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Abstract

In this paper, we estimate the high-dimensional precision matrix under the weak
sparsity condition where many entries are nearly zero. We revisit the sparse col-
umn-wise inverse operator estimator and derive its general error bounds under the
weak sparsity condition. A unified framework is established to deal with various
cases including the heavy-tailed data, the non-paranormal data, and the matrix vari-
ate data. These new methods can achieve the same convergence rates as the existing
methods and can be implemented efficiently.

Keywords Gaussian graphical model - High-dimensional data - Lasso - Precision
matrix - Weak sparsity

1 Introduction

In the high-dimensional data analysis, estimating the population covariance matrix
X and the precision matrix 2 = X! are fundamental problems. The covariance
matrix or the precision matrix characterizes the structure of the relation among
covariates. Many statistical references can benefit from these structures if they can
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be precisely estimated. We refer to Tong et al. (2014); Fan et al. (2016) and Cai
(2017) for recent reviews.

In the high-dimensional regime where the data dimension is very large, estimat-
ing the covariance matrix or the precision matrix is challenging since the freedom
of parameters are squared order of the data dimension. In literature, there have been
a variety of methods which are proposed to estimate X or €. For the population
covariance matrix X, Bickel and Levina (2008) and El Karoui (2008) constructed
consistent estimation by thresholding the sample covariance matrix. This idea was
further developed by Rothman et al. (2009) and Cai and Liu (2011). For the preci-
sion matrix estimation, there have been many methods based on penalization. Yuan
and Lin (2007) considered a ¢ |-penalized Gaussian maximum likelihood estimator
and Friedman et al. (2008) designed an efficient block coordinate descent algorithm
for this so-called graphical Lasso method. Noting that estimating each column of the
precision matrix can be formulated as a linear regression problem, Cai et al. (2011)
proposed a constrained £, minimizatixon estimator (CLIME) based on Dantzig
selector (Candes and Tao 2007) and a similar estimator was also introduced by Yuan
(2010). Liu and Luo (2015) further proposed a sparse column-wise inverse operator
estimator which was essentially a Lasso-type analog of their earlier CLIME method.
Zhang and Zou (2014) considered a symmetric loss function which yielded a sym-
metric estimator directly, whereas other methods (e.g., Yuan 2010; Cai et al. 2011;
Liu and Luo 2015) needed an additional symmetrization step. There have been a
huge number of papers addressing the problem of the covariance matrix and the pre-
cision matrix estimation. For related methods and their connections, see the book by
Wainwright (2019)(e.g., Chapters 6 and 11).

Under high-dimensional settings, to obtain a consistent estimator of the covari-
ance matrix or the precision matrix, a sparsity condition is often imposed on the true
matrix. Namely, many entries of the matrix are exactly zero or nearly so. A target
matrix A = (a;) € RP? is said to be (strong) sparse or ¢, sparse, meaning that

p

£, sparse: max 2 la;|° < s.
j=1,...,p 4 : y
i=

That is, each column has at most s nonzero elements. The £, sparsity condition
requires that most entries of the matrix are exactly zero. A natural relaxation is to
consider the weak sparsity or 7, sparsity, that is

p
: |4
¢, sparse: ,fllaxp 2 lag|? <s,,
J=l.p e

for some g € [0, 1) and s, > O is a radius. Note that the £, sparsity condition is a spe-
cial case of £, sparsity condition with ¢ =0 and s, = 5. For estimating the covari-
ance matrix X, Bickel and Levina (2008) firstly provided the consistency result
under the 7, sparsity condition. Later, Rothman et al. (2009) and Cai and Liu (2011)
also studied the estimator with the weak £, sparsity condition. These estimators have
explicit forms based on thresholding the elements of the sample covariance matrix
and the theoretical analysis is relatively straightforward. As far as the precision
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matrix, the theoretical analysis is more challenging since the estimator usually does
not have an explicit form. Ravikumar et al. (2011) firstly established convergence
rates for the graphical Lasso. In details, under the strong sparse condition, they
derived the bounds under the matrix element-wise infinity, the spectral and the
Frobenius norm. The graphical Lasso, SCIO (Liu and Luo 2015), together with the
D-trace method (Zhang and Zou 2014) are all based on a loss function with a #; pen-
alty term. Technically, they all used the primal-dual witness technique (Wainwright,
2009) or its extensions to prove the consistency under the £, sparsity condition. Spe-
cially, in order to apply the primal-dual technique, an irrepresentability condition is
necessary; see Assumption 1 of Ravikumar et al. (2011), Section 5.2 of Zhang and
Zou (2014) and the formula (4) in Liu and Luo (2015). From the perspective of vari-
able selection or support recovery (Meinshausen and Biihlmann 2006), the strong
sparsity condition is a reasonable and also important criteria to evaluate the estima-
tion. However, from the perspective of matrix estimation, this condition is too
restricted. For example, the Toeplitz matrix Q = ( p""ﬂ)pX[7 for some p € (—1,1) is
an important matrix in statistics which does not satisfy the strong sparsity condition.

In this work, we focus on the 7, sparse or weak sparse case. Theoretically, for the
Dantzig-type methods, Yuan (2010); Cai et al. (2011) and Cai et al. (2016a) studied
the convergence bounds for the weak sparse matrices. Specially, they derived the
error bounds under the spectral norm, the matrix element-wise infinity norm and
the Frobenius norm of the estimation. Under the weak sparse settings, there is few
theoretical study on Lasso-type methods of the precision matrix estimation. Among
them, Sun and Zhang (2013) and Ren et al. (2015) exploited the scaled lasso (Sun
and Zhang 2012) to establish the optimal convergence rate for their precision matrix
estimators under the normality assumption.

In high-dimensional data analysis, there are various specific situations where we
need to estimate the precision matrix and many methods were proposed in the lit-
erature. Usually, these methods are based on the well-known procedure CLIME or
the graphical Lasso. For example, to study the data with heavy-tailed distributions,
Avella-Medina et al. (2018) considered a robust approach to estimate the popula-
tion covariance matrix and also the precision matrix. In details, they used the robust
covariance matrix as a pilot estimator and implemented the CLIME method. For
non-Guassian data, Liu et al. (2009) introduced a non-paranormal graphical model
to describe the correlation among covariates. Liu et al. (2012) and Xue and Zou
(2012) proposed a non-parametric rank-based estimator to estimate the covariance
matrix and the precision matrix of the non-paranormal graphical model. In details,
Liu et al. (2012) proposed four precision matrix estimators by plugging the rank-
based estimate into the Dantzig-type method (Yuan 2010), the CLIME (Cai et al.
2011), the graphical Lasso (Yuan and Lin 2007; Friedman et al. 2008) and the
neighbourhood pursuit estimator(Meinshausen and Biihlmann 2006). For the matrix
valued data where the covariance matrix and the precision matrix have certain struc-
tures such as Kronecker product, Leng and Tang (2012) and Zhou (2014) proposed
feasible methods to estimate the precision matrix for matrix data. In particular, Leng
and Tang (2012) used the graphical Lasso and Zhou (2014) considered both the
graphical Lasso and CLIME. These methods are driven by CLIME or the graphical
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Lasso. Computationally, it is well-known that the implementation of CLIME or
the graphical Lasso is time-consuming. As our recent work Wang and Jiang (2020)
showed, for p > n, the computation complexities of SCIO and D-trace are O(np?)
while the one of the graphical Lasso is O(p®) for general case (e.g., Witten et al.
2011, Sect. 3). For CLIME, each column is a Dantzig-selector regression and the
state of the art algorithm is “flare” (Li et al. 2015) which is based on the linearized
alternating direction method of multipliers proposed by Wang and Yuan (2012). For
each column, the subprogram involves a Lasso problem whose computation is time-
consuming. A detailed comparison on the computation time of these methods can be
found in Sect. 3. Motivated by the appealing computational efficiency, it is natural to
ask whether we can establish comparable convergence rates for Lasso-type methods
under the weak sparse case with mild conditions.

In this article, we revisit the SCIO method and generalize the theoretical proper-
ties of SCIO under the £, sparsity condition by a new analysis which is different
from the proof of Liu and Luo (2015). In details, we exploit the oracle inequality of
Lasso (Ye and Zhang 2010; Sun and Zhang 2012) and get the basic inequality for
the SCIO method. Therefore, we can derive error bounds from the basic inequality
directly and relax the common irrepresentability condition which is necessary for
the primal-dual witness technique. Accordingly, we provide a unified framework for
the SCIO method based on different types of covariance matrix estimation under
various cases. These new SCIO-based methods can get the same consistence results
as the ones based on CLIME and can be implemented more efficiently.

The SCIO estimation can be regarded as an example of the general M-estimation
(Wainwright 2019, Chapter 9). Negahban et al. (2012) provided a unified framework
of M-estimators with decomposable regularizes including £, penalty. They obtained
the error bounds under weak sparsity for several applications. However, the analysis
of Negahban et al. (2012) is based on the restricted strong convexity (RSC) condi-
tion which holds for Gaussian or sub-Gaussian distributions. For other complicated
cases such as the heavy-tailed or the non-paranormal assumption, it is challenging to
verify the RSC condition. In contrast, our analysis is based on the basic inequality
and also the structure of the precision matrix such as the symmetrization procedure
(Cai et al. 2011). We can establish reliable convergence rates of the SCIO method
under weak sparsity due to its neat structure and provide a unified framework which
is applicable for various distribution cases including the heavy-tailed distribution
and non-paranormal distribution.

The rest of the paper is organized as follows. In Sect. 2, we revisit the SCIO
method and derive the non-asymptotic results under the £, sparsity condition. In
Sect. 3, we consider four covariance matrix estimators: the common sample covari-
ance matrix for sub-Gaussian data, a Huber-type estimator for heavy-tailed data
(Avella-Medina et al. 2018), the nonparametric correlation estimator for non-para-
normal data (Liu et al. 2009) and the estimator for matrix variate data (Zhou 2014).
By plugging these estimators into the SCIO procedure, we can estimate the corre-
sponding precision matrix and derive the error bounds under the weak sparsity con-
dition. Moreover, we conduct simulations to illustrate the performance of these esti-
mators. Finally, we provide some brief comments in Sect. 4 and all technical proofs
of our theorems, propositions and corollaries are relegated to Appendix.
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2 Main results

We begin with some basic notations and definitions. For a vector

a=(ay... ,ap)T € RP, the vector norms are defined as follows
p
lal, = max |a,], |a], = 2 la;|,and |a|, =

1<i<p

i=1
For a matrix A = (q;) € RP*4, we define the matrix norms:

— The element-wise [, norm [|Al, = max,;, <<, 19l
— The spectral norm [|Al|, = supyy <; [AX|,;

— The matrix #; norm [|A[|, = max, ., o lagl;

P q 2.

— the Frobenius norm [[A||, = i1 ey G

— The element-wise £, norm ||A||, = f=1 27=1 |-

For index sets J C {1,...,p} and K C {1,...,q}, AJ" and A,’K denote the sub-
matrix of A with rows or columns whose indexes belong to J or K respectively. In
particular, A; and A ; are the ith row and jth column respectively. For a set J, ]
denotes the caxdmahty of J. For two real sequences {a, } and {b,}, write a, = O(b,)
if there exists a constant C such that|a,| < C|b, | holds for large n and a, = o(b,) if
lim,_,  a,/b, = 0. The constants C, C,,, C|, ... may represent different values at each
appearance.

2.1 SCIOrevisited

Suppose that 3 be an arbitrary estimator of the population covariance matrix X.
Taking 3 as the common sample covariance matrix, Liu and Luo (2015) proposed
the SCIO method which estimated the precision matrix column-wisely. Let e;
be the ith column of a p X p identity matrix and write 2 = (B, ..., f,). For each
i=1,...,p, we have

2B =e,

and SCIO estimates the vector f; via a £, penalized form

~

B, = argminﬂeRp{%ﬁTEﬂ—el.T,B+/1|,3||}a ey

where 4 > 0 is a tuning parameter. By stackmg the resultmg ﬁ together we can
obtain the precision matrix estimator 0= (ﬂl, ,6 ). Noting that Q may be
asymmetric a further symmetrization step is necessary. The final SCIO estimator

= (@), 1s defined as
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-~ ﬂ:‘/ if|ﬁg/‘| < |ﬁ;l|’
@y = O = { ﬁll otherwise. 2)

From the method’s perspective, SCIO is closely-related to other popular precision
matrix estimation methods. For example, the dual problem of (1) is a Dantzig-type
optimization problem

min|B|, subject to |ZB—el, < A, 3)

which is exactly the CLIME method (Cai et al. 2011). In a matrix form, (1) is equiv-
alent to

0= arg minBeRW{ %tr(BSBT> — t(B) + A|IBI|, }

To deal with the problem that the objective function above is not symmetric about
B, Zhang and Zou (2014) proposed the D-trace method which used the loss function

itr(Bf?BT> + %tr(BTEB) — tr(B).

Computationally, SCIO and D-trace use quadratic loss functions which can be
solved efficiently via standard optimization algorithms. More details can be found in
our recent work (Wang and Jiang 2020).

From the theoretical perspective, SCIO (Liu and Luo 2015), together with the
graphical Lasso (Ravikumar et al. 2011) and D-trace(Zhang and Zou 2014) are all
based on a loss function combined with a #; penalty term. To show the consistency
of the estimation, they all used the primal-dual witness technique (Wainwright 2009)
or its extensions under the £, sparsity condition. To apply the primal-dual technique,
an irrepresentability condition is also necessary; see Assumption 1 of Ravikumar
et al. (2011), Section 5.2 of Zhang and Zou (2014) and the formula (4) in Liu and
Luo (2015). In this work, we focus on exploring the theoretical property of the SCIO
under the weak sparsity condition and relaxing the irrepresentability condition.

2.2 SCIO for weak sparsity

Note that Ye and Zhang (2010) and Raskutti et al. (2011) considered the Lasso under
the Z,, sparsity condition. Here we study SCIO under the weak £, sparsity condition.
Before presenting the error bounds, we define the s,-sparse matrices class:

p
q
Uq(sp,Mp) = {Q = (a)ij)pxp : Q> 0, max Z 'a)lj| <s., ||.Q||Ll < Mp},
e

1<j<p
I

where s, represents the sparsity for columns of the precision matrix, and M, may
grow with the data dimension p. This matrix class was defined by Cai et al. (2011)
and see also Bickel and Levina (2008) for a similar definition about the population
covariance matrix.
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SCIO framework under weak sparsity 625

The first theorem refers to a convergence bound for the optimization problem (1)
in vector norms. This bound is established under the s,-sparse matrices class and
stated from a non-asymptotic viewpoint.

Theorem 1 Suppose Q€ U,s,,M,) for some 0=<gq<]1. Assume that
2232, I1Z - Zll, and | 174175, < 3 hold. Then

B - 81, < 16]1 21|, s, 4",
1B - Bl <41, A

The technical proof of Theorem 1 is based on a basic inequality analogous to
the one proposed by Sun and Zhang (2012). We actually only take the special case
where w = ¥ in Sun and Zhang (2012) into consideration. Ren et al. (2015) used a
similar trick and defined another weak sparsity based on a capped-¢’; measure. Their
analysis depends on the Gaussian assumption and each element estimation @; needs
to solve a scaled Lasso problem while SCIO can be solved efficiently and yields the
precision matrix estimation directly (Wang and Jiang 2020).

Remark 1 In Sun and Zhang (2013) and Ren et al. (2015), they used an alternative
definition of the weak sparsity, i.e., the capped | measure which is defined as
5,(€2) = max; Zle min{1, | ﬂ;l /t} for a threshold parameter 7. See also the exposi-

tory paper by Cai et al. (2016b). For every column j, by taking the index set
J = {j 18| > t}, we have

p
D min{L,g:1/t} = ||+ |8\ /1.
i=1

A slight modification of the proof in Theorem 1 yields
18— "1, < max{12|6}.1,, 1641J][|2ll,, } < 1615,(R)

with 7 = A]| Q|| . Thus we can extend our theoretical result to the capped ¢ meas-
ure. Moreover, by the discussion in Ren et al. (2015), our result can also be extended
to the weak Z, ball sparsity condition.

Given the non-asymptotic bounds of ﬁ — B*, we remark that the symmetrization
step (2) is also crucial for the precision matrix estimation. Yuan (2010) conducted
another symmetrization procedure which was based on an optimization problem. In
the next theorem, we present a non-asymptotic bound between the symmetric SCIO
estimator © and the true precision matrix € under the matrix norms.

Theorem 2 Suppose Q€ U,s,,M,) for some 0=<gq<]1. Assume that
22312, I1Z - Zll, and | 2174175, < 3 hold. Then
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12 - Q| <4l 4)
and
12 - @I, <6612, )" s,. )

In Theorem 2, we develop a unified framework for establishing convergence
rates for the SCIO method. For any covariance matrix estimator 3 with the bound
||§ — 2|l = 0,(1), the error bounds for the SCIO estimator under the matrix
¢ norm and the matrix £, norm are provided. Some specific examples with dif-
ferent choices of 3 will be discussed in the next section. It is noted that we can
further refine the error bound in Theorem 2 by considering the tuning parameter
A> 3||§.Q —1I]|,. However, for some covariance matrix estimators 2, it is not
trivial to derive the bound ||2.Q —1IJ| . For the conciseness and uniformity of our
result statement, we consider 4 > 3(|Q||, ||§ — 2|, here and will provide some
comments about achieving the optimal bound for detailed applications later. Moreo-
ver, the £, norm (4) and the matrix £, norm (5) are very useful and can yield other
matrix bounds directly. For example, by the Gershgorin circle theorem, we can
obtain the bound for the spectral norm

12 - Qll, < 12 - |, < 66(Al|21l,,)" s,
and for the Frobenius norm, we have
%nb —QR < 12— 2|, 12- Q.
< 2644279 Q|| ;l“fsp.
The matrix ¢, norm (5) also plays an important role in many statistical inference.
For example, an appropriate matrix £, bound can help to establish the asymptotic

distribution of the test statistics in Cai et al. (2014) or lead to the consistency of the
thresholding estimation in Wang et al. (2019).

3 Applications of the unified framework
To illustrate the non-asymptotic bounds of Theorem 2, we apply the SCIO method
to several covariance matrix estimations. In details, for each plug-in covariance esti-

mator 2, we derive the bound ||2 — 2|, under high probability and apply Theo-
rem 2 to show the consistency of the final precision matrix estimators €.

3.1 Sample covariance matrix

As a motivating application, we study the sample covariance matrix

@ Springer



SCIO framework under weak sparsity 627

n

D (X, - X) (X, -X)"

k=1

3 =

S =

where X; € R”, k =1, ..., n are independent and identically distributed (i.i.d.) sam-
ples and X =n~' }7/_, X, is the sample mean. Liu and Luo (2015) analyzed the
sample covariance matrix and derived the consistency of SCIO under the £, sparsity
condition and also a related irrepresentable condition. With the aim at more general
Z, sparsity setting, we state the technical conditions as the following:

(A1). (Sparsity restriction) Suppose that 2 € U, (s,, M,,) for a given g € [0, 1),
where s, and M, satisfy the following assumption:

1_g

1-2 n 2 2

M, q=0<10 > '
gp

(A2). (Exponential-type tails) Suppose that log p = o(n). There exist positive num-
bers # > 0 and K > 0 such that

Eexp (n(Xi - ;4,-)2) <K,

for all1 <i<p.
(A3). (Polynomial-type tails) Suppose that p < cn? for some y,c > 0 and

Ele _ /’li|4y+4+5 < K,

for some 6 > Oandalll <i<p.
The condition (A1) is an analogue of the formula (3) in Liu and Luo (2015) which
is for the special case ¢ = 0. The conditions (A2) and (A3) are regular conditions
which are used to control the tail probability of the variables. See also the assump-
tions of Cai et al. (2011). Under the conditions (A2) and (A3), Liu and Luo (2015)
proved the following proposition:

Proposition 1 (Lemma 1, Liu and Luo 2015) For a given © > 0 and a sufficiently
large constant C, we have

~ I
P<||21 — 2l > c\/—"gp) <0p),
n

under the assumption (A2) or

. 1
1><||z1 TS c\/—og”> < o(p—f +n—§>,
n

under the assumption (A3).
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628 Z.Wu et al.

With these results, for the estimator £, obtained by plugging z , into SCIO, we
are ready to state our main results under the £, sparsity setting.

Corollary 1 Let A = Cyr\/logp/n with C, being a sufficiently large number. For
Q € U,(s,,M,), under assumptions (A1) and (A2) or (A3), we have

. 1
12, - @i, < c,mA ==L,
p n

logp>%(l_q)

n

12, - @I, < Qsﬂj‘“(

with probability greater than 1 — O(p®) or 1 — O(p‘f + n_g ) Here C,, C, are suffi-
ciently large constants which only depend on q, Sps M s Co. 1, K, 6.

By plugging the sample covariance matrix into SCIO, the estimation (1) is simi-
lar to the classical Lasso regression problem and the error bounds considered here
are analogous to prediction error bounds of Lasso regression problem (Wainwright
2019, Theorem 7.20). We adopt a different analysis from the primal-dual witness
technique considered in Liu and Luo (2015) and remove the irrepresentability condi-
tion to obtain the error bounds under the £, sparsity setting. Correspondingly, there
is no variable selection consistency results since the notion of variable selection is
ambiguous for the £, sparsity. Moreover, we have the following remarks.

Remark 2 Comparing to the CLIME method (Cai et al., 2011), we derive the
same convergence rates under the same conditions. This verifies the dual relation
between Lasso and the Dantzig selector. Bickel et al. (2009) showed this point for
the regression model and the results here demonstrate that the Lasso-type method
and the Dantzig-type method for the precision matrix estimation also exhibit similar
behaviors.

Remark 3 1If we impose stronger conditions on the tail distribution of QX, i.e., con-
ditions (C2) and (C2*) in Liu and Luo (2015), we can get

o 1
P<max 15,6 —el. > c\/ﬂ> =0,
1<i<p ! n
A~ 1 5
P(Hlax 1218 —eile 2 Cy E) =0(p™" +n75),
1<i<p n

where B is the i-th column of the true precision matrix €. Then with some addi-
tional efforts, the error bounds

or
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~ log p
192, - Qll, < M\ —,
n

1
. _ (logp\2"7?
|, - Q”Ll < CZSPM; 4<T> ,

hold with probability greater than 1 — O(p~") or 1 — 0<p‘T + s ) These conver-

gence rates actually achieve the minimax rate for estimating the true precision
matrix 2 € L{q(s ,Mp). See Cai et al. (2016a) for more details.

The main motivation to study the SCIO for weak sparsity is that it is computa-
tionally more efficient than other methods such as CLIME or the graphical Lasso (
e.g., Wang and Jiang (2020), Table 1 of). Here, we further conduct several simula-
tions to compare the computation time of these methods. In details, we include the
scaled Lasso method(SLasso) which is implemented with the R package “scalreg”
provided by Sun and Zhang (2013), the CLIME method which is implemented with
the R package “flare” developed by Li et al. (2015), the graphical Lasso (glLasso)
which is implemented with the R packages “glLasso”, “BigQuic” or ADMM algo-
rithm (Boyd et al. 2011, Section 6.5), the D-trace and the SCIO which are imple-
mented with the R package “EQUAL” developed by Wang and Jiang (2020). The
SLasso uses the default setting and for all other methods, the computation time is
recorded in seconds and averaged over 5 replications on a solution path with 50 A
values ranging from 4,,,, to 4,,,.\/logp/n. Here 4,,,. is the maximum absolute off-
diagonal elements of the sample covariance matrix. All methods are evaluated on an
Intel Core 17 3.3GHz and under R version 4.2.1 with an optimized BLAS implemen-
tation for Mac hardware. Table 1 summarizes the computation time. Although the
stopping criteria is different for each method, we can see from Table 1 the superior
efficiency of the SCIO method.

To further investigate the numerical performance of the SCIO estimation, we
compare it with SLasso, glasso, CLIME and D-trace. While the SLasso is tun-
ing-free, we implement a five folds cross-validation procedure to select the tuning
parameter A for all other methods. The tuning parameter A is selected from 50 differ-
ent values by minimizing the quadratic loss

Loss(€2) = %tr(QEQT) — (@)

where € is computed based on the training sample and 3 is the sample covariance
matrix of the test sample. To alleviate the bias of ¢, penalty, we also include the
relaxed version (Meinshausen and Biihlmann 2006; Hastie et al. 2020) of the esti-
mator where a two-stage refitted estimator is obtained based on the support of the
original estimator. These estimators are denoted by SLasso-R, glasso-R, CLIME-
R, D-trace-R and SCIO-R. Table 2 presents the estimation error for dimensions
p = 100,200, 400 based on 100 replications. From the simulation results of Table 1
and Table 2, we can conclude that SCIO enjoys comparable statistical convergence
rates with superior computational efficiency in comparison to existing methods.
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630 Z.Wu et al.

Table1 The average computation time (standard deviation) of the precision matrix estimation with
n =200

p=50 p =100 p =200 p =400 p=2800 p = 1600

Case 1: Q = (0.5 )]7><p
SLasso(scalreg) ~ 0.91 (0.08) 4.96 (0.14) 95.56 (0.45) 191.35(1.96) 0.00(0.00) ~ 0.00 (0.00)
CLIME (flare) ~ 0.67 (0.22) 3.01(0.08) 65.58(0.70) 186.90(0.10) 0.00(0.00) 0.00 (0.00)
gLasso (gLasso) ~ 0.04(0.00) 0.25(0.00) 1.78(0.02)  10.60(0.40) 64.81(0.41) 737.06 (2.21)
gLasso (BigQuic) 0.36 (0.03) 0.76 (0.02) 2.19(0.03)  6.25(0.01)  21.14 (0.06) 92.73 (0.36)
gLasso (ADMM) 0.10 (0.00) 0.39 (0.03) 1.23(0.02)  4.25(0.04)  14.10(0.75) 92.01 (3.51)
D-trace (EQUAL) 0.03 (0.00) 0.11(0.01) 0.32(0.00)  0.60(0.01)  2.00(0.03) 8.64 (0.46)
SCIO (EQUAL)  0.02(0.00) 0.06 (0.00) 0.18 (0.00)  0.41(0.00)  1.65(0.03) 7.95(0.07)

Case2: Q7' = (051)
SLasso(scalreg) ~ 0.84 (0.15) 5.42(0.26) 117.17 (3.41) 183.69 (7.32) 0.00(0.00) 0.00 (0.00)
CLIME (flare) ~ 1.05(0.08) 6.28 (0.07) 81.29(0.10) 323.12(2.13) 0.00(0.00) 0.00 (0.00)
gLasso (gLasso) ~ 0.05(0.00) 0.24 (0.00) 1.48 (0.05)  9.66(0.28)  79.82(2.82) 762.80 (7.78)
gLasso (BigQuic) 0.40 (0.01) 1.00(0.05) 2.71(0.02)  8.71(0.07)  39.17(0.54) 212.43 (5.25)
gLlasso (ADMM) 0.15(0.01) 0.42(0.01) 1.13(0.04) 3.53(0.06) 13.98(1.37) 103.14 (4.44)
D-trace (EQUAL) 0.04 (0.00) 0.14(0.00) 0.39(0.00)  1.01(0.03)  3.52(0.04) 22.48 (1.84)
SCIO (EQUAL)  0.02 (0.00) 0.07 (0.00) 0.22(0.01)  0.68(0.00)  2.81(0.02) 20.38 (1.47)

Next we conduct some simulations to illustrate the developed theoretical results.
Firstly, in order to show that the irrepresentable condition is not necessary, we revisit
the diamond graph example in Ravikumar et al. (2011) and consider a block preci-
sion matrix:

Q = (diag(A, -+, A) ™",
where
1 202
A= P c R4X4,
p

p
0
1
2% pp

T O =D

p
p
1

and p € <—1 / \/5, 1/ \/E) which ensures the positive definiteness of the covariance

matrix. The irrepresentable condition of the graphical Lasso (Ravikumar et al.,
2011) holds for |p| < (\/E — 1)/2 and the irrepresentable conditions in Liu and Luo
(2015) and Meinshausen and Biihlmann (2006) require that |p| < 1/2.

Figure 1 shows the performance of the SCIO estimation for p € [—0.65,0.65].
The sample is generated by the multivariate Gaussian distribution N;,(O, Q") where
p =100 and n = 200. We plot the spectral norm, the matrix £, norm and the scaled
Frobenius norm of € — . For the brevity, the tuning parameter 4 is chosen by min-
imizing the matrix norms. From these figures, we can observe that all the errors
vary smoothly when p is changing. Particularly, these errors do not drop drastically
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Fig. 1 Plots of the estimation errors versus the parameter p under three norms. The dash vertical lines
indicate the boundaries of the irrepresentable condition

around the critical boundary value |p| = 0.5. This phenomenon indicates that even
though the validity of irrepresentable condition fails when |p| > 0.5, the perfor-
mance of the SCIO estimation does not become worse drastically. Therefore, it is
reasonable to relax the extra irrepresentable condition for SCIO.

To illustrate the consistent results for weak sparse cases, we further conduct
numerical studies where Q = (a)ij)pxp = (p'i‘-f|)pxp for some p € (0,1). For a fixed
q € (0, 1), we know

)4

q - 1+ p?
max w.| ~1+2 ka — =5,
IQSp;‘ lj’ ;p l—pq p

Hence the parameter p measures the sparsity level of the true precision matrix.
When p is small, the decay phenomenon is salient and the matrix tends to be more
sparse. When p is large, the number of elements with small magnitude accounts for
less proportion of all elements.

Figure 2 reports the performance of SCIO for three different sparsity levels
p =02, p=0.5 and p = 0.8. We plot the errors for the solution path with a series
of tuning parameters and three methods: SCIO, D-trace and CLIME. From Fig-
ure 2, we can see that these methods present similar patterns under all three norms.
In other words, this demonstrates that SCIO performs similar as CLIME which has
been proved to be consistent under the £, sparsity condition.

3.2 Robust matrix estimation

The sub-Gaussian assumption is crucial in the analysis of the sample covariance
matrix. To relax the assumption of exponential-type tails on the covariates, Avella-
Medina et al. (2018) introduced a robust matrix estimator which only required a
bounded fourth moment assumption. They constructed a Huber-type estimator for
the population covariance matrix and got a robust estimator for the precision matrix
by plugging the Huber-type estimator into the adaptively CLIME procedure (Cai
et al. 2016a).
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Fig.2 Plots of the estimation errors versus the penalty parameter A under three sparsity levels based on
the sample covariance matrix

Given the i.i.d. samples X, € R?, k =1, ...,n, Avella-Medina et al. (2018) pro-
posed to estimate the covariance and the population mean based on the Huber loss
function. In details, Huber’s mean estimator f; satisfies the equation

n
Z Y (in - ﬂi) =0,
k=1
and the covariance estimator 6 is defined by the equation
n
2 v (XeXy = @+ i) =0,
k=1

where y;(x) = min{H, max(—H, x)} denotes the Huber function. Accordingly, we
construct a robust estimator X = (6 and further project X to a cone of positive
definite matrix

ij )p><p
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3, =argmin||Z - 2|,
2>el

where € is a small positive number. This projection step can be easily implemented

by the ADMM algorithm and see Datta and Zou (2017) for more details.
Avella-Medina et al. (2018) proposed to use 22 as a pilot estimator and imple-

mented the adaptively CLIME procedure to estimate the precision matrix. Here we

study the SCIO method based on the robust estimator 22. Following Avella-Medina

et al. (2018), a bounded fourth moment condition is needed:

(A4). Suppose that log p = o(n), and there exists a positive number K > 0 such that

E(Xi - lli)4 <K

foralll <i<p.

Compared to the polynomial-type tails assumption (A3), the assumption (A4)
here refines the moment order requirement from 4y + 4 + 6 to 4 and allows the result
holds for a potentially larger p. The following proposition is from Avella-Medina
et al. (2018).

Proposition 2 (Proposition 3, Avella-Medina et al. 2018) Under the assumption
(A4), for a sufficiently large constant C, we have

~ lo
P<||22 IS q/%) =0(p™)

for some constant T > 0.

Similar to Avella-Medina et al. (2018), we can get an estimator £, by plugging
22 into SCIO and derive the convergence rates under different matrix norms.

Corollary 2 Let A= COMM/]OEP, where C, is a sufficiently large constant and

H = K(n/logp)'/? where K is a given constant. For @ € Uy(s,, M), under assump-
tions (A1) and (A4), there exist sufficiently large constants C,, C, satisfying that

. 1
12, - @I, < ¢,m2 ==L,
p n

10gp>§<1—q>

12, - QIl, < CZSPM;—2q< :

with probability greater than1 — O(p~"), 7 > 0.

Remark 4 Note that Avella-Medina et al. (2018) provided the optimal convergence
rate with an additional technique assumption that the truncated population covari-

ance matrix 2H=E{1(|xx,|5H)XX} satisfies that || Z,Q 1|, <C 10%.

u=v
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Fig.3 Plots of the estimation errors versus the penalty parameter A based on the Huber-type estimator

Table 3 Comparison of SCIO

with the sample and the Huber-
type covariance matrices for the ’z\:l 22 21 ’2\:2
heavy-tailed data

p=02 p=05

100 0.75 (0.02) 0.67 (0.05) 1.69 (0.02) 1.54 (0.01)
200 0.78 (0.01) 0.68 (0.01) 1.73 (0.10) 1.63 (0.02)
400 0.85(0.02) 0.70 (0.07) 2.00 (0.15) 1.70 (0.04)
600 0.88 (0.05) 0.74 (0.05) 2.17 (0.11) 1.85(0.07)

Although the convergence rate provided in Corollary 2 is not optimal, the optimal
rate can be readily obtained by imposing the same condition on the truncated popu-
lation covariance matrix in Avella-Medina et al. (2018).

To demonstrate these results numerically, we repeat the second scenario in
Avella-Medina et al. (2018) where the data X is generated from a student ¢ distribu-
tion with 3.5 degrees of freedom and infinite kurtosis. Here the sub-Gaussian
assumption is void. We still consider the precision matrix Q = (0.5|i‘f|)pxp. The
sample size n is set to 200 and the dimension p is 100. Figure 3 reports the numeric
performances of SCIO, D-trace and CLIME based on the robust estimator 22. All
three methods perform comparably and align well for the heavy-tailed distribution.

Furthermore, we conduct a numerical simulation to illustrate the robustness of
our SCIO estimator for the heavy-tailed distribution. In details, we plug the sample
covariance matrix E, and the Huber-type covariance matrix estimator 22 into the
SCIO. We set the sample size as n = 100 and generate the data matrix X with a mul-
tivariate ¢ distribution with 5 degrees of freedom, zero mean and a covariance matrix
> =0 where Q = (pl= )po and p = 0.2,0.5. Note that this distribution only has
4-th order moment. Table 3 reports the spectral norm error for different dimensions
p based on 50 replications. From Table 3, we can see that the Huber-type precision
matrix estimator performs better than the one with the sample covariance matrix.
This result is consistent with our theoretical improvement from the requirement of
Assumption (A3) to a milder one (A4).
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3.3 Non-parametric rank-based estimation

For Gaussian distributions, the precision matrix characterizes the conditional inde-
pendence among covariates. For non-Gaussian data, Liu et al. (2009) introduced a
non-paranormal graphical model. Liu et al. (2012) and Xue and Zou (2012) studied
the precision matrix estimation for this non-paranormal graphical model where the
precision matrix: 2 = X! was defined by the transformed samples and X was the
correlation matrix. In details, they proposed to estimate the correlation matrix by the
non-parametric rank-based statistics such as Spearman’s tho and Kendall’s tau.

. . T
Given the sample data matrix (Xij) = (X Iseens Xn) , we convert them to rank
U/ nxp
-
statistics denoted by (r;),, = (r}.....r,) where each column (r;, ..., r,) serves
as the rank statistic of (Xl], ,an). Spearman’s rho correlation coefficient ;’)\lj is

defined as the Pearson correlation between the columns r; and L, that is,
zkl(rkl )(rk]—r)
2
\/zk (= z) it (g = 7)

Similarly, Kendall’s tau correlation coefficient is defined by

’ .o
Spearman’s rho: p; =

Kendall’s tau: 7; = 2 2 sign{ (X — Xp;) (X35 — Xpj) ).
n(n =1 (Z <

Based on Spearman’s rho and Kendall’s tau correlation coefficients, we are able to
construct two non-parametric estimators 25, and 25 for the correlation matrix X,
where

2sin (27, ), i #)

, i=j

(23,,),']' =
and
< sin ( 27} ), i#j
(Z3.); = <2 i) 17
1, i=j
Moreover, we still need an additional projection step
2y = argmin z, 4| X — 3ol

to obtain the final positive definite estimator s 3, OF ) 3.~ Note that if X satisfies the
non-paranormal distribution, Liu et al. (2012) proved that £, ,and 3, are consistent
estimators of X under the element-wise £ norm. The following proposition is from
Liu et al. (2012).

Proposition 3 (Theorem 4.1 and 4.2, Liu et al. 2012) Assuming that X satisfies a
non-paranormal distribution, there exists a sufficiently large constant C such that
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N lo
P<||23p -2l 2 ¢y %) = 0™,
S logp _
P<||23T -l 2 0y = ) = 0.

To estimate the sparse precision matrix, Liu et al. (2012) proposed to plug 23 »

or 231 into the graphical Dantzig selector (Yuan 2010), CLIME (Cai et al. 2011),
the graphical Lasso (Friedman et al. 2008), or the neighborhood pursuit estimator
(Memshausen and Biihlmann 2006). In this part, we consider the SCIO procedure

with 23 , Or 231 Denote £, as the precision matrix estimator by plugging 23 , Or 23,
into SCIO. The following corollary holds for both s 3, and s 3

Corollary 3 Let A = COMP\/IO%, where C, is a sufficiently large constant. For

Qe Z/Iq(s s Mp), under assumptions (A1) and that X satisfies a non-paranormal dis-
tribution, there exist sufficiently large constants C,, C, satisfying that

. 1
12; - @Il < C M2y [ ==,
p n

10gp>§(1—q>

19, - e, < CZsPM;—zq< e

with probability greater than1 — O(p™").

To conduct numeric simulations, we assume that X follows a non-paranormal dis-
tribution £(X) ~ MO0, X). Following Definition 9 in Liu et al. (2009) and Definition
5.11in Liu et al. (2012), we choose the transformation function f as the Gaussian CDF
transformation function with y, = 0.05 and o, = 0.4. To mimic the weak sparse

case, we consider X as the correlation matrix of _Qal, where Q, = (0.5!"/! Ipxpe We
set the sample size n = 200 and the dimension p = 100 again. Based on Spearman’s

rho estimation 23 , or Kendall’s tau estimation 231, Figure 4 reports the numeric
performances of the SCIO, D-trace and CLIME. Again, we can see that all three
methods perform comparably.

As Avella-Medina et al. (2018) showed, Proposition 3 works for the elliptically
distributed X, which includes the multivariate ¢ distributed random variables. Here,
we evaluate the robust performance of non-parametric rank-based SCIO estimation
under the heavy-tailed circumstance. The setting is the same as the one of Table 3.
Table 4 shows the spectral norm error of SCIO with Pearson’s correlation matrix b b
Spearman’s rho correlation matrix 23 , and Kendall’s tau correlation matrix E%. We
can see that SCIO with non-parametric correlation estimators outperform the one
with the Pearson’s correlation matrix. Under our settings, Spearman’s estimation
performs slightly better than Kendall’s estimation. The numerical results verify the
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Fig.4 Plots of the estimation errors versus the penalty parameter A based on Spearman’s rho and Kend-
all’s tau estimation. Here a—c are the results for Spearman estimation and d—f are the results for Kendall
estimation

Table 4 Comparison of precision matrix estimation errors under the spectral norm for the non-paramet-
ric estimators over 50 replications

P p=02 p=05

Z, Z;, 25, Z 5, 25,

100 0.79 (0.08) 0.72 (0.01) 0.73 (0.01) 3.01 (0.58) 2.78 (0.06) 2.99 (0.14)
200 0.79 (0.04) 0.73 (0.01) 0.75 (0.01) 3.31(0.41) 3.08 (0.07) 3.20 (0.11)
400 0.81 (0.03) 0.75 (0.01) 0.77 (0.02) 3.51(0.13) 3.45(0.11) 3.47(0.13)
600 0.86 (0.04) 0.77 (0.02) 0.78 (0.02) 3.63 (0.10) 3.53(0.12) 3.54 (0.12)

robustness of our non-parametric rank-based SCIO estimation for the heavy-tailed
case.

3.4 Matrix data estimation

The matrix variate data are frequently encountered in real applications where the
covariance matrix has a Kronecker product structure ¥ = A @ B. To study the matrix
data, it is of great interest to estimate the graphical structures 2 = X~! = (A @ B)™!
(Leng and Tang 2012; Zhou 2014). For the brevity, we assume A and B are all cor-
relation matrices, which means the diagonal entries are ones.
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Given the i.i.d. matrix samples X(7) € R>*m ¢ =1,...,n, Zhou (2014) developed
the Gemini estimator for the precision matrix A~! ® B~!. Writing the columns of
X(®) as x(?)', ..., x(t)" € Rf, Zhou (2014) proposed to estimate A by

Yo &OHT (x(@Y)
VEL GO (x0Y)y B (x0) T (x0)

(Zan)y =

and the estimator 3 4p for B is constructed similarly based on the rows of X(#). The
final estimation of @ is obtained by implementing the graphical Lasso or CLIME
with = 44 and s 4p- Zhou (2014) derived the convergence rate under £, sparsity con-
dition for the graphical Lasso and introduced the CLIME procedure to refine their
convergence rates. For the £, sparse matrix, Zhou (2014) did not provide the explicit
theoretical results.

In this part, we study the SCIO method based on b 44 and > 45- We first present an
approximate sparsity condition for A~ and B~!.
(A5). Suppose A~ € U (s,,,M,,) and B! € U, (Ef,Mf) for a given g € [0, 1). More-
over, the parameters s,,, 5, M, 1\7If satisfy

Smen—q — 0<i>’

log?(m V. f)
Ef]\7l2_q = 0<]ﬂ>.
! log(m v f)

The following proposition is from Theorem 4.1 of Zhou (2014).

Proposition 4 (Theorem 4.1, Zhou 2014) For t=1,...,n, suppose that
vec(X(1)) ~ /\G’m(O, A ® B). Under the assumption (AS) and the assumption (A2) in
Zhou (2014), there exists a sufficiently large constant C such that

3 1

P2, —All,>C %fvf) _o(mv ),
3 1

P<“Z4B _B”oo Z C W) — 0((1’}’! Vf)_z)_

As an application of our Theorem 2, we can derive the theoretical result of the
SCIO estimator for estimating 2 = A~' @ B~

Corollary 4 Suppose that vec(X(2)) ~ N;,,(0,A,,, ® Bpp), t=1,...,n. Let
I

%, where C, and Cy are sufficiently large

constants. Under our assumption (AS) and the assumption (A2) in Zhou (2014),

there exists a sufficiently large constant C such that

L .
dy = CAM,,,% and ;= Cyll, "
n
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I—q
= logimv f)\ _ _ ) _
12,- 21, = ¢ B0 (o e g )

with probability greater than1 — O((m V f)72).

Compared with Theorem 3.3 of Zhou (2014), Corollary 4 is derived under a gen-

eral £, sparsity condition. In particular, the special case g = 0 corresponds to Theo-
rem 3.3 of Zhou (2014) and these two results are consistent due to the dual proper-
ties between Lasso and the Dantzig selector. Moreover, our result can be generalized
to the sub-Gaussian condition of the matrix data (Hornstein et al. 2019) and we omit
the details.

To conduct the simulations, we generate the data from the matrix normal distri-
bution vec(X(?)) ~ AG~’m(0, A, xm ® Bryr). To mimic the £, sparsity, we choose B;;

as the correlation matrix of @', where (DU- = (0.2|i‘j|)_f><_f and A,:,- as the correlation
matrix of @', where @; = (0.5, . We set the dimension of A as 80 and the
dimension of B as 40. The sample size n is taken as 3. Figure 5 reports the perfor-
mance of the Gemini estimator under several matrix norms where the penalty level
A of A~lis varying and the penalty level of B! is set to 0.15 for simplicity. From
Fig. 5, we can observe that the Gemini method based on SCIO performs similarly as

the Gemini method based on CLIME, which means SCIO is also applicable to the
matrix data.

4 Discussion

This article revisits the SCIO method proposed by Liu and Luo (2015) and explores
the theoretical and numerical properties of SCIO under the weak sparsity condition.
Intuitively, the approach to obtain our matrix estimation error bound by plugging in
the sample covariance matrix is similar to the process of obtaining the prediction
bound in regression setting. For the classical Lasso problem, Ye and Zhang (2010)
and Sun and Zhang (2012) have analyzed the Lasso method or its variants under
general weak sparsity. Our technique essentially originates from the basic inequality
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Fig.5 Plots of the estimation errors versus the penalty parameter A based on the Gemini estimator for the
matrix data
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derived from their theoretical analysis of Lasso. The main difference lies that Las-
so’s results rely on constant lower bounds of some quantities such as the cone invert-
ibility factor or the compatibility factor.

As for the precision matrix estimation, the error bounds under £, sparsity condi-
tion have been discussed for Dantzig-type methods such as the graphical Dantzig
method (Yuan 2010) and the CLIME method (Cai et al. 2011), and minimax conver-
gence rates have been established by the ACLIME method (Cai et al. 2016a). The
CLIME method and its variant ACLIME are frequently introduced to deal with the
¢, sparsity for the precision matrix estimation. Here, our work provides an alterna-
tive approach and shows that the Lasso-type method SCIO can obtain the theoretical
guarantees of CLIME under the £, sparsity condition. Specially, we relax the irrep-
resentable condition, which is commonly used for Lasso-type precision matrix esti-
mation. In addition, the SCIO method can be efficiently implemented according to
Wang and Jiang (2020) while the computation of Dantzig-type methods turns out to
be slow. From this perspective, the SCIO method tends to be more appealing for the
high dimensional precision matrix estimation.

Another closely related Lasso-type method is SLasso proposed by Sun and Zhang
(2013). By inducing a noise level, the SLasso is tuning-free by iteratively estimat-
ing the noise level. For the normal distribution, Sun and Zhang (2013) derived the
optimal error bounds under the alternative weak sparsity condition, i.e., the capped
¢, measure. The key ideas of SLasso and SCIO are quite similar, e.g., the SLasso
for fixed noise level o is the same as the SCIO by setting A” = —1. It would be inter-
esting to compare these two methods from both the computation complexity and
the performance of the estimators. We implement the R package “scalreg” provided
by Sun and Zhang (2013) and it is not very efficient which prevents us from con-
ducting the comparison experiment. From the original paper of Sun and Zhang
(2013), SLasso has improvements over CLIME for most cases. This improvement is
due to adaptive choice of the penalty level for each column of the precision matrix.
Actually, we can also use different tuning parameters for each column in SCIO (or
CLIME) and it is expected to obtain some improvements. Another interesting ques-
tion is how to exploit the noise level into complicated cases, e.g., the heavy-tailed
data, the non-paranormal data, and the matrix variate data. We leave these questions
as a future work.

For other Lasso-type methods such as the graphical Lasso and D-trace, they are
not in a column-by-column form. Although they have been shown to be consistent
under the £, sparsity condition, the extension to the £, sparsity is not trivial and our
current technique can not be implemented directly. It is still of interest whether opti-
mal rates can be established under the weak sparse case for the graphical Lasso and
D-trace. Moreover, for other statistical problems such as the discriminant analysis
problem, the misclassification rate measures the performance of the method and we
can use our current technique to derive its error bounds under the general £, sparsity
condition. Specifically, it is possible to show that some Lasso-type methods for the
discriminant analysis such as Fan et al. (2012) or Mai et al. (2012) are still applica-
ble for the weak sparse case. We leave these problems for future works.
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Appendix

This section includes all the technical proofs of the main theorems and some neces-
sary lemmas.

Proof of Theorem 1

Let e be a column of the identity matrix I, then * = X~ !e is the corresponding col-

umn of the target precision matrix Q. For an arbitrary estimator of >, we consider
the SCIO estimation

ﬁ = argmin{%ﬂTEﬂ —e B+ AlBl, }

peRr
By the KKT condition, we have
)/fﬁ —e+ Asgn(ﬁ) =0, (6)

which ensures the basic inequality

B - BT (EB —e) < Bl + AlB],. @)
Writing the difference vector as h = g* — ﬁ, we have
B-B)EB-e)=F-p)VEB-B)+(E-Dp)
>(B-p)(E-2p
> —|(2 - D), lhl,
> —[|QIl, 12 = Zlllhl,.

®)

Combined with the basic inequality (7), it reduces to
=ABl + ABT] = =112l 12 = Zll |k,
Since A > 3||Q||L] ||2 — 2|, then by this assumption we obtain

34181, — 1Bl) = —Alhl,,

and hence

33161, — 1Bl = —Ihl,.

For any index set J, we have
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lyely < 1B5]y + 1Brely = 1B + 1Bl = 1B,
< UG+ 1871y + 3Vl = 1Byl = 21850, + 1851+ 511 = 1B,
< 20851, + gl + 311, = 21851, + 1]+ 51l
and by rearranging the inequality, we get an important relation
el S2|h.]|l+3|ﬁjr|l' ©))

By the KKT condition (6), we have |§ﬁ —e|, < Aand

1

128" —elo, <12 - ZNL 1871, SN2 - Zll N, < 34

Thus, we can get

1Zhl, <13 —el, + 136" —e|f,c,_‘31 :
and
|Zhly, <18 = Dbl +13hl, <13 - Zllnl, + 30
Then, we conclude that
~ 4
hlo = 11, < 121,120, < 191,15 - Zllhl, + 5121, 4
1 4 (10)
< 3Alkl, + 121, 4
and

1
sl < Vllkle, < S ATICRT +4121)- (11)

Next, we split the argument into two cases.
Case 1: If |h;.|, > 3|h,|,, by the inequality (9), we have |h,|; < 3|B].|, and then

il = Ihyely + 1hyly < 31Ry L+ 31651, < 121651, (12)

where the first inequality uses the fact (9) again.
Case 2: Otherwise, we may assume |h,.|; < 3|h,|, and then |k|, < 4|h,|,. By the
bound (11),

4
|kl <4k, < gﬂlJl(Ihll +4[1Qll,).

If the relation A|J| < % holds, we conclude that
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k|, < 16411122y, - (13)

Now we begin to conduct the index set J that can control the bounds (12) and (13)
simultaneously. To do so, we consider the index set

7= {11811 > 1),
for some ¢ > 0. With this setting,
Bl = X 1B <71 Y 1B519 <47, (14)
jeJe jeJe
and for the cardinality of J, we have
- w4 -
|J|Stqz ﬂj Stqsp- (15)

=y
Combining the bounds (12) and (13), we get
Ih], < max{ 121851, 1641711121, } < max{12¢'=%s,, 164 s, | 2], }.
and setting r = 4[|Q|| yields the conclusion
18" — Bl, < 16]|2]|,2's,,
It remains to check A|J| < % Lett = [|Q||,, and we have

_ _ _ 1
AL AGRIL,) s, = 27LIL,) s, < 5

which holds by the assumption.
Finally, invoking (10), we conclude

.7 1 4

8" = Bl < 3 AlR1, + 311921, 4
16 -q 42— 4

A [

1

<4lQll, 4,

where we use the fact /11“7(||.Q||Ll )7s, < % again. The proof is completed. O

Proof of Theorem 2

Note the result of Theorem 1 holds uniformly for alli = 1, ..., p, that is

R . o
max 67 = Bl < 16190, 4'~%,. and max |8 = Bl <412, A

By the construction of , it is easy to show
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12 - 2l < max 18] =Bl <4120, A

Next we study the effect of the symmetrization step. Fori € {1,...,n}, we denote
B = Bi’ ﬁ = Bi’ﬁ* = ﬁj
Since | B, < |3| , by our construction, for the index set J, we have
1Bycly = 1Bl = 1Byl < 1Bly = 1B,y < 1B = B)yli + 1Byely.
which yields

1B =Bl <1B = B)yly +1Byely +1Bscly <2(1B = Byl +1Bcli).  (16)

Recall the index set J = {j| | ﬂ;‘| > Al Q|| L } from Proof of Theorem 1, and also the
bounds

18511 < (ANl s, and [J] < (AL,
Thus
1B = B)1y < VIIB - Blo < (AR, - 81121, 4= 8GRI, s,
and
1Byl 1B =Bl + 1851 < 1B =By + 1851, < 17111, s,
Invoking the bound (16), we get
1B = Bly < S0(A11L1,)' s,
which ensures
1B=B1, <1B—Bl, +1B—pl, <66(AlQll) s,
Since the above bound holds uniformly for alli = 1, ..., p, we conclude
122 = Ql,, < max |B—pl; < 66(411€l.,)"s,.

The proof is completed. O

Proof of Corollaries
We only prove Corollary 1. The proof of other corollaries share a very similar proce-

dure as Corollary 1 and hence are omitted.
Proof of Corollary 1:
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By the  assumption (A2) and  Proposition 1, we  have

P<”§1 -2 2C k’%) = O(p~). Similarly, by the assumption (A3) and
Proposition 1, we have P<||§l -, >C 10%) _ 0<p‘T +n_§>.

We take 4 = CyM, 10%. Note that [| 2], < M,,, then for a sufficiently large C,,

the condition 4 > 3||Q||,, ||§ — 2||, required in Theorem 2 holds. By the assump-
tion (Al), when n, p are large enough, we can obtain that
||_Q||Zlqﬂl“1sp < spM;_zq < % So by applying Theorem 2, the conclusion of Corol-
lary 1 holds. O
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