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Appendix A: Derivation of model assisted be-
tween and within cluster covariance matrices un-
der Lemma 11

First we consider the between clusters covariance matrix V;.(3, 02) from (88),

and re-express it as

Vi(8,03) = ;_fzczi chizf
: é}f{z%}{m} ;Czi;:{:@}{mﬂ
= I1< i{i]zzjl(ya 1ei(B, 02)) (Yej — pes ( 70~2y))aci(-)a$(-)}

— ;1;{22%1(?4@_#01‘( TN (Y — 1 (B, 7))
< au(ay()] (130)



Notice that because F based clusters are independent, the model expectation

over (130) yields

En [(Yei = 1ei(B,02) Yy — pag(B,02))| = 0, forc#d,  (131)

whereas, for ¢ = d, we obtain

Enr |(Yei = 1i(8,02)) (Y — 145 (B,02))| = 005, by (23)-(24). (132)

Hence by using (131)-(132) in (130), we obtain the model assisted between
cluster covariance matrix, i.e., Viiyu(8,02) = Ey([Vi.(B,02)], as shown in
(108) under the Lemma 11.

Next, we consider the within cluster covariance matrix from (88) and sim-

plify it as
1 X
ﬂ7 7 70@21%2 i T N a1 N( _1 gzmzcj

1 X .

= ﬁ; Yei — Hei /8, 7)) a'Ci(')a’ci(')
2 Ne

~ N.N.-1) D 1Wei — 1ei(B,02)) (Yes — 11e; (B, 02))]aci(-)ay; (). (133)

c c i<j

Now the model expectation over (133), by (23)-(24), yields V(gu(8,02) =
Ey([Ve(B,02)], as shown in (119) under the Lemma 11.

Appendix B: Derivation of var(.S, ,) under Lemma
13

For Sy, defined in (115), it is indicated in (123) how to compute its variance.
Thus we follow (123), and as a first step we compute the TSCS design (D )-

based variance formula by simplifying each of the two terms given in
varp,.(Say) = vary, Ep, [Sa,] + Ep vary, [Say). (134)
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Computation of var,, E,, [Ss,] :

Because
k nc k  ne N -1 B
Zzwcz)es*z /37 0y +Zzw(cz €s* ( — 1)Z*C7ij(ﬁ7ai135)
c=11=1 c=11i<j Ne

we take the within cluster expectation following (76) and (77) and write

c=1 1<J

VarplEpzc[527y] = K2varp1 |:Z{chz /87 7 +ZZ*Clj }]

— Varpll ZZ’C], say). (136)

Now write zt = L% 2f. Then by similar calculations as in (98), we

obtain

var,, [}ézﬂ _ (KK’“> (8. 0?), (157)

-\ 2
where v'1.(8,02) = & “E (zTC — ZT) , yielding the formula for the variance

over the within cluster expectation defined in (136), as

B () = K (SE) et s

Computation of E, var,, [S3,] :

For Sy, given in (135) (see also (115)), we express its second stage design

based variance as

Ep vary,, [Say] = B, [(K2/k2) XK:NCQ lvarpzc { chz B.o} Oy H

c=1 i=1
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and compute the variance and covariances within the square brackets as fol-

lows.
(a). Computation of var,,, {n% ey zh( ,03)} :

By replacing z.;(-) with z%(-), this variance formula follows from (97) as

Varp2c{ sz ﬂ? 'y } = Varpzc{ 252 Z|C cz ﬂ? 7)}

Ne ;5 Ne ;23
Ne—mne 1 |1 Qe )
Nc nj |:Nc ;[’Zci] N (N - 1 ;Z ci? c]]
N.—n. 1 |
= N TTU c( agz)v (Say)‘ (140)

(b). Computation of var,, {i (g:ll) o 2 e (B, 7)}

Te

Using the random indicator variables ds ;. and ds j. as in (69), for pair-wise

individuals selection in the sample, we first express the variance formula as

1 1 /N,
vary,, {nc (nc— 1) ZZ' c,ij 67 ’Y } = vary,, {nc <nc_ 1)2(521|c(52]|cz czg(ﬂa »y)}
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1<j,k<t

We then compute the variances and covariances of the pair-wise indicator

variables, as
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and
E[02,i1c02,1c02,kc02,01c) — E[02,4c02,j1c| E[02,k1c02,01c]  for i # j # k # 1

COV[(SZ,i|c(52,j|ca 52,k\c52,é|c] = E[52,i|052,j\c52,k|c] . E[52,i|062,j\c]E[52,k|c(52,f|c] otherwise
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T'Lc(nc*].) (nc 2)(T'LC 3) nc(ncf]_) . .

Ne(Ne—=1) {(Nc 2)(Ne=3) Nc(Nc—l):| fori#£j#k#/
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R [g2(ne, No)] - for i 5 # k£ 4
= (143)

17\1722711;;11)) [93(ne, No)]  otherwise.

Next, putting (142) and (143) in (141), one obtains

. (N. — 1) ne(n.—1)
Varmc{nc <n6_1>Zz cij(B, 02 }_ [ne(ne —1)]2 No(Ne — 1)

1<J )
X [g1(ne, NC)q)LNc (y) + g2(ne, NC)(I)Z,NC (y) + g3(ne, C)(I)S N(y)], (144)

where
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(atkalitals
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1<j,k<l,j=k 1<j,k<tl,j=~C



YY) ne \ne—1 (e

In the fashion similar to that of (b), we first express this covariance using in-

(c). Computation of cov,, 2 {nic Yo 25(8,02), - (N _1) Yo 2 e (B 02)}

dicator variables, as

2[(:0\7%{ C;Z” 1( _1)chm ,0',Y H
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i=1j<k

We then compute

COV[52,i|ca 52,j|c52,k|c] = E[52,i|c52,j\c52,k|c] - E[52,i|c]E[5z,j\c52,k|c]
ne(ne — 1)(ne — 2) Ne Ne(ne — 1)

B Nc(Nc_l)(Nc_Q) _ﬁch(Nc_l)
_ ne(ne—1)
= m%(nc, Ne), (147)

and fori =7, <kandi=k,j <k we use

Jiley 02i|c92,k|lc] — Jiler 02,4c02,5]c] = ,ilcV2,7]c] — Jilc ,ilc92,5|c
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By putting (147)-(148) into (146), one obtains

[covp%{ c;za B, 02 a’) C<N_1)chm (3, 7)}]

1<)
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N, )
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Ne Ne
(I)5,Nc<y> = Z {Z;( 703)Z*C7jk( 703)} + Z [Z;( 7U§)Z*C,jk(ﬁvaf2y>}'
i=j.j<k i=k,j<k
Finally, by applying the results from (a), (b), and (c), into (139), and
also by taking the first-stage expectation (E,,), we obtain the formula for

Epl Valp,, [52721] , as

K& N.—n. 1 |
Ep1varpzc[527y] = ?ZNCQ H N —v"( 703)}

Ne

(151)

1 N.—1
{n N.n —1 [gl(na NC)(I)LNc( 70-'2y) + gQ(nw NC)¢27Nc( 70-?/) + g3(n07 NC>(I)3,Nc (/87 O',%,)} }
2
b {0 [0 N)®a (8,02 + g5(ne N @i, (8, 02)] ]

which, after taking model assisted expectation (E);), yields the result in
(125) under the Lemma 13. We also need the model assisted expectation
of v11.(3,02), which is used in (124). All these model expected functions are
computed as follows:

(i) Computation of v'(1,(3,02)

Recall the formula for v'1.(8,02) from (137) and write its model assisted for-

mula as

UT(l.)M(ﬁ, 0’2Y) - EM {UTl-(ﬁ> Ufzy)}

_ iE f:( P a\?
- K Mc:1 e Z)
- B Y (ﬁ*)] - B |2 - {3t
—KMczl ‘ K\Z° _KMC:1 ‘ Kczld:ICd
1 [x 1 (& K
= Y Eu ) - = {Z En(zf)? + ZEM(ZZZCDH : (152)
K= K \= cd
Now because by (136) and (115),
N Ne
ZZ = E:IZ;(IE%O%) +Z£*C,ij<1670-'2y) (153)
i= i<j



Ne

N.
= me(ﬁv Ui)(?/?z - AC,M( 703)) + de,ixﬁv O-'Qy)<yciycj - )‘C,ij( 70'2y))7

i=1 i<j

it follows by using the model (M) properties (23)-(24), that
Ey(zl) = 0= Ey(2l2]) =0, (154)

because the clusters (¢ and d) in the F are pair-wise independent. Furthermore

Ne Ne

EM(ZZ)z - Z Z 601( ) U—Qy)fcj (ﬁa O_f%/)EM {(yi - Ac,ii(ﬁ? 03))(2%3] - )\c,jj (/67 0',2}/))}
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N. N

+ Z Z gc,ij (ﬁv Ui)éc,k@(ﬁa U’Zy)EM {(yciycj - )\c,ij( ) U'Zy))<yckyc€ - Ac,k@(ﬁa U»zy))}
1<j k<t
N: N.

+ Z Z€ci(ﬁ70»2y>éc,jk(ﬁ,o-’2y)EM {(3/31 - )\Cﬂ'i( 70—3))

i=1j<k

X (YejYek — Aejr(Bs 03))} ; (155)

which by using the fourth order moments from (47)-(48), reduces to

Ne Ne

EM(Z;F>2 = Z Z gcz( ) O-gz)gq( ) U$)¢c,ij (/87 0-'3)
i=1j=1
NC NC

+ > &e.i5(B, Ui)gc,ké(ﬁa 03)%,@,%(5, Ui)
1<j k<t
Ne Ne .

+ YD (B0 E (B, 03 wei (B, 03)
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= Ton.(8.02). (say). (156)

Then by using (154) and (156) into (152), one obtains the model assisted

between variance as

K
o (B, 02) = Il( (1 - ;{) S Ton (6, 02). (157)
c=1

(ii) Computation of v*)y(8,02) from (140)



It follows from (140) that

1 X

’U*C( 72 cz - — 1 Zz czz cjo (158)

Cz 1 l<j

where 25(-) = &i(6,02) (4% — Aewi(B,073)) as in (135)(see also (115)). Now by
using the model based fourth order moments, namely var[Y%] and cov[Yz2, Y.2],

ci) g

we take the model expectation over (158) and obtain

v o (B,02) = Ex [v" (ﬁ,om (159)
1 & 5 2 5
- i; M cz _]V(]V—l)g M czzq]
1 & 2 2 8. V2 v
= i;gm , anr ‘] — N(N—l;gm , 7503( o )Cov[ vis Yol
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= CZ 1 cz b ’y C,11 ) 'y NC(N z<‘7 CZ b fy c) ) 'y Cc,1] b fy

by (47).

(iii) Computation of {®, nyn(B,03);u =1,...,5} from (145) and (150)

Because, z*.;;(3,02) = éqij(ﬁ,a?y)(yciycj — Aij(B,02)) by (115) (see also
(153)), the model based expectations of {® n,(3,02);u =1,...,5}, using the

fourth order moments from (48), have the formulas as follows:

cI>(1NC)M ﬁ chz] 104 wczjzj(/Ba 'y)
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(160)
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Nc Ne
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N. ~
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