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Abstract

Over the last four decades, the cluster regression analysis in a finite population (FP)
setup for an exponential family such as linear or binary data was done by using a
two-stage cluster sample chosen from the FP but by treating the sample as though
it is a single-stage cluster sample from a super-population (SP) which contains the
FP as a hypothetical sample. Because the responses within a cluster in the FP are
correlated, the aforementioned sample mis-specification makes the sample-based
so-called GLS (generalized least square) estimators design biased and inconsistent.
In this paper, we demonstrate for the exponential family data how to avoid the sam-
pling mis-specification and accommodate the cluster correlations to obtain unbiased
and consistent estimates for the FP parameters. The asymptotic normality of the
regression estimators is also given for the construction of confidence intervals when
needed.

Keywords Clusters under a finite population - Clusters selected in first stage -
Individuals selected in second stage from a selected cluster - Invalid inferences
for regression effects using GLS estimates - Doubly weighted estimation -
Unbiasedness - Consistency and asymptotic normality

1 Introduction

The inferences for regression parameters in a FP setup using two-stage cluster sam-
ple have been an important research topic over the last four decades. This type of
regression analysis is encountered mainly by the national or provincial statistical
agencies such as Statistics Canada, U.S. Bureau of Census, and similar organizations
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in other countries. For example, suppose that all hospitals in a country and the
nurses working in these hospitals form a FP, and it is of interest to know the effects
of certain covariates such as gender, age and education level, on the binary response,
say job satisfaction status of the nurses in the country. Here, the regression effects/
parameters for this country would be a FP regression parameter, whereas an infinite
population regression parameter would refer to the effects of the covariates on the
binary response of any nurse from any countries, for example. Thus, a FP regres-
sion parameter may be treated as an estimate of the infinite population-based regres-
sion parameter (e.g. Binder 1983; Godambe and Thompson 1986; Ghosh 1991, Sec-
tion 14.2, p. 203), but in a FP study using two-stage cluster sample selected from
this FP, we are interested to estimate the FP regression parameters. Furthermore,
because there is also an invisible/random common cluster/hospital effect which
is shared by all elements/nurses within the cluster, this would make the responses
within a cluster correlated. Thus, it would be necessary to define a FP-based clus-
ter correlation parameter and its estimation, which is, however, not yet addressed or
addressed inadequately in the literature.

Over the last four decades, (a) some studies (e.g., Binder 1983) in a FP setup
involving stratas, defined the FP regression parameters implicitly as the solution of
a suitable such as the generalized linear model-based likelihood estimating equa-
tion constructed using the hypothetical responses of the finite population. Here,
FP responses are hypothetical as they are not observed, until a sample is taken to
observe a part of the FP. The FP regression parameters are estimated using a sample
chosen from the FP. The possible cluster correlations are not accommodated in this
approach in the estimating equations for the regression parameters. This approach
may provide biased and hence inconsistent regression estimates, specially when the
mean function of the responses involve the cluster variance/correlation parameters
(e.g., Sutradhar 2020). (b) Some other studies suggested to sample the data from
the finite population using the two-stage cluster sampling but estimated the regres-
sion parameters by using a generalized linear mixed model based (involving cluster
correlations) such as generalized least square type estimating equation constructed
by treating the second-stage data as a sample arising from an infinite population for
the exponential family data [e.g., Valliant (1985) in a binary response setup, and
Prasad and Rao (1990) in a linear data setup] . This second approach became popu-
lar but unfortunately as we show in this paper, it produces biased and hence incon-
sistent estimates for the regression parameters when these parameters are defined
correctly under the finite population using the first (a) approach. Moreover, this sec-
ond approach appears to be misleading as in a FP setup, it does not make sense to
estimate the infinite population parameters using the sample from the FP. This paper
provides a theoretical foundation, first, defines the regression parameters under the
finite population but in the presence of cluster variance/correlation parameter. We
then provide two-stage cluster sample-based estimation both for regression and clus-
ter correlation parameters.

In notations, consider a finite population (FP:F) consisting of K independ-
ent clusters with their sizes Ny, ..., N, ..., Ng, N, being the size of the c-th cluster
which is large but fixed. Suppose that K — co. Here, N = limitg_, Zle N, = oois
the size of the FP. Let y_; denotes a hypothetical response from the i-th(i =1,...,N,)
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individual of the c-th cluster under the finite population. It is hypothetical as it
is unknown at the finite population level. Further let x; be a p-dimensional fixed
covariate vector, and = (f;,...,B,, ..., ﬁp)’ be the regression effect of x_; on y,;,
forallc=1,...,K;i=1,...,N,. Notice that in this cluster setup, there is likely to
be a cluster effect on the responses belonging to the same cluster. Let y, denote the
random cluster effect of the c-th cluster which is shared by the responses belong-
ing to this cluster. Thus, on top of B, there is an influence of y. on the responses
({y,.i=1,...,N,}) belonging to the c-th cluster. To accommodate the influences of
x,; and y, on the response y,;, or its mean, suppose that F follows an infinite/super-
population (SP:S)-based conditional mean model given by

E[Y,ly.] = 1 (B.7.)

Mm(B.v.) =x B+, for linear data
=3 m*(B.y.) = exp(x B +7.) for count data
pi(B.v.) = exp(x] B +7v.)/[1 +expx] B +7,)| for binary data .

()

Suppose that yCHNdN O, o-f), where ¢ may be referred to as the cluster variance
or correlation parameter. After some straightforward algebras, one may then obtain
the unconditional means, variances, and pairwise covariances for the responses
{yoi=1,....,Nsc=1,...,K} € F. More specifically, for the linear case, by
writing

Vi =X B+v.+eq c=1,...,K—>00;i=1,...,N,

c

jid iid . (2)
yclflv(O, o-f) eL.,-lflv(O, 63) 7. and €, are independent;
one obtains the basic first- and second-order moment properties, as
E[Yci] = x;r,ﬁ = ”Ci(ﬁ)
var [Y| = 0. = (o, +07) = 0°, for all ¢, and i 3)

cov [¥,, Yc:i] =0.;= 55 = corr [, ch] =p= [03/02], for alli#j.

Next, consider y,. = (Voqs - Veis - -- ,yCN(_)’ as the N, x 1 hypothetical response
vector under c-th cluster, and X, as the N, X p covariates matrix for N, individuals
in the c-th cluster. Suppose that Xy ,(p) is the N, X N, model-based covariance
matrix for y., which by (3), has the form given by

cov [Y] = Zio () = 0*[(1 = Py, + pUp | = 0*Ric (0, “

with I, and Uy, as the N, X N, identity and unit matrices, respectively, and R . y ,(p)
represents the correlation matrix.

Now, by treating the fixed FP (F) as though it is available and arose ran-
domly from the SP (S) (F C S), one could consistently and efficiently estimate
P by solving the well-known GLS (generalized least square), more specifically
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the FP-based GLS (FPGLS) [equivalently HGLS (hypothetical GLS)] estimating
equation

K

T,erB) = Y X Z\ (D0~ X.B)
c=1

k 5)
I )
= = LXR (D0~ XP) =0,
c=1

where Z(C’NF)(p) = O'ZR(C’N()(,D) is the covariance matrix from (4). Suppose that the
solution of (5) is denoted by By gy s-

Notice that as in practice (F) is unobserved, By g s from the hypothetical GLS
equation (5) is referred to as the FP-based regression parameter [Godambe and
Thompson (1986) [see also Ghosh (1991, Section 14.2, p. 203), Binder (1983)].
More specifically, as indicated above, under approach (a), in a complex survey
such as stratified sampling setup, by treating the responses as independent, Binder
(1983, Eqn. (2.4)) has defined the regression parameters implicitly, as the solu-
tion of a suitable such as the generalized linear model (GLM)-based likelihood
estimating equation (Nelder and Wedderburn 1972) constructed using the hypo-
thetical/unknown responses of the finite population. We remark that Godambe
and Thompson (1986) [see also Ghosh (1991, Section 14.2, p. 203)] referred to
the solution of the aforementioned hypothetical estimating equation, as the
N-dependent FP parameters, N being the size of the FP. Thus, the S-based regres-
sion parameter f, satisfying a F-based estimating equation, becomes a FP param-
eter, say By. Under the general exponential family data setup, the proposed F-
based estimating equation for B is developed in Sect. 4.1 [see (33) under
Lemma 3]. We further remark that unlike Binder (1983), in a cluster setup, the
responses within a cluster under the F, are correlated as they are supposed to
share a common random cluster effect. Hence, similar to the definition for f,, we
will also define a N-dependent cluster variance/correlation parameter, say o-yz’N,
corresponding to Uf in (1), for the general exponential family data. This will be
given in Sect. 4.2 [see (51) under Lemma 6].

Clearly, for the estimation of g = B, as well as 63 = o-iN (or p = py), a suita-
ble sample is needed, which would be a two-stage cluster sample in the present
setup. This sample may be constructed [see e.g., Sirndal et al. (1992, Section 4.2,
p. 134)] as follows.

First stage A sample of, say k clusters s’f ={Opxs)i=1,...,Nsc=1,...,k}is
drawn from (F) = {(ya-,xa-),i: I,....,.Nsc=1,... ,K}, according to a suitable
design p,(-). For simplicity, we will consider p,(-) as an equal probability-based
SRS (simple random sampling) without replacement.

Second stage For every cluster/family ¢ € 57, a sample of, say 57 , with n, elements/

individuals, is drawn from its parental cluster consisting of N, elements/individuals,
according to a suitable design p,.(-). Once again, for simplicity, we will consider
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every p,.(-) as an equal probability-based SRS (simple random sampling) without
replacement.

We denote the resulting sample of individuals along with their responses and
covariates, by s*, which may be expressed as

S = USZC - {(yci’xci)’iz 1s'~’nc; c = 1,,k}
ces} ©
Cr= {(yu’ cz)l_l NL»;C=1,...,K},

Next, based on the approach (b) indicated above, many authors estimated g, by treat-
ing s* as taken from the S directly, even though it is chosen from the F. For exam-
ple, Burdick and Sielken (1979), and Christensen (1984, 1987) have used the well-
known OLS (ordinary least square) and Scott and Holt (1982), Valliant (1985, Eqn.
(2); 1987), Prasad and Rao (1990, Eqn. (3.2)), Lehtonen and Veijanen (1998), and
Fuller (2009, Section 2.6, Eqns. (2.6.6) and (2.6.13)) have used the well-known GLS
(generalized least square) estimation approaches, where the OLS and GLS equations
were written using s* assuming it is taken from the S directly. Thus, in this approach
(2), F has nothing to do for inferences, which is a major mistake, as s* is truly cho-
sen from JF under the present two-stage cluster sampling setup. In this paper, we
remove this error and provide a foundation for inferences using s*, which has arisen
from the F, shown in (6).

In notations, using the s* from (6) and utilizing the sample-based response vec-
tOr Yoepr = (Vets oo s Veio -+ ,yc,Z )T : n.x 1, and its corresponding covariate matrix
xT = [xcl, ey X s Xy, | L P XA, the aforementioned studies have constructed
and solved the SS (survey sample)- based GLS (SSGLS) estimating equation

Ti_.(p) = ZxTz;,”(p) Yees —%:B)
(7)
2 ZxTR(_L‘n )(p)(.YCEs* - xcﬁ) =0

which, with X, yp) =0 R(Cn )(p) =o?[(1 = pI, +pU, s is quite similar to that
of the FP-based GLS equation T\ () = 0, defined in (5) Here similar to (4), I

and U, represent the n, X n, identity and unit matrix, respectively. Notice that even
though the SSGLS estimating equation Ty*eS* (B) =0 in (7) apparently uses the s*
based data, unfortunately its construction fails, as mentioned above, to accommo-
date the fact that s” is chosen from the FP (F = { (v, X,).i = 1, ... ,Ns e = 1, ... ,K}).
More clearly, under the present two-stage cluster setup, the SSGLS estimating equa-
t10n T*_ .(B) =0 would have been valid provided the SSGLS estimating function

yeSs*

yev (ﬂ) in (7), were sampling design (D,.) unbiased for the HGLS estimation func-
tion Tye #(B) in (5), i.e., if Ep, [ e (ﬁ)] T,e7(P), which is, as shown in Sect. 2,

however, not the case in the present setup. Thus, the existing SSGLS estimates
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become biased and inconsistent, and subsequently provide invalid inferences, which
must be remedied.

For the purpose, we turn back to the general exponential family-based response
model indicated by (1) which includes the linear, count and binary responses as spe-
cial cases. In Sect. 3, we provide the necessary moments including the unconditional
means, variances and correlations for the F-based exponential responses. In Sect. 4,
we develop the F-based HGQL (hypothetical GQL) estimating functions for both f
and of. The corresponding SS (s*)-based doubly weighted (SSDW) estimating equa-
tions are developed in Sect. 5. In Sect. 6, we show that the proposed estimators are
consistent for the respective parameters. In the same section, the asymptotic normal-
ity property for the estimators of the main regression effects is also given for the
convenience of confidence interval construction when needed.

2 Sampling mis-specification effects on regression parameters
estimation using GLM-based GLS approach

Even though s* = {(y,x,),i =1, ... ,nc; c=1,...,k} in (6) is a two-stage sample
collected from the FP F = {()’c,,x ),i=1,...,N;c=1,...,K}, the GLS estimating
equation T;_.(B) = Zc_l T (Cn \(0) (ycesﬂ x.B) = 0 for B in (7) used by the exist-
ing studies [e.g., Valliant 1985, Eqn. (2) for binary data, and Prasad and Rao [1990,
Eqn. (3.2)] and Fuller (2009, Section 2.6, Eqns. (2.6.6) and (2.6.13)) for linear data]
ignores the fact that y.. is sampled from y.r of size N, More clearly,

. T _.(B)= ZC | LTE(_( ; )(p)(yceb,* —x_.p) is constructed by pretending that k clusters,

are chosen from an infinite population (S) consisting of a large number of independent
clusters. Suppose that the c-th selected cluster has size n.. Thus, the existing studies
used s* = {(yl,xl), e 00X, - ,(yk,xk)} as a single-stage cluster sample from the
S. Here y, has the same dimension n, X 1, as for the c-th selected cluster. Notice that
this s* chosen from the S, appears to be the same as the s* in (6). But they are com-
pletely different. This anomaly would naturally make the SSGLS estimating function

Ve& (B = ZL | CTE(: Y )(p)(ycey —x_.f) biased for the F-based GLS estimating
function 7),c () = p Z XTR_ N)(p)(y — X_p), defined in (5). This sample selec-
tion bias would subsequently produce an invalid estimate for f.

We now examine the bias performance of the SSGLS estimating function T* +(B)
as follows. For the purpose, we need to compute the design expectation of the SSGLS
estimating function, T;‘ES*(ﬁ), under the true two-stage cluster sampling scheme (6).
That is, we compute

Ep T (BN =E, [E, ( ;Esxﬁ))]p]], ®)

where, as explained in Sect. 1 [see (6)], p, is a suitable sampling design for the
selection of the first-stage sample 57, and p,, is the sampling design for the selection
of the second stage sample s3 . For 51mphclty, we consider them as equal probability
based without replacement des1gns so that
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. K . N,
Pr(s1)=1/<k>, and Pr(326)=1/<n€>, ©)
or, equivalently, (i) Pr [(c th cluster) € s ] = k/K, and
(i1) Pr[(l th individual from the c-th selected cluster ) € 3 ] =n,/N,
respectively.

Notlce from (7) that Z., () = 6°R,,,(p) = 0? [(1 - pI, +pU, ] yielding
X0, = ZRC, (p), where

R (0) = [(@(n,. p) = blne. pYI,_ + b(n.. U, )| (10)
(e.g., Seber 1984, p. 520), with a(n,, p) and b(n,, p) defined as

14+ @m.—2)p —p
and b(n,,p) = s
(I =p) {1+ 1. —Dp} (I =p) {1+ .- Dp}

a(n,, p) =

respectively. Using the inversion formula from (10), after an algebra, one may re-
express the SSGLS estimating function as

T'..(B) = szz(;n (D)0 ey —X.B)

k n, an
1 5
) p Zl ;xw,a(nc’ p)(ycl - x:‘iﬁ)7
where the weighted covariate vector va e p)is given by
fo’Ci(nC’ p) = a(nc’ p)xci + b(nc’ p) Z xcj- (12)

J#LjES*

Next, by applying (8)-(9), we can compute the two-stage sampling-based
design expectation of the SSGLS function in (11) as

k n.
Ep,|Tiee )] =, [Z E,, { 5 s 93 = ) } Im]
i=1

c=1
1 koM
=5E, [zﬁzm,(nmm— uﬂ)] (13)
c=1"¢ i=1
=i5iﬁ > P)(y~—x’ﬂ)]
O-ch:l e w,ciy ¢’ ci ci ’

which is, however, not equal to the F-based GLS estimating function
T\er(B) = é 2 XTR_ N)(p)(y — X_p), defined in (5). This is because, by similar
calculations as in (10) one obtains
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R\, () = [(@W,. p) = BN, Iy, + BN, YUy )] (14)
with
) 1+ N, —2)p 3 _p
N,.p) = d b(N..p)= ,
WP = T v Dy ™ MNP = T v g
yielding
1 K N,
Tyefw):;ZZ B (N 0) (Vi = X0,5). (15)
c=1 i=1
where
%, (N p) = @GN, px + BN, p) D x| 1 px 1. (16)
J#ij=1

Clearly, the F-based population total function in (15) is quite different than the F
-based population total function in the right hand side of (13). Hence, the SSGLS
estimating function in (7) is a design biased estimating function for the JF-based
GLS or HGLS estimating function in (5), implying that SSGLS estimate would be
biased and inconsistent for f.

We further remark that even if we consider a sampling weight-based weighted
SSGLS (SSWGLS) estimating function

k

- N,
TyEs*(ﬁ) = % Z TZ(_C" )(p)(yce;* _xcﬁ)’

c=1
we would have obtained

k n
KN, 1
[ yES* (ﬁ)] E lZEpZ‘ZF{; Z wcl(nt’p)(ybl_ czﬂ)}lpll
=1 ¢ =1
K

N,

1 g
) lefv,ci(”c’p)()’ci _xi,ﬂ)] )

i=1

c=1
a7
which is still quite different than the F-based population total function in (15)
because of the significant difference between x7 .(n.,p) in (17) and %,, ;(N,, p) in
(15). They become the same only when p = 0, Wthh however, does not hold for the
clustered correlated data.

In the next section, we consider more general clustered exponential data and pro-
vide their correlation model. This correlation structure will be exploited in Sect. 4 to
develop suitable HGQL estimating functions for both regression parameters  and
cluster variance/correlation parameter a (1). Note that as the HGQL estimation of
Uy would also require additional higher order moments up to order four (Sutradhar
2004), these moments for the exponential data are provided first before constructing
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the HGQL estimating equation. The corresponding SS-based estimating functions
for f and o will then be developed in Sect. 5.

3 Cluster correlation model for exponential family data

In this section, as a summary of the models in (1), we follow the exponential family-
based S (super-population) model with its probability and moment properties up to
order four as given in Lemma 1 below.

Lemma 1 [Exponential family-based S model for the F in (6)] For the F in
(6), let r, :xCTL.,B + v, be a linear predictor, and for a known link function h*(-),
0.(Bx..7,) = h*(xCTl.,B +v.) = h*(r.;). Then, the exponential family density of the
cluster response y,;, conditional on y,., has the form

S: g;(yci”/c) = eXp [{ycieci(ﬁ; Xeis yc) - b(ec[(ﬁ; Xeis )/C))}(P + C*(yci’ (0)]’
(18)
where @ = 1 for Poisson and binary data, but, it is a scalar function or parameter
for the linear/normal data in which case (18) becomes a two-parameters exponen-
tial density. Furthermore, b(-) and c¢*(-) in (18), are known functional form for all
normal, counts and binary data, yielding the conditional mean and variance of y,;
as

ob(0.,(-
E[Y lr] = u5(B.r) = 000, = ;T()) (19)
. I 1 °b(0,,()
var [Y,ly.] = o.i(B.v.) = ab(z)(%(.)) = anl (20)

Proof The moments in (19) and (20) may be derived from the moment generating
function of the exponential family distribution (18). For details, see for example,
Sutradhar (2011, Exercise 4.6, Chapter 4) and Sutradhar and Rao (2001, Lemma 1,
Section 3). O

Notice that (19) =(1), because for the normal/linear data:
b0,y = %962[(-), and h*(r,) =r,, with ry;=x1p+7. for Poisson
count data: ¢ = 1,h*(r,) = r.;b0.,()|y.) = exp(0,(-)); and for binary data:
@ =1,h*@r,) = r;;:000.,()]y,) = log(1 + exp(8,,(-))). Further notice that condi-
tional on y,, the pairwise responses within the c-th cluster are independent. More
specifically,

E[(YCZYCJ)IYC] = E[thlyc]E[quyc] = b(l)(em())b(l)(aq())

oo 21
= B YU B.7) = cov [Y Yyly,] = 0. 1)
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Now apply Lemma 1 and find the marginal mean model for the finite population
(F) elements along with their pairwise correlation structure as in Lemma 2 below.
These unconditional mean, variance and covariances of the first-order hypothetical/
imaginary responses will be applied in Sect. 4.1 in order to develop the so-called
hypothetical GQL (HGQL) estimating equation for the regression parameter f. In
the same Sect. 4, the second order hypothetical responses and their means, variances
and pairwise covariances (involving fourth-order moments) will be exploited to
develop a HGQL estimating equation for the cluster variance/correlation parameter
2.
Lemma 2 (Unconditional mean, variance and pairwise covariances for
{yari=1,....Nsc=1,...,K} € F). Under the dlstrlbutlonal assumptlon (1) for
the random cluster eﬁ‘ects ve.c=1,...,K}, ie., for yC~N(O o ) or equivalently
usmg Yo = 0,Y> so that y; ~N(O 1) wzth standard normal denstty I}, and using
=1 for szmpler linear case, the unconditional means, variances, and pairwise
covariances for the responses in the cth cluster have the formulas:

pa(B7) = ELY,) = E, 160,001 = [ 1800, 0,0 MRG0 @2
O'E’i,-</3, o-f) = var[Y,]= /Ic’ii<ﬁ, O'f) — ﬂfi</3, df), (23)

O'c,ii<ﬂ’ Uf) = cov [Yu, Yq] /10547-(/3, o-f) — yci<ﬁ, Gf)ﬂq(ﬂ, 63), (24)

respectively, where

Ac,ii<ﬂ’ 63) - / [6P0,.(0,7)) + {600,y DY |y )y
(25)
_ / By

hey(B0?) = / (6O, 70BNy
26)
= / A Ny

Proof The proof follows from Lemma 1 using conditioning and unconditioning
arguments. More specifically, the variances and covariances are computed using the

formulas: var [Y,;] = EyFE[YfilyC] - ,ugi(ﬁ, af), and
cov |Y,;, Y| = E, E[Y,Y,lr.] - Mci(ﬂ, af)yq(ﬁ, af), involving conditional and
unconditional expectations. a
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Regression analysis using two-stage cluster sample 435

We suggest solving the integrals in (22)—(26) under Lemma 2, using the well-
known binomial approximation to a standard normal integral [e.g., Ten Have and
Morabia (1999), Sutradhar (2011, Section 5.1.1)]. More specifically, for a moder-
ately large V, say V = 10, first write

-Vvay/2
AROES v—(/) for v=0,1,2,...,V;

VVA/2(1/2)

and then approximate the integrals in (22)—(26), as

\4
HUEAED) b“’(eci(ayy:(v)))( Z)(l/zr(l/z)“% 27)

v=0

j’c,ii(ﬁ’ Uf) = E[YZ;]

) 1% (28)
= Y 16D Oi(o,1; D) + 6O, 1] (v)))]2< v >(1 /2 (172",
v=0
’lc,z‘/‘(ﬁ’ "f) = E[Y,;Y,]
(29)

\4
= Y [BVO, (0,7 BV, (0)))] ( f)(l/zf(l/z)v—”.
v=0

Notice that even though we have computed the mean, variance and correlation struc-
ture of the

FP(F) : {ylXi=1,....Nsc=1,...,K}

as shown by (22)—(24), we can not, however, use the responses and covariates of
this population to estimate the regression(f) and cluster correlation (63) parameters
involved in the moments (22)—(24). This is because as explained in Sect. 1, in the
FP setup, it is impractical to collect data from the entire which is a large popula-
tion. Hence, a TSCS (two-stage cluster sample)-based survey sample s*(SS(s*)) (6)
is taken, consisting of k < K clusters chosen from K clusters at the first stage, and
then at the second stage, n, < N, individuals chosen from N, individuals of the c-th
(c =1,...,k) selected cluster.

More clearly, the main objective of taking the sample s* (6) from the FP (F) is to

estimate the parameters ( B, 65) those define the FP through its mean, variance and

correlation structure given by (22)—(26). Thus, before we provide such an estimation
approach using s* in Sect. 5, we first show in Sect. 4, how one could estimate these
parameters if the FP (F) was available. However, because F is never available in
practice, the estimating equations to be developed in Sect. 4 are preferably referred
to as the hypothetical estimating equations (HEE), more specifically as the hypo-
thetical GQL (HGQL) estimating equations.
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436 B. C. Sutradhar

4 FP-based hypothetical GQL (HGQL) estimation

4.1 HGQL estimating function for § In population total form

From Lemma 2, we write the N -dimensional hypothetical response vector from
the c-th (c =1, ...,K) cluster, as y.cr = Vers oo- s Veis -+ ,ycNC)T. Using its moment

properties from (22)—(24), write the mean vector, variance and covariance matri-
ces as

EWY el = b (B.07)
= (u, (ﬁ, af), ,,ua-<[3, Gf), »l‘ch<:B»‘7§>)T

Vc(ﬁ, 03) = diag[acyi,(ﬂ, 63), ,GC.J-,-(ﬂ, 63), ,O'L.’i,-<ﬂ, 63)] 31

cov [¥ ,ez] =EC,NL</3,55) - Vf(ﬁ,a ) (ﬂ o >V2</3 o ) (32)

(30)

where R, ( B, o-f) is the N, X N, correlation matrix. We denote this and its inverse

matrix as
Rc NL_<ﬁ’63) = (pc,NL.,ij) : Nc XNL" Rc_llv (ﬁ o ) E/\ylj) N XN

If the FP was available, following the well GLMM-based GQL approach (Sutradhar
2004) one could solve the GQL estimating equation given in Lemma 3 below, in
order to estimate the regression parameters f§ involved in the mean functions given
by (22).

Lemma 3 Using the notations from 30) to (32), for
Yeer ~ ( H, ( B, 03), Zon, < B, Gf) ), when O'f is known, the GQL estimating equation
for B, is given by
< ()
c Y _
Tv(ﬂ) = Z TECJ]VC (ﬁ’ Uf)(-yc‘ef_”c(ﬂ? 63)) = Oa (33)
c=1

where the estimating function in the left hand side of (33) subsequently has the pop-
ulation total form given by

K N, K
(=3 Safp.) ml5.5) = 3

c=1 i=1 c=1

™M=

zci<ﬂ, aj), (34)

1

say, where, the p X 1 vector aci< B, o-f), has the formula
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N
- cun__(=1) .
()= Y, T e P X (35)
= 2 2
u=l O-c,uu ¢.ii

with

omi(B.52) [ oV (O.(0, 1)
Fe\m ) / e )y
p 9B o

y v (36)
=X ZO b@)(ec,-(aﬂ:(v)»( ’ )(1/2>V(1/2>V-”

= X0 ji-
Proof First of all, for a given cluster ¢, the GQL estimating Eq. (33) is a generalized
form [Sutradhar (2003, Section 3; 2004, Eqn. (3.4))] of the independence assump-
tion-based QL estimating equation studied by Wedderburn (1974). Then, the sum-
mation over ¢ = 1, ..., K, follows from the fact that all K clusters are independent in

the FP. O

et . . OHei ﬂ’o_z .
Next, because it is given in (36) that gﬁ ’) = X0, ;> it then follows that

oul(B.2) |oma(Bo?)  oui(B.o?)  omn(B.c3)

op p T op

(37

= Xeps o5 Xy oo Xy ) dIag [6 1155 Gcis -5 Oy i |

= (X pgseee s X e ,chf)Vc,Né(ﬁ, af), (say),
yielding am-< B, o-f) as in (35), because

T 2
M“E,#”)E;‘Nc(ﬂ, %)

_1 _1
= @ pps oo Xy oo Xy W (ﬂ, af)VC 2 (/}, o-f)R;}\,C (ﬂ, 65>VC 2 (/3, o-f)
-1 -1
= (g X . ,chC)VL.(ﬁ, )V, (8. 53)<rng{{ij)vc (8, af)

= (acl (ﬂ, 63), ,aci<ﬁ, 05), ,acNF(ﬁ, o-f))

(B.62) : XN, (say).
(38)
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4.2 HGQL estimating function for of, in population total form

Because o2 is the cluster variance/correlation parameter, for its estimation in the
GLMM setup, Jiang (1998), for example, has used the traditional MM (method of
moments) approach, whether Sutradhar (2004) has exploited the so-called GQL
approach which produces more efficient estimates than the MM approach. To
develop such a GQL estimating equation in the present setup, we first provide
the formulas for all possible fourth-order moments, in Lemma 4 below. The vari-
ances and covariances of the second-order responses are then constructed as in
Lemma 5.

Lemma4

(a) The conditional fourth-order leading moments have the formulas

A.*

(X111}

() = EIVA 1y = b9 0.(0,r") + 3P 6,:(0, 1N + 427 ii(y;‘)b<1>(eci<oyy:>>(39)

c,i

— 66200,y DB O, 1N = 316D O, 7,
where

’Ij,iii(yc*) = E[inlyc*]
= b9(0,(0,75) + 34 ,(rHVV(O,(0,7)) = 216 (0,,(0, 7))

c,ii

(40)

with A%,(r) = E[V2171 = B2 0a(0,72) + (6D (O0(o, 7)) as in (25);
yielding the unconditional fourth-order leading moments as

heiia(B.07) = / 2O G DY (1)

(b) The formulas for the unconditional fourth-order product moments are given by
2\ _ 22
heiiy(B.07) = EI2Y2)

“2)
_ / 12 A Gy s i <=2 N,

c,u cyJ]

2\ _ 2
e </3’ o, ) = E[Y;Y;Y ;)

¢,ii

43)
= / [ B OO0, BV (0, DN, i< i < #

Ac,ii’jj(ﬂ, 0'y2> =E[Y,;Y Y2]

g

(44)
= / [ (DO (0, 7 WOV O 0,y W Y i < jud! <Jyi=ji# i

v
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2\ _
ey ( p.o? ) = E[Y,Y,¥.,Y,]

. 45)
= /ﬁiij(ﬁ)ﬂii,jr(Vj)fN(Y:)dVC*, i<ji <jii#ij#Jj,
where  A*.(y¥) is as in  (40) [see also  (25)], and
A irS) = EIY Y plrr1 = bV (0,(c,y NV (0,(0,r")), for example, as in

(26).

Proof The formulas under (b), given in from (42) to (45), are obvious. For example,
to compute the fourth-order unconditional moment £ [Yfi Y,;Y.s1in (43), we observe
that the exponential responses within the square brackets are independent condi-

tional on y». Thus,
— % oy p(1) vy 1o(1) *
= By [, 0B 0o, 0K 00,7

is obtained, as in (43). However, the formula for the conditional fourth-order
leading moment derived under (a) in (39) requires a long but straightforward
algebra. More specifically, following Sutradhar and Rao (2001, Lemma 1),
for example, we first derive the formulas for E[(Y,; —b(l)(ﬂci(ay}/;‘)))Sly:] and
E[(Yci—b(l)(eci(ayy:)))ﬂy:], and then unplug the formulas for A* (y*) and

c,iii

A% (y2), from their respective equation. O

¢, iiii
Using Lemma 4, one may now compute the covariance matrices of the second-

order response vectors as in Lemma 5 below.

Lemma 5 Let the squared and pairwise products of the hypothetical responses are
stacked separately to form two vectors as

pcef=(ygl,...,yfi,...,nyc)’ PN, x 1 )
Qecr = (yclyCZ’ ’yciycj’ ’yc(NL.—l)ycN(),;i <j : Nc(Nc - 1)/2 X 17

respectively. Their covariance matrices ¥, y (P, crf) and Q. \ (B, af), say, have the
formulas given by

cov [peerl =¥, (B.07) : N XN,
B { var [Y2] = () = A — A2 Vi=1,...,N, (47)

c,ii

cov [Y2, Y21 =y, 5() = Aoy = Aejihey V1 # Jiinj = 1, N,

and
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cov [qcef] = QC,NC(ﬂ7 Gf) . NL’(NL' - 1)/2 X Nc(Nc - 1)/2

var [V, Y] = @.5() = Ay = A7 Vi<j

_ ) oV Y Y Y Yl = @i = Ay = Acjitery YiFE]#T #] (48)
COV [Y Y YY1 = @i = Aejii = Aejjhey  Vi=1 <j#]
COV [Y Yoo Yo Yl = @i = Aeiiyj = Acijiteny Vi=J >i# 1,

respectively.

Proof The unconditional higher order expectations derived in Lemma 4 imply the
variances and covariances shown under Lemma 5. For example, in (47),

—}2

c,iiil ¢,ii’

var [Y2] = E[Y}] - [E[Y2]]* = A
where the formula for 4, ;; is derived in (41), along with the formula for 4_;; from

(25). Similarly, the covariances in (48) are computed. For example, in (48),

cov [Y,;Y. Yy Yoyl = E[Y,Y;Y,0 Y] — E[Y,Y,

citcjr Lei citcjtci ci cj]E[Yci'ch’] =4 = Aejihe

ciji'j' c,ij e,

for all i#j+#i #j, where the formula for A_;., is derived in (45) under
Lemma 4(b), along with the formula for 4. ; from (26). O

Given that the covariance matrices of p .. and q.r are derived in (47) and (48),
respectively, we use them and construct a GQL estimating equation for o-f, as in
Lemma 6 below.

Lemma 6 Write

E[pcef] = lc(ﬂ’ 63) = ()’C,ll(‘)’ Tt )’c,ii(')’ tre )’C,N(,NL.)/ : Nc X 1’ (49)

Elgees] = 10(” ', ) (50)
= ez On eves Ay O e Aoy i) NV, = 1D/2 % 1,

where 4 ;(+) is given in (25), and A, ;() in (26). Use these mean moments and their

covariances from (47)—(48) and write
Pecr ~ (he(B.07 ) Wer (B.62)), and gcr ~ (ic(B.07 ). @ (B.02).

Then, the HGQL estimating equation for af is given by
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2 2 2
7,(6%) = 7,,,(62) + 7,(0)

x 041 (B.0?)

= Z}T"?W;}W(ﬁ’o-f)(pcef_lg(ﬂ,()'f)) (51)
~T 2
+ ﬁ'{ ws};}v‘(ﬂ, Gf) (qce]-'_ IIC(ﬁ, 63)) -0
= v

Proof Similar to the GQL estimating equation for B given in (33), the GQL esti-
mating equation for Uf in (51) follows from Sutradhar (2003, Section 3; 2004, Eqn.
(3.4)). The derivatives involved in (51) are presented in Lemma 7 below. O

Lemma7 Fory:(v)=[v—V(1/2)]/y/V(1/2)(1/2) as used in (27), the derivatives
involved in (51), more specifically the derivatives of A_;(B, 0'3) [see (25)] and

/lc,l-j<ﬁ, 63) [see (26)] with respect to 6}%, are given by

M‘"""(ﬁ’ 65) LN (0 M @
T = 2_0-}, ; [{b 0.:(0, 7, () +2b(0,(c,7, (VINb(0,(0,7, )}
X 720 < ‘v’>(1/2>"<1/2>v-v,
(52)
and
0/1”,(/3, 63) 1 . ) ¥ 2) % o) "
— "3 3 [0, 720,00 + 50,70

x BOO,,(0, 7 )} W) ( f)(l/zm/zw-v,
(53)
respectively, where y*(v) = [v—V(1/2)]/\/V(1/2)(1/2), similar to (27), for

example.

Proof Using the formulas for /16,,,,.(/3, ayz) and /16,,].(/3, af) from (25) and (26),

respectively, we write

01.i(B.2?) /lab@)(%(aﬂ:» {bV(0,(0,7)))?
—— = +

do? do? do?
v v ¥

]fN(yj)dyj, 54

dhei( B.o; a[bDO,.(c, NN, (o, 1"
i y)z / [6DO(0,77)) (CJ(ny"))]fN(y:)dyj. 59

do? do?
¥ v
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Now because the continuous function b(8,; (B; x.;,v.)) involved in the exponential
density (18) is a function of

0.(B: X7 =[x B+7]=[x.B+0,7]

(see Lemma 2 for the scalar transformation), the derivatives in (54) and (55), reduce
to

aj'C,ii <ﬂ’ 0-3) 1
N L G)p . * g W2 g *
907 %, / ({60,720 + 260,07 NbP O, (0, 7))}

X v aHdy?,
(56)

and

0/16 i ﬁ 0'
/ ({60 O.io,y 0P Oy(0, 7)) + b2 00,y DB O(0, 71 }

x v vy,
(57)

respectively. Finally, using the transformation y(v) = [v — V(1/2)]/4/V(1/2)(1/2),
the integrations in (54) and (55) are replaced by the summations shown in (52) and
(53), respectively. O

Next, we apply Lemma 7 and re-express the HGQL estimating equation for af
from (51) under Lemma 6, in the FP total form as in Lemma 8 below.

Lemma 8 Denote the inverse of the fourth-order covariance matrices in (47) and
(48), by

‘I‘:}V(ﬁ, 0'5) = (wf;\,l)l]) :N.XN,, and
-1 2 =D (58)
2}, (B.62) = (0517 ) # N = D/2X NV, = D/2,

respectively. Next use these inverse matrices and the derivatives from Lemma 7, and
write

01:([3,0'5)( o )

902 L
Y

= (ea(p.02). o n8u(p02)o e (8.57) ). say,

FY8 /3,62)
2) _ v “""( r)o (=1
where .fci(ﬁ, o, ) =25 oot Venui and

(59)
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=T

al ( ’ 2)

i(d—l)m )
563 NG (60)

=G (8.02) 8y (8.6 ) o (802 ) G2,

here & AN LA The HGQL estimati tion/
where £ ; ﬁ,ay —Zud Twc,zv,.,uf,i“ e QL estimating function/equa-

tion in (51) then has the FP total form given by

ry(af) = Tyyl(df) + ?,,2(65) = i NZ §ci(ﬂ» 65) <y§i - Ac,ii(ﬂ’ 63))

c=1 i=1

K N,
+ Z 2 gc,iJ'(ﬂ’ O'yz) (yciycj - ﬂc,ij<.3, Gf)) =0.

=1 i<j

(61)

Proof The result in (61) follows by combining (58), (59), and (60) through a matrix
algebra. a

5 Survey sample-based doubly weighted (SSDW) GQL estimation

It is clear from the last section that if the (F) = {(y. x;),i=1,...,Ni;c=1,...,K}
was available, one would then have consistently and efficiently estimated f by solv-
ing the HGQL estimating e?uation for B g)iven in (34) under Lemma 3, i.e.,

o) =35 ¥ aci(ﬁ, 03> Vo — yci(ﬂ, o? ) = 0, and 62 by solving the HGQL
estimating equation Ty(ayz) = 0 for af, derived in (61) under Lemma 8. Notice that
because aci<ﬁ, af) in (34), and §Ci<ﬁ, af) and &_;( 4. af in (61), are constructed

based on the inverse correlation/covariance matrices, it is convenient to refer them
as the correlation weights for the FP responses involved in the FP total function.
However, as the (F) = {(y,, x.,).i=1,...,N; ¢ =1, ..., K} is not available in prac-
tice, in this section, we utilize the two-stage sample
SS (s*) = (- x)-i=1,...,n5c=1,...,k} defined in (6), to construct the SS-
based suitable estimating equations for both 8 and ¢2.

For the purpose, it is essential that the s*-based estimating functions are unbiased
for the (F)-based estimating functions, namely for z,(B) (34) for B estimation, and
for Ty((ff) in (61) for 62 estimation. To develop such sample-based functions/equa-
tions, one needs to accommodate (i) the sampling weights for the selection of s*
from F, and (ii) use the sample-based correlation weights, for example, aa»< B, ay2>
for (c, i) € s*, for B estimation. Specific details for the development of SS-based esti-
mating function for  estimation and 62 estimation are given in Sects. 5.1 and 5.2.

As far as the sampling weights are concerned, let w,,. denote such sampling
design (D,.) weights for the selection of s* from F. Based on the first and the second-
stage sampling designs given in (9), we will use the sampling weights as
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—_ KNC
Wiciest = X ”c’ (62)

which is also used by others such as Valliant (1987, Section 2), and Lee et al. (2016,
Eqn. (2.1)), especially for the estimation of the FP total (z, = Zf=l Zfil Ved)-

5.1 SSDW estimating equation for B in sample total form

As outlined above, we develop the two-stage survey sampling-based doubly
weighted (SSDW) GQL estimating equation for f as in the following theorem.

Theorem 1 Re-express the (F) from (6) as

F:AOmHx)i=1,...,Nsc=1,...,K}

= {pna,)i=1,....,Nsc=1,....K}, 63)

where a_(-) denotes an inverse correlation-based weighted function of covariates
in the cth cluster, as shown by (35). To reflect this change in (F), modify the survey
sample s* from (6) as

SSGs™) ¢ {px)i=1,...,n5c=1,...,k}

> (Gpa)i=1,...n;c=1,..k. ©4)

We may then exploit the modified SS(s*) from (64) along with the sampling weights
We.iyes-JTrom (62), and estimate B involved in the (F)-based estimating function t,(B)
in (34), by solving the SSDW (survey sample-based doubly weighted) estimating
equation, given by

k n,

7,(p) = Z Weies@ei(*) ()’ci - /"ci(ﬂ’ 0'3)) =0 = Bsspw- (65)
1

c=1 i=

as we can show that the proposed t,(p) in (65) is design unbiased for the targeted
(F)-based estimating function

K N,
5B =Y, D a(B.07) (v~ #a(B.57)). (6)
c=1 i=1
in (34).
Proof Recall from (13) that under the present two-stage sampling setup, the design

expectation of a data function, namely E,  (-), is equivalent to two successive expec-
tations, written as

E,.()=E, E, [()lp],
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where p, is the first-stage sampling design for clusters selection, and p,,. is the sec-
ond-stage sampling design for individuals selection within a given cluster (c¢). Thus,
we express the design expectation over the SSDWGQL estimating function 7,(f), as

i=1
- % lEPI Z %Epzf { ;Zlaci(')<YCi - Mci(ﬁ’ 0'3)) } |P1] ,

c=1

(67)

by (62).
Next, we define two random indicator variables as follows. First, let 6; . be a ran-
dom indicator variable such that

5 = {1 if thec— th cluster is in the first-stage sample s}
l,e —

0 otherwise (68)

[Cochran (1977, Section 2.9)], with Em [6,.]= 1%’ following (9(i)). Similarly, let
6, be the second random indicator variable such that

5. = 1 if theith unit from the c-th cluster is in the sample s
2ile 0 otherwise

(69)
with E, [6,;.]= 1%’ following (9(ii)). We may then re-express the design expecta-

tion in (67), as

Ep, [3,(P)] =

»IN

S st

c=1 i=1

y 1: E, 5., li %aci(.)Qd ~ (8 af))], using (69)

=1 i=1 "¢

= ZK‘,]& lz () (v = (ﬂ,az))], using (68)
=1 "t = N o ’
= i Nzaa( )(yci - /4ci<ﬁ, 0'3>>,

c=1 i=1

»IN ==
WI»

(70)
which is the same as the HGQL estimating function 7,,(f), in (66). Hence, the SSDW

estimating function Z,(f), in (65), is design unbiased for the HGQL estimating func-
tion 7,(B), in (66). O
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5.2 SSDW estimating equation for 02‘, in sample total form

Notice that unlike the use of the first-order responses for the estimation of f, one
uses second-order responses to estimate this cluster variance/correlation param-
eter (Jiang 1998; Sutradhar 2004). A reflection of this difference is clear from the
HGQL estimating equation (34) for B, and the HGQL estimating equation (51) for

2 . More specifically, the HGQL estimating function in the left hand side of (51)
cons1sts of two sub-functions. The first sub-function 7, 1(6 ) is based on squared
responses, whereas the sub-function = 2(0'2) was wrltten separately using the pair-
wise product responses. Now because the estimating function = 1(0'2) is quite
similar to that of the estimating function z,(f) (34) for B, the survey sample (s*)
-based unbiased estimating function for 7 1(172) would be similar to that of 7 ()
developed in (65). However, for computatlonal convenience, the specific formula
for an unbiased function 7, I(Gy) along with a slightly different type of unbiased
function 7, 2(6 ) for = 2(0' ) is provided in Theorem 2 below.

Theorem 2 [n view of the two sub-functions in the FP (F)-based HGQL estimating
function for o-f in (61) [see also (51)], let the FP (F) from (6) be re-expressed as

FiAGpx)i=1,...,Nsc=1,...,K}

=> {026 i=1,.. ,Nsc=1,...,K}, 7D
as a reflection of the first sub-function in (61), and as
{px)i=1,...,N;c=1,...,K}
(72)

> {0y &) i<j=2.....Nsc=1,....K},

as a reflection of the second sub-function in (61). Also suppose that the survey sam-
ple s* in (6) wzth selected sampled individuals ({1, ...,i,...,n;c=1,...,k}) from
{1,....0,....,N;c=1,...,K},is re- expressedas
F: {(ya,éci),iz l,...,N;c=1,...,K}

73
{(ya.,fpi),iz1,...,nc;c=1,...,k}, (73)

corresponding to (71), and as

F i AQwyep o) i<j=2.....Nsc=1,....K}

# EoN s (74)
=5 D A0y S 1 <J =2, ngc =1k},

corresponding to (72). We may then exploit the modified SS(s*) from (73)—(74) along
with the sampling weights w,. Des* from (62), and estimate 0'y involved in the (F)-
based estimating function t, (0'2) in (61), by solving the SSDW (survey sample-based
doubly weighted) estlmatmg equatwn for 0' , given by
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£(02) = 2,,(62) + 2,,(02) = Z Zw(“)es* (5.52) (32 = 2ea(B.52) )

c=1 i=
-1\; 2 2
+ Z Z W(c i)Es* —_1 §ct]<ﬂ’ 0-7 ) (yciycj - lc,ij(ﬁ’ Gy ))
c=1 i<j
=0= ay,SSDW’
(75)

which yields the desired SSDW estimator 6 - SSDW for 62 as we can show that SSDW

estimating function T‘,(O'z) in (75) is a deszgn unblased sample function for the (F)-
based estimating funcnon T (0'2) in (61).

Proof Notice that the first term in the left hand side of (75), i.e.,

yl(o'z)— Zzw(cl)ev ct(ﬂ o )( a_’lc,ii(ﬁ’o-f))

c=1 i=1

is similar to £,(8) = Y_| 37 Wieiew i) (yw- - /4(.,-<ﬂ, o-f) ) in (65) for g estima-
tion. Thus, the design expectation of fyyl(ayz) can be computed by using the same
operation as in (70), yielding

Ep, 20D = ZZ:C,(/J 02) (32 - 2u(B.62) ) = 7a D T6)

c=1 i=

which is the first term in the HGQL estimating function for o-f in (61).

Next to examine the unbiasedness of the second term in the left hand side of (75),
using the joint indicator variables from (69) for paired individuals selection, we take
the design expectation of this second term as follows.

EDY* [fy,z(" )] = ED [2 2 Wc,ies ( _ ~ ! > ~c,ij(ﬁ’ 0'3) (yciyq/' - /lc,ljj(ﬁ, 0'3))}

c=1 i<j

> e [Z {52,i|552J|c}§C,,-j(ﬁ, af) (ya.yq. - A’c,ij(ﬂa af) >:|
i<j

N, _
Z::3>£[;,. B (02l
= Z Z £i(.02) 0 = A (B0 )) = maleD)

(17
which is the second term in the left hand side of the targeted (F)-based HGQL esti-
mating function in (61) for af. This proves the theorem by combining (76) and (77)
together. O

@ Springer



448 B. C. Sutradhar

6 Asymptotic properties
6.1 Asymptotic normality of the SSDW estimator of the regression parameter 8

Because the regression parameters are of main interest, in this section, we exam-
ine the asymptotic distributional behavior of Bggpyw obtained by solving the SSDW
(survey sample-based doubly weighted) estimating equation (65) for f. Notice that
in general this nonlinear estimating equation (65) is solved iteratively by using the
large sample (n = Zk_l n, — oo)-based first-order Taylor series approximation
given by

_ -1

~ ke aaci(')(yci - ﬂci(ﬂa Uf))
ﬂSSDW - ﬁ = - Z W(L‘,i)Es* T
e=1 i=1 ap
- (78)
X Z W(c I)Es*‘a(l( )(ycz /’lci(ﬂ, 63))] + ()p(l/\/;l),
| c=1 i=1
which, for n — oo, by using the notations y.c. = Ve, »Veir--- ,nd()T and
Heey () = (Her (s oo (s o s pey ()T, may be re-expressed as
k _
B 1 K * a”ces*(')
Bsspw — B = _[EEE_A (ﬁ 7>T
(79)
1w KN, ,
% Z:, e, (B.07) 0 = o)
_ [ & aem] s o
=X | R oo G

We remark that in the present two-stage cluster sampling setup, the sample size
n= Zf | . = o0, mainly by considering large number of independent clusters such
that k = K — oo. As far as the cluster size is concerned, it is enough to have n_.’s as
n. = N_, where, as pointed out in Sect. 1, N_’s are large but fixed.

Now, the derivatives in (79), by using similar notations as in (37), may be
expressed as
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5ML-1(/3’63)
| T |

(5] &

opT

- _ T
= [(xcl, s Xy ooy X ) diag [O yy, o5 Oy - ’O-c,n(n(]]

_ T
- [(xd, s e X W (/3, af)] .

Also, in (79), the inverse correlation-based weight matrix has the form

A:N(_(ﬁ, 0'3) = (acl(ﬁ,af>, ...,acnc<ﬂ, af)) ipXn, (82)

which is a sample version of the F-based weight matrix

AC,NC<,B, af> = (a,, (ﬂ, aj), ,aci<ﬂ, af), ,acNF(ﬂ, aj)) : pXN,,

defined in (38).

Following two lemmas will be applied to derive the asymptotic distribution of
ﬂSSDW' Lemma 9 below deals with the probability convergence of ZC i (a(ngy < in
(80), whereas Lemma 10 below provides the covariance matrix of Zc:l f(Bly,)
in (80).

Lemma 9 The inverse correlation-based weighted gradient matrix within the
square bracket of the first term in the right hand side of (80) converges in probability
as

k k
B - B () %
s B (8.0 2 =)

where AcN () is the p X N, matrix defined in (38), and —5- 0,4[6; is the N, X p derivative

c=1

(83)

matrix given by (37).

Proof Notice that in (83)

>y

k k C alfl 1 ﬁs 0-2
KNC * 2 a”cES* _ KNc Cl( 7) 84
2 Tt (Be)) T = D Y a0 O
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Further notice that for

zci<ﬁ, 63) —ac,(ﬁ o )(yc, uc,-(ﬂ, 63)), (85)

it was shown in (70) that
k n
B3t
o Kk n, KN, K N,
[zzzn—za@ )| -2 L),

c=1 i=1 c=1 i=1

(86)

~—

oﬂni(ﬂvgf
pT

Hence, replacing (y,; — Mci(ﬁ, af)) in (85) with , and applying (86), we

obtain the convergence as

K N,
— Y Z“a< —  ®

which is the same as Zf:]Ac,Nr (ﬂ, af)% = G(ﬁ, af) given by (83) under the

lemma. O

In Lemma 10 below, we provide the formula for the covariance matrix of
Zf‘:lfc(ﬁb}c) = Zi:l Z:l;l W(c,i)es*aci(')<yci - ﬂci(ﬁ’ Gf)) :pX 1’ defined in
(78)—(80).

Lemma 10 For zc,-<ﬁ, Uf) =aci<[3,a ) ,ua<ﬁ,0' )) suppose that

_ Z - 1 al
Z,=Y2,0),Z= Z= EZZ

i=1 c c=1

Also suppose that

K
V1.<ﬁ, af) = % ; {(Z.-2)z.-7)}, and

N, N,

1 ¢ 2 ~
V(pet)= L Y- 2 Y,
c ﬂ Gy NC EZCIZU NC(NC _ 1) ;jZmZCJ

denote the FP-based between and within clustered covariance matrices, respec-
tively. Then,

(88)
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k
cov lmew] = cov <Z 3 Wenerzal >>
c=1

c=1 i=

=K2<KKk> vi(B.o )+(K/k)liNfNNCncnich(ﬁ,gfﬂ (89)

c=1
=V;(B.07). Gsay).

which, when sampling fractions are assumed to be negligible, reduces to

(4.2 SR )
vi(8.02) = Ev, (p.o2) + im0 lz} V(s ay)]. (90)

Proof Recall from Sect. 5.1 that under the present TSCS setup, the design expecta-
tion has the form ED;*(') = EplEpz-[(')lpl]' By this token for covariance computa-
tion, we use

covp, () = cov, [E, {()lp 1] +E,,[cov, {()lp)].

More specifically, we need to compute

. . ©on
K 1 ¢
= cov, lz ZINLEPZL‘ { m Z}z }]
and
k n.
E COV (Z W(CL)EY*ZCZ>
c=1 i=1 (92)

k n.
_ 2472 2 1N
=E, [(K /k )ZNC cov,, {n_ sz}].

c=1

Now to simplify Eph_{ ni > zci} in (91) and cov,, { ni Yz } in (92), we first

write

Iy, . =-1 252 ilcz,;, (93)

nc n. i=1

where 62, i|c is the random indicator variable defined in (69) [see also Cochran
(1977, Section 2.9)], with
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E[6y,] = =< =l e
(651 = o (62,i1c) = 17(1 - ]7), (94)

€OV (8212 Sr1c) = E (52z|c52,;|c) E(6y)E ,m)

_n (n n, { - n, (95)
TNWN,-1) <17> N(N N DU TN

c

Hence,

N

n, N, N,
1 ¢ 1 1 ¢
Eph {n_ ci} = n_c ; E[Sz,ilc]zci = ﬁ Z Zeis (96)

¢ =1
n. N,
1 _ 1
COVp,. I’l_ Z Zei (= COVp, n_ Z 52,i|CZCi
¢ =1 i=1

N,
”c lZzUz var (521|C)+22zuz cov (521|u52,,|¢)]

i<j

N,

N,
n. 1 1 ~ T 2 ~ T
1-=<)=|= .. S T
< Nc>nc lN Z;zazc, Nc(Nc -1 Z_;zuzc]]

_ e\ 1 2
= <1 - E)ZVL<ﬁ’O-7>

Now putting (96) in (91) we obtain

k n, k N, k
covplEph(Z 2 w(c’i)a*za-) = cov, [(K/k) Z { ZZC,« }:| =K? cov,, [ 2 ZC]
K

7

~l—

c=1 i=1 c=1

(98)
by using the first matrix formula from (88). Similarly by using (97) in (92), we
compute
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k n.
| &
E, covp26<2 Z We. l)eb*zu> =E, l([{Z/k2) Z NC2 cov,, { . Z Zei }]
c=1 i= c=1 ¢ i=1
k n, 1
= 2 /12 2
= E, l(K /k)ZINCT v.(8.0? )]

K
= (K/k) [Z pt
c=1

c— e 1 2
N, n_cvc(ﬁ"’y>]’

c

99)
by using the second matrix formula from (88). The covariance formula in the
lemma, more specifically in (89), now follows by adding (99) with (98). O

We now provide the main distributional result in Theorem 3 below.

Theorem 3

limy_ g o Bsspw —a N,(B, G <ﬂ o )V*<ﬂ o >~_1<ﬁ7 Uf)), (100)

where G(ﬁ, 62> is the p X p matrix given by (83) under Lemma 9, and the p X p
matrix V* ( B,o ) has the formula as in (89)—(90) under Lemma 10.

Proof First by using Lemma 9, more specifically by (83), it follows from (80) that

[Bssow — B] =, kG~ ( )l Zf (ﬂlycl- (101)

Next one may write

78152 = ¢ lﬁumml (0.55v:(8.02)). (102)
c=1

because f.(Bly.) has the formula given in (79), which by (70) converges to a quan-
tity which is a zero/null vector by (34). This leads to Ej, (1 Zc—lf Bly.) )
and covp, | ( ZC JBly) ) = k—ZVZ(ﬁ c )by Lemma 10 (see (89)).

Further because y,, ...,y ...,y, involved in ZC=1 f.(Bly,) are independent vec-

tors from k clusters, we assume that the multivariate version of Lindeberg’s condi-
tion holds, that is,

limy_ g V', 12 Y fL(f)=0 (103)

Cl{fV*ll >

holds, for all € > 0, p*(-) being the probability distribution of f.. Then, the Linde-
berg—Feller central limit theorem [Amemiya (1985). Theorem 3.3.6] implies the fol-
lowing convergence in distribution (- ) :
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Z, = KIVT3,(B) =4 N,(O,1,). (104)
I, being the p X p identity matrix. Next use (104) in (101) and obtain
Bssow = B=G"' (.02 )1V, (8.7 )11V} (B.07 ) 1247, (BloD)
=G (ﬂ, of)[VZ(ﬁ, af)ﬁZ” (105)
=4 N,0.67 (8.2 )Vi(B.2)G 7 (B.07 ),

which is the same multivariate normal distribution stated in (100) under the theo-
rem. =

6.2 Consistency of Bssow

We examine the asymptotic order of convergence of BSSDW to f in Theorem 4 below.
For the purpose, we first notice that fqqnyw satisfies the convergence relationship
given in (101). Hence, its convergence to f will depend on two regularity condi-

tions; first condition (C’f) on G(ﬁ, o-f) in (101), and the second condition (C;) will

. . 1 vk .
be needed on the covariance matrix of ; Y1 f(Bly.). These conditions are devel-
oped as follows.

C’l‘. By (38) re-express G(ﬁ, o-f) in (101) (see also (83)) as

T 2 )
o(01)-3 s (;a,gg)%
X Xy )W <ﬁ o ) <ﬁ c ) (ﬁ o )(xd xci,...,chr)T

2 T
= (Xopy e s Xy onn ,ch()Q,’N((ﬂ, o, )(xcl, e X e Xy )

K N,
=220L XX pXp,

4

(106)
and suppose that for an N = 25; N, dependent finite and bounded quantity £, the
fixed design covariates {x;,i = 1,...,N.;c = 1,...,K} in the FP (F) satisfy the con-
dition given by

ci’

<ty (107)

K N,
ch Z:Z:‘ Clj()xa q

Before we write the second condition, in Lemma 11 below, we provide the model-
assisted formulas for the between and within clustered covariance matrices defined
in (88) under Lemma 10.
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Lemma 11 The model assisted between clustered covariance matrix, say
V(IA)M(ﬂ, o-f), and the model assisted within cluster covariance matrix, say

Viou|B:o f ), have the formulas

V(l~)M<ﬂ’ Gf) = %(1 - %) ﬁ‘, Z q,,,(ﬂ )au( Ja (), (108)

V(C)M(ﬁ, 03) = i cu(ﬁ c )ac,( )a(+)
(109)

— T .

N (N -1 Zj‘,%(ﬁ 7 JaaOa
where Gc,ii(ﬂ’ 0'3), and o-C’ij(ﬁ, o-f)fori # j, are given by (23) and (24), respectively,
and a(-) . p X lis given in (35).

Proof Proof is available from Appendix A in the supplementary file. a

Now suppose that the above model-assisted clustered covariance matrices satisfy
the following regularity condition.

C;. For finite and bounded quantities 7., and m,, the between and within clustered
covariance matrices in (88) satisfy

K? ) KN. )
max va(l.)M<ﬁv Uy>| < my, max, TlV(C)M(ﬁ’ Gy)l < my,
(110)

respectively. We use the aforementioned two regularity conditions and prove the
consistency of fqgpw as in the following theorem.

Theorem 4 Suppose that the aforementioned two regularity conditions CT [in

(107)] and C; [in (110)] hold. The SSDW regression parameter estimator obtained
from (65) [see also (78)] then satisfies the order of convergence, as

K 5

kc 1 ¢
(111)
| lw 1]’
1
=0, (1/\/_>l =7 ﬂ;zn—] ,
N N ~c=1"7¢
implying that
lim, _y tKk—oo(Bssow — B) -, 0, (112)
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because ¢y, my, and m,, all are finite and bounded quantities. Hence, fiSSDW is
consistent for p.

Proof Consider the first-order Taylor series approximation for BSSDW given by (78).
Notice from Lemma 9 that the derivative matrix within the square bracket in the first

term of the right hand side of (78) converges in probability to G( B, af) which by

the regularity condition C7, more specifically by (107) has the order of convergence

G(B.02)I —|2206,,< x| = O\N). (113)

c=1 i=

Furthermore, for the second term in the right hand side of (78), one writes
[Zf:l Y Wenes @i D0 = ”ci(ﬁ’ 63>)] —p 0. in the order of

k n, %
[ <Z 2 Wi @0 = i B >)>]

c=1 i=1
1

1 ,
[ =V )M<,B o )+(1</1<)Z V(L)M(ﬂ o )] , by applying Lemma 11 to(89)

c=1

kK 13
Eop[w[mli%%z%] ]

(114)
by the regularity condition C3 in (108). Finally apply (113) and (114) to (78) and
obtain the convergence order as in (111) under the theorem. O

6.3 Consistency of 82 obtained from (75)

Y,SSDW

Use the first-order Taylor series expansion of the SSDW estimating function (75) for
af, and write

ko axc,,(ﬂ o )

I:a-gsDW o-y] 2 2 W, z)es zz(ﬂ o ) 60_2

c=1 i=1

— aj’c,i‘ ’2 k
I

c=1 i<j

+ ZZM@ (n _11> L,,(ﬁ c )] +0,(1/+/n)

c=1 i<j

= —87'S,, +0,(1/+/n),
(115)
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where zjl.<ﬂ, a?) = éa.(/}, 63) v - %,ii(/i’ o-f) >, and
z]<ﬂ 53) = Ec’ii<ﬁ, af) (yciyq - Aaii<ﬂ, o ) by (75) (see also (61)).

Suppose that the following regularity condition C holds.

C;,. For an N-dependent finite and bounded quantity /,;,

i N, 0icu(B.0?)
e (p.o) )
(7= g c=1 i=1 ! 065
(116)
2
i ( >%’U<ﬂ’ UV> <h
—— | <h,.
pos e 663
Lemma 12 C; = S,(in (115)) = O(Nhy).
Proof To prove this convergence rate, write
k n. 0heii ﬂ,af
Sit = Demt 2y W(c,i)ex*éci<ﬂ’ 62)%’ and
N1 e B0
Sy, = Zc : ZK] Wieiest (n - )@lJ(ﬁ, o-y)# so that
S,(in(115)) =[S}, + S},1 117)

04 i ﬁs"f
Notice from (76)—(77) that Sy, —, Ej, [S},] = ZC | Z, 1§a< )—0(62 ), and
PR o3,,(b; ,
Sy =y Ep, [512] = Zc‘:l Zi<j 50,!’1’(ﬁ’ 63) /a(a2 )
(117), and write

, respectively. Apply them to

KN, 0ca(B.07) aac,j(ﬂ o?)
St = | X X dul(p0l)—— =+ ) 2;,,(/3 o) — =
c=1 i=1 c=1 i<j
= O(Nhy),
(118)
by using (116), i.e., C3. This proves the lemma. O

Next, as far as the response dependent stochastic function S, in (115) is con-
cerned, by applying the so-called stochastic convergence principle [e.g., Bishop
et al. (1975, Theorem 14.4-1)], we can write
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©1—

2, = E(S,)| = [S2, = EyEp, [55,]] = O, [ var [S,,]]. (119)

Now because by (76) and (77), one obtains
k n. k n, —_1
ED.:* [S2v}'] = EDx I:Z Z W, l)eé*zu (ﬂ o ) Z Z W(cpes* < — >Z’;ky,ij(ﬂs O‘f):|

- 23 (a2 ) (02 (0.5)) b+ 2 2 () v (7))}
(120)

1 c=
it then follows by using the F-based moment properties from (23)—(24) that
EylY2 - (/3 g2>] =0, and Ey,[Y,Y, - w_,(ﬁ, of)] =0, implying by (120)
that

N,

c

;M;

i<j

Cll

E(S,,) = EyEp,[S,,] = 0. (121)
Hence, by (119), one writes
1
S,y =0, var [S,,]]>. (122)

The purpose of the following lemma is to derive the formula for this variance, i.e.,
var [S, | in (122).

Lemma 13 The model-assisted design (Dy.)-based variance of S, , is given by
var [S,,] = Ey [ varp | (Sz,y)] = EM[ var, E, [S,,]1+E, var, [Sz,y]], (123)

where

Ey[var, E, [S,,]] = K2<KK k)va(l)M(,B o?). (124)

Ey [El’l var,, [Sy, ] = %2 :[{ e M nlrv*((w(ﬂ c )}

+ { - lN 1:: 1 [81(" NI (ﬁ ) +82("5»N5)¢'(2‘N{)M<ﬂs 0'3) +g3(nc’Nc)q)(3.Nr)M(ﬂ’ 0'3)] }

+ {ﬁ[&:("r )¢(4N(,)M<ﬁ o >+gs("r N)Ds . )M<ﬂ o, )] }]’
(125)
with
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[ n.(n,—1)
81(ne, No) = _1 - m]
@ =D, -3)  nn-1)
8 (n.,N,) = (N, - 2)(V, - 3) - N.(N, - 1)]
_[@=2 _nG-1
g3(n,N,) = (N, —2) - NN, — 1)] (126)
N = _(l’lc —2) ne
84(n., N = | (N, —2) B JVC]

Ny = (1 n,.
85\, IN.) = N. ’

C

and

] 2 ‘ 2 2\., —
VHI.)M(I” o ) V*(c)M<‘B’ % ) and {(D(M,N{)M(ﬂ, o2 )u =1,....5,)
as the F-based scalar functions dependent on covariates only.

Proof The formulas for the F covariate-based scalar functions in the lemma are
derived in Appendix B in the supplementary file. O

Now suppose that the following regularity condition hold:
C,. For N = Zle N,-dependent finite and bounded quantities ry, 7y, 73,
and ry 4,

Kz i 2 . KNL? * 2 .
max Wv(l‘)M(‘B’Uy> < ryqs max, Tv(c)M(ﬁ’Uy> < ryas

[ KN? R R
max. N { 81(n., Nc)(b(l,N,)M (ﬂy o, ) + g,(n,, Nc)q>(2,N‘.)M (ﬂ’ o, )

+ 8301 NP v ym (/3’ Uf) }] < Tnss
[kN? [ , ,
N { N <g4(”c’ NPy ym (ﬂ’ o, ) + 85(ne, NP5 v ym (ﬁ’ o, >) } < Iyg

(127)

max

[

2

We can now prove the consistency of 6, sspw

for cr?, as in Theorem 5 below.
Theorem 5 For finite and bounded quantities hy and {ry, rya, Tyz, T'ya} used

to define the regularity conditions C; and C), the SSDW estimator &f,ssr)w obtained

from (75) satisfies the order of convergence, as

@ Springer



460 B. C. Sutradhar

|62 5o = 02| = 0V 1)

K K K %
1 1 1 1
X Op \/N["N,l% +rN’2; k_nc +VN’3 Z —knc(nc — 1) +rN’4 Z k_nc:| +0p(1/ﬁ)

c=1 c=1

K K 3
"val 1 1 "Na 1
=o0,la/VN) et (rna+ "/v,4)h—2 Z w T Z m]
N N c=1 ¢ N c=1 cve
+0,(1/v/n).
(128)
where n = Zﬁ:] n,. Thus, we obtain

. ) 2

M,y koocon=3* n—~3X N=N-olC)sspw ~ 71 =5 0; (129)

2
7.SSDW

(75) is consistent for o

showing that 6 obtained by solving the survey weighted GQL estimating Eq.

2
v

Proof By (118), S7! = OWN~'h;"), where S is defined in (115). Next, by (122),
1
Sz’y = OP[ var (Szyy)]i,

where the variance,var (S, ), is obtained by putting (124) and (125) into (123) under
the Lemma 13. The convergence order in (128) then follows from (115). O

7 Concluding remarks

When the two-stage cluster sample s* constructed in (6) is treated to be a simple ran-
dom sample-based single-stage cluster sample, it is shown in this paper, specifically
in Sect. 2, that this mis-specification produces biased and hence inconsistent regres-
sion estimates.

To remedy the abovementioned inference drawback, i.e., to use the TSCS s* in
(6) correctly, it is important to note that this s* is chosen from a FP (), also defined
in (6), which involves two types of parameters, namely the regression parameter S,
and the cluster correlation parameter o-f. The estimation of f in the presence of af is
new in the F setup; whereas it is known in an S setup that these parameters can be
consistently and efficiently estimated by using the GLMM-based GQL estimation
approach (Sutradhar 2004), for example. This motivated us in this paper to construct
first two GQL estimating functions for f# and af using the FP (F)-based hypotheti-
cal data. These two functions were then estimated unbiasedly by using the TSCS
s* from (6), and these correct sample-based estimating equations were referred to
as the SSDW (survey sample-based doubly weighted) estimating equations. More
specifically, (F)-based hypothetical estimating equations were provided in Sect. 4,
and the TSCS s*-based corresponding SSDW estimating equations were developed
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in Sect. 5. The resulting estimators were shown, in Sect. 6, to be consistent for their
respective parameters. Thus, this paper for the first time provided a theoretical foun-
dation for consistent estimation of the parameters using the TSCS data. The results
developed in this paper, therefore, should be useful for practitioners from statistical
agencies, for example, dealing with TSCS data of large size.

Supplementary Information The online version contains supplementary material available at https://doi.
org/10.1007/s10463-022-00850-6.

Acknowledgements The author thanks two reviewers for their valuable comments and suggestions that
lead to the improvement of the paper.

Funding No fund was used to complete this research.
Declarations

Conflict of interest None.

References

Amemiya, T. (1985). Advanced econometrics. Cambridge: Harvard University Press.

Binder, D. (1983). On the variances of asymptotically normal estimators from complex surveys. Interna-
tional Statistical Review, 51, 279-292.

Bishop, Y. M. M., Fienberg, S. E., Holland, P. W. (1975). Discrete multivariate analysis: Theory and
practice. Cambridge: The MIT Press.

Burdick, R. K., Sielken, R. L., Jr. (1979). Variance estimation based on superpopulation model in two-
stage sampling. Journal of American Statistical Association, 74, 438—440.

Christensen, R. (1984). A note on ordinary least squares methods for two-stage sampling. Journal of
American Statistical Association, 79, 720-721.

Christensen, R. (1987). The analysis of two-stage sampling data by ordinary least squares. Journal of
American Statistical Association, 82, 492-498.

Cochran, W. G. (1977). Sampling techniques (3rd ed.). New York: Wiley.

Fuller, W. A. (2009). Sampling statistics. New York: Wiley.

Ghosh, M. (1991). Estimating functions in survey sampling: A review. In: V. P. Godambe (Ed.), Estimat-
ing Functions (pp.201-210). Oxford Science Publications.

Godambe, V. P., Thompson, M. E. (1986). Parameters of super-population and survey population: Their
relationships and estimation. International Statistical Review, 54, 127-138.

Jiang, J. (1998). Consistent estimators in generalized linear mixed models. Journal of American Statisti-
cal Association, 93, 720-729.

Lee, S. E., Lee, P. R,, Shin, K. (2016). A composite estimator for stratified two stage cluster sampling.
Communications for Statistical Applications and Methods, 23, 47-55.

Lehtonen, R., Veijanen, A. (1998). Logistic generalized regression estimators. Survey Methodology, 24,
51-55.

Nelder, J. A., Wedderburn, R. W. M. (1972). Generalized linear models. Journal of Royal Statistical Soci-
ety, Series A, 135, 370-384.

Prasad, N. G. N., Rao, J. N. K. (1990). The estimation of the mean squared error of small-area estimators.
Journal of American Statistical Association, 85, 163—171.

Sarndal, C.-E., Swensson, B., Wretman, J. (1992). Model assisted survey sampling. New York: Springer.

Scott, A. J., Holt, D. (1982). The effect of two-stage sampling on ordinary least squares methods. Journal
of American Statistical Association, 77, 848—854.

Seber, G. A. F. (1984). Multivariate observations. New York: Wiley.

Sutradhar, B. C. (2003). An overview on regression models for discrete longitudinal responses. Statistical
Science, 18, 377-393.

@ Springer


https://doi.org/10.1007/s10463-022-00850-6
https://doi.org/10.1007/s10463-022-00850-6

462 B. C. Sutradhar

Sutradhar, B. C. (2004). On exact quasi-likelihood inference in generalized linear mixed models. Sankhya
B: The Indian Journal of Statistics, 66, 261-289.

Sutradhar, B. C. (2011). Dynamic mixed models for familial longitudinal data. New York: Springer.

Sutradhar, B. C. (2020). Multinomial logistic mixed models for clustered categorical data in a
complex survey setup. Sankhya A, Available as online first article. https://doi.org/10.1007/
s13171-020-00215-2.

Sutradhar, B. C., Rao, R. P. (2001). On marginal quasi-likelihood inferences in generalized linear mixed
models. Journal of Multivariate Analysis, 76, 1-34.

Ten Have, T. R., Morabia, A. (1999). Mixed effects models with bivariate and univariate association
parameters for longitudinal bivariate binary response data. Biometrics, 55, 85-93.

Valliant, R. (1985). Nonlinear prediction theory and the estimation of proportions in a finite population.
Journal of American Statistical Association, 80, 631-641.

Valliant, R. (1987). Generalized variance functions in stratified two-stage sampling. Journal of American
Statistical Association, 82, 499-508.

Wedderburn, R. (1974). Quasi-likelihood functions, generalized linear models, and the Gaussian Newton
method. Biometrika, 61, 439-447.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Springer Nature or its licensor holds exclusive rights to this article under a publishing agreement with the

author(s) or other rightsholder(s); author self-archiving of the accepted manuscript version of this article
is solely governed by the terms of such publishing agreement and applicable law.

@ Springer


https://doi.org/10.1007/s13171-020-00215-2
https://doi.org/10.1007/s13171-020-00215-2

	Regression analysis for exponential family data in a finite population setup using two-stage cluster sample
	Abstract
	1 Introduction
	2 Sampling mis-specification effects on regression parameters estimation using GLM-based GLS approach
	3 Cluster correlation model for exponential family data
	4 FP-based hypothetical GQL (HGQL) estimation
	4.1 HGQL estimating function for β In population total form
	4.2 HGQL estimating function for  in population total form

	5 Survey sample-based doubly weighted (SSDW) GQL estimation
	5.1 SSDW estimating equation for β in sample total form
	5.2 SSDW estimating equation for  σ2γ in sample total form

	6 Asymptotic properties
	6.1 Asymptotic normality of the SSDW estimator of the regression parameter β
	6.2 Consistency of 
	6.3 Consistency of  obtained from (75)

	7 Concluding remarks
	Anchor 17
	Acknowledgements 
	References




