) el



J((,? :/ (y\xz) Y (yi |2 dy;
Yi

T [02 + (T —1)o2 1 I

- /y 202(02 +To2) Ry Z (yir — witf3)?

€ t=1

T 242
02 (202 +To?) 1+7
20? (062 + T0'2 ; Yit — Titf3) (yi|z:)dy;

T2 [062+(T—1)0-(2¥]2 |
B 404(02 + To2)2 X M(1 4 ), using (23)

1
+ o5 X MT(T +2)0! +2T(T +2)020% +3T%0;] , using (20)
a(20-€2 +To2)? y 3MT? (
408(02 + To2)* ~ (1+7)
P10+ (0102 | 102 4 02) s
_ 208(02 +To2) X TM(oZ + 0Z), using (20)
03(2052+T0' )T [ 52 (
208(02 + To7)
_ 0aR0i4Tod)
208(02 + To2)?

02 +To?)?, using (25)

+ (T - )a]

3 X MT(062 + Tai), using (24)

1”){(“2)0 + (T2 + 2T + 3)o20

+3(T? =T +1)0? |, using (

_ MT*(y - 1) [0 + (T - 1)o2]’
- doX(o? + To2)?

MT
408

3MT?0, (207 + To7)?
105(1+ )(02 + To2)?

+ 2 (T 4 2)0 + 2(T + 2)0202 + 3T0t] +

_ TM(1+1)03 (202 +To2)
208(02 + To2)?

J/gl,) :/ ug (yilzi)uo2 (yz|x,) (yl\xl)dyl
Yi
) T
1 Tzo
= /y [02 Z it yzt Lt/B 0'2—Z|-T02 yzt ztﬁ ‘|
i € =1 t:]
T 2
T 1 -
oT+T07)  2e? + T {2@ - W)} £+ gl

=0 as all odd moments similar to (22).



I0s = [ wswlesun e £377 ko)

1 « TZ0 d
/ [02 Z Tt ylt xltﬂ (0_2 _Z’_ T0'2 Z Yit — xztﬁ ]
Yi € t=1

t=1
T 02+ (T -
202(02 + T02

xzfﬂ

2
o2 (20% +To2) )
~ et 1 Tor | 2t = aub) o |5 ileo)dy
€ € «

t=1

= 0 as all odd moments similar to (22).

I3 2= | o oz ) £ il

T 2
/yZ 0_2 +TO'2) + 2(0_2 +T0'2 {Z Yit — xztﬁ }

t=1

T [0+ (T —1)o2 1 «
202(02 +To2) 20

xztﬁ

t:l

T 2
0% (202 +To2) 1+w

S 4/-9 . T _9\9 it L AEZ] d [
20§(U€2+T02 tzzlyt zith) (i) dys
_ T? [02 + (T — 1)02]

 402(02 + To2)2
PR
dod(0? + To3)?
+3(T2—T+ l)a(ﬂ , using (27)

02202 +To2)  3MT?
T A0i(0? 4 To2)t " (14
T
 40i(02 + To2)
T[Tot — (T —3)0202 — o]
40d(02 + To)?
TM(1+7)
~ 40l(02 + To2)?
3MT?62%(202 + To2)  MT?[(T —1)02 + 02|
4021 +9) (02 +To2)2  202%(02 + To2)?

x M(1+~), using (23)

X TM(1+7)|(T +2)o? + (T + 2T + 3)020%

(02 4+ To?)?, using (25)
x TM(o? 4 02), using (20)

x MT(0? 4+ To?), using (24)

[Q(T F 1)t + (202 + T + 3)0%02 +3(T2 — T + 1)




H Integrals for J®

/ (Yir—2itB) (yirr — xit’ﬂ)f91+y(yi|xi)dyi

Yi

= / zitzit/f91+7(zi|0)dzi, where fy(z;|0) is N (0, £2)
Z4

1
:(277)_%|!2|_%/ zitzit/(27r)_g|(2_%exp{—_;yzgﬂ_lzi}dzi

Zq

(18)

_1 —1
[0} 2 1 [0
:(277)—%|Q|—%(1+7)_%/ ZitZit/(Qﬂ')_% Ty exp{—2z£ (1_’_7> zl}dzi

23

= @2n) T2 F 1+ ) T L
- M'Qtt’v
where

_Tt2

M= (2m) |0 F (1)
= 2n) T (1+5) {UE(T_l)(O'E + Tai)}_E , using (5) of the main paper  (19)
= (@) T (L+y) T T o T (0 4 Tod) R

For t = ¢/, combining (3) of the main paper and (18), we get

[ e = B3 o)y = M2 + 02, (20)
Yi
For ¢t # ¢/, combining (3) of the main paper and (18), we get
/ (it — 2auB) Wiv — T B) fo 7 (yilws)dy; = Mo2. (21)
Yi

For two integer r and s, where (r + s) is an odd number, we have
/ (yit—ﬂ%tﬂ)r(yit - xitﬁ)s 91+A/(yi|xi)dyi
Yi
:/ 2525 fo 7 (2:]0)dzi, where fg(2]0) is Np(0, £2)

=0, using (31).

Now

Fo T (yili)dy; = / £377(2:]0)dz;, where fg(2]0) is Ny (0, £2)
Yi Zi

—en Fler? [ en oo (-1

zi

:<2w>*%|ﬂ|*%<1+v>*%/<2w>*

2

.
2

= (2n) T (1 +9)"
= M(1+ ), using (19).



So,

T 2
/ {Z Yit — xlt/B } 1+’Y(yz‘xz)dyz

/ {Z’Z”} Fa17(2i|0)dz;, where fo(2:]0) is N (0, £2)
— *% *% 2 2 X 1+7 r Zi
= (27) |2 /Z{Zzlt} 272 e p{ 3 —2z; (2" }dZ (24)
= Gn FloFaE [ {Z} (or) ¥

T 2 1
M1 +~)E ( Zs”] ) , using (19)

= MT(c? + Tc?), using (28).

Similarly,
T 4 T 4
/ {Z Yir — Tit3) } fo 7 Wilws)dy; = M(14+7)E 254
t=1 t=1 (25)
3MT? |, , 2\
= o; +To,,)”, using (29),
et ), using (29)
T 2
/ {Z(yuwuﬂ)z} o (yilwi)dy
Yi (t=1
T
z/ {szt} 317 (2i|0)dz;, where fo(2:]0) is N (0, £2)
Yi (=1 (26)
T 2
=ME 284
t=1
= M(T(T +2)o? + 2T(T + 2)0%02 + 3T%02),
and

T

2
/ (yir — zitB)? {Z(yzt - l‘it'ﬁ)} 5 (il dy;
Yi

) (27)

T
=M{A+~v)E (.sft, [Z Sit
t=1

— M(1+ ’y){(T +2)ot 4+ (T2 + 2T + 3)0202

+3(T* - T+ 1)o } using (30).



I Expectations for Integrals

Suppose s; ~ Np (0, 1+’y) then

T T
\% (Z; sit> = Z; Visit) + Z cov(8i4Sir)

t#£t

Il
T~
=2
(]
S
+
7~
]
P

So, Zt 1 Sit ~ N(0, 5 ( +To?)). Therefore

and

T
= 325+ (QuQur + 2005,
t=1 t#t!
= 3T, + T(T — 1)(25; + 2027)
=T(T +2)(0? + 02)? + 2T(T — 1)02%,
=T(T +2)o? 4+ 2T(T + 2)o%02 + 3T%52.



Fort' =1,2,---,T, we have

T 2
2 4 2 2 3 2
E\ siy E Sit =E| s+ sju g S5+ Sip E Sit + Sip E SitSit!
t=1 tAt! t£t! £ £t

=302, + | 2y Z 2 +2 Z Q2| + 3020, Z Qu

t#t t#l t#t
+ | L2vv Z 24 + 2 Z 44y 2y (30)
t£t £t t£t £t

=307, + (T - 1022, +2(T — )% +3(T — 1)y Q4
A+ (T = 1)(T — 2)(Rpr 0 240 + 2922,) for t £t
= (T+2)(0®+02)? +2(T — )0 +3(T — 1)o% (02 + 02)
+ (T = 1)(T - 2)(c%02 + o2 +202), using (3) of the main paper
= (T +2)o! + (T? + 2T + 3)0202 + 3(T* = T + 1)oa.
Similarly,

2

T
E St Z Sit =F 5?1‘/ + S%t’ Z Sit + Sit! Z SitSit! = 0 (31)
= iz —_—

J Oman Weather Stations

Oman weather dataset consists observations from 55 stations across Oman over the period Jan-
uary 2018 to December 2018. The list of weather stations is given in Table 4.

Table 4 Stations for the monthly Oman weather data.

Station Station Station Station Station

Adam Diba Madha Nizwa Shalim

Al Amrat Fahud Airport Mahdah Qairoon Hairiti Shinas

Al Jazir Haima Mayjis Qalhat Sohar Airport
Al Khaboura Ibra Marmul Airport Qarn alam Sunaynah

Al Mudhaibi Ibri Masirah Qurayyat Suwaiq

Al Qabil Ibri New Mina Salalah RasAlHaad Tagah
Al-Buraymi Izki Mina Sultan Qaboos Sadah Thamrayt
Bidiyah Joba Mirbat Saham ‘Wadi Bani Khalid
Buhla Khasab Airport Mugshin Saiq Airport  Yalooni

Bukha Khasab Port Muscat City Salalah Airport Yalooni Airport
Dhank (Qumaira) Liwa Muscat International Airport Samail Yanqul




