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Supplementary Material

to the paper

Flexible asymmetric multivariate distributions
based on two-piece univariate distributions

Jonas Baillien1 – Irène Gijbels2 – Anneleen Verhasselt3

Abstract This supplement contains the additional parts not provided
in the main paper. These include:

– Explanation about the relation to Independent Component Analysis.
– Proofs of Lemmas 1, 2 and 3 of Section 3.2.
– Proofs of Propositions 1, 5 and 6 of Section 3.2.
– Some results on the extension to QBA-Student’s t-distributed uni-

variate components.
– Additional plots for the AIS-data example.
– In a separate R Markdown document the reader finds illustrative

examples for the use of the R codes, provided on the GitHub platform
at https://github.com/Anonymous162222/LCQBA.

S.1 Relation to Independent Component Analysis

Our method of generating multivariate distributions closely resembles
reverse independent component analysis (ICA). We mix the sources
to obtain a new distribution whereas ICA tries to unmix the data in
order to obtain the source distributions. To this end, ICA imposes two
main assumptions. The first is independence of the sources, the second
is that at most one source is Gaussian (symmetric). The latter might
seem odd, but is vital for identifiability of the mixing matrix A. With
these two assumptions in place, uniqueness of the model is still not
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guaranteed as scale and sign ambiguities as well as the permutation
problem can still happen. The permutation problem arises because the
order in which the sources appear is not fixed by the model and can
thus be permuted, provided that the same permutation is applied to
A. ICA does not need the assumption of known sources to obtain A,
whereas we explicitly assume that the sources are indeed known. This
simplifies the problem as more information is available, but in term also
complicates it slightly more as for the purpose of statistical inference,
the scale and sign ambiguity need to be resolved. In ICA, the shape of
the set of sources is most important. This alleviates the need to know
the scale and orientation of the sources.

For our purposes, ICA might be of interest as it can be incorporated
in a two-step estimation where first A is estimated and in a second step
the source parameters. For finding the mixing matrix, multiple methods
have been proposed. The most renowned ones are JADE (Cardoso and
Souloumiac (1993)) and FastICA (Hyvärinen (1999)) and adaptations
thereof. For inference, strong asymptotic results, e.g. consistency and
asymptotic normality, for the first step need to be available in order to
show asymptotic results for the second step. Preferably, the conditions
under which these asymptotic results hold are as weak as possible. Some
of the most important asymptotic results in the ICA context are found
in Bonhomme and Robin (2009), Ollila (2010), Ilmonen et al. (2012),
Miettinen et al. (2015) and Gouriéroux et al. (2017). This makes that
employing the proposed two-step procedure is possible.

Most ICA estimation techniques are semi-parametric however, whereas
we opt for a fully parametric approach. As stated in Hyvärinen et al.
(2001), once the source distributions are known, the likelihood function
is entirely known. This creates an opportunity to switch from a semi-
parametric estimation technique mostly used in the ICA methods, to a
fully parametric technique in the form of maximum likelihood estima-
tion. In our context, we estimate all model parameters simultaneously
in one single step.

S.2 Proofs of theoretical results

S.2.1 Proof of Proposition 1

Only the proof for the marginal characteristic function is given. For the
joint characteristic function a similar reasoning can be applied. Due to
the independence of the Zj ’s and the generating densities fj j = 1, . . . , d
containing neither a scale nor location parameter, we can write

φXk
(t) = φµa,k+

∑d
j=1 Aj,kZj

(t) = eitµa,k

d∏
j=1

φZj (Aj,kt).
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The result then follows from the fact (Gijbels et al. (2019)) that

φZj (t) = 2

[
αjφ

+
j

(
−t

1− αj

)
+ (1− αj)φ

+
j

(
t

αj

)]
.

S.2.2 Proof of Lemma 1

We will use (15) and (16) from Section 3.2 to directly compute
∂[(x−µa)

T (A−1)·,j]
∂Ak,l

as

∂
[
(x− µa)

T (A−1)·,j
]

∂Ak,l
=

∂

∂Ak,l

[
d∑

i=1

(xi − µa,i)(A
−1)i,j

]

=
d∑

i=1

∂

∂Ak,l

(−1)i+jdet(A−j;−i)(xi − µa,i)

det(A)

=

d∑
i=1

(−1)i+j(xi − µa,i)det(A) ∂
∂Ak,l

det(A−j;−i)

(det(A))2
(S.1)

−
d∑

i=1

(−1)i+jdet(A−j;−i)(xi − µa,i)
∂

∂Ak,l
det(A)

(det(A))2
.

Employing (4), we have xi−µa,i =
∑d

h=1Ah,izh and zh = (x−µa)
T (A−1)·,h.

Combining these two expressions gives xi − µa,i =
∑d

h=1Ah,i(x −
µa)

T (A−1)·,h. Substituting this result in (S.1) and using (15), we get

∂
[
(x− µa)

T (A−1)·,j
]

∂Ak,l

=

d∑
i=1
i̸=l

(−1)i+j+k−1+1{j>k}+l−1+1{i>l}det(A−j,−k;−i,−l)(xi − µa,i)

det(A)
1{j ̸= k}

−
d∑

i=1

(−1)i+j+k+ldet(A−k;−l)det(A−j;−i)(xi − µa,i)

(det(A))2

=

d∑
i=1
i̸=l

(−1)i+j+k+1{j>k}+l+1{i>l}det(A−j,−k;−i,−l)

d∑
h=1

Ah,i(x− µa)
T (A−1)·,h

det(A)
1{j ̸= k}

−
(−1)k+ldet(A−k;−l)

det(A)

d∑
i=1

(−1)i+jdet(A−j;−i)(xi − µa,i)

det(A)
.

By isolating the term for which h = j and utilizing (14), the final result
is obtained.

∂
[
(x− µa)

T (A−1)·,j
]

∂Ak,l
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=

d∑
i=1
i ̸=l

d∑
h=1
h ̸=j

(−1)i+j+k+1{j>k}+l+1{i>l}det(A−j,−k;−i,−l)Ah,i(x− µa)
T (A−1)·,h

det(A)
1{j ̸= k}

+

d∑
i=1
i ̸=l

(−1)i+j+1{j>k}+1{i>l}det(A−j,−k;−i,−l)Aj,i(−1)k+l(x− µa)
T (A−1)·,j

det(A)
1{j ̸= k}

−
(−1)k+ldet(A−k;−l)

det(A)

d∑
i=1

(xi − µa,i)(A
−1)i,j

=

d∑
i=1
i ̸=l

d∑
h=1
h ̸=j

(−1)i+j+k+1{j>k}+l+1{i>l}det(A−j,−k;−i,−l)Ah,i(x− µa)
T (A−1)·,h

det(A)
1{j ̸= k}

+
(−1)k+l(x− µa)

T (A−1)·,jdet(A−k;−l)

det(A)
1{j ̸= k}

−
(−1)k+l(x− µa)

T (A−1)·,jdet(A−k;−l)

det(A)
.

Using the introduced notations (17) and (18), this can be simplified to

∂
[
(x− µa)

T (A−1)·,j
]

∂Ak,l
=


Dk,l(x− µa)

T (A−1)·,k if j = k
d∑

h=1
h̸=j

Bk,l
h,j(x− µa)

T (A−1)·,h if j ̸= k.

S.2.3 Proof of Proposition 5

As the parameter vector contains three groups of parameters, α, µa
and A, the proof is split up in three parts according to the different
groups of parameters. The expectation of the score function is directly
calculated for elements of each of these groups. To do this, an expression
for the scores is needed. By taking the derivatives of (12) with respect
to the desired parameters, we obtain

∂ℓ(θ;x)

∂αk
=

1− 2αk

αk(1− αk)

+1
{
(x− µa)

T (A−1)·,k ≤ 0
} f ′k(−(1− αk)(x− µa)

T (A−1)·,k)

fk(−(1− αk)(x− µa)T (A−1)·,k)

· (x− µa)
T (A−1)·,k

+1
{
(x− µa)

T (A−1)·,k > 0
} f ′k(αk(x− µa)

T (A−1)·,k)

fk(αk(x− µa)T (A−1)·,k)

· (x− µa)
T (A−1)·,k

∂ℓ(θ;x)

∂µa,k
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=
d∑

j=1

(
1
{
(x− µa)

T (A−1)·,j ≤ 0
} f ′j(−(1− αj)(x− µa)

T (A−1)·,j)

fj(−(1− αj)(x− µa)T (A−1)·,j)

·(1− αj)(A
−1)k,j

−1
{
(x− µa)

T (A−1)·,j > 0
} f ′j(αj(x− µa)

T (A−1)·,j)αj(A
−1)k,j

fj(αj(x− µa)T (A−1)·,j)

)

∂ℓ(θ;x)

∂Ak,l

= −
(−1)k+ldet(A−k;−l)

det(A)

−
d∑

j=1

(
1

{
(x− µa)

T (A−1)·,j > 0
} f ′

j(αj(x− µa)
T (A−1)·,j)αj

fj(αj(x− µa)
T (A−1)·,j)

+1
{
(x− µa)

T (A−1)·,j ≤ 0
} f ′

j(−(1− αj)(x− µa)
T (A−1)·,j)(1− αj)

fj(−(1− αj)(x− µa)
T (A−1)·,j)

)

·
∂
[
(x− µa)

T (A−1)·,j
]

∂Ak,l
.

The substitution (x− µa)(A
−1)·,k = zk is used to calculate the expec-

tation of the three expression above. This substitution follows directly
from (4). The resulting expressions are then worked out further to show
Proposition 5 holds. The first parameter group is α, the expectation of
the score equations is

E

[
∂ℓ(θ;X)

∂αk

]
=

∫
Rd

(
1− 2αk

αk(1− αk)
+ 1{zk ≤ 0}

f ′
k (−(1− αk)zk) zk

fk (−(1− αk)zk)
+ 1{zk > 0}

f ′
k (αkzk) zk

fk (αkzk)

)

·
d∏

m=1

fZm (zm;ηm) dz

=

∫
Rd

(
1− 2αk

αk(1− αk)
+ 1{zk ≤ 0}

f ′
k (−(1− αk)zk) zk

fk (−(1− αk)zk)
+ 1{zk > 0}

f ′
k (αkzk) zk

fk (αkzk)

)
·2αk(1− αk)

(
1{zk ≤ 0} fk (−(1− αk)zk) + 1{zk > 0} fk (αkzk)

)
·

d∏
m=1
m ̸=k

fZm (zm;ηm) dz.

In the last step, the density of Zk is written in its full formulation.
Since fZm is a density function and there are no other dependencies on
zm present in the integrand, these integrate to 1 for m ̸= k. This results
in

E

[
∂ℓ(θ;X)

∂αk

]
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=

∫
R

(
1− 2αk

αk(1− αk)
+ 1{zk ≤ 0}

f ′k (−(1− αk)zk) zk
fk (−(1− αk)zk)

+ 1{zk > 0}
f ′k (αkzk) zk
fk (αkzk)

)

·2αk(1− αk)
(
1{zk ≤ 0} fk (−(1− αk)zk) + 1{zk > 0} fk (αkzk)

)
dzk

=
1− 2αk

αk(1− αk)
−
∫ ∞

0

2αk

1− αk
uf ′k(u)du+

∫ ∞

0

2(1− αk)

αk
vf ′k(v)dv

=
1− 2αk

αk(1− αk)
+

αk

1− αk
− 1− αk

αk

= 0,

where the substitutions u = −(1 − αk)zk and v = αkzk have been ap-
plied to simplify the expression. These substitutions are used frequently
throughout the remainder of the proof and that of Proposition 6. For
the µa-group, we calculate

E

[
∂ℓ(θ;X)

∂µa,k

]
=

∫
Rd

d∑
j=1

(
1{zj ≤ 0}

f ′j (−(1− αj)zj) (1− αj)(A
−1)k,j

fj (−(1− αj)zj)

−1{zj > 0}
f ′j (αjzj)αj(A

−1)k,j

fj (αjzj)

)
d∏

m=1

fZm (zm;ηm) dz,

each term of the summation is considered separately. By employing the
same reasoning and substitutions as before, for the l-th term in the
summation over j we have

∫
Rd

(
1{zl ≤ 0}

f ′
l (−(1− αl)zl) (1− αl)(A

−1)k,l

fl (−(1− αl)zl)
− 1{zl > 0}

f ′
l (αlzl)αl(A

−1)k,l

fl (αlzl)

)
·2αl(1− αl)

(
1{zl ≤ 0} fl (−(1− αl)zl) + 1{zl > 0} fl (αlzl)

)
·

d∏
m=1
m ̸=l

fZm (zm;ηm) dz

= 2αl(1− αl)(A
−1)k,l

(∫ 0

−∞
f ′
l (−(1− αl)zl) (1− αl)dzl −

∫ ∞

0
f ′
l (αlzl)αldzl

)

= 2αl(1− αl)(A
−1)k,l

(∫ ∞

0
f ′
l (u)du−

∫ ∞

0
f ′
l (v)dv

)

= 0.
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Since this result holds for each l, it follows that E
[
∂ℓ(θ;X)
∂µa,k

]
= 0.

For E
[
∂ℓ(θ;X)
∂Ak,l

]
the expression for

∂[(x−µa)
T (A−1)·,j]

∂Ak,l
obtained in Lemma

1 is required. This together with the introduced notations (17) and (18)
yields

E

[
∂ℓ(θ;X)

∂Ak,l

]

=

∫
Rd

{
Dk,lzk

(
1{zk > 0}

f ′
k (αkzk)αk

fk (αkzk)
− 1{zk ≤ 0}

f ′
k (−(1− αk)zk) (1− αk)

fk (−(1− αk)zk)

)

+

(
d∑

j=1
j ̸=k

[
1{zj > 0}

f ′
j (αjzj)αj

fj (αjzj)
− 1{zj ≤ 0}

f ′
j (−(1− αj)zj) (1− αj)

fj (−(1− αj)zj)

]

·
d∑

h=1
h ̸=j

Bk,l
h,jzh

)}
d∏

m=1

fZm (zm;ηm) dz+Dk,l.

Where the k-th term has been separated form the others due to Lemma
1. Next, each term in the summation over j is considered separately.
For j = s, with s ̸= k this gives

∫
Rd

(
1{zs > 0}

f ′
s (αszs)αs

fs (αszs)
− 1{zs ≤ 0}

f ′
s (−(1− αs)zs) (1− αs)

fs (−(1− αs)zs)

)
d∑

h=1
h ̸=s

Bk,l
h,szh

·2αs(1− αs)
(
1{zs ≤ 0} fs (−(1− αs)zs) + 1{zs > 0} fs (αszs)

)
·

d∏
m=1
m ̸=s

fZm (zm;ηm) dz

= 2αs(1− αs)

(∫ ∞

0
f ′
s (αszs)αsdzs −

∫ 0

−∞
f ′
s (−(1− αs)zs) (1− αs)dzs

)

·
d∑

h=1
h ̸=s

Bk,l
h,sEZh

[Zh]

= 2αs(1− αs)

(∫ ∞

0
f ′
s (v) dv −

∫ ∞

0
f ′
s (u) du

)
d∑

h=1
h ̸=s

Bk,l
h,sEZh

[Zh]︸ ︷︷ ︸
<∞

= 0.

In this, the previously introduced substitutions are used together with
the result from Gijbels et al. (2019) that the expectation of Zh is finite
for α ∈ (0, 1). By applying the same methodology as before to the term
for which j = k

Dk,l

∫
Rd

(
1{zk > 0}

f ′
k (αkzk)αkzk

fk (αkzk)
− 1{zk ≤ 0}

f ′
k (−(1− αk)zk) (1− αk)zk

fk (−(1− αk)zk)

)
·2αk(1− αk)

(
1{zk ≤ 0} fk (−(1− αk)zk) + 1{zk > 0} fk (αkzk)

)
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·
d∏

m=1
m ̸=k

fZm (zm;ηm) dz

= 2αk(1− αk)Dk,l

(∫ ∞

0
f ′
k (αkzk) zkαkdzk −

∫ 0

−∞
f ′
k (−(1− αk)zk) zk(1− αk)dzk

)

= Dk,l

(
2αk

∫ ∞

0
uf ′

k(u)du+ 2(1− αk)

∫ ∞

0
vf ′

k(v)dv

)
= −Dk,l.

The last step follows from Assumption (N2 ). Combining these results
yields

E

[
∂ℓ(θ;X)

∂Ak,l

]
=

d∑
j=1
j ̸=k

0−Dk,l +Dk,l = 0,

which completes the proof.

S.2.4 Proof of Proposition 6

The proof of these entities is again obtained through direct computa-
tion. For this, the parameter space is divided into blocks involving inter-
actions from different groups of parameters (α, µa or A). This creates
six blocks for which an expression of the corresponding elements of the
Fisher information matrix is derived. As in the proof of Proposition 5,
the substitution (x − µa)(A

−1)·,k = zk is applied. Also two other sub-
stitutions u = −(1 − αk)zk and v = αkzk are used at the appropriate
time, similar as in the proof of Proposition 5 above.

For the α - α block we have

E

[(
∂ℓ(θ;X)

∂αk

)(
∂ℓ(θ;X)

∂αl

)]

=

∫
Rd

(
1− 2αk

αk(1− αk)
+ 1{zk ≤ 0}

f ′
k (−(1− αk)zk) zk

fk (−(1− αk)zk)
+ 1{zk > 0}

f ′
k (αkzk) zk

fk (αkzk)

)

·
(

1− 2αl

αl(1− αl)
+ 1{zl ≤ 0}

f ′
l (−(1− αl)zl) zl

fl (−(1− αl)zl)
+ 1{zl > 0}

f ′
l (αlzl) zl

fl (αlzl)

)

·
d∏

m=1

fZm (zm;ηm) dz.

First the case where k = l is handled. Since the first two terms of the
product only depend on the variable zk, the integral over Rd can be
split in d integrals over R (as was also done in the proof of Proposition
5). By the fact that fZm is a density function, all integrals for which
m ̸= k integrate to one and only the integral over zk remains. We then
get

E

[(
∂ℓ(θ;X)

∂αk

)(
∂ℓ(θ;X)

∂αk

)]
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=

(
1− 2αk

αk(1− αk)

)2

+

∫
R

(
1{zk ≤ 0}

f ′2
k (−(1− αk)zk) z

2
k

f2
k (−(1− αk)zk)

+ 1{zk > 0}
f ′2
k (αkzk) z

2
k

f2
k (αkzk)

+
2(1− 2αk)

αk(1− αk)

[
1{zk ≤ 0}

f ′
k (−(1− αk)zk) zk

fk (−(1− αk)zk)
+ 1{zk > 0}

f ′
k (αkzk) zk

fk (αkzk)

])
·fZk

(zk;ηk) dzk

=

(
1− 2αk

αk(1− αk)

)2

+ 2αk(1− αk)

∫ 0

−∞

f ′2
k (−(1− αk)zk) z

2
k

fk (−(1− αk)zk)
dzk

+2αk(1− αk)

∫ ∞

0

f ′2
k (αkzk) z

2
k

fk (αkzk)
dzk + 4(1− 2αk)

∫ 0

−∞
f ′
k (−(1− αk)zk) zkdzk

+4(1− 2αk)

∫ ∞

0
f ′
k (αkzk) zkdzk

=

(
1− 2αk

αk(1− αk)

)2

+
2αk

(1− αk)2

∫ ∞

0

f ′2
k (u)u2

fk(u)
du+

2(1− αk)

α2
k

∫ ∞

0

f ′2
k (v)v2

fk(v)
dv

+
4(1− 2αk)

αk(1− αk)

(
−

αk

(1− αk)

∫ ∞

0
f ′
k(u)udu+

(1− αk)

αk

∫ ∞

0
f ′
k(v)vdv

)

=
(1− 2αk)

2

α2
k(1− αk)2

+
2α3

kγk,3

α2
k(1− αk)2

+
2(1− αk)

3γk,3

α2
k(1− αk)2

−
2(1− 2αk)

α2
k(1− αk)2

=
2
(
α3
k + (1− αk)

3
)
γk,3 − (1− 2αk)

2

α2
k(1− αk)2

.

The penultimate step is attained by using Assumptions (N1 ) and (N2 ).
This results in the expression when k = l. The second case is when k ̸= l.
Since neither of both terms share a common zj we get the product of
the expected values, hence

E

[(
∂ℓ(θ;X)

∂αk

)(
∂ℓ(θ;X)

∂αl

)]

= E

[(
∂ℓ(θ;X)

∂αk

)]
E

[(
∂ℓ(θ;X)

∂αl

)]
= 0.

For the α - µa block we get

E

[(
∂ℓ(θ;X)

∂αk

)(
∂ℓ(θ;X)

∂µa,l

)]

=

∫
Rd

(
1− 2αk

αk(1− αk)
+ 1{zk ≤ 0}

f ′
k (−(1− αk)zk) zk

fk (−(1− αk)zk)
+ 1{zk > 0}

f ′
k (αkzk) zk

fk (αkzk)

)

·
d∑

j=1

(
1{zj ≤ 0}

f ′
j (−(1− αj)zj) (1− αj)(A

−1)l,j

fj (−(1− αj)zj)
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−1{zj > 0}
f ′
j (αjzj)αj(A

−1)l,j

fj (αjzj)

)
d∏

m=1

fZm (zm;ηm) dz.

First the term for which j = k is isolated. Also 1−2αk
αk(1−αk)

E
[
∂ℓ(θ;X)
∂µa,l

]
vanishes because of Proposition 5. Thus

E

[(
∂ℓ(θ;X)

∂αk

)(
∂ℓ(θ;X)

∂µa,l

)]

=

∫
Rd

(
1{zk ≤ 0}

f ′
k (−(1− αk)zk) zk

fk (−(1− αk)zk)
+ 1{zk > 0}

f ′
k (αkzk) zk

fk (αkzk)

)

·
d∑

j=1
j ̸=k

(A−1)l,j

(
1{zj ≤ 0}

f ′
j (−(1− αj)zj) (1− αj)

fj (−(1− αj)zj)
− 1{zj > 0}

f ′
j (αjzj)αj

fj (αjzj)

)

·
d∏

m=1

fZm (zm;ηm) dz

+

∫
Rd

(A−1)l,k

(
1{zk ≤ 0}

f ′2
k (−(1− αk)zk) (1− αk)zk

f2
k (−(1− αk)zk)

−1{zk > 0}
f ′2
k (αkzk)αkzk

f2
k (αkzk)

)
d∏

m=1

fZm (zm;ηm) dz.

The first integral is zero due the calculations in the proof of Proposition
4. The second integral can be reduced to an integral only over zk due to
the others factors not depending on zk and thus integrating to 1. This
yields

E

[(
∂ℓ(θ;X)

∂αk

)(
∂ℓ(θ;X)

∂µa,l

)]
= 2(1− αk)αk(A

−1)l,k

(∫ 0

−∞

f ′2k (−(1− αk)zk) (1− αk)zk
fk (−(1− αk)zk)

dzk

−
∫ ∞

0

f ′2k (αkzk)αkzk
fk (αkzk)

dzk

)

= −2αk(A
−1)l,k

∫ ∞

0

f ′2k (u)u

fk (u)
du− 2(1− αk)(A

−1)l,k

∫ ∞

0

f ′2k (v) v

fk (v)
dv

= −2(A−1)l,kγk,2.

Where the final equality is obtained by using Assumption (N1 ).

For the terms in α - A, the following terms need to be evaluated

E

[(
∂ℓ(θ;X)

∂αk

)(
∂ℓ(θ;X)

∂Al,m

)]
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=

∫
Rd

(
1− 2αk

αk(1− αk)
+ 1{zk ≤ 0}

f ′
k (−(1− αk)zk) zk

fk (−(1− αk)zk)
+ 1{zk > 0}

f ′
k (αkzk) zk

fk (αkzk)

)

·
{(

d∑
j=1
j ̸=l

[
1{zj > 0}

f ′
j (αjzj)αj

fj (αjzj)
− 1{zj ≤ 0}

f ′
j (−(1− αj)zj) (1− αj)

fj (−(1− αj)zj)

]

·
d∑

h=1
h ̸=j

Bl,m
h,j zh

)
+

(
1{zl > 0}

f ′
l (αlzl)αl

fl (αlzl)
− 1{zl ≤ 0}

f ′
l (−(1− αl)zl) (1− αl)

fl (−(1− αl)zl)

)

·Dl,mzl +Dl,m

}
d∏

q=1

fZq

(
zq ;ηq

)
dz.

A useful equality for this block is the following

∫
R

(
1{zj > 0}

f ′
j (αjzj)αj

fj (αjzj)
− 1{zj ≤ 0}

f ′
j (−(1− αj)zj) (1− αj)

fj (−(1− αj)zj)

)
dzj (S.2)

= 2αj(1− αj)

∫
R

1{zj > 0}αjf
′
j

(
αjzj)− 1{zj ≤ 0} (1− αj)f

′
j(−(1− αj)zj

)
dzj

= 2αj(1− αj)

(∫ ∞

0
f ′
j(v)dv −

∫ ∞

0
f ′
j(u)du

)

= 0.

First the case k = l is handled. One finds that by (S.2), all products

with j ̸= k integrate to 0. Using that Dk,mE
[
∂ℓ(θ;X)
∂αk

]
= 0,

E

[(
∂ℓ(θ;X)

∂αk

)(
∂ℓ(θ;X)

∂Ak,m

)]

=

∫
Rd

(
1− 2αk

αk(1− αk)
+ 1{zk ≤ 0}

f ′
k (−(1− αk)zk) zk

fk (−(1− αk)zk)
+ 1{zk > 0}

f ′
k (αkzk) zk

fk (αkzk)

)

·
(
1{zk > 0}

f ′
k (αkzk)αkDk,mzk

fk (αkzk)
− 1{zk ≤ 0}

f ′
k (−(1− αk)zk) (1− αk)Dk,mzk

fk (−(1− αk)zk)

+Dk,m

)
d∏

q=1

fZq (zq ;ηm) dz

= −
(1− 2αk)Dk,m

αk(1− αk)
+ 2αk(1− αk)Dk,m

·
∫
R

1{zk > 0}
f ′2
k (αkzk)αkz

2
k

fk (αkzk)
− 1{zk ≤ 0}

f ′2
k (−(1− αk)zk) (1− αk)z

2
k

fk (−(1− αk)zk)
dzk

= −
(1− 2αk)Dk,m

αk(1− αk)
+

2(1− αk)Dk,m

αk

∫ ∞

0

f ′2
k (v) v2

fk (v)
dv −

2αkDk,m

1− αk

∫ ∞

0

f ′2
k (u)u2

fk (u)
du

=
(1− 2αk)(2γk,3 − 1)Dk,m

αk(1− αk)
.
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Next the case where k ̸= l is considered. By isolating the k-th term in
the summation over j we get

E

[(
∂ℓ(θ;X)

∂αk

)(
∂ℓ(θ;X)

∂Al,m

)]

=

∫
Rd

(
1− 2αk

αk(1− αk)
+ 1{zk ≤ 0}

f ′
k (−(1− αk)zk) zk

fk (−(1− αk)zk)
+ 1{zk > 0}

f ′
k (αkzk) zk

fk (αkzk)

)
([
1{zl > 0}

f ′
l (αlzl)αlDl,mzl

fl (αlzl)
− 1{zl ≤ 0}

f ′
l (−(1− αl)zl) (1− αl)Dl,mzl

fk (−(1− αl)zl)

+Dl,m

]
+

d∑
j=1
j ̸=k,l

[
1{zj > 0}

f ′
j (αjzj)αj

fj (αjzj)
− 1{zj ≤ 0}

f ′
j (−(1− αj)zj) (1− αj)

fj (−(1− αj)zj)

]

·
d∑

h=1
h ̸=j

Bl,m
h,j zh +

[
1{zk > 0}

f ′
k (αkzk)αk

fk (αkzk)
− 1{zk ≤ 0}

f ′
k (−(1− αk)zk) (1− αk)

fk (−(1− αk)zk)

]

·
d∑

h=1
h ̸=k

Bl,m
h,k zh

)
d∏

q=1

fZq

(
zq ;ηq

)
dz

= 2αk(1− αk)

d∑
h=1
h ̸=k

Bl,m
h,k κh,1

∫ ∞

0

f ′2
k (αkzk)αkzk

fk (αkzk)
dzk

−2αk(1− αk)

d∑
h=1
h̸=k

Bl,m
h,k κh,1

∫ 0

−∞

f ′2
k (−(1− αk)zk) (1− αk)zk

fk (−(1− αk)zk)
dzk.

The last equality holds because terms involving Dl,m integrate to zero
as they do not depend on zk and by Proposition 4. By (S.2), one can
find that the terms involving the sum over j also integrate to 0. So by
using (17), (18) and Assumption (N1 ), when k ̸= l

E

[(
∂ℓ(θ;X)

∂αk

)(
∂ℓ(θ;X)

∂Al,m

)]

= 2αk

d∑
h=1
h̸=k

Bl,m
h,kκh,1

∫ ∞

0

f ′2k (u)u

fk (u)
du+ 2(1− αk)

d∑
h=1
h̸=k

Bl,m
h,kκh,1

∫ ∞

0

f ′2k (v) v

fk (v)
dv

= 2γk,2

d∑
h=1
h̸=k

Bl,m
h,kκh,1.

For the µa - µa block, we get the following integral to solve

E

[(
∂ℓ(θ;X)

∂µa,k

)(
∂ℓ(θ;X)

∂µa,l

)]
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=

∫
Rd

 d∑
j=1

(A−1)k,j

[
1{zj ≤ 0}

f ′
j (−(1− αj)zj) (1− αj)

fj (−(1− αj)zj)
− 1{zj > 0}

f ′
j (αjzj)αj

fj (αjzj)

]
·

 d∑
q=1

(A−1)l,q

[
1{zq ≤ 0}

f ′
q (−(1− αq)zq) (1− αq)

fq (−(1− αq)zq)
− 1{zq > 0}

f ′
q (αqzq)αq

fq (αqzq)

]
·

d∏
m=1

fZm (zm;ηm) dz

E

[(
∂ℓ(θ;X)

∂µa,k

)(
∂ℓ(θ;X)

∂µa,l

)]

=

d∑
j=1

∫
Rd

(
1{zj ≤ 0}

f ′2
j (−(1− αj)zj) (1− αj)

2

f2
j (−(1− αj)zj)

+ 1{zj > 0}
f ′2
j (αjzj)α

2
j

f2
j (αjzj)

)

·(A−1)k,j(A
−1)l,j

d∏
m=1

fZm (zm;ηm) dz

+

d∑
j=1

d∑
q=1
q ̸=j

∫
Rd

(
1{zj ≤ 0}

f ′
j (−(1− αj)zj) (1− αj)

fj (−(1− αj)zj)
− 1{zj > 0}

f ′
j (αjzj)αj

fj (αjzj)

)

·
(
1{zq ≤ 0}

f ′
q (−(1− αq)zq) (1− αq)

fq (−(1− αq)zq)
− 1{zq > 0}

f ′
q (αqzq)αq

fq (αqzq)

)

·(A−1)k,j(A
−1)l,q

d∏
m=1

fZm (zm;ηm) dz.

=

d∑
j=1

2αj(1− αj)(A
−1)k,j(A

−1)l,j

(∫ 0

−∞

f ′2
j (−(1− αj)zj) (1− αj)

2

fj (−(1− αj)zj)
dzj

+

∫ ∞

0

f ′2
j (αjzj)α

2
j

fj (αjzj)
dzj

)

=
d∑

j=1

2αj(1− αj)(A
−1)k,j(A

−1)l,j

(
(1− αj)

∫ ∞

0

f ′2
j (u)

fj (u)
du+ αj

∫ ∞

0

f ′2
j (v)

fj (v)
dv

)

=
d∑

j=1

2αj(1− αj)(A
−1)k,j(A

−1)l,jγj,1.

For the µa - A block we have

E

[(
∂ℓ(θ;X)

∂µa,k

)(
∂ℓ(θ;X)

∂Al,m

)]

=

∫
Rd

(
d∑

j=1

(A−1)k,j

[
1{zj ≤ 0}

f ′
j (−(1− αj)zj) (1− αj)

fj (−(1− αj)zj)
− 1{zj > 0}

f ′
j (αjzj)αj

fj (αjzj)

])

·
{(

d∑
q=1
q ̸=l

[
1{zq > 0}

f ′
q (αqzq)αq

fq (αqzq)
− 1{zq ≤ 0}

f ′
q (−(1− αq)zq) (1− αq)

fq (−(1− αq)zq)

]
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·
d∑

h=1
h ̸=q

Bl,m
h,q zh

)
+

(
1{zl > 0}

f ′
l (αlzl)αl

fl (αlzl)
− 1{zl ≤ 0}

f ′
l (−(1− αl)zl) (1− αl)

fl (−(1− αl)zl)

)

·Dl,mzl +Dl,m

}
d∏

r=1

fZr (zr;ηr) dz.

We tackle this by splitting the summation over j in its individual
components. First the situation for which j = l is looked at. In this,
the integral is split into two terms, one involving zl and a term not
involving zl.

∫
Rd

(A−1)k,l

(
1{zl ≤ 0}

f ′
l (−(1− αl)zl) (1− αl)

fl (−(1− αl)zl)
− 1{zl > 0}

f ′
l (αlzl)αl

fl (αlzl)

)

·
{(

d∑
q=1
q ̸=l

[
1{zq > 0}

f ′
q (αqzq)αq

fq (αqzq)
− 1{zq ≤ 0}

f ′
q (−(1− αq)zq) (1− αq)

fq (−(1− αq)zq)

]

·
d∑

h=1
h ̸=q

Bl,m
h,q zh

)
+

(
1{zl > 0}

f ′
l (αlzl)αl

fl (αlzl)
− 1{zl ≤ 0}

f ′
l (−(1− αl)zl) (1− αl)

fl (−(1− αl)zl)

)

·Dl,mzl +Dl,m

}
d∏

r=1

fZr (zr;ηr) dz

=

∫
Rd

(A−1)k,l

(
1{zl ≤ 0}

f ′
l (−(1− αl)zl) (1− αl)

fl (−(1− αl)zl)
− 1{zl > 0}

f ′
l (αlzl)αl

fl (αlzl)

)

·
(
Dl,mzl

[
1{zl > 0}

f ′
l (αlzl)αl

fl (αlzl)
− 1{zl ≤ 0}

f ′
l (−(1− αl)zl) (1− αl)

fl (−(1− αl)zl)

]

+Dl,m

)
d∏

r=1

fZr (zr;ηr) dz

+
d∑

q=1
q ̸=l

∫
Rd−1

(
1{zq > 0}

f ′
q (αqzq)αq

fq (αqzq)
− 1{zq ≤ 0}

f ′
q (−(1− αq)zq) (1− αq)

fq (−(1− αq)zq)

)

·
(

d∑
h=1
h ̸=q,l

Bl,m
h,q zh

∫
R

[
1{zl ≤ 0}

f ′
l (−(1− αl)zl) (1− αl)

fl (−(1− αl)zl)
− 1{zl > 0}

f ′
l (αlzl)αl

fl (αlzl)

]

·(A−1)k,lfZl
(zl;ηl)dzl +Bl,m

l,q

∫
R

fZl
(zl;ηl)

[
1{zl ≤ 0}

f ′
l (−(1− αl)zl) (1− αl)zl

fl (−(1− αl)zl)

−1{zl > 0}
f ′
l (αlzl)αlzl

fl (αlzl)

]
(A−1)k,ldzl

)
d∏

r=1
r ̸=l

fZr (zr;ηr) dz−l

= −2αl(1− αl)(A
−1)k,lDl,m

·
(∫ 0

−∞

f ′2
l (−(1− αl)zl) (1− αl)

2zl

fl (−(1− αl)zl)
dzl +

∫ ∞

0

f ′2
l (αlzl)α

2
l zl

fl (αlzl)
dzl

)
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+

d∑
q=1
q ̸=l

2αq(1− αq)B
l,m
l,q

(∫ 0

−∞
f ′
q (−(1− αq)zq) (1− αq)dzq +

∫ ∞

0
f ′
q (αqzq)αqdzq

)

·2αl(1− αl)(A
−1)k,l

(∫ 0

−∞
f ′
l (−(1− αl)zl) (1− αl)zldzl −

∫ ∞

0
f ′
l (αlzl)αlzldzl

)

= 2αl(1− αl)(A
−1)k,lDl,m

(∫ ∞

0

f ′2
l (u)u

fl (u)
du−

∫ ∞

0

f ′2
l (v) v

fl (v)
dv

)

−
d∑

q=1
q ̸=l

4αq(1− αq)(A
−1)k,lB

l,m
l,q

(
−
∫ ∞

0
f ′
q (u) du+

∫ ∞

0
f ′
q (v) dv

)

·
(
αl

∫ ∞

0
f ′
l (u)udu+ (1− αl)

∫ ∞

0
f ′
l (v) vdv

)

= 0.

The first step in this holds because by the calculations in the proof of
Proposition 5, each term in the summation over h integrates to 0. In
terms for which j ̸= l, the integral is separated in components involving
zj and components not involving zj . Due to calculations as in the proof
of Proposition 5, terms involving Dl,m integrate to zero and are hence
omitted.∫

Rd
(A−1)k,j

(
1{zj ≤ 0}

f ′
j (−(1− αj)zj) (1− αj)

fj (−(1− αj)zj)
− 1{zj > 0}

f ′
j (αjzj)αj

fj (αjzj)

)

·
(

d∑
q=1
q ̸=l,j

[
1{zq > 0}

f ′
q (αqzq)αq

fq (αqzq)
− 1{zq ≤ 0}

f ′
q (−(1− αq)zq) (1− αq)

fq (−(1− αq)zq)

]

·
[

d∑
h=1
h ̸=q,j

Bl,m
h,q zh +Bl,m

j,q zj

]
+

[
1{zj > 0}

f ′
j (αjzj)αj

fj (αjzj)

−1{zj ≤ 0}
f ′
j (−(1− αj)zj) (1− αj)

fj (−(1− αj)zj)

]
d∑

h=1
h ̸=j

Bl,m
h,j zh

)
d∏

r=1

fZr (zr;ηr) dz

=
d∑

q=1
q ̸=l,j

2αj(1− αj)(A
−1)k,j

([∫ 0

−∞
f ′
j(−(1− αj)zj)(1− αj)dzj −

∫ ∞

0
f ′
j(αjzj)αjdzj

]

·2αq(1− αq)

[∫ ∞

0
f ′
q(αqzq)αqdzq −

∫ 0

−∞
f ′
q(−(1− αq)zq)(1− αq)dzq

]

·
d∑

h=1
h ̸=q,j

Bl,m
h,q κh,1 +

[∫ 0

−∞
f ′
j(−(1− αj)zj)(1− αj)zjdzj −

∫ ∞

0
f ′
j(αjzj)αjzjdzj

]
Bl,m

j,q

·2αq(1− αq)

[
−
∫ 0

−∞
f ′
q(−(1− αq)zq)(1− αq)dzq +

∫ ∞

0
f ′
q(αqzq)αqdzq

])

−2αj(1− αj)(A
−1)k,j

(∫ ∞

0

f ′2
j (αjzj)α

2
j

fj (αjzj)
dzj +

∫ 0

−∞

f ′2
j (−(1− αj)zj) (1− αj)

2

fj (−(1− αj)zj)
dzj

)
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·
d∑

h=1
h ̸=j

Bl,m
h,j κh,1

=

d∑
q=1
q ̸=l,j

(
2αj(1− αj)(A

−1)k,j

[∫ ∞

0
f ′
j(u)du−

∫ ∞

0
f ′
j(v)dv

]
d∑

h=1
h ̸=q,j

Bl,m
h,q κh,1

−2(A−1)k,jB
l,m
j,q

[
αj

∫ ∞

0
f ′
j(u)udu+ (1− αj)

∫ ∞

0
f ′
j(v)vdv

])

·2αq(1− αq)

(∫ ∞

0
f ′
q(v)dv −

∫ ∞

0
f ′
q(u)du

)

−2αj(1− αj)
2(A−1)k,j

d∑
h=1
h ̸=j

Bl,m
h,j κh,1

(
(1− αj)

∫ ∞

0

f ′2
j (u)

fj (u)
du+ αj

∫ ∞

0

f ′2
j (v)

fj (v)
dv

)

= −2αj(1− αj)(A
−1)k,jγj,1

d∑
h=1
h ̸=j

Bl,m
h,j κh,1.

Thus by putting together all terms in the original summation over j
we get as a final expression

E

[(
∂ℓ(θ;X)

∂µa,k

)(
∂ℓ(θ;X)

∂Al,m

)]
= −2

d∑
j=1
j ̸=l

αj(1−αj)(A
−1)k,jγj,1

d∑
h=1
h̸=j

Bl,m
h,j κh,1.

At last, we have arrived at the final block, which is the A - A block.
By conveniently splitting the summations, this can be rewritten as

E

[(
∂ℓ(θ;X)

∂Ak,l

)(
∂ℓ(θ;X)

∂Ar,s

)]

=

∫
Rd

{(
1{zk > 0}

f ′
k (αkzl)αkzk

fk (αkzk)
− 1{zk ≤ 0}

f ′
k (−(1− αk)zk) (1− αk)zk

fk (−(1− αk)zk)

)
Dk,l

+

(
d∑

q=1
q ̸=k

[
1{zq > 0}

f ′
q (αqzq)αq

fq (αqzq)
− 1{zq ≤ 0}

f ′
q (−(1− αq)zq) (1− αq)

fj (−(1− αq)zq)

]

·
d∑

m=1
m ̸=q

Bk,l
m,qzm

)
+Dk,l

}

·
{(

1{zr > 0}
f ′
r (αrzr)αrzr

fr (αrzr)
− 1{zr ≤ 0}

f ′
r (−(1− αr)zr) (1− αr)zr

fr (−(1− αr)zr)

)
Dr,s

+

(
d∑

j=1
j ̸=r

[
1{zj > 0}

f ′
j (αjzj)αj

fj (αjzj)
− 1{zj ≤ 0}

f ′
j (−(1− αj)zj) (1− αj)

fj (−(1− αj)zj)

]



17

·
d∑

h=1
h ̸=j

Br,s
h,jzh

)
+Dr,s

}
d∏

p=1

fZp

(
zp;ηp

)
dz

=

∫
Rd

d∑
q=1
q ̸=k

d∑
j=1
j ̸=r

(
1{zq > 0}

f ′
q (αqzq)αq

fq (αqzq)
− 1{zq ≤ 0}

f ′
q (−(1− αq)zq) (1− αq)

fj (−(1− αq)zq)

)

·
(
1{zj > 0}

f ′
j (αjzj)αj

fj (αjzj)
− 1{zj ≤ 0}

f ′
j (−(1− αj)zj) (1− αj)

fj (−(1− αj)zj)

)
(S.3)

·
(

d∑
m=1
m ̸=q

Bk,l
m,qzm

)(
d∑

h=1
h ̸=j

Br,s
h,jzh

)
d∏

p=1

fZp

(
zp;ηp

)
dz

+

∫
Rd

d∑
q=1
q ̸=k

(
1{zq > 0}

f ′
q (αqzq)αq

fq (αqzq)
− 1{zq ≤ 0}

f ′
q (−(1− αq)zq) (1− αq)

fj (−(1− αq)zq)

)

·
(
1{zr > 0}

f ′
r (αrzr)αrzr

fr (αrzr)
− 1{zr ≤ 0}

f ′
r (−(1− αr)zr) (1− αr)zr

fr (−(1− αr)zr)

)
(S.4)

·Dr,s

(
d∑

m=1
m ̸=q

Bk,l
m,qzm

)
d∏

p=1

fZp

(
zp;ηp

)
dz

+

∫
Rd

d∑
j=1
j ̸=r

(
1{zj > 0}

f ′
j (αjzj)αj

fj (αjzj)
− 1{zj ≤ 0}

f ′
j (−(1− αj)zj) (1− αj)

fj (−(1− αj)zj)

)

·
(
1{zk > 0}

f ′
k (αkzk)αkzk

fk (αkzk)
− 1{zk ≤ 0}

f ′
k (−(1− αk)zk) (1− αk)zk

fk (−(1− αk)zk)

)
(S.5)

·Dk,l

(
d∑

h=1
h ̸=j

Br,s
h,jzh

)
d∏

p=1

fZp

(
zp;ηp

)
dz

+

∫
Rd

(
1{zk > 0}

f ′
k (αkzl)αkzk

fk (αkzk)
− 1{zk ≤ 0}

f ′
k (−(1− αk)zk) (1− αk)zk

fk (−(1− αk)zk)

)

·
(
1{zr > 0}

f ′
r (αrzr)αrzr

fr (αrzr)
− 1{zr ≤ 0}

f ′
r (−(1− αr)zr) (1− αr)zr

fr (−(1− αr)zr)

)
(S.6)

·Dk,lDr,s

d∏
p=1

fZp

(
zp;ηp

)
dz

−Dk,lDr,s.

The term −Dk,lDr,s requires some explanation. By Proposition 4.

Dk,lE
[
∂ℓ(θ;X)
∂Ar,s

]
= 0 and Dr,sE

[
∂ℓ(θ;X)
∂Ak,l

]
= 0. But if we perform both

these products, we need the Dk,lDr,s twice (as one of both is com-
pletely removed from the equation by performing this product). How-
ever, Dk,lDr,s is only available once, thus to compensate we need to
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subtract it once, therefor the minus sign. Next, each of the four inte-
grals (S.3)−(S.6) is calculated individually. Starting with the integral
(S.3) and by isolating the term for j = q in the summation over j.

(S.3)

=

∫
Rd

d∑
q=1

q ̸=k,r

(
1{zq ≤ 0}

f ′2
q (−(1− αq)zq) (1− αq)2

f2
q (−(1− αq)zq)

+ 1{zq > 0}
f ′2
q (αqzq)α2

q

f2
q (αqzq)

)

·
(

d∑
m=1
m ̸=j

d∑
h=1
h ̸=q

Bk,l
m,qzmBr,s

h,qzh

)

+

d∑
q=1
q ̸=k

d∑
j=1
j ̸=q,r

(
1{zq > 0}

f ′
q (αqzq)αq

fq (αqzq)
− 1{zq ≤ 0}

f ′
q (−(1− αq)zq) (1− αq)

fj (−(1− αq)zq)

)

·
(
1{zj > 0}

f ′
j (αjzj)αj

fj (αjzj)
− 1{zj ≤ 0}

f ′
j (−(1− αj)zj) (1− αj)

fj (−(1− αj)zj)

)

·
(
Bk,l

j,qzjB
r,s
q,jzq +

d∑
m=1
m ̸=q,j

Bk,l
m,qzmBr,s

q,jzq +
d∑

h=1
h ̸=q,j

Bk,l
j,qzjB

r,s
h,jzh

+
d∑

m=1
m ̸=q,j

d∑
h=1
h ̸=q,j

Bk,l
m,qzmBr,s

h,jzh

)
d∏

p=1

fZp

(
zp;ηp

)
dz

=
d∑

q=1
j ̸=k,r

2αq(1− αq)

(∫ 0

−∞

f ′2
q (−(1− αq)zq) (1− αq)2

fq (−(1− αq)zq)
dzq +

∫ ∞

0

f ′2
q (αqzq)α2

q

fq (αqzq)
dzq

)

·
(

d∑
m=1
m ̸=q

d∑
h=1

h ̸=q,m

Bk,l
m,qκm,1B

r,s
h,qκh,1 +

d∑
g=1
g ̸=q

Bk,l
g,qB

r,s
g,qκg,2

)

+

d∑
q=1
q ̸=k

d∑
j=1
j ̸=q,r

4αq(1− αq)αj(1− αj)B
r,s
q,jB

k,l
j,q

·
(∫ ∞

0
f ′
q(αqzq)αqzqdzq −

∫ 0

−∞
f ′
q(−(1− αq)zq)(1− αq)zqdzq

)

·
(∫ ∞

0
f ′
j(αjzj)αjzjdzj −

∫ 0

−∞
f ′
j(−(1− αj)zj)(1− αj)zjdzj

)

+

d∑
q=1
q ̸=k

d∑
j=1
j ̸=q,r

4αq(1− αq)αj(1− αj)B
r,s
q,j

(
d∑

m=1
m ̸=q,j

Bk,l
m,qκm,1

)

·
(∫ ∞

0
f ′
q(αqzq)αqzqdzq −

∫ 0

−∞
f ′
q(−(1− αq)zq)(1− αq)zqdzq

)

·
(∫ ∞

0
f ′
j(αjzj)αjdzj −

∫ 0

−∞
f ′
j(−(1− αj)zj)(1− αj)dzj

)
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+

d∑
q=1
q ̸=k

d∑
j=1
j ̸=q,r

4αj(1− αj)αq(1− αq)B
k,l
j,q

(
d∑

h=1
h ̸=q,j

Br,s
h,jκh,1

)

·
(∫ ∞

0
f ′
j(αjzj)αjzjdzj −

∫ 0

−∞
f ′
j(−(1− αj)zj)(1− αj)zjdzj

)

·
(∫ ∞

0
f ′
q(αqzq)αqdzq −

∫ 0

−∞
f ′
q(−(1− αq)zq)(1− αq)dzq

)

+

d∑
q=1
q ̸=k

d∑
j=1
j ̸=q,r

4αq(1− αq)αj(1− αj)

·
(∫ ∞

0
f ′
q(αqzq)αqdzq −

∫ 0

−∞
f ′
q(−(1− αq)zq)(1− αq)dzq

)

·
(∫ ∞

0
f ′
j(αjzj)αjdzj −

∫ 0

−∞
f ′
j(−(1− αj)zj)(1− αj)dzj

)

·
(

d∑
g=1
g ̸=q,j

Bk,l
g,qB

r,s
g,jκg,2 +

d∑
m=1
m ̸=q,j

d∑
h=1

h ̸=m,q,j

Bk,l
m,qκm,1B

r,s
h,jκh,1

)
.

In this, only the first and second summations give a non-zero result.
The third to fifth summations integrate to zero. This is because for
fixed q only the last term depends on zj and this term integrates to
zero as previously shown in (S.2). By Assumptions (N1 ) and (N2 ) this
eventually results in

(S.3)

=
d∑

q=1
q ̸=k,r

2αq(1− αq)

([
(1− αq)

∫ ∞

0

f ′2q (u)

fq (u)
du+ αq

∫ ∞

0

f ′2q (v)

fq (v)
dv

]

·

[
d∑

m=1
m̸=q

d∑
h=1

h̸=q,m

Bk,l
m,qκm,1B

r,s
h,qκh,1 +

d∑
g=1
g ̸=q

Bk,l
g,qB

r,s
g,qκg,2

])

+
d∑

q=1
q ̸=k

d∑
j=1
j ̸=q,r

4Br,s
q,jB

k,l
j,q

([
αq

∫ ∞

0
f ′q(u)udu+ (1− αq)

∫ ∞

0
f ′q(v)vdv

]

·

[
αj

∫ ∞

0
f ′j(u)udu+ (1− αj)

∫ ∞

0
f ′j(v)vdv

])

= 2

d∑
q=1
q ̸=k,r

αq(1− αq)γq,1

(
d∑

m=1
m ̸=q

d∑
h=1

h̸=q,m

Bk,l
m,qκm,1B

r,s
h,qκh,1 +

d∑
g=1
g ̸=q

Bk,l
g,qB

r,s
g,qκg,2

)
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+

(
d∑

q=1
q ̸=k

d∑
j=1
j ̸=q,r

Bk,l
j,qB

r,s
q,j

)
.

Since (S.4) and (S.5) are identical up to indexation, they give the same
value. Here, the third integral is worked out. Suppose first the situation
where k = r, in that case, (S.5) becomes

(S.5)

= Dk,l

d∑
j=1
j ̸=k

∫
Rd

(
1{zj > 0}

f ′j (αjzj)αj

fj (αjzj)
− 1{zj ≤ 0}

f ′j (−(1− αj)zj) (1− αj)

fj (−(1− αj)zj)

)

·

(
1{zk > 0}

f ′k (αkzk)αkzk
fk (αkzk)

− 1{zk ≤ 0}
f ′k (−(1− αk)zk) (1− αk)zk

fk (−(1− αk)zk)

)

·

(
d∑

h=1
h̸=j

Br,s
h,jzh

)
d∏

p=1

fZp

(
zp;ηp

)
dz

= 0.

The latter follows due to zj only appearing in the first term, a similar
calculation as in the proof of Proposition 5 (for µa) yields the result.
When k ̸= r in (S.5), isolating the term with j = k results in

(S.5)

= Dk,l

d∑
j=1

j ̸=k,r

∫
Rd

(
1{zj > 0}

f ′
j (αjzj)αj

fj (αjzj)
− 1{zj ≤ 0}

f ′
j (−(1− αj)zj) (1− αj)

fj (−(1− αj)zj)

)

·
(
1{zk > 0}

f ′
k (αkzk)αkzk

fk (αkzk)
− 1{zk ≤ 0}

f ′
k (−(1− αk)zk) (1− αk)zk

fk (−(1− αk)zk)

)

·
(

d∑
h=1
h ̸=j

Br,s
h,jzh

)
d∏

p=1

fZp

(
zp;ηp

)
dz

+Dk,l

∫
Rd

(
1{zk > 0}

f ′
k (αkzk)αk

fk (αkzk)
− 1{zk ≤ 0}

f ′
k (−(1− αk)zk) (1− αk)

fk (−(1− αk)zk)

)

·
(
1{zk > 0}

f ′
k (αkzk)αkzk

fk (αkzk)
− 1{zk ≤ 0}

f ′
k (−(1− αk)zk) (1− αk)zk

fk (−(1− αk)zk)

)

·
(

d∑
h=1
h̸=k

Br,s
h,jzh

)
d∏

p=1

fZp

(
zp;ηp

)
dz.

The first integral is zero for the same reason as mentioned for k = r.
So for k ̸= r it holds that

(S.5)
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= 2αk(1− αk)

(∫ 0

−∞

f ′2k (−(1− αk)zk) (1− αk)
2zk

fk (−(1− αk)zk)
dzk

+

∫ ∞

0

f ′2k (αkzk)α
2
kzk

fk (αkzk)
dzk

)
Dk,l

(
d∑

h=1
h̸=k

Br,s
h,jκh,1

)

= 2αk(1− αk)

(∫ ∞

0

f ′2k (v) v

fk (v)
dv −

∫ ∞

0

f ′2k (u)u

fk (u)
du

)
Dk,l

(
d∑

h=1
h̸=k

Br,s
h,jκh,1

)

= 0.

Ultimately, for the fourth and final integral (S.6), suppose first that
k = r.

(S.6)

=

(∫ 0

−∞

f ′2k (−(1− αk)zk) (1− αk)
2z2k

fk (−(1− αk)zk)
dzk +

∫ ∞

0

f ′2k (αkzk)α
2
kz

2
k

fk (αkzk)
dzk

)
·2αk(1− αk)Dk,lDr,s

= Dk,lDr,s

(
2αk

∫ ∞

0

f ′2k (u)u2

fk (u)
du+ 2(1− αk)

∫ ∞

0

f ′2k (v) v2

fk (v)
dv

)

= 2Dk,lDr,sγk,3.

Now suppose that k ̸= r. Due to Proposition 5 (the calculation for A
under the situation j = k), the integral equals 1, hence we get as a
result that (S.6) = Dk,lDr,s when k ̸= r.

Combining the four integrals with the remaining term −Dk,lDr,s we
have neglected so far, we arrive at the proposed expression.

S.2.5 Proof of Lemma 2

First note that Ψ(x;θ) is continuous a.e. in x. The points in which it
is not continuous are the union hyperplanes D defined by

D =
d⋃

j=1

{
(x− µa)

T (A−1)·,j = 0
}
.

Note that D has measure zero and that all hyperplanes of discontinuity
pass through x = µa.
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Since Ψ(x;θ) is continuous a.e., it is measurable. This is because
for any c ∈ Rd,

Ψ−1(x;θ)(]c,∞[) = {Ψ−1(x;θ)(]c,∞[)∩(Rd\D)}∪{Ψ−1(x;θ)(]c,∞[)∩D}.

The first subset is measurable since Ψ(x;θ) is continuous on the subset
and according to Billingsley (1995), a continuous function is measurable.
The second subset is subset of D, which has measure zero, thereby, it is
measurable. As the union of measurable sets is measurable, the lemma
holds.

S.2.6 Proof of Lemma 3

From Proposition 5 it holds that λ(θ0) = 0, so it suffices to prove that
∀ϵ > 0, ∃δ > 0 : ∥θ − θ0∥ < δ =⇒ ∥λ(θ)∥ < ϵ. What follows is a
rough sketch. The concept is given for the derivative of ℓ(θ;x) with
respect to µa,k. Analogous one can construct a proof for the derivative
with respect to Ak,l. In the following, θ0 stands for the true parameter
whereas θ is in the aforementioned neighborhood of θ0.

E

[
∂ℓ(θ;X)

∂µa,k

]

=

∫
Rd

d∑
j=1

(
−1
{
(x− µa)

T (A−1)·,j > 0
} f ′

j

(
αj(x− µa)

T (A−1)·,j
)
αj(A

−1)k,j

fj (αj(x− µa)
T (A−1)·,j)

+1
{
(x− µa)

T (A−1)·,j ≤ 0
} f ′

j

(
−(1− αj)(x− µa)

T (A−1)·,j
)
(1− αj)(A

−1)k,j

fj (−(1− αj)(x− µa)
T (A−1)·,j)

)

·
1

|det(A0)|

d∏
m=1

fZm

(
(x− µa,0)

T (A−1
0 )·,m;ηm,0

)
dx

<

∫
Rd

d∑
j=1

(A−1)k,j

(
− 1
{
(x− µa)

T (A−1)·,j > 0
}

·
(1− ϵ̃j,1)f

′
j

(
αj,0(x− µa,0)

T (A−1
0 )−1

·,j

)
αj

(1 + ϵj,1)fj

(
αj,0(x− µa,0)

T (A−1
0 )−1

·,j

)
+1
{
(x− µa)

T (A−1)·,j ≤ 0
}

·
(1 + ϵ̃j,2)f

′
j

(
−(1− αj,0)(x− µa,0)

T (A−1
0 )−1

·,j

)
(1− αj)

(1− ϵj,1)fj

(
−(1− αj,0)(x− µa,0)

T (A−1
0 )−1

·,j

) )

·
1

|det(A0)|

d∏
m=1

fZm

(
(x− µa,0)

T (A−1
0 )·,m;ηm,0

)
dx,

with ϵ̃j,i, ϵj,i > 0, j = 1, . . . , d; i = 1, 2. The latter inequality follows
from continuity of both fj and f

′
j on either the positive or the negative

half real line (as these are the univariate symmetric densities). This
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allows to bound f
(′)
j in the following way with f

(′)
j,0 the density (or its

derivative) evaluated using the true parameter

(1− ϵj,1)fj,0 < fj < (1 + ϵj,2)fj,0
(1− ϵ̃j,1)f

′
j,0 < f ′j < (1 + ϵ̃j,2)f

′
j,0.

As we can now apply the substitutions used in Proposition 5, the inte-
grals can be calculated but there is still a problem present, namely the
discrepancy between the indicator functions used in the true densities
and the one in front of the fractions in the summation over j. This is
the part where the integration comes to the rescue. As θ is arbitrarily
close to θ0 the area over which to integrate the discrepancy between
indicators is also arbitrarily small and the functions to integrate are
bounded, hence they can be bounded above by any positive constant,
say ϵ̃j,3 as long as we take θ sufficiently close to θ0. This leaves us with

the following bound on E
[
∂ℓ(θ;X)
∂µa,k

]
E

[
∂ℓ(θ;X)

∂µa,k

]

< 2
d∑

j=1

(
1 + ϵ̃j,2

1− ϵj,1
αj,0(1− αj)−

1− ϵ̃j,2

1 + ϵj,1
αj(1− αj,0)

)
Ak,j

∫ ∞

0
f ′
j(u)du+ ϵ̃j,3

= 2

d∑
j=1

(
1 + ϵ̃j,2

1− ϵj,1
(1 + ϵj,3)−

1− ϵ̃j,2

1 + ϵj,1
(1 + ϵj,4)

)
αj(1− αj)Ak,j

∫ ∞

0
f ′
j(u)du+ ϵ̃j,3

< ϵ,

as all terms can be bounded and all ϵ̃j,·’s and ϵj,·’s can be taken arbi-
trarily small, this completes the proof.

S.3 Example when extra parameters are involved

A classical example of a distribution with other parameters than a lo-
cation or scale parameter is the Student’s t-distribution. The extra pa-
rameter is the degrees of freedom (ν) which governs the kurtosis of the
distribution. To check whether asymptotic normality under the presence
of Student’s t-distributed random variables still holds, the conditions
of Theorem 2 need to be fulfilled. If this is not the case, the theory
developed here becomes invalid. As consistency is a key property and
some non-trivial assumptions are imposed, this should be checked first.

The assumptions of Proposition 4 still hold, but we need to check
whether or not the parameters are identifiable. For the parameters α,
µa and A this is the same as done in Proposition 2, of course if the
assumptions are valid. Rests there only the parameter for the degrees
of freedom for fZj (Zj ;αj , νj). However, this does not pose a problem as
for a regular Student’s t-distribution, the degrees of freedom is uniquely
determinable. Hence, by Proposition 4 the estimator is consistent.
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Asymptotic normality
Using the same notation as in Theorem 2, we check whether Ψ(x; ξ)

is continuous in x, λ(ξ) is continuous in νj , E
[
∂ℓ(ξ;X)

∂νj

]
ξ=ξ0

= 0 and

further whether E
[(

∂ℓ(ξ;X)
∂νj

)(
∂ℓ(ξ;X)

∂ξj

)]
ξ=ξ0

< ∞, ξj ∈ Ξ. For this we

need the partial derivative of the log-likelihood with respect to νj

∂ℓ(ξ;x)

∂νj

= − 1

2νj
− 1

{
(x− µ)T (A−1)·,j ≤ 0

} 1

2
ln

(
1 +

(1− αj)(x− µ)T (A−1)·,j
νj

)
+1
{
(x− µ)T (A−1)·,j ≤ 0

} νj + 1

2ν2j

(1− αj)
2((x− µ)T (A−1)·,j)

2

1 +
(1−αj)2((x−µ)T (A−1)·,j)2

νj

−1
{
(x− µ)T (A−1)·,j > 0

} 1

2
ln

(
1 +

αj(x− µ)T (A−1)·,j
νj

)
+1
{
(x− µ)T (A−1)·,j > 0

} νj + 1

2ν2j

α2
j ((x− µ)T (A−1)·,j)

2

1 +
α2
j ((x−µ)T (A−1)·,j)2

νj

− 1

2
D(νj),

withD(νj) = ψ
(νj

2

)
−ψ

(
νj+1
2

)
and ψ(x) = Γ ′(x)

Γ (x) the digamma function

(i.e. the first derivative of the log-gamma function. In the same way, the
trigamma function is defined as the second derivative of the log-gamma

function etc.). It is immediately clear that ∂ℓ(ξ;x)
∂νj

is continuous in x for

fixed ξ. Since νj > 0, we have that D(νj) is continuous since the gamma
function and natural logarithm are smooth functions for positive argu-

ments. Hence, ∂ℓ(ξ;x)
∂νj

, and in extension also λ(ξ), are continuous func-

tions in νj . Lemma 2 and Lemma 3 thus apply. In Gijbels et al. (2019),

it is shown that E
[
∂ℓ(ξ;X)

∂νj

]
ξ=ξ0

= 0. Applying the results concerning

QBA-Student’s t-distribution from Gijbels et al. (2019) and a similar
calculation as in the proof of Proposition 6, the following Lemma is
obtained.

Lemma S.1 The elements of the Fisher Information matrix that are
associated with the degrees of freedom νj of the univariate Student’s
t-distribution fZj (Zj ;ηj) are given by

E
[(

∂ℓ(ξ;X)
∂νk

)(
∂ℓ(ξ;X)

∂νj

)]
=

{
1
2

∂
∂νj
D(νj)− νj+5

2νj(νj+1)(νj+3) if j = k

0 if j ̸= k.



25

E
[(

∂ℓ(ξ;X)
∂αk

)(
∂ℓ(ξ;X)

∂νj

)]
=

{
2(1−2αk)

αk(1−αk)(νj+1)(νj+3) if j = k

0 if j ̸= k.

E
[(

∂ℓ(ξ;X)
∂µk

)(
∂ℓ(ξ;X)

∂νj

)]
= 0

E
[(

∂ℓ(ξ;X)
∂Ak,l

)(
∂ℓ(ξ;X)

∂νj

)]
=

{
2(−1)j+l+1det(A−j;−l)
(νj+1)(νj+3)det(A) if j = k

0 if j ̸= k.

The Fisher-information matrix is then obtained by combining these four
block with the other six from Proposition 6. From Lemma S.1, it also
follows that

E

[(
∂ℓ(ξ;X)

∂νj

)(
∂ℓ(ξ;X)

∂ξj

)]
ξ=ξ0

<∞, i, j = i, . . . , d.

Hence, by Theorem 2, asymptotic normality for the parameter estimates
obtained by maximum likelihood holds.

S.4 Additional plots for the AIS-data analysis

Posterior distributions for the Bayesian parameter estimations in the
QBA logistic-normal model, using respectively uniform and normal pri-
ors, are shown in Figures S.1 and S.2.
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Fig. S.1: AIS-data: Histograms of posterior distribution using uniform priors,
the red line represents the mode of the posterior.
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Fig. S.2: AIS-data: Histograms of posterior distribution using normal priors,
the red line represents the mode of the posterior.


