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Abstract
In this paper, we propose a new frequency domain test for pairwise time revers-
ibility at any specific couple of quantiles of two-dimensional marginal distribution. 
The proposed test is applicable to a very broad class of time series, regardless of the 
existence of moments and Markovian properties. By varying the couple of quantiles, 
the test can detect any violation of pairwise time reversibility. Our approach is based 
on an estimator of the L2-distance between the imaginary part of copula spectral 
density kernel and its value under the null hypothesis. We show that the limiting 
distribution of the proposed test statistic is normal and investigate the finite sample 
performance by means of a simulation study. We illustrate the use of the proposed 
test by applying it to stock price data.

Keywords  Copula · Discrete Fourier transform · Time reversibility · Periodogram · 
Spectral density

1  Introduction

A strictly stationary univariate time series {xt} is called time reversible if all its 
finite-dimensional distributions are invariant to the reversal of time indices. As is 
well known, Gaussian ARMA models are examples of time reversibility, in addi-
tion to independent identically distributed (iid) sequences. A necessary condition 
of the time reversibility, which is a weaker but more tangible case, is the pairwise 
time reversibility, i.e., the bivariate distribution function of the time series satis-
fies Fxt ,xt−k

(a, b) = Fxt ,xt+k
(a, b) for any (a, b) ∈ ℝ

2 and k ∈ ℕ . For a Markov pro-
cess, it is time reversible if and only if it is pairwise time reversible. A stationary 
Gaussian process is surely pairwise time reversible since its dependence is com-
pletely determined by the auto-covariance. Therefore, the rejection of pairwise 
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time reversibility is usually used to capture any deviation of the model from the 
Gaussianity or linearity. In the field of econometrics, the non-Gaussianity and 
nonlinearity have already drawn much interest in recent decades; see, e.g., Boller-
slev (1986), Tong (1990) and Chen and Kuan (2002).

To test pairwise time reversibility, some pioneer works focus on checking dis-
tributional symmetry of xt − xt−k for each k. For instance, Ramsey and Rothman 
(1996) proposed a moment-based test (RR test) by checking whether the differ-
ence xt − xt−k has zero third moment. Noticing that the distributional symmetry 
is equivalent to that the imaginary part of its characteristic function is zero, Chen 
et  al. (2000) developed a test (CCK test) by verifying whether a weighted sine 
transform of xt − xt−k is zero mean. Choosing a proper weight function is cru-
cial for implementing this test. Chen et al. (2000) set the weight function as the 
density of the exponential or half-normal distribution. Chen and Kuan (2002) 
modified the CCK test to allow it to be capable of detecting the symmetry of con-
ditional distribution. Both Paparoditis and Politis (2002) and Psaradakis (2008) 
suggested using resampling techniques to test whether the difference xt − xt−k 
is zero median. But the former focused only on the processes with Markovian 
structure.

There also existed several tests that are constructed by the aid of some nonsym-
metric measures involving the joint and marginal densities of (xt, xt−k) . Assum-
ing that the joint density of (xt, xt−k) admits a nonlinear canonical decomposition, 
Darolles et al. (2004) considered a kernel-based test procedure by exploiting nonlin-
ear canonical correlation analysis. By comparing the joint density with the product 
of the marginal densities of (xt, xt−k) , Racine and Maasoumi (2007) provided a met-
ric entropy statistic as a robust test for time reversibility.

Frequency domain approaches are another type of choices for testing pairwise 
time reversibility. According to a spectral decomposition of skewness, Hinich and 
Rothman (1998) proposed a frequency domain test involving a square summation 
of the imaginary parts of bispectrum. Recently, Wild et al. (2014) generalized the 
method of Hinich and Rothman (1998) to a sum-statistic by using the trispectrum, 
which constitutes a spectral decomposition of kurtosis. These existing frequency 
domain tests are actually carried out by verifying the symmetries of some third or 
fourth moments.

A common drawback of the afore-mentioned tests lies that they are only consistent 
to some specific forms of pairwise time reversibility, i.e., each tested null hypothesis 
is just a necessary other than sufficient condition of pairwise time reversibility. More 
recent works of Sharifdoost et al. (2009) and Beare and Seo (2014) essentially tested 
the actual features of pairwise time reversibility from the joint distributions, but their 
applicability is limited to the Markov models. For time-domain methods, another draw-
back is that they contain a lag parameter. In practice, it probably encounters a situation 
in which the test is significant for some lags but insignificant for others. To avoid draw-
ing contradictory conclusions, Chen (2003) proposed a portmanteau version of the RR 
or CCK test based on the sum of finite number of pairwise differences of time series 
with different lags. However, this modified test is only applicable to detecting serial 
independence against time irreversibility. Finally, many tests, such as the RR and most 
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spectral-domain methods, require the existence of the high-order moments of the time 
series, which rules out many time series in fields of economics and finance.

Actually, the pairwise time reversibility of a stationary time series can also be 
depicted by the concept of copula spectral density kernel (CSDK), which was proposed 
by Dette et  al. (2015). The CSDA can depict the pairwise dependence of xt at each 
specific couple of quantiles (q�1 , q�2) , where q� is the �-quantile of the one-dimensional 
distribution of xt , and 0 ≤ �1 ≤ �2 ≤ 1 are two probability levels. The pairwise time 
reversibility at (q�1 , q�2) means that P(xt ≤ q�1 , xt−k ≤ q�2) = P(xt ≤ q�1 , xt+k ≤ q�2 ) 
for all values of k. Equivalently, a stationary time series is pairwise time reversible if 
and only if the imaginary part of CSDA vanishes for each quantile pair (cf. Dette et al. 
2015, Proposition 2.1). Then, the test of pairwise time reversibility at the (q�1 , q�2) can 
be designed by checking whether the imaginary part of CSDK vanishes or not. By 
varying the quantile pairs, the test can provide more specific results on time reversibil-
ity than various existing tests. The output of the test may be that there exists the time 
reversibility at some quantile pairs; otherwise, neither does at some others. It allows 
the approach to provide more insights on whether a given model fits the real data suf-
ficiently in aspects of time reversibility.

In this paper, by using the CSDK, the test of pairwise time reversibility at a couple 
of quantiles can be transformed to a nonparametric test about the spectral density. Our 
idea to construct the test statistic is quite similar to that of Dette et al. (2011a). How-
ever, the variance of the statistic of Dette et al. (2011a) is constructed by periodogram, 
while ours is by smoothed periodogram. We prove that the normalized test statistic fol-
lows an asymptotic standard normal distribution, with different normalized constants 
under the null and alternative hypotheses. For our proposed test, two advantages are 
manifested. One is that it is applicable to a very broad class of time series, regardless 
of the existence of moments and Markovian properties. The other lies in that it has the 
potential to check whether a given model fits the real data sufficiently well in aspects 
of pairwise time reversibility. More specifically, by varying couple of quantiles, the 
proposed test can provide more detailed detection of pairwise time irreversibility than 
any other existing approach, in the meaning that the real data may achieve the pairwise 
time reversibility at some couples of quantiles but may not at others. These test results 
provide a good reference in fitting the real data by a model with the accordant pairwise 
time reversibility.

The remainder of the article is organized as follows. In Sect. 2, we introduce some 
preliminary concepts and results on CSDK and pairwise time reversibility. Section 3 
presents the proposed statistic and its asymptotic results. Section 4 discusses the com-
putational issues of the proposed approach and reports empirical results for examining 
performance of the test. Section 5 illustrates the applications in analyzing the real data. 
Section 6 contains our conclusion. All proofs are deferred to the appendix.

2 � Preliminaries

Being entirely covariance based, the classical spectral approach for time series anal-
ysis is essentially limited to modeling first- and second-order dynamics  (Birr et  al. 
2017). To capture dependence features beyond the second-order, many researchers 
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tried quantile-based spectral analysis tools in recent decades. One of the most attractive 
quantile-based spectra is the CSDKs, which share the quantile-based favor while allow-
ing to address such important features as pairwise time reversibility and dependence 
in extremes (Dette et al. 2015). In this section, we first give a brief introduction of the 
concept of CSDK, with its relation to pairwise time reversibility and then provide the 
statistics used in constructing the proposed statistic.

2.1 � CSDK and pairwise time reversibility

Let {xt}t∈ℤ be a strictly stationary univariate process, and let F(x) be the one-dimen-
sional marginal cumulative distribution function (cdf). For each (�1, �2) ∈ [0, 1]2 , the 
copula cross-covariance kernel of lag k ∈ ℤ of {xt}t∈ℤ is defined as

where Ut = F(xt) , and �A(x) is an indicator, which equals 1 if x ∈ A and 0 other-
wise. Thus, the dependence information between xt and xt−k is fully involved in the 
dependence between Ut and Ut−k , and the latter is implied in a cross-covariance set

For each (�1, �2) ∈ [0, 1]2 , we define the copula spectral density kernel (CSDK), 
which is proposed by Dette et al. (2015), as

The collection of CSDKs for different (�1, �2) provides a full characterization of the 
copulas associated with the pairs (xt, xt−k) and accounts for many important dynamic 
features of {xt} , such as changes in the conditional shape (skewness, kurtosis), time 
irreversibility, or dependence in the extremes that the traditional second-order spec-
tra cannot capture.

The pairwise time reversibility means that (xt, xt+k)
d
=(xt, xt−k) holds for all k ∈ ℤ , 

where d
= denotes equality in distribution. A stationary time series is pairwise time 

reversible if and only if for all (�1, �2) ∈ [0, 1]2 and k ∈ ℤ , the equality 
�U
k
(�1, �2) = �U

−k
(�1, �2) holds, which is equivalent to Imfq�1 ,q�2

(�) = 0 for all 
(�1, �2) ∈ [0, 1]2 and � ∈ (0,�) (Proposition 2.1 of Dette et al. 2015) , where fq�1 ,q�2 (⋅) 
is a CSDK defined in (2), and Im c denotes the imaginary part of a complex number c. 
This paper is devoted to test the hypothesis that {xt}t∈ℤ is pairwise time reversible at 
the couple of quantiles (q�1 , q�2) , i.e.,

A non-vanishing imaginary part for fq�1 ,q�2 (�) indicates that P(xt ≤ q�1 , xt−k ≤ q�2) 
differs from P(xt ≤ q�1 , xt+k ≤ q�2) for some values of k, which implies that {xt} is 
time irreversible at the couple of quantiles (q�1 , q�2).

(1)�U
k
(�1, �2) ∶= Cov(�(0,�1](Ut), �(0,�2](Ut−k)),

�U
k
∶= {�U

k
(�1, �2)|(�1, �2) ∈ [0, 1]2}.

(2)fq�1 ,q�2
(�) =

1

2�

∞∑
k=−∞

�U
k
(�1, �2)e

−i k�.

(3)H
(�1,�2)

0
∶ Imfq�1 ,q�2

(�) = 0 for all � ∈ (0,�).
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2.2 � Rank‑based periodogram and its smoothed version

The construction of the proposed test statistic relies on the estimation of CSDK. 
We use the rank-based copula periodogram (shortly, CR-periodogram) and its 
smoothed version in estimating the CSDKs (Kley et al. 2016).

To define the CR-periodogram, we first present the discrete Fourier trans-
form (DFT) of clipped time series introduced by Hong (2000). For � ∈ (0, 1) and 
� = �k,n = 2�k∕n, k = 1,… , n − 1 , we define the DFT based on clipped time 
series by

where R(n)
t  denotes the rank of xt among x1,… , xn . We extend the definition of 

y�
n,c
(�) to a piecewise constant function on (0, 2�) as

This extension is just for ease of notation, since we use the DFT at frequencies not 
always coinciding with �k,n ’s in constructing the proposed test statistic.

Following Kley et  al. (2016), we consider the cross-periodograms associated 
with arbitrary couples (�1, �2) and define the CR-periodogram as

where ⋅ denotes the complex conjugate. Consider a smoothed version of I�1,�2
n,R

(�) , 
namely for (�1, �2) ∈ [0, 1]2 and � ∈ (0,�] , the average of the form

where Wn(⋅) denotes a sequence of weighting functions. Under some regularity con-
ditions, Ĝn,R(𝜏1, 𝜏2;𝜔) is a consistent estimator of fq�1 ,q�2

(�)  (cf. Kley et  al. 
2016, Theorem 3.5).

In this paper, we employ Im I
�1,�2
n,R

(�) in constructing a statistic to estimate the 
deviation of Imfq�1 ,q�2

(�) from 0, while the variance of the statistic is estimated by 
using the smoothed CR-periodogram (6).

3 � The test statistic and asymptotic results

In this section, we first construct the test statistic, and then prove the asymptotic 
normality under the null and alternative hypotheses.

y�
n,c
(�) ∶= (

√
2�n)−1

n�
t=1

�(0,�](n
−1R

(n)
t )ei�t,

(4)y𝜏
n,c
(𝜔) =

{
y𝜏
n,c
(𝜔k,n), if 𝜔k,n − 𝜋∕n < 𝜔 ≤ 𝜔k,n + 𝜋∕n,

0, otherwise.

(5)I
�1,�2
n,R

(�) ∶= y
�1
n,c(�)y

�2
n,c
(�), for � ∈ (0, 2�), (�1, �2) ∈ [0, 1]2,

(6)Ĝn,R(𝜏1, 𝜏2;𝜔) =
2𝜋

n

n−1∑
k=1

Wn(𝜔 − 𝜔k,n)I
𝜏1,𝜏2
n,R

(𝜔k,n),
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3.1 � The test statistic

The hypothesis (3) can be re-expressed by the L2-distance between the imaginary 
part of CSDK and its value under the null, i.e.,

which is independent of � . Thus, the test of pairwise time reversibility at a couple of 
quantiles can be transformed to a nonparametric test about the spectral density.

The quantity T (�1,�2) in (7) can be treated as the L2-distance between the imagi-
nary part of CSDK and its value under the null hypothesis (3). The T (�1,�2) van-
ishes if and only if the null hypothesis is satisfied.

To estimate T (�1,�2) , for each M > 1 , we consider the test statistic

where I�1,�2
n,R

(�) is defined in (5).

Remark 1  Based on the estimator of the integrated deviation from the null, there 
have been developed a great number of nonparametric approaches for testing 
hypotheses on spectra; see, e.g., Eichler (2008), Dette and Paparoditis (2009), Dette 
and Hildebrandt (2012), Jentsch and Pauly (2015), Dette et  al. (2011a) and Dette 
et  al. (2011b), to name a few. Among them, to test two specific null hypotheses, 
Dette et al. (2011a) proposed a method that requires an appropriate summation of 
the periodogram. The idea of ours in constructing the test statistic is quite similar to 
that of Dette et al. (2011a).

3.2 � Asymptotic results

The rigorous derivation of the asymptotic properties of T (�1,�2)

n,M
 requires the 

assumption on the dependence structure of {xt}t∈ℤ:
(M) The process {xt}t∈ℤ is strictly stationary and exponentially �-mixing, that 

is,

holds for each n ∈ ℕ , some K < ∞ and � ∈ (0, 1) , where for any 𝕂 ⊂ ℤ , �(xk;k ∈ �) 
denotes the �-algebra generated by {xk;k ∈ �}.

The class of �-mixing processes is well studied, which contains a wide range of 
linear and nonlinear processes. Under mild additional conditions, many familiar 
models satisfy assumption (M), such as ARMA, ARCH, GARCH and so on (e.g. 
(Mokkadem, 1988; Carrasco and Chen, 2002; Fryzlewicz and Rao, 2011)); for 
more examples, we refer to Dette et al. (2015).

(7)H
(�1,�2)

0
∶ T (�1,�2) ∶= ∫

�

0

(
Imfq�1 ,q�2

(�)
)2

d� = 0,

(8)T
(�1,�2)

n,M
=

�

M

M∑
m=1

Im I
�1,�2
n,R

(m
M
�
)
Im I

�1,�2
n,R

(m − 1

M
�
)
,

𝛽(n) ∶= sup{P(B|A) − P(B) ∶ A ∈ 𝜎(xk;k ≤ 0), B ∈ 𝜎(xk;k ≥ n), P(A) > 0} ≤ K𝜂n,
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Let Re c denote the real part of a complex number c. To obtain the asymptotic 
distribution of T (�1,�2)

n,M
 , M should go to infinity with an appropriate rate. Precisely, 

the increasing rate of M should satisfy:

Condition 1  As n → ∞ , M = O(n1∕2−�) , where � can be taken any constant satisfy-
ing 0 < 𝛿 < 1∕2 . For ease of notation, we omit the dependence of M on n.

Theorem 1  Suppose assumption (M) holds. If Condition 1 is satisfied, then for each 
�1, �2 ∈ [0, 1],

where “ ⇝ ” denotes convergence in distribution, and

Remark 2  If the null hypothesis in (3) is satisfied, then

where the asymptotic variance V (�1,�2)

0
 has a simple expression

Remark 3  In the process of analyzing the asymptotic behavior of T (�1,�2)

n,M
 , we approxi-

mate it by an unobservable quantity

where

and y�1
n,U

(�) is a piecewise constant function extended from the DFT

as in (4). Note that,

(9)
√
M
�
T
(�1,�2)

n,M
− T (�1,�2)

�
⇝ N(0,V (�1,�2)),

(10)

V (�1,�2) =
�

4 ∫
�

0

{
fq�1 ,q�1

(�)fq�2 ,q�2
(�) + (Imfq�1 ,q�2

(�))2 − (Refq�1 ,q�2
(�))2

}2
d�

+ 2� ∫
�

0

(Imfq�1 ,q�2
(�))2

{
fq�1 ,q�1

(�)fq�2 ,q�2
(�) + (Imfq�1 ,q�2

(�))2

− (Refq�1 ,q�2
(�))2

}
d�.

√
MT

(�1,�2)

n,M
⇝ N(0,V

(�1,�2)

0
),

(11)V
(�1,�2)

0
=

�

4 ∫
�

0

{
fq�1 ,q�1

(�)fq�2 ,q�2
(�) − (Refq�1 ,q�2

(�))2
}2

d�.

(12)T̃
(�1,�2)

n,M
=

�

M

M∑
m=1

Im I
�1,�2
n,U

(m
M
�
)
Im I

�1,�2
n,U

(m − 1

M
�
)
,

(13)I
�1,�2
n,U

(�) ∶= y
�1
n,U

(�)y
�2
n,U

(�), � ∈ (0, 2�), (�1, �2) ∈ [0, 1]2,

(14)y�
n,U

(�k,n) = (
√
2�n)−1

n�
t=1

�(0,�](Ut)e
i�k,nt
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The imposed assumption  (M) guarantees that the asymptotic normality √
M
�
T̃
(�1,�2)

n,M
− T (�1,�2)

�
⇝ N(0,V (�1,�2)) and the equality 

√
M(T

(�1,�2)

n,M
− T̃

(�1,�2)

n,M
) = oP(1) 

hold, under Condition 1.

Recall that under the null, the asymptotic variance V (�1,�2) in (10) simplifies to 
V
(�1,�2)

0
 in (11). Consequently, if V̂ (𝜏1,𝜏2)

0
 is a consistent estimator of V (�1,�2)

0
 , we define a 

normalized version of the test statistic by

It follows from Theorem  1 that a test with asymptotic level of significance � is 
obtained by rejecting the null hypothesis if

where z1−� denotes the 1 − � quantile of the standard normal distribution.
We employ the smoothed CR-periodogram (6) to construct the consistent estima-

tor of V (�1,�2)

0
 . That is, we define V̂ (𝜏1,𝜏2)

0
 by the same expression as that of V (�1,�2)

0
 

defined in Remark 2, but with fq�1 ,q�2 (�) in (11) replaced by Ĝn,R(𝜏1, 𝜏2;𝜔) defined in 
(6). In the sequel, we consider the test statistic (15), with V̂ (𝜏1,𝜏2)

0
 defined in this way.

In order to establish the asymptotic distribution of Z(�1,�2)

n,M
 , we require the weights 

Wn in (6) to satisfy the following assumption, which is quite standard in classical 
time series analysis (see, e.g., Brillinger 2001, pp. 147).

(W) The weight function W is real-valued and even, with support [−�,�] ; moreo-
ver, it has bounded variation and satisfies ∫ �

−�
W(u) du = 1.

Denoting by bn > 0 , n = 1, 2,⋯ , a sequence of scaling parameters such that 
bn → 0 and nbn → ∞ as n goes to infinity, define

Then, the asymptotic result of Z(�1,�2)

n,M
 is stated as follows.

Theorem 2  Suppose assumptions (M) and (W) hold. Assume that x0 has a continu-
ous distribution function F and that there exist constants 𝜅 > 0 and k ∈ ℕ , such that

Then, under Condition 1, if the null hypothesis (3) holds and �1, �2 ∈ [0, 1] , then the 
test statistic Z(�1,�2)

n,M
 converges in distribution to the standard normal distribution.

Remark 4  One key merit for the statistic of Dette et al. (2011a) is that the variance is 
estimated by a statistic that is independent of any tuning parameters. But the consist-
ency of the variance estimator relies on that the time series {xt} is a linear process. 

√
M
�
T
(�1,�2)

n,M
− T (�1,�2)

�
=
√
M
�
T
(�1,�2)

n,M
− T̃

(�1,�2)

n,M

�
+
√
M
�
T̃
(�1,�2)

n,M
− T (�1,�2)

�
.

(15)Z
(𝜏1,𝜏2)

n,M
=
√
MT

(𝜏1,𝜏2)

n,M

��
V̂
(𝜏1,𝜏2)

0
.

(16)Z
(�1,�2)

n,M
≥ z1−� ,

Wn(u) ∶=

∞∑
j=−∞

b−1
n
W(b−1

n
[u + 2�j]).

hn = o(n−1∕(2k+1)) and bnn
1−�

→ ∞.
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However, for our proposed statistic, since the process {𝕀(0,�](Ut), t ∈ ℤ} is nonlin-
ear, the consistent estimator of V (�1,�2)

0
 that is independent of tuning parameters is 

unavailable.

4 � Practical issues and numerical results

In this section, we first give some remarks on choosing tuning parameters, and then 
report some numerical results to evaluate the finite sample performance of the pro-
posed test.

4.1 � Some remarks on choosing tuning parameters

When applying the proposed statistic (15) in practice, there are three tuning parame-
ters, the weight function W, the scaling parameter bn and the integer M. They should 
be pre-specified. In this section, we discuss their choices.

1. Choice of W. The weight function recommended is the Epanechnikov ker-
nel, i.e., W(x) =

3

4�
(1 − (

x

�
)2)�[−�,�](x) . It is the optimal kernel of order (0,2), in the 

meaning that it minimizes both the asymptotic variance and the asymptotic inte-
grated mean square error for a given scaling parameter (Gasser et al. 1985).

2. Choice of bn . It is well known that the choice of bn is much more crucial than 
the choice of W in estimating a density function (e.g. Silverman 1986). However, the 
choice of bn exerts the effect on an integral of spectral estimates in Z(�1,�2)

n,M
 . The bn 

first appears in the estimate of fq�1 ,q�2 (�) . Then, their functions are integrated with 
respect to � . The integral operation results in that the estimate V̂ (𝜏1,𝜏2)

0
 is not very 

sensible to the choice of bn . As an example to show the insensibility, we consider an 
AR(1) model of the form xt = −0.3xt−1 + �t (Model  A), where �t , t = 1, 2,… , are 
independent N(0,  1)-distributed random variables. For each sample size 
n = 125, 250, 500, 1000 and each pair of levels, with values in {0.10, 0.50, 0.90} , we 
compute the ratios of V̂ (𝜏1,𝜏2)

0
 under two different choices of bn , n−1∕5 and n−1∕3 , based 

on 500 Monte Carlo replications. Presented in Fig. 1 are the boxplots for the ratios 
of V̂ (𝜏1,𝜏2)

0
 . It can be evidenced from Fig. 1 that the bn are different, but the medians of 

ratios are very close to 1 for each sample size n and each pre-specified level pair 
(�1, �2) . Moreover, as n goes to infinity, the ratio of V̂ (𝜏1,𝜏2)

0
 approaches 1.

3. Choice of M. On one hand, M should be taken to satisfy M ≤ [n∕2] since the 
CR-periodogram is defined as a piecewise constant function and its value changes 
only at �k,n = 2�k∕n , k = 1,… , [n∕2] . On the other hand, to guarantee that the 
standard normal distribution can provide a good approximation to the null distri-
bution of the test statistic Z(�1,�2)

n,M
 , M should satisfy Condition 1. Combining these 

two hands, it is natural to choose M with the form of M = min{[n∕2], [Cn1∕2−�]} , 
where C > 0 and � ∈ (0, 1∕2) are two constants. By our empirical results, if 
n ≤ 2500 and M = [n∕2] , the proposed test (16) performs well. For n > 2500 , we 
can set M = [Cn1∕3] with C ∈ [80, 100] for security. Therefore, we recommend 
using M = min{[n∕2], [Cn1∕3]} in practice, where C ∈ [80, 100] is a pre-specified 
constant.
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4.2 � Numerical examples

In this section, we report some numerical evidence pertaining to evaluate the 
finite sample performance of the proposed test (16) when applied to test the 
hypothesis (3). All results in the considered examples are based on 1000 Monte 
Carlo replications.

In all the simulation examples, we set the nominal size � = 5% . In comput-
ing the values of test statistic, we choose the weight function W to the Epanech-
nikov kernel, and set bn = n−1∕5 and M = [n∕2] . All these settings are in accord-
ance with the remarks in Sect. 4.1. We consider three different choices of (�1, �2) , 
(0.10,0.50) (0.10,0.90) and (0.50,0.90). Note that, under the finite sample circum-
stance, the y�

n,c
(�) approaches a constant, as � tends to zero or one. It means that 

the proposed test may fail to work if �1 is taken too small or �2 too large. In prac-
tice, we recommend choosing the smallest value of �1 to 0.05 or 0.10, and the 
largest value of �2 to 0.90 or 0.95.

To illustrate the performance of test (16) under the null, we consider three 
models that behave the pairwise time reversibility at three considered quantile 
pairs. The models are given as

Model A (AR(1) model.) xt = −0.3xt−1 + �t , t = 1,… , n.
Model B (ARMA(1, 1) model.) xt = −0.8xt−1 + 1.25�t−1 + �t , t = 1,… , n.
Model C (independent t(1) model.) xt = �t , t = 1,… , n.
In Models A and B, �t , t = 1, 2,… , are independent N(0, 1)-distributed random 

variables, while in Model C, they are independent t(1)-distributed random varia-
bles, where t(�) denotes the Student t distribution with � degrees of freedom. The 
time reversibility of Models A, B and C is obvious since they are series of either 
Gaussianity or independence.

To show the performance of test (16) for the models of time irreversibility, we 
consider four models. The first two, Models A′ and B ′ , admit, respectively, the 
same expressions as Models A and B, but �t , t = 1, 2,… , are independent t(�)-dis-
tributed random variables. The last two are given as:

Model D (ARCH(1) model.) xt = (1∕1.9 + 0.9x2
t−1

)1∕2�t , t = 1,… , n , where �t , 
t = 1, 2,… , are independent t(1)-distributed random variables.
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)

0
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) = (0.50, 0.90)
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Model  E (QAR(1) model.) xt = 0.1Φ−1(�t) + 1.9(�t − 0.5)xt−1  (cf.Koenker and 
Xiao 2006), t = 1,… , n , where {�t} is a sequence of i.i.d. uniformly distributed ran-
dom variables on [0,1], and Φ denotes the cdf of the N(0, 1).

For each sample size n = 125, 250, 500, 1000, 2000 and each considered model, 
we calculated the rejection rate of our proposed test (16) from simulated data. Pre-
sented in Table 1 are empirical rejection probabilities for Models A, B and C, while 
those for Models A′ , B ′ , D and E are presented in Table 2.

Results in Table 1 show that each empirical type I error rate is very close to the 
pre-specified nominal value. We conclude from Table 2 as follows. First, for most 
of considered models, the performance of test (16) improves significantly with 
increasing n. Take Model A′ ( � = 1 ) as an example. From the nonparametric esti-
mates of the CSDKs  (Dette et  al. 2015), it displays a time irreversible impact of 
extreme values on the central ones, but does not between the symmetric lower and 
upper extreme values. These properties are also evidenced from the simulation study 
of test (16). The empirical rejection ratios at level pairs (0.10,0.50) and (0.50,0.90) 
increase with increasing n, but those at the pair (0.10,0.90) approach the nominal 
level of significance. Second, by the aid of test (16), the detailed time irreversibility 
of a time series at any couple of quantiles can be detected. For Model A′ ( � = 1 ), it 
achieves the time irreversible impact of extreme values on the central ones, but the 
time irreversibility impact between symmetric lower and upper extreme values (i.e., 
P(xt ≤ q0.1, xt−k ≤ q0.9) ≠ P(xt ≤ q0.1, xt+k ≤ q0.9) for all k) for Model D. For Mod-
els B′ ( � = 1 ) and D, the time irreversibility is shown at all considered couples of 
quantiles. The time irreversibility of Model D is also consistent to the Bayesian esti-
mates of the CSDKs (Zhang 2019).

The simulation results for Models A′ ( � = 5 ) and B ′ ( � = 5 ) show that the rejec-
tion rates are close to the nominal one, � = 0.05 . Although the time irreversibility of 
Models A′ ( � = 5 ) and B ′ ( � = 5 ) is known, it is nearly not detected by the proposed 
test. Even so, it can not be concluded that the capability of the proposed test to detect 
time irreversibility is unbelievable. Indeed the performance of the test is poor for these 
two models. But it is due to that these models achieve the time reversibility approxi-
mately at quantile pairs (q0.1, q0.5) , (q0.1, q0.9) and (q0.5, q0.9) , though not exactly. Taking 

Table 1   Rejection probabilities 
of the test (16) from simulated 
data of Models A, B and C

Model (�
1
, �

2
) n

125 250 500 1000 2000

A (0.10,0.50) 0.051 0.047 0.059 0.051 0.056
(0.10,0.90) 0.065 0.052 0.055 0.050 0.051
(0.50,0.90) 0.046 0.039 0.042 0.045 0.042

B (0.10,0.50) 0.036 0.050 0.049 0.036 0.042
(0.10,0.90) 0.049 0.055 0.049 0.054 0.056
(0.50,0.90) 0.054 0.040 0.057 0.051 0.045

C (0.10,0.50) 0.057 0.058 0.060 0.050 0.044
(0.10,0.90) 0.046 0.054 0.064 0.047 0.040
(0.50,0.90) 0.047 0.054 0.061 0.058 0.055
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Model A′ as an example, even for the case of � = 1 , the CSDK �U
k
(�1, �2) is nearly 

symmetric about k = 0 if (�1, �2) = (0.1, 0.5) , (0.1,0.9) or (0.5,0.9), not to mention the 
case of � = 5 ; see Fig. 2, where the plots of �U

k
(0.1, 0.5) , �U

k
(0.1, 0.9) and �U

k
(0.5, 0.9) 

for Model A′ ( � = 1 ) are presented from the left-hand to right-hand sides.
The axial symmetry of �U

k
(�1, �2) about k = 0 implies the pairwise time reversibility 

of {xt}t∈ℤ at quantile pair (q�1 , q�2).
In Section S2.1 of the supplement, we also present empirical rejection probabilities 

for all considered models by using Daniell kernel, W(x) =
1

2�
�[−�,�](x) , as the weight 

function. As is expected, the empirical rejection probabilities are insensitive to the 
choice of weight function. In Section S2.2 of the supplement, for comparison of the 
power, we present empirical rejection probabilities of the four tests that target the time 
irreversibility at all � ’ null, the RR test of Ramsey and Rothman (1996), the CCK test 
of Chen et al. (2000), the PP test of Paparoditis and Politis (2002) and the BS test of 
Beare and Seo (2014), for the same models that are currently considered. The compari-
son shows that empirical power of the proposed test (16) is reasonably high.

Table 2   Rejection probabilities 
of the test (16) from simulated 
data of Models A′ , B ′ , D and E

Model (�
1
, �

2
) n

125 250 500 1000 2000

A′(� = 1) (0.10,0.50) 0.086 0.118 0.104 0.174 0.236
(0.10,0.90) 0.100 0.087 0.059 0.058 0.057
(0.50,0.90) 0.078 0.100 0.139 0.187 0.238

A′(� = 5) (0.10,0.50) 0.037 0.058 0.043 0.063 0.071
(0.10,0.90) 0.059 0.067 0.049 0.057 0.071
(0.50,0.90) 0.048 0.046 0.037 0.054 0.057

B′(� = 1) (0.10,0.50) 0.122 0.138 0.170 0.200 0.237
(0.10,0.90) 0.274 0.204 0.158 0.118 0.111
(0.50,0.90) 0.112 0.147 0.187 0.206 0.251

B′(� = 5) (0.10,0.50) 0.053 0.046 0.057 0.058 0.050
(0.10,0.90) 0.058 0.047 0.066 0.061 0.072
(0.50,0.90) 0.044 0.048 0.044 0.054 0.051

D (0.10,0.50) 0.056 0.052 0.049 0.081 0.106
(0.10,0.90) 0.269 0.329 0.376 0.431 0.461
(0.50,0.90) 0.041 0.053 0.072 0.076 0.107

E (0.10,0.50) 0.125 0.196 0.273 0.406 0.610
(0.10,0.90) 0.234 0.315 0.482 0.693 0.924
(0.50,0.90) 0.139 0.170 0.249 0.371 0.598



717

1 3

A copula spectral test for pairwise time reversibility﻿	

5 � An empirical example

In this section, we apply the proposed test to analyze the time reversibility of daily 
return for various stock market indices. The data are taken from Yahoo!Fiance 
and contain four market indices from January 1, 2010 through December 31, 
2018. The indices are the Dow Jones Industrial Average (DJIA), National Associ-
ation of Securities Dealers Automated Quotations Composite (NASDAQ), Stand-
ard and Poor’s 500 (S &P500) and Russell 2000 (RS2000). Each series contains 
n = 2263 daily close prices. We let xt = 100(logPt − logPt−1) , which denotes the 
daily return of the index Pt.

We consider testing the null (3) by the test (16). The levels of (�1, �2) are 
selected from {0.10, 0.50, 0.90} . The weight function W, the scaling parameter bn 
and the integer M are set the same as in Sect. 4. For the purpose of comparison, 
we also consider the CCR test (Chen et al. 2000) with exponential weight func-
tion g(�) = exp(−�)�(0,∞)(�) . Thus, the CCR test statistic is given by

with 𝜓̄exp,k =
1

n−k

∑n

t=k+1
𝜓exp(xt − xt−k) and

where �exp(�) = �∕(1 + �2) , and

(17)Cn,k =
√
n − k 𝜓̄exp,k∕𝜎̂exp,k,

𝜎̂2
exp,k

=
1

n − k

n∑
t=k+1

(𝜓exp(xt − xt−k) − 𝜓̄exp,k)
2

+
2

n − k

n−k−1∑
v=1

𝜅(v)

n∑
t=v+k+1

(𝜓exp(xt − xt−k) − 𝜓̄exp,k)(𝜓exp(xt−v − xt−v−k) − 𝜓̄exp,k),
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Fig. 2   Plots of �U
k
(0.1, 0.5) , �U
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(0.1, 0.9) and �U

k
(0.5, 0.9) for Model A′  ( � = 1)
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is a kernel function ensuring that 𝜎̂2
exp,k

 is nonnegative. Since both Z(�1,�2)

n,M
 and Cn,k are 

asymptotically standard normal under the null and independent of any model 
moment restriction, the CCR test

serves a good reference to evaluate the proposed test (16). For the CCR test (18), we 
consider four choices of lag parameters k = 1, 2, 3, 4 . The observed values of test 
statistics Z(�1,�2)

n,M
 and Cn,k and the p values are summarized in Table 3.

As shown in Table  3, each considered return series is time irreversible, since 
there exists at least one value of k such that the p value of test (18) is very close to 
zero. However, given � = 0.05 level of significance, we can obtain more detailed 
conclusions from test (16) than those from test (18). On one hand, the time irrevers-
ible impact between symmetric extreme values is very strong for each return series 
of considered market indices, since each p value of test (16) is zero for the case of 
(�1, �2) = (0.10, 0.90) . On the other hand, the time irreversible impact of extreme 
values on the central ones is different among different return series. For the returns 
of DJIA, NASDAQ and S &P500, the time irreversible impact of lower and upper 
extreme values on the central ones is clear, since p values of test (16) are less than 
0.05 for the cases of (�1, �2) = (0.10, 0.50) and (0.50,0.90). However, for the returns 
of RS2000, they appear the time reversible impact of the lower extreme values but 
do not of the upper extreme values, on the central ones. These test results can be 
used in selecting an appropriate model for the real data. If there are several alterna-
tive models that are used to fit the real data, in practice, one can select the model 
that is consistent with the pairwise time reversibility of the data at pre-specified 
quantile pairs.

�(v) =
(
1 −

v

n − k

)
[1 − 0.5(n − k)−1∕3]v +

v

n − k
[1 − 0.5(n − k)−1∕3]n−k−v

(18)Cn,k ≥ z1−�

Table 3   Observed values of test statistics (15) and (17) for each daily return of market indices, with cor-
responding p values

(�
1
, �

2
) in Z(�

1
,�
2
)

n,M

k in C
n,k

Index (0.10,0.50) (0.10,0.90) (0.50, 0.90) 1 2 3 4

DJIA statistic 2.220 3.777 1.725 3.351 2.053 2.102 4.389
pvalue 0.013 0.000 0.042 0.001 0.020 0.018 0.000

NASDAQ statistic 2.052 3.955 2.204 2.951 3.006 2.106 5.576
pvalue 0.020 0.000 0.014 0.002 0.001 0.018 0.000

S &P500 statistic 3.305 4.786 2.889 3.803 2.270 2.395 4.857
pvalue 0.000 0.000 0.002 0.000 0.012 0.008 0.000

RS2000 statistic 0.847 4.426 2.739 1.616 1.413 2.417 3.906
pvalue 0.199 0.000 0.003 0.053 0.079 0.008 0.000
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6 � Conclusion

In this paper, we propose a nonparametric test approach to detect the pairwise 
time irreversibility at any couple of quantile levels. The test statistic is independ-
ent of the lag parameter, and without any moment restriction. Moreover, the 
implementation of the test is easy in practice since the asymptotic distribution of 
the test statistic under the null and alternative hypotheses is normal.
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Acknowledgements  I would like to thank the Associate Editor and anonymous reviewers for their con-
structive comments that resulted in an improved version of the paper. This work was supported by the 
National Natural Science Foundation of China (Grant Numbers: 11671416, 11971116), the Natural Sci-
ence Foundation of Shanghai (grant number: 20JC1413800) and the research project of Shanghai Normal 
University (Grant Number: SK202239).

Appendix Details for the proofs in Sect. 3

This appendix contains the detailed proofs of Theorems 1 and 2. For ease of nota-
tion, we use C for any generic positive constant.

Main lemmas used in the proofs

Recall that the rth-order joint cumulant cum(�1,… , �r) of the random vector 
(�1,… , �r) is defined as

with summation extending over all partitions {�1,… , �p} , p = 1,… , r , of 
{1,… , r} (cf. Brillinger 2001, pp. 19). If �1 = ⋯ = �r = � , we use cumr(�) to denote 
cum(�1,… , �r).

Lemma 1  If assumption (M) holds, then the following assumption (C) also holds.

(C) There exist constants � ∈ (0, 1) and K < ∞ such that, for arbitrary intervals 
A1,… ,Ap ⊂ ℝ and arbitrary t1,… , tp ∈ ℤ,

Proof  Let �(n) ∶= sup{P(AB) − P(A)P(B) ∶ A ∈ �(xk;k ≤ 0), B ∈ �(xk;k ≥ n)} . 
According to Bradley (2005), we have �(n) ≤ 1

2
�(n) . Then, by applying Proposi-

tion 3.1 of Kley et al. (2016), we obtain the lemma. 	�  ◻

For � ∈ (0,�] and (�1, �2) ∈ [0, 1]2 , we denote

cum(�1,… , �r) ∶=
∑

{�1,…,�p}

(−1)p−1(p − 1)!
(
E
∏
j∈�1

�j
)
⋯

(
E
∏
j∈�p

�j
)
,

(19)||cum
(
�A1

(xt1 ),… , �Ap
(xtp )

)|| ≤ K�maxi,j |ti−tj|.

https://doi.org/10.1007/s10463-022-00859-x
https://doi.org/10.1007/s10463-022-00859-x
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where y�
n,U

(�) is defined in (14).
Then, according to (1.6) of Kley et al. (2015), we have the following lemma.

Lemma 2  If {xt}t∈ℤ is strictly stationary and satisfies assumption (C), then for every 
� ∈ (0,�] , we have

as n goes to infinity, where 𝕐 �1,�2 (�) = (ℂ�1(�),𝔻�1 (�),ℂ�2(�),𝔻�2 (�))T follows a 
four-dimensional zero-mean Gaussian distribution with covariance matrix 
1

2

(
Σ11 Σ12

Σ21 Σ22

)
 , with

Moreover, y�1,�2
n,U

(�) is asymptotically independent for distinct �’s.

Let Im I�1,�2 (�) = ℂ
�1(�)𝔻�2 (�) − 𝔻

�1 (�)ℂ�2(�) . Then, we have:

Lemma 3  If {xt}t∈ℤ is strictly stationary and satisfies assumption (C), then 
I�1,�2 (�) s are independent among distinct �’s; moreover, for every � ∈ (0,�] and 
�1, �2 ∈ [0, 1] , it holds

and

Proof  To prove (21) and (22), from Lemma 2, it suffices to verify

and

From (20), the equality (23) holds obviously. By using Lemma 2.2 of Nagao (1973) 
and (20), some straightforward calculations yield the equality (24).	�  ◻

y
�1,�2
n,U

(�) =
(
Re y

�1
n,U

(�), Im y
�1
n,U

(�), Re y
�2
n,U

(�), Im y
�2
n,U

(�)
)T
,

y
�1,�2
n,U

(�) ⇝ �
�1,�2 (�),

(20)Σij =

⎧
⎪⎪⎨⎪⎪⎩

�
fq�i ,q�i

(�) 0

0 fq�i ,q�i
(�)

�
, if i = j,

�
Refq�i ,q�j

(�) Imfq�i ,q�j
(�)

−Imfq�i ,q�j
(�) Refq�i ,q�j

(�)

�
, if i ≠ j.

(21)E
[
Im I�1,�2 (�)

]
= Imfq�1 ,q�2

(�)

(22)
E
[(
Im I�1,�2 (�)

)2]
=
3

2

(
Imfq�1 ,q�2

(�)
)2

+
1

2
fq�1 ,q�1

(�)fq�2 ,q�2
(�)

−
1

2

(
Refq�1 ,q�2

(�)
)2

=∶ A�1,�2
(�).

(23)E
[
ℂ

�1(�)𝔻�2 (�) − 𝔻
�1 (�)ℂ�2(�)

]
= Imfq�1 ,q�2

(�)

(24)E
[(
ℂ

�1(�)𝔻�2 (�) − 𝔻
�1 (�)ℂ�2(�)

)2]
= A�1,�2

(�).
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For p ≥ 2 , k1,… , kp−1 ∈ ℤ and the quantile levels �1,… , �p ∈ [0, 1] , consider 
the copula cumulant kernel of order p

where Ut = F(xt) . Note that, under assumption (C), the following quantity, which we 
call copula spectral density kernel of order p,

exists for all p ≥ 2 (pp. 1 of(Kley et al. 2015)).
Let

where Δn(�) ∶=
∑n

t=1
e−i�t.

By Theorem 1.3 of Kley et al. (2015), we obtain the following lemma directly.

Lemma 4  If {xt}t∈ℤ is strictly stationary and satisfies assumption (C), then

Since |Δn(�)| ≤ n holds, and fq�1 ,…,q�p
(�1,… ,�p−1) is bounded above uni-

formly for (�1,… ,�p−1) ∈ (0,�]p−1 (pp. 1 of Kley et al. 2015), we obtain:

Corollary 1  If {xt}t∈ℤ is strictly stationary and satisfies assumption (C), then

Lemma 5  If {xt}t∈ℤ is strictly stationary and satisfies assumption (C), then

and

hold uniformly for all �1, �2 ∈ [0, 1] and for all �,�1,�2 ∈ (0,�] . More generally, 
for each p ∈ ℕ and k1,… , kp ∈ ℕ,

�U
k1,…,kp−1

(�1,… , �p) ∶= cum
(
�(0,�1]

(U0), �(0,�1](Uk1
),… , �(0,�p](Ukp−1

)
)
,

fq�1 ,…,q�p
(�1,… ,�p−1) ∶=

1

(2�)p−1

∞∑
k1,…,kp−1=∞

�U
k1,…,kp−1

(�1,… , �p) e
−i(k1�1+⋯+kp−1�p−1)

�(�1,… , �p,�1,… ,�p) ∶=cum
(
y
�1
n,U

(�1),… , y
�p

n,U
(�p)

)

− (2�)p∕2−1n−p∕2Δn

( p∑
i=1

�i

)
fq�1 ,…,q�p

(�1,… ,�p−1),

(25)sup
�1,…,�p∈[0,1]

sup
�1,…,�p∈(0,�]

||�(�1,… , �p,�1,… ,�p)
|| = O(n−p∕2).

(26)sup
�1,…,�p∈[0,1]

sup
�1,…,�p∈(0,�]

||cum
(
y
�1
n,U

(�1),… , y
�p

n,U
(�p)

)|| = O(n1−p∕2).

(27)E
[
Im I

�1,�2
n,U

(�)
]
= Imfq�1 ,q�2

(�) + O(
1

n
)

(28)E
�
Im I

�1,�2
n,U

(�1) Im I
�1,�2
n,U

(�2)
�
= Imfq�1 ,q�2

(�1) Imfq�1 ,q�2
(�2) + O(

1√
n
)

(29)

E
��
Im I

�1,�2
n,U

(�1)
�k1

⋯

�
Im I

�1,�2
n,U

(�p)
�kp� = E

��
Im I�1,�2(�1)

�k1
⋯

�
Im I�1,�2 (�p)

�kp� + O(
1√
n
)



722	 S. Zhang 

1 3

hold uniformly for all �1, �2 ∈ [0, 1] and all �1,… ,�2 ∈ (0,�].

Proof  Note that,

First expressing moments of the form E[y�1
n,U

(�1)⋯ y
�p

n,U
(�p)] in terms of cumulants, 

then using (25) for p = 2 and (26) for p ≥ 3 recursively, we can obtain (27)–(29).
To illustrate, we only prove (27).
Expressing E[y�1

n,U
(−�)y

�2
n,U

(�)] in terms of cumulants, we obtain

According to (25), we have

where O( 1
n
) holds uniformly for all �1, �2 ∈ [0, 1] and all � ∈ (0,�] . Combining (31) 

with (32), we obtain

With arguments similar to prove (33), we have

Noting that E[y�
n,U

(�)] = (
√
2�n)−1�

∑n

t=1
ei�t , we find

Combining (30) and (33)–(35) yields

	�  ◻

Lemma 6  If assumption (M) is satisfied, then we have for each � ∈ [0, 1],

holds, where � can be taken to any constant satisfying 0 < 𝛿 < 1∕2 , as in 
Condition 1.

(30)

Im I
�1,�2
n,U

(�) =
I
�1,�2
n,U

(�) − I
�1,�2
n,U

(−�)

2 i
=

y
�1
n,U

(−�)y
�2
n,U

(�) − y
�1
n,U

(�)y
�2
n,U

(−�)

2 i
.

(31)E[y
�1
n,U

(−�)y
�2
n,U

(�)] = cum(y
�1
n,U

(−�), y
�2
n,U

(�)) + E[y
�1
n,U

(−�)]E[y
�2
n,U

(�)].

(32)

cum(y
�1
n,U

(−�), y
�2
n,U

(�)) = fq�1 ,q�2
(�) + �(�1, �2,−�,�) = fq�1 ,q�2

(�) + O(
1

n
),

(33)E[y
�1
n,U

(−�)y
�2
n,U

(�)] = fq�1 ,q�2
(�) + E[y

�1
n,U

(−�)]E[y
�2
n,U

(�)] + O(
1

n
).

(34)E[y
�1
n,U

(�)y
�2
n,U

(−�)] = fq�1 ,q�2
(−�) + E[y

�1
n,U

(�)]E[y
�2
n,U

(−�)] + O(
1

n
).

(35)E[y
�1
n,U

(−�)]E[y
�2
n,U

(�)] = E[y
�1
n,U

(�)]E[y
�2
n,U

(−�)].

E
[
Im I

�1,�2
n,U

(�)
]
=

fq�1 ,q�2
(�) − fq�1 ,q�2

(−�)

2 i
+ O(

1

n
) = Im fq�1 ,q�2

(�) + O(
1

n
).

(36)sup
�∈(0,2�]

|y�
n,R

(�) − y�
n,U

(�)| = oP(n
−1∕4+�∕2)
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Proof  If assumption (M) is satisfied, then for every 0 < 𝛿 < 1∕2 , there exists a 
𝜃 > 1∕𝛿 − 1 such that �(n) = O(n−�) . It follows from (A.13) of Dette et al. (2015) 
that

since 𝛿 > 1∕(1 + 𝜃) holds. This proves the lemma.	�  ◻

Lemma 7  If assumption (M) is satisfied, then

and

hold for any k ∈ ℕ and any � ∈ (0, 1∕2).

Proof  By Lemma  1, assumption (M) implies assumption (C). Since y�
n,U

(�) is 
defined as a piecewise constant function extended from (14), by Lemma A.6 of Kley 
et al. (2016), we have sup�∈(0,2�] |y�n,U(�)| = OP(n

1∕(2k)) for any k ∈ ℕ . Since the ine-
quality sup�∈(0,2�] |I�1,�2n,U

(�)| ≤ (
sup�∈(0,2�] |y�n,U(�)|

)2 holds, we obtain (37).
By applying the triangular inequality, we have

For any � ∈ (0, 1∕2) , choosing any �0 ∈ (0, �) , taking k = [1∕(� − �0)] and applying 
(36), we obtain

since sup�∈(0,2�] |y�n,R(�)| ≤ sup�∈(0,2�] |y�n,U(�)| + sup�∈(0,2�] |y�n,R(�) − y�
n,U

(�)| = OP(n
1∕(2k)) 

holds for any k ∈ ℕ . Similarly, we obtain 
sup�∈(0,2�] |y�2n,U(�)||y�1n,R(�) − y

�1
n,U

(�)| = oP(n
−1∕4+�∕2) . This proves (39).

Since we have (37) and (39), using the triangular inequality straightforwardly 
produces (38).	�  ◻

sup
�∈(0,2�]

|y�
n,R

(�) − y�
n,U

(�)| = n−1∕4(n
1

1+� log n)1∕2 log nOP(1)

= n−1∕4+�∕2
(log n)3∕2

n�∕2−1∕2(1+�)
OP(1) = n−1∕4+�∕2 oP(1),

(37)sup
�∈(0,2�]

|I�1,�2
n,U

(�)| = OP(n
1∕k),

(38)sup
�∈(0,2�]

|I�1,�2
n,R

(�)| = OP(n
1∕k)

(39)sup
�∈(0,2�]

|I�1,�2
n,R

(�) − I
�1,�2
n,U

(�)| = oP(n
−1∕4+�∕2)

|I�1,�2
n,R

(�) − I
�1,�2
n,U

(�)| = |y�1
n,R

(�)||y�2
n,R

(�) − y
�2
n,U

(�)| + |y�2
n,U

(�)||y�1
n,R

(�) − y
�1
n,U

(�)|.

sup
�∈(0,2�]

|y�1
n,R

(�)||y�2
n,R

(�) − y
�2
n,U

(�)| ≤ sup
�∈(0,2�]

|y�1
n,R

(�)| sup
�∈(0,2�]

|y�2
n,R

(�) − y
�2
n,U

(�)|
= OP(n

1∕(2k)) oP(n
−1∕4+�0∕2) = oP(n

−1∕4+�∕2),
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Lemma 8  If assumption (C) is satisfied, then the CSDK is uniformly Hölder continu-
ous, i.e.,

holds uniformly for all (�1, �2) ∈ [0, 1]2.

Proof  The assumption (C) implies that |Cov(�A1
(xt1 ), �A2

(xt2 ))| ≤ K�|t1−t2| holds for 
arbitrary intervals A1,A2 ⊂ ℝ and arbitrary t1, t2 ∈ ℤ , so does the �U

k
(�1, �2) . By the 

triangular inequality, we obtain

where the last inequality follows from the inequality |eia − 1| ≤ |a|.	�  ◻

Proofs of Theorems 1 and 2

Proof of Theorem 1. Let

and let

We have the decomposition

where T̃ (�1,�2)

n,M
 is given by (12).

To prove (9), it suffices to verify

(40)|fq�1 ,q�2 (�1) − fq�1 ,q�2
(�2)| ≤ C|�1 − �2|

|fq�1 ,q�2 (�1) − fq�1 ,q�2
(�2)| = |||

1

2�

∞∑
k=−∞

�U
k
(�1, �2)(e

−ik�1 − e−ik�2 )
|||

≤ 1

2�

∞∑
k=−∞

|�U
k
(�1, �2)| |e−ik�1 | |1 − eik(�1−�2)| ≤ K

2�
(

∞∑
k=−∞

k�k) |�1 − �2| = C|�1 − �2|,

T̃
(�1,�2)

M
=

�

M

M∑
m=1

Imfq�1 ,q�2

(m
M
�
)
fq�1 ,q�2

(m − 1

M
�
)
,

T
(�1,�2)

M
=

�

M

M∑
m=1

(
Imfq�1 ,q�2

(m
M
�
))2

.

√
M
�
T
(�1,�2)

n,M
− T (�1,�2)

�
=
√
M
�
T
(�1,�2)

n,M
− T̃

(�1,�2)

n,M

�
+
√
M
�
T̃
(�1,�2)

n,M
− T̃

(�1,�2)

M

�

+
√
M
�
T̃
(�1,�2)

M
− T

(�1,�2)

M

�
+
√
M
�
T
(�1,�2)

M
− T (�1,�2)

�
,

(41)
√
M
�
T
(�1,�2)

n,M
− T̃

(�1,�2)

n,M

� P
⟶0,

(42)
√
M
�
T̃
(�1,�2)

n,M
− T̃

(�1,�2)

M

�
⇝ N(0,V (�1,�2)),
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and

as n goes to infinity, where “  P
⟶ ” denotes convergence in probability.

Proof of (41). By the triangular inequality, we have

For any � ∈ (0, 1∕2) , choosing a �0 ∈ (0, �) and taking k = [2∕(� − �0)] , it follows 
from Lemma 7 that

holds. Similarly, we also have B2,n,M = oP

(√
M

n1∕2−�

)
 . This proves (41).

Proof of (42). According to Lemma P4.5 of Brillinger (2001), to prove (42), it is 

required to check that the q-th-order cumulant of 
√
M
�
T̃
(�1,�2)

n,M
− T̃

(�1,�2)

M

�
 behaves in the 

manner required by the N(0,V (�1,�2)) , for each q ≥ 1.

By (28), we know E
�√

M
�
T̃
(�1,�2)

n,M
− T̃

(�1,�2)

M

��
= O(

√
M∕n) . This indicates that the 

first cumulant behaves in the manner required.
From (29), we obtain that for each k ∈ ℕ,

holds. This implies that

(43)
√
M
�
T̃
(�1,�2)

M
− T

(�1,�2)

M

�
⟶ 0

(44)
√
M
�
T
(�1,�2)

M
− T (�1,�2)

�
→ 0,

��
√
M
�
T
(�1,�2)

n,M
− T̃

(�1,�2)

n,M

���

≤ �√
M

M�
m=1

��Im I
�1,�2
n,R

�m − 1

M
�
�����Im I

�1,�2
n,R

�m
M
�
�
− Im I

�1,�2
n,U

�m
M
�
���

+
�√
M

M�
m=1

��Im I
�1,�2
n,U

�m
M
�
�����Im I

�1,�2
n,R

�m − 1

M
�
�
− Im I

�1,�2
n,U

�m − 1

M
�
���

=∶ B1,n,M + B2,n,M .

B1,n,M ≤ �
√
M sup

�∈(0,2�]

�I�1,�2
n,R

(�)� sup
�∈(0,2�]

�I�1,�2
n,R

(�) − I
�1,�2
n,U

(�)�

= oP(M
1∕2∕n1∕4−�0∕2−1∕k) = oP

��
M

n1∕2−�

�

E
�� M�

m=1

Im I
�1,�2
n,M

�m
M
�
�
Im I

�1,�2
n,M

�m − 1

M
�
��2�

= E
�� M�

m=1

Im I�1,�2
�m
M
�
�
Im I�1,�2

�m − 1

M
�
��2�

+ O(
M2

√
n
)
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with

Employing Lemma 3 in combination with straightforward derivations yields

where A�1,�2
(⋅) is defined in (22). As M goes to infinity, we have an alternative 

expression of (46) as

Combining (45) with (47) shows that the second-order cumulant of √
M
�
T̃
(�1,�2)

n,M
− T̃

(�1,�2)

M

�
 behaves in the manner required.

Finally, we prove the equality

holds for general q ≥ 3.
Since the equality

(45)Var
�√

MT̃
(�1,�2)

n,M

�
= V

(�1,�2)

M
+ O

� M

n1∕2

�
,

V
(�1,�2)

M
=

�2

M

M∑
m=1

Var
(
Im I�1,�2 (

m

M
�)Im I�1,�2 (

m − 1

M
�)
)

+ 2
�2

M

M∑
m=2

Cov
(
Im I�1,�2 (

m

M
�)Im I�1,�2 (

m − 1

M
�), Im I�1,�2 (

m − 1

M
�)Im I�1,�2 (

m − 2

M
�)
)
.

(46)

V
(�1,�2)

M
=
�2

M

M∑
m=1

{
A�1,�2

(m
M
�
)
A�1,�2

(m − 1

M
�
)

−
(
Imfq�1 ,q�2

(m
M
�
))2(

Imfq�1 ,q�2

(m − 1

M
�
))2}

+ 2
�2

M

M∑
m=2

{
Imfq�1 ,q�2

(m
M
�
)
A�1,�2

(m − 1

M
�
)
Imfq�1 ,q�2

(m − 2

M
�
)

− Imfq�1 ,q�2

(m
M
�
)(
Imfq�1 ,q�2

(m − 1

M
�
))2

Imfq�1 ,q�2

(m − 2

M
�
)}

,

(47)

V
(�1,�2)

M
=

�2

M

M∑
m=1

{(
A�1,�2

(m
M
�
))2

−
(
Imfq�1 ,q�2

(m
M
�
))4}

+ 2
�2

M

M∑
m=2

{(
Imfq�1 ,q�2

(m
M
�
))2

A�1,�2

(m
M
�
)
−
(
Imfq�1 ,q�2

(m
M
�
))4}

+ o(1)

= V (�1,�2) + o(1).

(48)cumq(
√
MT̃

(�1,�2)

n,M
) = O

�Mq∕2

n2q−4

�
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holds, to prove (48), it suffices to check

holds uniformly for �1,… ,�2q ∈ (0,�] . According to (30), to check (49), we need 
only to verify

holds uniformly for �1,… ,�2q ∈ (0,�] . Since we have established (26), using 
Theorem 2.3.2 of Brillinger (2001) yields (50). This proves (48) and indicates that 
the q-th-order ( q ≥ 3 ) cumulant of 

√
M
�
T̃
(�1,�2)

n,M
− T̃

(�1,�2)

M

�
 behaves in the manner 

required.
Now, all the cumulants of 

√
M
�
T̃
(�1,�2)

n,M
− T̃

(�1,�2)

M

�
 behave in the manner required 

by the N(0,V (�1,�2)) . This proves (42).
Proof of (43). Employing Lemmas  1 and 8 in combination with the triangular 

inequality, we have that

as M goes to infinity.
Proof of (44). According to the first mean value theorem for definite inte-

grals (e.g., Comenetz 2002, pp. 159), we obtain

where �m ∈ (
m−1

M
�,

m

M
�) , m = 1,… ,M . Then, by the triangular inequality and the 

Hölder continuity (40), we have

cumq(
√
MT̃

(�1,�2)

n,M
) =

�q

Mq∕2

M�
m1=1

⋯

M�
mq=1

�
cum

�
Im I

�1,�2
n,U

�m1

M
�
�
Im I

�1,�2
n,U

�m1 − 1

M
�
�
,

⋯ , Im I
�1,�2
n,U

�mq

M
�
�
Im I

�1,�2
n,U

�mq − 1

M
�
���

(49)
cum

(
Im I

�1,�2
n,U

(�1) Im I
�1,�2
n,U

(�2),… , Im I
�1,�2
n,U

(�2q−1) Im I
�1,�2
n,U

(�2q)
)
= O

(
n4−2q

)

(50)

cum
(
y
�1
n,U

(�1)y
�2
n,U

(�1) y
�1
n,U

(�2)y
�2
n,U

(�2),… , y
�1
n,U

(�2q−1)y
�2
n,U

(�2q−1) y
�1
n,U

(�2q)y
�2
n,U

(�2q)
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= O
(
n4−2q

)

(51)

√
M��T̃ (�1,�2)

M
− T

(�1,�2)

M
��
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M

M�
m=1

��Imfq�1 ,q�2

�m
M
�
��� ���Imfq�1 ,q�2

�m
M
�
�
− Imfq�1 ,q�2

�m − 1

M
�
����

≤ C
1√
M

⟶ 0,

√
M
�
T
(�1,�2)

M
− T (�1,�2)

�

=
√
M

M�
m=1

��
Imfq�1 ,q�2

�m
M
�
��2 �

M
− ∫

m

M
�

m−1

M
�

�
Imfq�1 ,q�2

(�)
�2

d�
�

=
�√
M

M�
m=1

��
Imfq�1 ,q�2

�m
M
�
��2

−
�
Imfq�1 ,q�2

�
�m
��2�

,
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as M goes to infinity. This completes the proof.
Proof of Theorem 2. Under the assumptions of Theorem 2, it follows from Theo-

rem 3.5 of Kley et al. (2016) that Ĝn,R(𝜏1, 𝜏2;𝜔) is a consistent estimator of fq�1 ,q�2 (�) 
for each pair of levels (�1, �2) . Then, Combining Theorem 1, the continuous mapping 
theorem and the definition of definite integral, we obtain the results of Theorem 2.
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