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Abstract

In this paper, we consider possibly misspecified stochastic differential equation
models driven by Lévy processes. Regardless of whether the driving noise is
Gaussian or not, Gaussian quasi-likelihood estimator can estimate unknown
parameters in the drift and scale coefficients. However, in the misspecified
case, the asymptotic distribution of the estimator varies by the correction of the
misspecification bias, and consistent estimators for the asymptotic variance proposed
in the correctly specified case may lose theoretical validity. As one of its solutions,
we propose a bootstrap method for approximating the asymptotic distribution. We
show that our bootstrap method theoretically works in both correctly specified case
and misspecified case without assuming the precise distribution of the driving noise.

Keywords Misspecified model - Lévy driven stochastic differential equation -
Bootstrap method

1 Introduction

We suppose that the data-generating structure is the following one-dimensional
stochastic differential equation

dX, = A(X)dt + C(X,_)dZ,, (1)

defined on a stochastic basis (Q, F, (F,),»¢, P) where
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534 Y. Uehara

e the driving noise Z can either be a standard Wiener process or a pure-jump Lévy
process;

o F,=0XyVolZ;s<h,

e The initial variable X, is F,-measurable.

In this paper, we consider the situation where high-frequency samples X := (X,/_ )j’?zo
from the solution path X are obtained in the so-called “rapidly increasing design’:
5= tj’.1 :=jh,, T, :=nh, - oo, and nhﬁ — 0. To deal with the effect of model
misspecification being inevitable in statistical modeling, we consider the following
parametric model on (Q, F, (F,);5¢, P):

dX, = a(X,, a)dt + c(X,_, y)dZ,. )

Here, the functional forms of drift coefficienta : R X ®, — R, and scale coefficient
¢ :Rx0, R are supposed to be known except for the drift parameter a and
scale parameter y. We also suppose that « and y belong to bounded convex domains
0, C R« and O, C R", respectively. We note that the coefficients are possibly
misspecified, that is, the parametric family {(a(-,a),c(-,7))a €0,,y €0,}
does not include the true coefficients (A(:), C(-)). From now on, the terminologies
“misspecification,” “misspecified,” and “correctly specified” will be used for
the above meaning unless otherwise mentioned. In this framework, there are four
possible cases:

1. Correctly specified diffusion case: the driving noise Z is a standard Wiener
process and the coefficients are correctly specified;

2. Misspecified diffusion case: the driving noise Z is a standard Wiener process and
the coefficients are missspecified;

3. Correctly specified pure-jump Lévy driven case: the driving noise Z is a pure-
jump Lévy process and the coefficients are correctly specified;

4. Misspecified pure-jump Lévy driven case: the driving noise Z is a pure-jump Lévy
process and the coefficients are missspecified.

For the estimation of €, we consider Gaussian quasi-likelihood estimation. It is a
tractable and powerful tool for estimating mean and variance structure in the
sense that we need not to assume the precise distribution of the error variable. For
various statistical models including (2), its theoretical property has been analyzed.
In particular, for correctly specified diffusion models, the asymptotic behavior of
the Gaussian quasi-maximum likelihood estimator (GQMLE) is verified for example
by Yoshida (1992); Genon-Catalot and Jacod (1993), and Kessler (1997). As for
correctly specified non-Gaussian Lévy driven SDE models, Masuda (2013) clarified
the theoretical property of the GQMLE. Although its convergence rate is slower
than the correctly specified diffusion case, it still has the consistency and asymptotic
normality. The papers Uchida and Yoshida (2011) and Uehara (2019) extended the
results to the case where the drift and (or) scale coefficient are (is) misspecifed.
In these papers, the misspecification bias is handled by the theory of (extended)
Poisson equation, and inevitably the asymptotic distribution of the GQMLE contains

@ Springer



Bootstrap method for misspecified SDE models 535

the solution. Hence, the estimators of the asymptotic variance which have been
proposed for the correctly specified case does not work in the misspecified case. As
a result, the confidence intervals and hypothesis testing based on the estimators no
longer have theoretical validity in the misspecified case. This is a serious problem
since in practice, we cannot avoid the risk of model misspecification. The primary
object of this paper is to overcome this issue.

When it is tough to evaluate the asymptotic distribution of some statistic directly,
bootstrap methods originally introduced by Efron (1979) often serve as a good
prescription. As for high-frequently observed settings, bootstrap methods also do
and indeed for various purposes such as estimating realized volatility distribution
(Gongalves and Meddahi 2009), making statistical inference in jump regressions (Li
et al. 2017), executing jump tests (Dovonon et al. 2019), kinds of the methods have
been proposed. In this paper, we follow this direction. We construct a block bootstrap
Gaussian quasi-score function which can uniformly approximate the asymptotic
distribution of the GQMLE both in the correctly specified and misspecified case.
More specifically, we divide {1,...,n} (n denotes the sample size) into k, blocks,
and for each block, we generate a bootstrap weight. Based on the weights, we
construct the bootstrap score function and estimator. Furthermore, by introducing a
adjustment term, our method can uniformly approximate the asymptotic distribution
without specifying the distribution of the driving noise although the convergence
rate of the scale parameter is different in the correctly specified diffusion case.

Here, we introduce some notations and conventions used throughout this paper.
We largely abbreviate “n” from the notation like 7; = tj’? and i = h,,. For any vector

variable x = (x), % stands for the partial derivative with respect to the i-th
P

component of x, and we write d, = ( - i
identity matrix and zero matrix, respectively. T stands for the transpose operator,
and v®? := vy for any matrix v. The convergences in probability and in distribution
are denoted by 2, and _L,, respectively. All limits appearing below are taken for
n — oo unless otherwise mentioned. For two nonnegative real sequences (a,) and
(b,), we write a, < b, if there exists a positive constant C and N € N such that

n ~

a, < Cb, for any n > N. For any process Y, A;Y denotes the j-th increment Y,j - Ytj e
For any matrix-valued function f on R X ®, we write f,(6) = f(X,,0). The Lévy
measure of Z is written as v,,(dz), and the associated compensated Poisson random
measure is represented by N(ds, dz). A and A stand for the infinitesimal generator
and extended generator of X, respectively.

The rest of this paper is organized as follows. In Sect. 2, we provide a brief
overview of the Gaussian quasi-likelihood estimation. We also introduce
assumptions used throughout of this paper. Section 3 is the main body of this paper:
First, we construct an adjustment term for uniformly dealing with the difference
of the convergence rate of the scale parameter y, and after that we propose our
bootstrap method, and show its theoretical property. Section 4 presents the finite
sample performance of our method. All of their proofs are given in Sect. 5.

. 1, and O denote the d-dimensional
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2 Gaussian quasi-likelihood estimation and assumptions

Since the explicit form of the transition probability of X cannot be obtained in
general, the estimation based on the genuine likelihood function is impractical. In
this section, we briefly explain the Gaussian quasi-likelihood estimation for our
model, and introduce assumptions for its asymptotic results and our main results.
Building on the discrete-time approximation of (2):

X,j = thil + hnar,»,l () + er,l(V)AjZ’

we consider the stepwise Gaussian quasi-likelihood (GQL) function defined as
follows:

n 2
L5 LY

H = — h, logc + s
],n(Y) 2h j=l { n g r/—l()/) Ctzi_] (y)

n
1 < (AjX—hnatj_l(a))2

2h, = c @

H, (o, 7) = —
Based on this GQL function, we define Gaussian quasi maximum likelihood
estimator (GQMLE) 8, := (7,.&,) by

¥n € argmax H, ,(y), &, € argmax H, ,(a,7,).
7€0, a€B,

We define an optimal parameter 8* := (y*, a*) of 0 by

y* € argmaxH,(y), o € argmaxH,(a),
y€B, a€b,

whereH; : ®, » RandH, : ©, — R are defined as follows:

1 C?
H,(y) = —3 /[R (10g A y) + W(ji))ﬂo(dx), 3)
H, () = —% / 206, Y )AR) — alx, @) my(dx). 4
R

Now, we introduce the technical assumptions for our main results. Some comments
on each assumption will be given after the all assumptions are mentioned. Recall
that the parameter space © is supposed to be a bounded convex domain. We assume
the following identifiability condition for H, (y) and H,(a):

Assumption 1 6* € O, and there exist positive constants y, and y, such that for all
(r,a2) €0,

Hy () — M%) < = ly — 7™, (5)
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H, (@) — Hy(a*) < =y, la — a*|?. (6)

In the rest of this paper, we sometimes omit the optimal value 6*, for instance,
the abbreviated symbols f, and f,f_1 are used instead of f,(6*), and f,f_](H*),
respectively. '

Assumption 2

1. The coefficients A and C are Lipschitz continuous and twice differentiable, and
their first and second derivatives are of at most polynomial growth.

2. The drift coefficient a(-, a*) and scale coefficient c(-, y*) are Lipschitz continuous,
and c(x, y) # 0 for every (x, 7).

3. Foreachie {0,1}and k € {0, ...,5}, the following conditions hold:

e The coefficients a and ¢ admit extension in C(R X ®) and have the partial

derivatives (0 d%a, ()ia’;c) possessing extension in C(R x ©).
o There exists nonnegative constant C; ;, satisfying

sup _r { |0i0k a(x, a)

— _ C, . a
(x,a,y)ERXO,XO, 1+ |X| 0

Q)
| +19}05c(r, I + 17 (x, y)l} < .

Note that since we impose the extension condition in Assumption 2,
H(8) := (H,(y), H,(«)) admit extension in C(®) as well.

For a function p : R — R, and a signed measure m on a one-dimensional Borel
space, we define

[Iml], = sup{|m(p)| : fisR — valued,m — measurable, and satisfies|f| < p}.

Assumption 3

1. There exists a probability measure z, such that for every g > 0, we can find
constants a > 0 and C, > 0 for which

sup exp(an||P,(x, ) = m(ll;, < Cyhy(), ®)

teR,

for any x € R where ,(x) 1= 1+ |x].
2. For any g > 0, we have

q
Stlzl(l])E“Xll ] < oo 9)

We introduce a p X p-matrix I' := (Fy or,, Fa) whose components are defined
by:
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022c(x, y*)e(x, y*) — (0,c(x, y*))®?
. 14 Y
r,:= / —
R ct(x,y*)

a , *\\®2
—Z/Mcz(x)zto(dx),
R

cx,r%)

(C2(x) — c*(x, y*))my(dx)

L, = / ad,a(x, a*)d;c_z(x, Y ) alx, a®) — A)zy(dx),
R

0®%a(x, a*) . (9,a(x, a*))®?
r, Z=—/ ——(alx, a )—A(X))ﬂo(dX)—/ ——————my(dx).
R CHx,7%) R C2(xy*)

The matrix I' is the probability limit of the Hessian matrix of the GQL function.
Assumption 4 —Fy, —I',, and —TI" are positive definite.

Next, we introduce the assumption on the driving noise. The diffusion case
corresponds with (1), and the pure-jump Lévy driven case does with (2).

Assumption 5 Either (1) or (2) is satisfied.

1. Diffusion case: Z is a standard Wiener process (in this case, Z is often written as
w). Furthermore, there exist the solutions of the following Poisson equations:

_ %y 2k
Af1(x)—m(c @) = A(x,rh)), (10)
d,a(x, a*) N
Af(x) = W(A(X) —a(x,a )), (11)

and the solutions f; and f, are differentiable, and they and their derivatives are
of at most polynomial growth.
2. Pure-jump Lévy driven case: Z is a pure-jump Lévy process satisfying

e E[Z,]1=0,Var[Z,] =1, and E[|Z,]7] < o for all ¢ > 0.
o The Blumenthal-Getoor index (BG-index) of Z is smaller than 2, that is,

Ji] :=inf{y >0: / |z|7vo(dz) < oo} <2.
4 lzI<1

We make comments on our assumptions below.

e Under Assumption 2 and Assumption 5, the existence and uniqueness of the
strong solution of (2) and its Markov and time-homogeneous property are
guaranteed (cf. Applebaum 2009, Sect. 6).

e The Poisson equations (10) and (11) will play important role in dealing with the
misspecification bias (cf. Uchida and Yoshida 2011). A sufficient condition for
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the existence and regularity of f; and f, is given for example in Pardoux and
Veretennikov (2001). Moreover, in one-dimensional case, the explicit forms of f
and f, are presented in (Uchida and Yoshida 2011, Remark 2.2).

e In the pure-jump Lévy driven case, a similar misspecification bias also exists.
However, we cannot follow the same way as the diffusion case: the generator A
of X is given by

Aﬂm=Aumﬂm+/Wﬂx+am@—ﬂm—¢ﬂmaw@%wa
R

for a suitable function f. The integral with respect to v, makes it difficult to
ensure the existence and regularity of the solutions of equations like Af =g
with some functions f and g. Here, g corresponds with the misspecification
bias term. Alternatively, as in Uehara (2019), we invoke the theory of extended
Poisson equations introduced by Kulik and Veretennikov (2011) to deal with the
misspecification bias. Its definition is as follows:

Definition 6 (Kulik and Veretennikov 2011, Definition 2.1) We say that a measur-
able function f : R — R belongs to the domain of the extended generator A of a
cadlag homogeneous Feller Markov process Y taking values in R if there exists a
measurable function g : R — R such that the process

f(Yz)—/g(Ys)ds, r e R,
0

is well-defined and is a local martingale with respect to the natural filtration of Y
and every measure Pnga'g:=P('|Y0 =x),x € R. For such a pair (f, g), we write
f € Dom (A)and Af = g.

As for the Lévy driven SDE case, the Feller property holds under Assumption
2 (cf. Masuda 2007, 3.1.1 (ii)), and we consider the following extended Poisson
equations:

- 0,c(x, r*)

A&w=—§a7§@%wﬂ—@mx (12)
~ d,a(x, a*

Ag,(x) = —% (A — atx, a™)). (13)

(Uehara 2019, Proposition 3.5) shows the existence and uniqueness of g; and g,
under Assumption 2. Assumption 3 and Assumption 5-(2). Although the regularity
of g, and g, is not obtained except for the limited case, its weighted Holder continuity
is also ensured under the same assumptions, and it is enough for our asymptotic
result. For more details, see the discussion in (Uehara 2019, Sect. 3).

Building on these assumptions, we can derive the asymptotic normality of én. For
its technical details, we refer to the references presented in the next theorem.
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540 Y. Uehara

Theorem 7 Under Assumptlons 1—5 we can deduce the consistency and asymptotic
normality of the GOMLE @, : §, A 0*, and

~ L
A6, - 6*)— N(0,I '@ HT),

where A, denotes the rate matrix of 0, (cf. Table 1). In each case,

s (% Zo
sza

is explicitly given below:

e Correctly specified diffusion case (Kessler 1997; Uchida and Yoshida 2012):

(0, cxy* )™
2 [, S () )
z= e (@ atxa)® '
alx,a*))®*
0 Ja T moldx)

e Misspecified diffusion case ( Uchida and Yoshida 2011):
T, = / (0., () C(xX) P27y (dx),

5, = / <M ~9 sz(x)> C2(0)(Af; () (),

c2(x,

dpalx, a ®2
Z, = / [<— - a)fz(x)> C(X)] mo(dx).

c2(x, y*)

e Correctly specified pure-jump Lévy driven case ( Masuda 2013; Masuda and
Uehara 2017)

Table 1 GQL approach for ergodic diffusion models and ergodic Lévy driven SDE models

Model Rates of References
convergence

drift Scale

Correctly specified diffusion \/ﬁ Kessler (1997), Uchida and Yoshida (2012)
Uchida and Yoshida (2011)

Misspecified diffusion VT,
VT, Masuda (2013), Masuda and Uehara (2017)

Correctly specified Lévy driven SDE

Cisspecified Lévy driven SDE Uehara (2019)

EE R

@ Springer



Bootstrap method for misspecified SDE models 541

®2
_ 9,c(x, ™) \
= /R (c(x—y)> 7o(dx) /R ZHvp(d2),
_ 9,c(x, r*) d,a(x, a*) T .
Far = _/[R( c(x, y™) >< c(x, 7*) > ﬂo(dx)/RZ vy (d2),

s / (aaa(x, a*)>®2 ()
= _— TT, X).
“T S \ cnr®) 0

e Misspecified pure-jump Lévy driven case ( Uehara 2019)

®2
0
5, = / / < Lc(x, y )C2(X)z2+g1(X+C(X)Z)—g1(x)> 7o(dx)vy(dz),

(xr*)

3] c(x 7™) s o
== [ (B Cwi + s+ Cw = 1,
clx,y

d,a(x, a*) T
(mC(x)z + 8 (x+ C(x)2) — 82(x)> mo(dx)vy(dz),

®2
dgalx, a
X, = / / < C(x)z + g,(x+ C(x)z) — gz(x)> 7o (dx)vy(dz),

c2(x, 7*)
where the functions g, and g, are the solution of (12) and (13).

Remark 8 In the case where either of the coefficients is correctly specified, we
can also derive a similar asymptotic result to the above. It is worth noticing that
when Z is a standard Wiener process and the drift coefficient is misspecified, the
convergence rate of 7, is still 4/n as in the correctly specified case (cf. Uchida and
Yoshida 2011) since the fluctuation of the drift part is dominated by the diffusion
partin L,-sense (p > 2). By using this estimate, we consider the stepwise estimation
procedure.

Remark 9 From Assumption 1 and Assumption 2, we have
0,Hy(a*) = / 0,a(x, @) (x, y " JAX) — a(x, a))my(dx) =
R
Hence, the off-diagonal part I, of I' becomes zero matrix for a scale coefficient
c(x,y) being linear with respect to y, and it also does when the drift coefficient is

correctly specified.

Remark 10 Regardless of whether the model is correctly specified or not, it is easy
to construct a consistent estimator of I'. The p X p matrix I',, defined by
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f L0P2H,,(7,) 0
n= 1 An 1 A~ 5 ’
anaaHZ,n(an’ }/n) %al;@zﬂ-uln(an’ y’l)

is one example and this matrix works both in the correctly specified and misspecified
case. However, the solutions of the (extended) Poisson equations are hard to
estimate to the best of the author’s knowledge, and thus we will rely on the bootstrap
approach in the next section.

3 Main results
3.1 Adjustment of convergence rate

From Table 1, the difference of the convergence rate can be seen with respect
to the scale estimator 7,; more specifically, its convergence rate is \/ﬁ in the
correctly specified case, and otherwise it is \/Tn . However, since no one can
distinguish whether the statistical model is correctly specified or not, as a matter
of course, we cannot identify A, in advance. Therefore, we need a constructible
alternative of A, for uniformly dealing with the all cases below. To satisfy the
demand, we introduce the following adjustment term

bn = bl,n + b2,n’

where b, , and b, , are defined as

24X

1,n Z]n:](AJX)z 5
1 - (AiX)4 Z(AjX)ZCtzf_l ) .

o = P < B { P T R

Jj= n "
L& [axt 24X%E @) -
+H=D = - ) :

n&| 3h h, G

Obviously, it can be constructed only by the observed data. The next proposition
provides the asymptotic behavior of b,,.

Proposition 11 Suppose that Assumption 2, Assumption 3, and Assumption 5 hold.

Then, the adjustment term b, behaves as follows:

e In the correctly specified diffusion case,
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by » frcH0nr)mo(dy)

— . 14
3h,  fo A y*)mo(dx) (19
¢ In the misspecified diffusion case,
b, > exp <—{ / (C2(x) = 2(x, y*))2mo(dx)
R
-1 (15)
+[/(C2(x) - cz(x,y*))zﬂo(dX)] }) # 0.
R
e In the pure-jump Lévy driven case,
A, y*)my(dx) [ 74vo(dz)
bnl)/R (x, y )y ( /R ol . (16)

Ja €2, y*)mo(dx)

Hereafter, we write b* as the (scaled) limit of b, given in Proposition 11. The
importance of Proposition 11 is that the convergence rate of b, is &, only in the
correctly specified diffusion case, that is, the convergence rate of the scale estimator

is equivalent to 4 / % up to constant. Thus, the new matrix

Tn
A, :=( nh, 9 >
o VT,

is constructed by the observed data, and serves as a good alternative of A,,. Let

1
g (Ve 9.
0 IPa

A simple application of Slutky’s lemma with the asymptotic normality of 8, gives
the following corollary.

Corollary 12 Under Assumptions 1-5, we have

A A A L
AL,@,-6")— N(0,B*<B*). a7

3.2 Bootstrap Gaussian quasi-maximum likelihood estimator

From now on, we consider the approximation of the distribution of A " (4, — 6*)
instead of A, (9, —0*) since we can avoid checking whether the model is
misspecified or not and the driving noise is Wiener or not.

We divide the set {1, ... ,n} into k,-blocks (By, )Zl defined by:

@ Springer



544 Y. Uehara

B, :={je{l,...,n} : (- e, +1<j<ic,},

where ¢, = 2, and here k, and ¢, are supposed to be a positive integer for simplicity.

n= % n n pp p g plicity
k . .

> we define the bootstrap Gaussian quasi-score

= T

function GB(0) := (G%,(1), 6% @) as:

i 9,¢, ()
EROEDNTDY ;—m [ - @x7].

= jeB,

With bootstr"ap weights {w;}

ul 0pa,_ ()
G} () = Z w; Z — [AjX - hna,__](a)].
, i=1 JEBy, Ctj_] (yn) !

We define our bootstrap estimator 9}? := (78, aP) as the solution of

68,00 = 0.

+ |68, @

For the bootstrap weights and block size, we assume:

Assumption 13 There exists a positive 6 € (% 1> such that k, = O(Tr‘f), and the

bootstrap weights {w,-}fz1 are i.i.d. random variables and independent of X = (X,),»
with E[w,] = 1, E[w?] = 1, and E[|w,|***'] < oo, for some §' > 0.

In the rest of this paper, P® stands for the probability of bootstrap random
variables, conditional on F. Analogously, E® represents the expectation with respect
to PB. More specifically, for any bootstrap quantity U, (-, w) and measurable set A,

P*(U, € A) = P2(U,(-,w) € A|X),
where w € Q. Regarding PB, r,; denotes a generic random vector fulfilling
P(|rp] > M) = 0,(1),

for any M > 0. Its explicit form depends on each context.

Remark 14 For such a weighted bootstrap procedure, several papers often assume
the additional condition E [w?] = 1 in order to fit the first three moments of the boot-
strap distribution. A popular candidate of the distribution of w; is proposed by Mam-
men (1993):

1-V5 ith probability p = Y.
wo=2 2 2v5
! 1+/5

5 with probability 1 — p
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We have the following other choice: let % be the beta distribution whose density
function fw is given by
4

}3 -l o<x<1
fw(x) 0 3)

otherwise

where B denotes the beta function. Then the distribution of w; is continuous and
satisfies Assumption 13 and E[w?] = 1. In our case, the latter one often gives
numerically good results. This may be because k, is not so large and the limit
distribution of the normalized bootstrap estimator is continuous.

Remark 15 Chatterjee and Bose (2005) deals with a similar bootstrap estimating
equation for martingale difference arrays. In the paper, the block size is equivalent
to the sample size n as well as i.i.d. case. In contrast, our block size is much smaller.
This is for making the misspecification bias in the bootstrap distribution asymptoti-
cally negligible. More specifically, the bias can be written as

k, k,
l n 1 n
Vi;%—DZ%ﬁ%FVf;WrD%mﬁmmmm

JEBy,

where f denotes a solution of the (extended) Poisson equations introduced in the
previous section. Under our assumptions, the bias term is evaluated as Op(\/k_n / \/T_n)
(cf. the proof of Theorem 17), and thus we need a stringent upper bound for the
block size; 6 < 1in Assumption 13 is essential.

Example 16 Suppose that p, =p, =1 and that the coefficients are written as
a(x, @) = aa(x) and c(x, y) = yc(x) for some R-valued smooth functions a(x) and c(x)
with y > 0. Then, given X, the bootstrap estimator is calculated as

(4, X)2 ks AX
k, Z D) 2 2 —ay,
~B =l jEBy, tj—] ~B =1 jeB, "4,
n = k, > an = k, 2
Ly
T, 2w I 2w D =
\ i=1 i=1  jEB 1,
Let
1 1 N
P R Y U A 0
- B - 1 ~ A~ .
' 0 %Il’a ! 0 T,,az?ZHZ,n(an’ )/,,)

For each j € {1,...,n}, define the indicator function y;(s) by
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= { b3 EUn

0, otherwise.

The following theorem ensures the existence of the bootstrap estimator and the
bootstrap consistency of our method.

Theorem 17 Under Assumptions 1-5 and Assumption 13, we have
PP(0P € ©) =1 - 0,(1), (18)

and 9}: admits the following stochastic expansion:

e, By ,
. —( = et 0 - a7
T
A F (en 0 = Z 1) Z () at ((X ) +rnB'
i=1 J€B, = o (AjX—hna,j_](&n)>
€y In
19)
Furthermore, the first term of the right-hand-side of (19) can be expressed as:
e In the correctly specified diffusion case,
00,00, X
Gy el = 07}
B =1 i)
20D 2 o @)
= | S (AX - hya, (@)
2 ) lioi
i, (P
’ (20)
()yctj_]
ky ic,h, 2_(WV - W[j—])
=B, Z(Wi -1 Z / 1 d.a, X2;(8)dw + 1,
i=1 jeB, Y (i=Dc,h, /!
o
e In the misspecified diffusion case,
9,¢, (7,)
k 2P - 007)
- C. 1 J/n =
B, Ywi=0 2| 5% )
= ey | 2 <A]X ha, l(an)>
et @) @1)
& on [ OAK)
=B, Z(wi ) Z / Qs _ 5 ¢ oy |Gt + .
i=1 Jj€By, J =D, h, $

N

@ Springer



Bootstrap method for misspecified SDE models 547

e In the pure-jump Lévy driven case,

9,¢, ()
e G - 0 x7

k, Ct3 1('\n)
B, 2o =0 2N @
i=1 JEBki 2]—<AX h Clt l(a ))
@) 22)
a,c,
N k icyhy ycs_ Zz ~
B Z W -1 / gé—a N(dS,dZ) + 7,5
i1 (i=1)c,h, EZ

e In the misspecified pure-jump Lévy driven case,

M{ 2 (3= (AX7 |

(23)
) ky ic,h, yg—vcf_Zz +81X- + () — g1 (X,)
i=1 (=Dehy TR Z2=C_z+ g,(X,_ + Cy_2) — g5(X,)
c
-

N(ds, dz) + 1,5

Moreover, we get the following convergence for all cases:

sup |PB(A,[, (% -6,) <x)-P(A

YERPatPy

nfn(é — 9*) < x)‘—p> 0. (24)

Remark 18 In order to obtain the bootstrap percentile and confidence intervals, we
need to generate the bootstrap samples {A (QB -0 D)k 1> for large L € N in prac-
tice. However, the calculation of each QB often’entails some optimization method
such as the quasi-Newton method, resultmg in high computational complexity. For
such a problem, the stochastic expansion (19) shown in Theorem 17 suggests that
we can use the following quasi-score function based bootstrap quantity:

a,.c, (7,
; Ty e 00 = @7
B ._ # by i
Ay, =B, l(w,z—l)ZB: aaltl(an) ,
pa jB, - (A.X hya (a,,))
? () ! -

instead of Anl_“n(éf |~ 9n). Importantly, once én is obtained, we can generate {ﬁf 1}1L=1
without any optimization, and thus drastically relieving the computational load.

@ Springer



548 Y. Uehara

4 Numerical experiment
We consider the following data-generating model and statistical model:

dx, = —%X,dt +dZ, X,=0,

— L a4z, y>o.

1+X?

dx, = —%X,dt + 25)

As for the distribution of Z;, we consider the two cases (i)L£(Z;) = N(0,1) and
(i) L(Z,) = bgamma(1,/2,1,/2), where bgamma(8,,7,,8,,7,) is defined as the
law of 7, — 7, where for each i € {1,2}, 7; stands for a gamma random variable
whose Lévy density is

S
fo@= e 2> 0.

For two pairs of the sample size and Terminal time (n, T,,) = (5 x 10%,200), (10°, 500),
we independently generate 1000 paths of (25) based on Euler—-Maruyama scheme.
Concerning the bootstrap weights, we choose the beta distribution based random
variables given in Remark 14. We set &, as 25 and 50 for each pair. Then, we have
logsgy 25 ~ 0.518, log,g, 25 =~ 0.608, logsy, 50 ~ 0.629 and log,,, 50 ~ 0.738.
Hence, in this setting, all of Assumptions 1-5 and Assumption 13 hold with the
optimal value y* = \/5 (cf. Uchida and Yoshida 2011 and Uehara 2019). Table 2
shows the actual coverage rate of all the 99% bootstrap interval constructed by
1000 bootstrap replication. Each coverage rate is approaching as n and 7, increases.
Compared with case (i), the coverage rate of case (ii) is slightly worse; this is
probably because of the high kurtosis of the bilateral gamma distribution which
makes the asymptotic variance of 7, large.

5 Proofs

Hereafter, R(x) denotes a generic function being of at most polynomial growth.
Its form may vary depending on context.

;Zl())ltztfapcfgggzgeizztfn?efr?fz? n T, k, Coverage rate (i) Coverage rate (ii)
10° 500 25 0.962 0.952
10° 500 50 0.969 0.944
5x 10 200 25 0.935 0.924
5x 10 200 50 0.939 0.907
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5.1 Auxiliary results for blocked sums

We first prepare some lemmas repeatedly used in the proof of our main results.
All of their proofs are presented in Supplementary material.

Lemma 19 Suppose that Assumptions 2-3 and Assumption 5 hold. Then, we have

L n*h3
n
Z Rtj—l -/t (A, _A’j—l)ds = 0[7 k, > (26)

jEBh J
nzhi
= OP kn s 27

2

k, 2

2

i=1

[j
DR / C, dZ,
Ly

jEBh J

= 0,(T,). (28)

Lemma 20 Suppose that Assumptions 2-3 hold. Then, under Assumption 5-(1), we
have

- 2

k, ; 2
2 _ 2
Z 2 R, < / CdeS> ~h,C: || =0,(nk), (29)
i=1 jEBh fio
and under Assumption 5-(2),
k, [ ; 2 g
YID R </ Cs_dZs> -h,C} || =0,(T,). (30)
i=1 |jeB,, ! 11 "

We will say that a matrix-valued function f on R is centered if 7,(f) = O in the
rest of this section.

Lemma 21 Suppose that a centered matrix-valued function f is differentiable, and
that it and its derivative are of at most polynomial growth. Then, under Assumption
2, Assumption 3, and Assumption 5, we have

2

:op(\/@). G1)

The following lemma verifies the probability limit of the sum of squared
Wiener integrals.
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Lemma 22 Suppose that Assumption 2, Assumption 3, and Assumption 5-(1) hold.
We further assume that a differentiable function f on R and its derivative are of at
most polynomial growth. Then, we have

ic

kn ic,h n 2
1 / n'ln
— i wy = w, Dxi(s) | dw,
nh}% ; { (i=D)c,h |J':(i—12)cn+1 " e

n'tn

> 2 / (F () mo(dx),
R

o

(32)

ic 2

/ > fq;(,(s)dws> - / (F () 7o (el). (33)
( R

n i=D¢,hy j=(i=1)c,+1

We next show a similar convergence result to Lemma 22 when the driving noise
is a pure-jump Lévy process.

Lemma 23 Suppose that Assumptions 2-3 and Assumption 5-(2) hold. Moreover, for
two functions f and f, on R, we assume the following conditions:

1. fiis differentiable, and it and its derivative is of at most polynomial growth.
2. There exists a positive constant K such that for any p € (1, ) and g = —,

—1
[0 — /0]
sup
ryeRugy [X = y[/P(1 + |x|9K + |y|eK)

Let f(x,2) = fi(X)Z° + fo(x + 2) — f,(x) for a fixed § > 1. Then, we have

k,

Tl ( / ! / fX,_, 2)N(ds, dz)) / / (f (x, 2))* 70 (dx) v (dz).
n i Deyh

i=1 0t

5.2 Proof of Proposition 11

For simplicity, we write

4 7
E=AX-C, AZ= / Ads +/ (C,_ - C, )z,
t t

j—1

and we divide the proof into the diffusion case and pure-jump Lévy driven case.

5.2.1 Diffusion case

For any g > 2, from Burkholder’s inequality and Assumption 2, we have
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ellg 150, (34)

Ei—1[|§i’q] SHIR, . 35)

Combined with Holder’s inequality and the ergodic theorem, it follows from
(Genon-Catalot and Jacod 1993, Lemma 9) that

Ti S@ax? = ZC2 A2 +0, <\/h_ ) d / Cmy(dd,  (36)
n j=1

n,'_

n " (AZ)*
ﬁﬁgmﬂf=%Z—#—%1+%@ﬁwi3fcmwwm'(W)
n j= n

j=1
Hence, Slutsky’s theorem leads to

bl,n_P) [ C*(x)my(dx)
3h, [ C2(X)my(dx)

Next, we look at b, ,. By applying the Taylor’s expansion, we have
1
7 2 l
n 2
(A;X)
= 1 l—Z"—cz_ + cf 1]
J =

m X°
/ 0,c% 7+ ulr* = 7,))

0,¢t (7, +ulr* - ?n))] duly, — 1*1.

(A X)?

,4m+§3m]

Let a, be the convergence rate of 7,. Since ()yc2 and 5764 are of at most polynomial
growth and a, (9, — ™) = OP(I), we can deduce that the second term of the right-
hand side is Op(—). Hence, (34) and (35) lead to

ax)* (AX)2

_Zl3“ -2— §;m+c(m]

n

AZ4 AZ)?
S R !

J
n

In the misspecified case, we can similarly observe that the first term of the right-
hand side converges to
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/ (C*(x) = ¢*(x))* 7y (dx),

in probability. Then, (15) follows from the continuous mapping theorem. In the
correctly specified case, we obtain

laz® (A,Z)*

3h2 li-1 h L
2
| @D (A,Z)?
-1 J 4 ' o 4
¢ < 3h; Cl}_l 2 h ct.f—l + C’j—l S R’f—l'
n

(Genon-Catalot and Jacod 1993, Lemma 9) yields that for a positive constant
6 € (0,1/2), we have

a2y

(AZ)?
- z l 3h2 f 2 Ilz cf 1 +c;‘_ = op(n_%ﬁs).
J= n J— j—1

Since a,, = \/ﬁ and \/E \Y% ﬁ = \/h_,,, we arrive at
AX)*  (AX) N s
= Z l 2 ;l— (J/,,)+c (J’,,)} = ,,(n N - > =op<h,§ )

and consequently,

and this concludes (14).

5.2.2 Pure-jump Lévy driven case

Since the route is quite similar to the diffusion case, we omit some details. For
any g > 2, Burkholder’s inequality and Assumption 2 imply that

ellg[ 152, (39)

e[ 15 2R, (40)

Hence by making use of (Genon-Catalot and Jacod 1993, Lemma 9), we get
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= Z(A X)? = Z Cl (82 + 01,(\//Tn>-”> / C’Wm(dx),  (41)
=

Illl

: Az
# 2" = % G 0,(Vi, )= / CH(x)7(dx) / ZHvy(d2),
n i—1 = 0
J J (42)

and it is immediate from Slutsky’s theorem that

b 2 [ C*)my(dx) [ z*vy(dz)
L [ C2(0)my(d)

From (42) and a similar estimates to the diffusion case, we have

A0 @ax?

2 (s 4 (s
_Z 30 - I Czj_l(yn)+ct,_,(7n) — 00.

Since the function i(x) = exp[—(|x| + 1/|x|)] tends to 0 as x — oo, we obtain (16).
O

5.3 Proof of Theorem 17

The essence of this proof stems from Chatterjee and Bose (2005). For simplicity,
we hereafter write

d,c, (1)
2 2
C(V) W [h"ctj,l(y) - (AjX) ],
0,a

_1) [ij ~hya, (a)] .

Since the matrix I, is block diagonal, we divide the proof of (19) into the scale part:

1
Vo —r0= 2 S T ooen @

n i= JEBy,

w;=1) ) &™) +r,p 44
\/nnlZ JEZBIC ’ ( )

and drift part:
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1 S B 1 5
VT, 708y, (@)@} = &) = —= D 00 = 1) Y 0@ 7)1 (45)
n V Tn i=1 JEBy,

= 2 0w = 1) Z (@, %) + 1. (46)

5.3.1 Scale part

Define the function I]-I]f on R”r by

k,
b
H2 (1) = Z Z { < + T’) - cj(y,l)} - %a?zwl,n(yn)r.

First, we show that

|t| <K,

lsup HR0)| ] = 0,(1), @7)

for any positive sequence (K,) fulfilling K, = op(\/k_n). For instance, K, Tl/ 4

satisfies the above condition. Combined with Proposition 11 and the consistency of
7.» we have 4/ %Kn = 0,(1) and we may and do assume 7, + \/%t € 0, as long as

|t| < K,,. By applying Taylor’s formula twice, we obtain
HE (1) = HY (0 + H (1) + HE (1),

where for notational simplicity, we write

Ky
B)=— Z(wi -1 Y 119,50,

” i=1 jEBk_

1
HE, () = = Z(W D) / 08,7, + s(r* = 3,))dslt.9, — 71,
0

JEBy,

k,
bn n
H];,n(’) = v I Z / (3®2C <}’n ‘/—ut>du[t 1.
n i=l ]EBA n

From now on, we separately look at these three ingredients. Assumption 13 yields
that
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k, 2
2
EB| sup I]-I]]En(t)| _2 Z Y 0,60™) -
|t|<K, Vl i=1 JEBki
Decompose aij(V*) as ayC(V*) = 51,;’ + &, where
2 2 ®2
€. 0p 6y, —(0ey,) 2 2 @y, )%,
¢, =h, . (¢ -c2 )+ 20, ———C:..

fim1 S
®2 _ ®2

. c,j_ldy ¢ 3(6706-—1)
2j = 4
o

[hncf,.,l - (AjX)z].

Jensen’s inequality and the ergodic theorem yield that

kn
< % 2 2 =0,k (48)

It follows from Lemma 19 and Lemma 20 that

22 ZCZJ

n i=1 |jeB,,

B { p(n‘l), in the diffusion case,
0]

('), in the pure-jump Lévy driven case.

From these estimates, we get

E® l sup H‘ﬁn(z)r] = 0,(K2k;") = 0,(1). (49)

l71<K,

Assumption 13 leads to

E® lsup H2, (t)|] T2|yn I Z

2

1
> / 023, + s(r* — 7,))ds| .
0

[1I<K, i=1 JEBk

From Assumption 2, there exists a positive constants M, and M, such that

1
’ / 0223, + s(r* = 7,))ds
0

s (1, 1) {m+1x P + [@x7 - ey | b
Combined with Jensen’s inequality, Lemma 19, and Lemma 20, we obtain

2

pS k—2 (50)

/ 02257, + s(r* = 7,))ds

JEBy,

@ Springer



556 Y. Uehara

Hence, the tightness of 4/7,,(7,, — y*) implies that
EBlsup H3 (t)| ] sz ~iT) =o,(). (51)
l7|<K,

We rewrite H® (7) as
3.n

ku
HE 1) = by (w; = 1) 0®2C 7.+ —m dult, 1]
3 T3 & ~
n i= JE K
bn 2
+ F /a G\ 7.+ —ut dult, 1].
n j=1

Recall that b, = O,(1). By utilizing Cauchy—Schwartz inequality and the estimates

in (50), we have
‘/ Z(W—I)Z/ 6®2C<yn 1/—ut>du[t 1
JEBy,

2

sup

[t <K,

K,fb,, k l ®2 b, :
: Tr? i=1 IISILSIE,x jeZB,(x_—/O ar (:j<yn+\/;nut>du
= 0,(K i, ' T, ).

Similarly, for any C > 0, we have

2

sup 1/ /a®2g<yn ﬁ-m)du[t 1| =0,(K3T;"),
|t|<K, ,, j=1
so that
EBleup HB (t>|] (KT = 0, (D). (52)
1<K,

Putting (49), (51), and (52) together, we arrive at (47).
Next, we observe that

u b
PB lll|n£ 2 Z < + F”t >0|=1-0,1). (53)

nbn i=1 JGBk n

By using the estimates in Kessler (1997); Uchida and Yoshida (2011); Masuda
(2013), and Uehara (2019), it is easy to observe that
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1 P
;z)f’zl]-ﬂ]’n(yn)e -T, > 0. (54)

We hereafter write the smallest eigenvalue of —I', and %af’zﬂ-ﬂl,n(f/n) as A, and 4, ,,
respectively. From (54), we may and do assume that for a fixed 6 € (0,4,) and
enough large n, 0 2I]-I]1 «(7,) 1s positive definite and |4, — 4, ,| < 6 without loss of
generality. For sﬁch n, and the same sequence (K,,) as the estlmates of I]-I]B it follows
that

K
. 1 n b
P8 inf |- w; tTC-(f/n + V—"t) >0
1=K, V Tnbn ; jEszi ' Tn

> PY| inf Z DG (5,) +THEG) + d®2ﬂ-ﬂ1n(yn)[t 1%>0
S V=
k,
> 22PB| - sup 2 2 tTC yn — sup Tl]-l]f(t)‘ >
1=K, n n i=1 JEBy, 1=K,

- 1nf —0‘8’2[]-[]1 LI, t])

lt1=K,

k}l
> 1= P ==, Y §(7,)|+ sup [HB0)] > 4, - 90K,
Tnbn i=1 jeB, [1|=K,
| o (A, — 8K,
>1-pP° wi 2 G| 2 ———
Tnbn i=1 JEBy, ‘ 2
- 0)K,
-pB sup |I]-I]B(t)’ >—-.
|1|=K, 2
For abbreviation, let
(4, — 6K,
M, =M(K,) = ———

Then, Taylor’s expansion and Chebychev’s inequality gives
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M=
=
i
A

T,b, i=
< iZc(y* 4”_“22"‘, 3 0,6 (r* 2
~ MIT,b, & jeB,, ! MT,b, & By, ™
2
4 _ x4 71
il a®2c<y + 5% = 7)ds| -
AT n n n
MnTVlbn i= 1 ]EB

¢i(y™) can be decomposed as:

ch,
2y [h c —(AjX)z].
- c? -1

3
iy

. dyc,f )
Gr™) = hnc3—(ctf- -
Notice that from Proposition 11, 7,5, = Op(nhi) in the correctly specified diffusion
case, and 7,0, = O,(T,) in the other cases, and that the function

()c(xy)

S ¢ A, r*) = C2(x)

is centered. Hence,

k

—

Gl

JE€By,

— = 0,(1), (55)

n“n =1

is straightforward from Lemma 19, Lemma 20, and Lemma 21. From Proposition
11, we have

(7, =) = 0,(D),

=®' |.:H

and the estimates of H? and H} imply that

2

417, = r* P & 41, -
Af;sz Z Zag A/;T Z/ 0227, + s(r* = 7,))ds
n-n-n i=1 JEBA nin%n i=1 ]EB,\

=0,(1).

Hence, we obtain (53).
Lett = t, be a root of the equation

GB (7 by =0
i\ Tt 1) =0 (56)
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if it exists, and otherwise, ¢ be an arbitrary element of R+, For such ¢, we define

On the set

—

k

- b
inf | - w ) tTQ.(f/,, + ﬂ—”t) >0,
l1=K, b, =1 jeB, T,

the continuity of {(y) and (Ortega and Rheinboldt 1970, Theorem 6.3.4) ensure that
a root t of (56) does exist within |¢| < K,,. Since v/b,/T,K, = op(l), (53) and the
consistency of 7, lead to

3

PP e®)=1-0,1). (57)

Finally, Chebyshev’s inequality, (47) and (53) yield that for any M > O,

k
T, 1 1 -
PPl |4/ 2=0%H, 5GP - 5,) - =1 ), &G >M
byont " VT,b, Z:‘ ,ezl;j !
1Y b
< P inf |- wy DG 7,44/ )| <0
1=K, T,b, =1 jeB, T,

k,
1 ¥ b
+P®[4 inf |- w, Y (7,4 4] = ) [>0
|t|=K, Tnbn ; jGZBk 1< Tn
ﬂ{ sup ||]-|]f(t)| >M}>
1<K,
1 kn b
< PB| inf |- w, Y ¢l 7, + 1/-”:) <0
i=K.| \/T,b, Z:‘ J.EZBM_ ! T,

+ #EB l sup ||]-|]f(t)|2]

l71<K,

(58)

=0,(1).

Combined with the estimates of H? and HY , we obtain (43) and (44).
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5.3.2 Drift part

Since the route is a similar to (43) and (44), we sometimes omit the details below.
Introduce the function UP on RP« by

k,
UB() = \/1_7 DD { ( \/L?y) - nj(&n,?n)} - 20, @),
n i=1 ]EB n n

and Taylor’s expansion gives
B — B B B
U,0=U0+U, (0+U; ©,

where

k

l n .
uE, (0 = T D wi=1) D T o,nax,7,),
i=1

= JEBy,

Ky 1
1 A FONA N
[U]Zn(t) == Z(w[ -1 Z / 0®2n;(@,, + s(a* — &,).7,)ds[t, &, — a*],
n =1 0

JEBy,

UB = / 6®211 <a + —ut, 7, >du[t t].
3,}1 '] n £
i: jGBk \/_

As can be seen in the proof of (43), it is sufficient for (45) to show that

lsup [UB(I)| ] = 0,(1), (59)
|7]LK,

k, 2
TL > n(a*.7,)| = 0,0, (60)
n i=1 |jeB,,

where (K,,) denotes the same positive sequence as the previous part. We first show
(59). Decompose [UB (t) as

Ur 0= Z(w =1 ) o, %)

JEBy,
1 < !
+ Z(wi - /O 0,0,1m(a*, 7, +u(y™ = 7,))dult, 7, — y*1.

Since aanj(a*, y*) can be rewritten as:
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O mi(a™,y )—

it follows from Jensen’s inequality and Lemma 19 that

- Z(W -1 Y Tom@*,y*)

n = JEBA

2

EB| sup

= 0,(Kk;") = 0,(1).
|t|<K,

Again applying Jensen’s inequality, we obtain

2
£%| sup (w—l)Z / 0@ 7, + uy* = )l 7, — 7]
IZISK,, n = JEB,
2
K2|yn *

N

/ O ni(@™, 7, + u(y™ = 7,))du
JEBy,

,'=

2
K7, —y*|2 <

< _nifin° 0

T2 ,Z‘ilelg

> 9,0,m*,y)| -

JEBy,

For any g > p,, Sobolev’s inequality (cf. Adams 1973) gives

q
Efsup| Y’ 0,0,m(a*.7)
r€0 ]EBk
q q
SsupE[| Y. 0,0,m(a*. )| |+ supE 2 0220, m,(a*, 7)
y€EO =]

/EB/‘ ]EBk

Now, we focus on the first term of the right-hand side. dy()aq]»(a*,y) can be
decomposed as:

4 4
9,0,m(a*, ) =0,¢;2 (1)0F*a, ( /t Ads + /t CS_dZS>
j—1 j—1

= =

0,200, )"

=

Jensen’s inequality gives
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562
G ®2 ! T?
sup E a,¢2(1)0%%a / Ads —h,0,c (6aa > < —.
regy jesz. 16, % o 7, O\, ky
Burkholder’s inequality leads to
t a
sup E[| ) 9,¢; 2(y)6®2a, | / C,_dZ,
€0, j€By, /=
q
=sup E / Y 0,62 (0%, C,_y(9)dZ,
7€0, (i—=1)c,h, JEB;, !
T‘i/2 1 5 )
< L ® ]
simrsm Y [ el ol
T‘i/2
n
kﬂ/z
so that for any ¢ > p,,
2 q 2/q TZ
E Sup z ayaanj(a 9]/) SE Sup Z ayaar]j(a*s J/) S k_;
7€0 |je, jB, .

Analogously, we can evaluate sup, cq £ HZ]‘eBk‘ ()592() M, 7/)' ] and the tightness

of /T, (7, — r*) leads to
. 2
sup Z(W - ) / 0,0, (a*, 7, + u(y* = 7,))dult, 7, — *]
[t|<K, JEB,, 0
27,—1p—1
= OP(Knkn Tn )

Hence, we obtain

|7]1LK,

lsup |[UB (t)I ] =0,(D).

By taking a similar route, it is easy to see

B l sup [Ulzn(t))z] + E® l sup U.’]in(t)’z] =o0,(1),

1<K, [1|<K,

and in turn we get (59). We next show (60). Taylor’s formula leads to
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) 2
|—7/|"
,

Z/ o,ni(a*. 7, +u(y* —7,))du

i=1 |jEBy,

(61)
and the first term of the right-hand side is O,(1) from an easy application of Lemma
19. As for the second term of the right- hand side, itis O, (k; 1) by making use of the
same argument based on Sobolev’s inequality presented above Hence, (60) follows,
and by mimicking the proof of (53), we get

k,

. 1 - 1
pB flo— : t'n. &, + —.7, >0l=1-0,(1).
II}E& \/Tn ;W jeZBk‘_ ’7]<“ \/Tn ’ ) K

Again by using (Ortega and Rheinboldt 1970, Theorem 6.3.4), it turns out that the
equation

N t
G?,n(an + \/—T> =0, (62)

has a root ¢ within |¢| < K|, on the set

. 1 T t
o |23 T n].<a,, . _,¢n> .0
1=K, Tn i=1 jEBk, l V Tn

Hence, for &% := &, +1/4/T,, we get
PP@¥ e®,) =1-o0,0).

Mimicking (58), we get (45). It remains to prove (46), but it automatically follows
from the estimates of (61). Combined with (43) and (44), we obtain (19). Moreover,
Taylor’s expansion and the calculation up to here lead to

6yc,j . 5 )
[hnc[’__] — (A% ]

Q \Nﬁw

A28 -6, =B, Z(w -1 Z

JEBy,

+ Tup (63)

(AX ha

2 -1
€

1
Now, we move to the proof of (20), (21), (22), and (23). In the correctly specified
case, by taking Lemma 19 and Lemma 20 into consideration, (20) and (22) are

trivial from (63). Concerning the misspecified case, it is enough for (21) and (23) to
show that for each / € {1,2},
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k,
Z flzc,,h“ fl,[(i—l)c,,+1]h,,) = Tup; (64)
i=1

5

= Z(Wi - 1)(81,icnh" - gl,[(i—l)cn+1]hn) = Iup- (65)

Since f; and f, is at most polynomial growth, it follows that for each/ € {1,2}, there
exist positive constants C, and C, satisfying

2
C.
max E|:|’fllcnhn -fl,[(i—l)c,,+1]hn ] < Cl + Su(l;)E['th 2] < 0.
1>

ie(l,...k }

n

Hence, we have

k

| & , )

T Z(Wi - Ifl,ic”hn _fl,[(i—l)c,,+l]h,,’
A

i=1

k
| L

-7 Z lfl ic,hy ~J1IG=1)e, 4110,
n =1

k}'l
=0, )

and (64). Since g, and g, are also polynomial growth from their weighted Holder
continuity, (65) can be deduced in the same way.

It remains to prove (24). However, (24) follows from F-conditional Lindeberg-
Feller central limit theorem by making use Lemma 22 and Lemma 23. Hence, the
proof is complete. O

2
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