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Abstract

We investigate hypothesis testing in nonparametric additive models estimated using
simplified smooth backfitting (Huang and Yu, Journal of Computational and Graphi-
cal Statistics, 28(2), 386—400, 2019). Simplified smooth backfitting achieves oracle
properties under regularity conditions and provides closed-form expressions of the
estimators that are useful for deriving asymptotic properties. We develop a general-
ized likelihood ratio (GLR) (Fan, Zhang and Zhang, Annals of statistics, 29(1),153—
193, 2001) and a loss function (LF) (Hong and Lee, Annals of Statistics, 41(3),
1166-1203, 2013)-based testing framework for inference. Under the null hypothesis,
both the GLR and LF tests have asymptotically rescaled chi-squared distributions,
and both exhibit the Wilks phenomenon, which means the scaling constants and
degrees of freedom are independent of nuisance parameters. These tests are asymp-
totically optimal in terms of rates of convergence for nonparametric hypothesis test-
ing. Additionally, the bandwidths that are well suited for model estimation may be
useful for testing. We show that in additive models, the LF test is asymptotically
more powerful than the GLR test. We use simulations to demonstrate the Wilks phe-
nomenon and the power of these proposed GLR and LF tests, and a real example to
illustrate their usefulness.
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1 Introduction

Additive models are popular structural nonparametric regression models and have
been widely studied in the literature Friedman and Stuetzle (1981); Hastie and Tib-
shirani (1990). For a random sample {¥;, X;;, ..., X;;}"_,, we consider the following
additive model:

Y, =y + mj(Xij)+€,-, i=1,...,n, e
J=1

where {€;,i = 1,...,n} is a sequence of i.i.d. random variables with mean zero and
finite variance ¢ and the additive components m;(-)’s are unknown smooth func-
tions which are identifiable subject to the constraints, E [mj(-)] =0forj=1,...,d.

Additive models do not suffer greatly from the curse of dimensionality because
all of the unknown functions are one-dimensional. It is possible to estimate each
additive component with the same asymptotic bias and variance of a theoretical
estimate which uses the knowledge of other components. Mammen et al. (1999)
demonstrates that this oracle property holds true when smooth backfitting is used
for estimation. Alternative estimation methods include marginal integration (Tjgs-
theim and Auestad, 1994; Linton and Nielsen, 1995), backfitting (Buja et al., 1989;
Opsomer, 2000), penalized splines (Wood, 2017) and simplified smooth backfitting
(Huang and Yu, 2019). In this study, we concentrate on simplified smooth backfit-
ting. Simplified smooth backfitting, in addition to achieving oracle properties under
regularity conditions, provides closed-form expressions of the estimators, which are
convenient for deriving asymptotic properties.

After fitting an additive model, we are often interested in some hypothesis testing
problems, e.g., testing whether a specific additive component in (1) is significant, or
whether it may be replaced by a parametric form. For simple hypothesis problems
such as component significance, the existing penalized estimation methods (Meier
et al., 2009; Lian et al., 2012; Horowitz and Huang, 2013; Lian et al., 2015) provide
some quick answers. However, a hypothesis testing framework is necessary for rig-
orous treatment. The theory for nonparametric hypothesis testing is well developed
for univariate nonparametric models (d = 1) (Ingster, 1993; Hart, 2013) but is some-
what limited for additive models.

Hirdle et al. (2004) propose a bootstrap inference procedure for generalized
semiparametric additive models which is based on marginal integration (Linton
and Nielsen, 1995). While their test statistic is asymptotically normal, convergence
to normality is slow, so they propose a bootstrap approach to calculate its critical
values. Roca-Pardifias et al. (2005) study the testing of second-order interaction
terms in generalized additive models. They propose a likelihood ratio test and an
empirical-process test based on the deviance under the null and alternative hypoth-
eses. The asymptotic distributions of their test statistics are unknown and are hard to
derive, so they use a bootstrap procedure to approximate the null distribution.

Proceeding in this direction, Fan and Jiang (2005) propose a generalized likeli-
hood ratio (GLR) test which is very simple to use. The GLR test compares the
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likelihood function under the null with the likelihood function under the alterna-
tive. Fan and Jiang (2005) derive the asymptotic properties of the GLR test statis-
tic using classical backfitting (Opsomer, 2000) for model estimation. It is known
that backfitting does not achieve oracle bias when the covariates are correlated.
Moreover, the estimators of backfitting do not have closed-form expressions.
Regardless of these drawbacks of backfitting, Fan and Jiang (2005) show that the
GLR test exhibits Wilks phenomenon, which means that the null distribution is
independent of the nuisance parameters-a much-desired property for likelihood
ratio tests. However, their method is still limited in practice because of the disad-
vantages of backfitting. Better alternatives for model estimation include smooth
backfitting, for which the properties of the GLR test still need to be investigated.
This motivates us to study the properties of GLR test using simplified smooth
backfitting for estimation.

While the GLR test has some appealing features and has been widely used in
practice, it is still a nonparametric pseudotest because of the parametric assump-
tions on error distribution. Another promising alternative is loss function (LF)-based
testing framework (Hong and Lee, 2013) which is available for univariate nonpara-
metric models (Model (1) with d = 1). A loss function test compares the models
under null and alternative by specifying a penalty for their difference. Many times,
this is more relevant to decision-making under uncertainty because it provides the
flexibility of choosing a loss function that mimics the objective of the decision-
maker. Hong and Lee (2013) show that LF test is asymptotically more powerful
than GLR test in terms of Pitman’s efficiency criterion and possesses both optimal
power and Wilks properties. Moreover, all admissible loss functions are asymptoti-
cally equally efficient under a general class of local alternatives. In spite of all these
advantages, the properties of LF test still need to be investigated for nonparametric
additive models (d > 1). To fill this void, we propose a LF test for additive model (1)
and derive its asymptotic properties. More recently, although in a different context,
Mammen and Sperlich (2022) proposed a backfitting test. Their test compares the
nonparametric estimators obtained from smooth backftting in the L, norm. Using
simulations, they show that the backfitting test provides very good performance in
finite samples. It is worth mentioning that the proposed LF test in the study takes a
similar form asymptotically.

The main contributions from this study are as follows. We develop GLR- and
LF-based hypothesis testing frameworks for nonparametric additive model (1)
using simplified smooth backfitting (Huang and Yu, 2019) for estimation. In Theo-
rems 1 and 2, we show that both these test statistics follow a rescaled chi-square
distribution asymptotically and achieve Wilks phenomenon. Unlike the GLR test in
Fan and Jiang (2005), the proposed GLR and LF tests do not require undersmooth-
ing to achieve Wilks phenomenon and the bandwidths that were well suited for
model estimation might also be useful for testing. We also construct new F type of
tests for additive models and establish the connections between GLR, LF and F-test
statistics. Theorem 4 shows that GLR and LF test statistics achieve the optimal rate
of convergence for nonparametric testing, n=21/41*! where n =2(p + 1) and p is
the order of local polynomial, according to Ingster (1993). Furthermore, in Theo-
rem 5, we show that LF test is asymptotically more powerful than GLR test. Using
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simulations, we validate our theoretical findings and illustrate that both GLR and LF
tests are robust to error distributions to some extent.

The remainder of the paper is organized as follows. In Sect. 2, we introduce
smoother matrices which are required for simplified smooth backfitting and outline
the estimation algorithm. In Sect. 3, we formulate GLR and LF test statistics for
nonparametric additive model. We derive the asymptotic null distributions for both
test statistics and discuss their optimal power properties in Sect. 4. In Sect. 5, we
evaluate the finite sample performances of both GLR and LF tests using a simula-
tion study and a real example. We include proofs and additional numerical results in
Supplementary Material.

2 Simplified smooth backfitting

In this section, we give a brief introduction to local polynomial regression (Fan and
Gijbels, 1996) and describe simplified smooth backfitting algorithm, which includes
smoother matrices, H;j, of Huang and Chen (2008).

2.1 Smoother matrix

Suppose (Z;,Y,),i =1, ..., n, are n independent observations generated from the fol-
lowing model

Y=mZ)+e, 2)

where Y is a continuous response variable, Z is a continuous explanatory variable
and e denotes an error term with mean zero and finite variance. We choose local
polynomial modeling approach (Fan and Gijbels, 1996). To estimate the condi-
tional mean E(Y|Z = z) at a grid point z, it considers a pth order Taylor expansion
mz) + mPY)(Z =2) + ... + mP(2)(Z — z)? /p!, for Z in a neighborhood of z.

Let Z =[1 z;Zlxpiy be a design matrix with 1=(1,...,D7
of length n and z,=(Z -2 ,....(Z,—2))T for r=1,...,p. Let
W, = diag{K,(Z, — 2), ..., K,(Z, — z)} be a weight matrix with K(-) as a nonnega-
tive and symmetric probability density function, and K,(-) = K(-/h)/h where h is
a bandwidth. The local polynomial approach estimates f = (f, ... ,ﬁp)T, where
B.=m"/r,r=0,1,...,p,as

n

2
1 c .
%n;g;()/i_;ﬂr(zi_z) ) K, (Z; - 2)

3)
=mn % (v=2.8)'W.(y - Z.),

where y = (Y,....Y,)T. Let B= (/?0, ...,/?;)T = (Z:WZZZ)‘IZ:W y, denote the

Z
solution vector to (3) and the dependence of f on z is suppressed for convenience in
notation.

Suppose the support of Zis [0, 1]. Let
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Ky = =0 e,y e 0,10, @
/ K,(w —v)dw

be the boundary corrected kernel function defined in Mammen et al. (1999). It is
easy to note that f K, (u,v)du =1 for a fixed v. The smoother matrix H; in Huang
and Chen (2008) is based on integrating local least squares errors (3)

n » 2
%/ ; <Yi - ZO,BAr(Zi —Z)r> K,(Z;,2)dz = %yT(I—H;>, 5)

where I is an n- dimensional identity matrix and
= / W.Z.(ZIW.Z)'ZI'W dz, (6)

is a smoother matrix in which the integration is taken element by element. Conse-
quently, we may use H;y as a fitted vector for y and its ith element, m(Z;) = eiTH;y
takes the following form, fori =1, ...,n,

/(ﬁoﬂ?l(zi ~D+...+5,(z —z)”)Kh(Z,.,z)dz, )

where e; is the unit vector with 1 as the ith element. The estimator (7) involves dou-
ble smoothing as it combines the fitted polynomials around Z,. Therefore, at interior
points [2h, 1 — 2h], the estimator #(Z; ) achieves bias reduction. While the bias of
traditional local polynomial estimator /30 is of order A%+ for odd p, the bias of 7(Z;)
is of order K2®*+D for p = 0, 1,2, 3. In Sect. 2.2, we define simplified smooth backfit-
ting estimators for additive model (1) analogous to (7). Huang and Chen (2008) and
Huang and Chan (2014) discuss the properties of H; and they show that it is sym-
metric, asymptotically idempotent and asymptotically a projection matrix. Moreo-
ver, it is nonnegative definite and shrinking.

2.2 Estimation

Huang and Yu (2019)’s simplified smooth backfitting algorithm is analogous to the
classical backfitting algorithm of Buja et al. (1989) and Hastie and Tibshirani (1990)
in terms of component updates. The key difference is that it uses the univariate
matrices H” in (6) as smoothers in backfitting algorithm.

Let m; = (m(Xy),....mX,))" and x; = (X, ..., X, )T for j=1,...,d. Let
X; = [lx woxlfor j=1,....d, and X = [1x - - Xl xP0), where 1 is
the vector of ones. Let X701 = [x; .- - Xl xp d] Wthh is same as X without
the column of ones. For any matrix A deﬁne Al = I Aand P, = AATA)'AT.
Suppose H * 1s an univariate smoother matrix defined as in (6) for covariate x; with

pjth order local polynomial approximation and bandwidth 4, for j =1,...,d.
We introduce the following spaces before stating the 51mphﬁed smooth backfitting
algorithm for model (1). Let M (H;_J) be a space spanned by the eigenvectors of H;J
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with eigenvalue 1. It includes polynomials of x; up to p;th order because H;_Jx;‘ = xj’.‘,

N N J
k=0,1...,p;and j=1,...,d. Suppose G is an orthogonal projection onto the space
M 1(H;1,1) + o+ Ml(H;d’ ») and G; is an orthogonal projection onto the space
MI(H;_i), j=1,...,d. Then,

G =Py = Py + Ppixio, G; =Py, ®)

where Py = X(X"X)7'X and Py, Py and Ppuy are defined similarly. Since the
modified smoothers H;,J -G, j= 1,...,d have eigenvalues in [0, 1), by Proposi-
tion 3 in Buja et al. (1989), we obtain closed form expressions for backfitting esti-
mators. For illustration, we plot the eigenvalues of the smoother and the modified
smoother using local constant (p = 0) and local linear terms (p = 1) in Figure 1.
While the local constant smoother has one eigenvalue equal to 1, the local linear
smoother has two eigenvalues that are equal to 1. The modified smoother has eigen-
values in [0, 1) for bandwidths that are not too small.

The simplified smooth backfitting algorithm with modified smoothers H:N. - G; for

j=1,...,d,and pj= 0,1, 2, 31is stated as follows:

1. [Initialize: m’f‘ = m}o) with m(.o) in the space of/\/l(H* - Gj), j=1,...,d.

. *ncu % 1 *ne» >’,nld . .
2. Cycl{z m; —H x](G y - lej ij ), j=1,...,d, since
Gm: = G =0 and G G- =0.

/
3. Contmue step 2 until the 1nd1v1dua1 functlons do not change. The final estimator

for the overall fitis Gy + m1 +...+ md.
Furthermore, we can write
Gy = (P1 +PPILX[_0]) y=01+g +...+8,
for g, = (8....8,)" such that 3" 2, =0, j=1,....d. Then the ﬁnal esti-
mator for jth additive component is m; = (i (X1 PSRN ))T g] + m , for

Jj=1,...,d. Since Gm =0, it follows that Z m; (XU) = 0 for ji=1...,d. Con-
sequently, the estlmators m ’s are identifiable.

H, Hy, —P H, H, ’Pn;\

Eigenvalue
-
g
g
-
2

\ \v
\ v Mo 02 Ry \
\\ \

\\

o N \ \ N M
0.00 - 0.0 = =z 0.00 — 0.00  psss —

02 04 06 08 10 02 04 06 08 10 02 04 06 08 10 02 04 06 08 10

Bandwidth(h) Bandwidth(h) Bandwidth(h) Bandwidth(h)

Fig. 1 Eigenvalues of smoother H* and modified smoother Hp — G; for different values of bandwidths
and for p; = 0, 1. Here G; = P, and G P, for pj=0and 1, respectlvely
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Since the smoothers H* o j=1,...,d are symmetric and shrinking, using the

results in Buja et al. (1989) Huang and Yu (2019) show that the above algorithm
converges. We provide their results in the following:

e It follows from Theorem 2 of Buja et al. (1989) that the normal equations

I H* * H* *
N pinl ghl {zl’l m, P ly
H 1 H - H
2.2 P22 p2 || ™2 2 9)
H H' H' , .- 1 m H
Pad " pgd T pgd d Pd»dy

are consistent for every y.
e Based on Theorem 9 of Buja et al. (1989), the backfitting algorithm converges to
some solution of the normal equations (9).
e The solution is unique unless there is an exact concurvity which happens when
there is a linear dependence among the eigenspaces corresponding to eigenvalue
1 of the Hij’s

We now obtain explicit expressions for the estimators m;, j=1,...,d. Let
=- (H* —G)) (H* —G) and A = Z A;. By Proposition 3 in Buja
et al. (1989), we obtain 7 mj =A,d+A) 1G While these expressions provide esti-

mators without requiring an 1terat1ve procedure, we still favor the backfitting algo-
rithm because of its numerical stability. Furthermore, the backfitting approach is
computationally simpler. Assume that a certain number of iterations are sufficient
for convergence. In terms of computations, the explicit expressions cost O(n°p)
operations, whereas the backfitting algorithm only costs O(np) operations (Hastie
and Tibshirani, 1990). However, this might not be a concern for small sample sizes.
In Figure 2, we provide a comparison of the estimated functions fr\z]* using backfitting

and explicit expressions for the model considered in Sect. 5.1. Both methods provide
similar results. The computation times of backfitting and explicit expressions across
different sample sizes are presented in Table 1. For small sample sizes, both

my () my () my ()
0.005 - 00025 |

o001 0.0015

0.000 | 0.0000

0.000
0.0010 | S

\ —0.0025 l ‘ l‘:
' 0.0005
i
8
g

-0.001
-0.005 -0.002

-0.003 ~0.0050 0.0000

@ Explicit —0.004 e @Explicit @Explicit

+Backfitting +Backfitting +Ea(kﬂttmg -0.0005 |
-0.0075

SS—— -0.005

-06 -0.3 0.0 03 06 -0.6 -0.3 0.0 03 0.6 -0.6 -0.3 0.0 03 0.6 -06 -0.3 0.0 03 0.6

-0.010 F

Fig.2 The estimated additive functions (nonparametric part) for model (30) (shown later in Sect. 5.1)
using the explicit expressions and the backfitting algorithm (19 iterations). Here, n = 400 and optimal
bandwidths (A s 1y s 13 s Mg gpr) = (0.74,1.2,1.15,1.16)
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Table 1 Comparison of
computation times (in
milliseconds) for model (30) 200 664.8 682.6
(shown later in Sect. 5.1) using

n Backfitting(ms) Explicit(ms)

backfitting algorithm and 400 2414 2514

explicit expressions 800 8961 8650
1600 40717 40299
3000 169575 194010
6000 856743 1203930

approaches took about the same amount of time. However, solving explicit expres-
sions is computationally costly than backfitting for large sample sizes. More infor-
mation on the computer facilities can be found in Sect. 5.1.

At the convergence of simplified smooth backfitting algorithm, we obtain smooth
backfitting estimates (or estimates at grid pornts) ﬁ], by performing a local polyno-
mial regression of x; on partial residual Gy-Y, oy — X m,). Formally,

b= e W X)X W, | Gy = Dy = Dy ) (10)

I<j >j

for] <j<d,0<r<p;, where e, is a unit vector with I at the rth position and Wi
. ) ]
and Xfc _are defined similar to W, and Z_ in (3).
)

Huang and Yu (2019) discuss the properties of estimators ir\z]* and ﬁ o for
j=1,...,d. They show that, estimator m achieves asymptotic bias of order

2;11 hjz(er for p;=0,1,2,3, in the 1nter10r range (2h;, 1 —=2h)] for j=1,....d.

2(pk+1)

Similarly, asymptotlc bias of ﬂ/o is of order h + z N #j if p;=1lor3andis

of order h + Zk;é R pj=0or2, for j=1,. d, in the interior range.

3 Proposed test statistics

In this section, we define both GLR and LF test statistics for Model (1) which are
computed using the simplified smooth backfitting in Sect. 2. For simplicity in pres-
entation, we consider the following simple hypothesis testing problem:

Hy i my(x;)) =0 vs. H; : my(x;) #0, (11)

which tests whether the dth predictor makes any significant contribution to the
dependent variable. This testing problem is a nonparametric null versus a nonpara-
metric alternative. It is also possible to choose more complicated hypothesis testing
problems such as composite hypotheses, and nonparametric null versus parametric
alternatives. We discuss some of these in our numerical results in Sect. 5.

We now introduce some matrices which will be used in our asymptotic results.
Let G_g = Py-owhere XF = [1x; - x, ) - ¥ - ¥’ 1]as in (8). Define
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C=PGL X[70J+GLH* +H* Gl

. B B (12)
—Gin M, G+ 0@ 1h T+n7')),
d
L _— 11 -1
D=G"- z; {HWG + 0™ h T +n J)}, (13)
i=
_ — 171 -
E=Pg o +H, G +00 h'I+n7)), (14)
L =01 { «[-017 (~L [—0] [-01" (v L
where Por s = GE XTI (X G ) xGh
X;Ol =[x, xZ" ]nxpd’ J is the matrix of ones, and I is an identity matrix of size n.

3.1 The generalized likelihood ratio test

We define the GLR test statistic analogous to Fan and Jiang (2005). Since the distribu-
tion of ¢; is unknown, pretend that the error distribution is normal, MO, 6?), to obtain
the likelihood. However, we note that normality assumption is not needed to derive
asymptotic properties for GLR statistic. In Sect. 5.1, we show that asymptotic distribu-
tion of GLR statistic is robust to error distribution to some extent. Now, the log-likeli-
hood under model (1) is

—g log(2z6%) — — Z —my(Xy) — - —mg(X d))

Replacing ay, m, (), k = 1, ..., d, with their estimates @, 7,(-) yields
n 2 1
£(H,) = =3 log(2n0”) = 2RSS,

where RSS| = 2?:1 (Y, - @, ml(Xll) - md(de)) . This hkehhood func-
tion attains maximum for o’ = —RSS ) Wthh implies that 7 (H )& —= log(RSS ).
Similarly, the log likelihood"  for H, is ¢(Hy~—3 log(RSSO) with
RSSy = Y, (Y = @ — i, (X)) = — FgXig_r))) > and (), k = 1,....d — 1 are
the estimators of mk(-) under H,, using the simplified smooth backﬁttmg algorithm
with the same set of bandwidths. Now, we define the GLR test statistic as

RSS, nRSS,— RSS,
&rss, ¥ 27 RSS,

A, (Hy) = [£(H,) — £(Hy)] = glo (15)

and reject the null hypothesis when A, (H,) is large. From Lemma 1 (Supplementary
Material), we obtain that

RSS, —RSS, _ y'Cy
RSS,  y'Dy
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80 S.B.Chatla

for C and D defined in (12) and (13), respectively. This motivates us to consider the
following F-type of test (Huang and Davidson, 2010)
_y'Cy u(D)
* YDy (€)'

(16)

where tr(-) denotes the trace. Theorem 1 shows the statistic (16) indeed follows F
distribution asymptotically.

3.2 Theloss function test

The LF testing framework (Hong and Lee, 2013) compares models under H,, and
H, via a loss function L : R?> — R. This is more relevant to decision-making under
uncertainty in some applications. We write the discrepancy between the models as

0,=Y L[ﬁl+(x,.l, e X SO X ,Xi(d_l))], a7

i=1
where m, (X, ..., X;p) =y + iy (X;) + - + my(X;y) and
%Er_d)(Xil, s Xigory) = Qo + my (X)) + - + my_ (Xy,_y) are the ith predicted val-

ues for the models under H, and H,), respectively. Similar to Hong and Lee (2013),
we consider a specific class of functions called the generalized cost-of-error func-
tion defined as L(u,v) = d(u — v), where d(-) is twice continuously differentiable
with d(0) = 0,d’(0) = 0and 0 < d"(0) < oo.

We define the LF test statistic as

0, _d'O2FL @Ky, X = Kips oo Xyg)? +R

Hy) = ~
WHo) = “opss, n-1RSS,

s

(18)
where RSS| is the residual sum of squares under alternative and R is the remainder
term in the Taylor expansion of d(-). We reject the null hypothesis when g, (H,) is
large.

Interestingly, when the estimated additive functions under H, and H, are approxi-
mately equal, that means, r’ﬁj(Xij) & sz(Xij) fori=1,...,nand j=1,...,d -1, we
obtain

d//(o) n R
0, ~ —— ; (X + R.

The form of the statistic Q,, is similar to the backfitting based test statistic proposed
in Mammen and Sperlich (2022) as

S, =/1’7\1d(xd)fd(xd)dxd, (19)

where f,(-) is the distribution of X,. For more discussion of similar tests, please
refer to Mammen and Sperlich (2022).
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Inference with simplified smooth backfitting 81

Based on (18), the arguments analogous to Lemma 1 (Supplementary Material)
help us to define the following F-type of test statistic

TETEy tr(D
F,= y - y (T) , 20)
YDy w(E'E)

for E defined in (14). This test is discussed in Theorem 2.

4 Asymptotic results

In this section, we develop asymptotic theory for the GLR and the LF test statistics
defined in Sect. 3 under model (1). We derive the asymptotic null distributions of
these test statistics when the testing problem is of the form (11) and discuss Wilks
phenomenon and optimal power properties. For simplicity in theoretical arguments,
we assume that all the data points are interior [Zhj, 1- 2hj], j=1,...,d (Huang
and Yu, 2019). However, we remark that, under the conditions of Theorems 1 and
2, the additional bias terms introduced by the boundary points are of smaller order.
Therefore, our theory holds when the data include boundary points.

We list some of the assumptions required for our theoretical results in the
following.

Assumption 1 The densities f(-) of X; are Lipschitz-continuous and bounded away
from 0 and have bounded support £2; for j = 1, ..., d. The joint density of X; and X,
j; J-/(-, -), for1 <j #j <d, is also Lipschitz continuous and have bounded support.

Assumption 2 The kernel K(-) is a bounded symmetric density function with
bounded support and satisfies Lipschitz condition. The bandwidth #; — 0 and
nh}?/(lnn)2 —o00,j=1,...,d,asn - oo.

Assumption 3 The (2pj + 2)—th derivative of mj(-), j=1,...,d, exists.
Assumption 4 The error € has mean 0, variance o2, and finite fourth moment.

Assumption 5 The loss function d : R — R* has a unique minimum at 0, and
d(z) is monotonically nondecreasing as |z| — oo. Furthermore, d(z) is twice con-
tinuously differentiable at 0 with d(0) =0, d'(0)=0, M = %d”(O) € (0, 00), and
|d"(z) — d"(0)| < C|z|for any z near 0.

The Assumptions 1, 2 and 4 are standard for additive models in the nonpara-
metric smoothing literature; for example, they are similar to Fan and Jiang (2005);
Huang and Chan (2014); Huang and Yu (2019). Assumption 3 is required for simpli-
fied smooth backfitting to achieve bias reduction. For example, similar assumptions
are found in Huang and Chan (2014); Huang and Yu (2019). Assumption 5 is from
Hong and Lee (2013) and it is required for the loss function.
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82 S.B.Chatla

4.1 Asymptotic null distributions of GLR and LF tests

Let y, = [uW'K@w)du and v, = [u'K*w)du for 1=0,1,.... Let §=(u;; ;).
1<ij<(p,+1)bea(p;+1)x(p,+ 1) matrix and s'/ are the elements of S~
Denote the convolution of K,(x) with K, (x) by K, * K,,, where K,(x) = x'K(x) for
ILm=0,1,.... Let,

1 c |Qd - v S DD
o 15 $0) -G e

=0 m=0

Pd Pd
- -/ DD K K ) (= 1"y 4o, (B3,

=0 m=0

n

|Q | Pa  Pa
0_2 — 2 d / Z Z (KZ ¥ Km)(u)( l)m (m+1),(I+1)

i<j =0 m=0

Pa Pa
/ Z Z(Kl * K )(M+V)( l)m (m+l)(l+])]

=0 m=0

Pa Pa

XYL Y (K, K,)0)(=1)"s™ DD a) 2 du + 0, (), and
=0 m=0
2u,
r, = 7,

where ¢ is the (i, j)th, 1 < i,j < n, element of C defined in (12), |£2,] is the length of
the support of the density f,(x,) of X,. In practice, the above asymptotic expressions
are not required to compute the quantities u, and o,,. We can compute them directly
from the matrix C defined in (12) which provides a good approximation.

Hereafter, the notations “_i” and “2” stand for convergence in distribution
and probability, respectively. The following theorem describes the Wilks type of
result for the GLR test conditional on the sample space X.

Theorem 1 (GLR test) Suppose that conditions 1-4 hold and 0 <p; <3,
j=1,...,d. Then, under H for the testing problem (11)

P{a;l(/ln(HO) —u, - 212d ) < tI/Y}—> (), @1)

where d,, = O (1 + ZJ | (p Wy Zjd | \/Eh;(pjﬂ)) and @(-) is the standard nor-

4(p+D)

mal distribution. Furthermore tfnh h; = Ofor j=1,...,d, conditional on X,

1A, (Hy)— )(r —y, 481 = 00 Slmllarly,
24,(Hy)tr(D)
PR e ooy (22)

as n — oo, where tr(C) and tr(D) are the corresponding degrees of freedom.
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Theorem 1 gives the asymptotic null distribution of the GLR test statistic for the
testing problem (11) under H,,. In our opinion, the asymptotic expression for d,,, is
complicated and might not be necessary.

Remark 1 The factors r;, and y,, in Theorem 1 do not depend on the nuisance param-
eters and nuisance functions. Therefore, the GLR test statistic 4, achieves the Wilks
phenomenon that its asymptotic distribution does not depend on nuisance parame-
ters and nuisance functions. Theorem 1 is different from Theorem 1 of Fan and Jiang
(2005) because it uses simplified smooth backfitting instead of backfitting for esti-
mation of additive components.

Remark42 Theorem 1 shows that the bias d;, is negligible under the condition
C, : nh,(er h, — 0 which is different from the COIldlthIl (O)% nh hd — 0 in
Theorem 1 of Fan and Jiang (2005). Suppose h a O(hp “+1) then the proposed

GLR test achieves Wilks phenomenon for the bandw1dths of order h; ~ n —1/Cpi+3)
for odd p;, which are the optimal bandwidths used for estimation in Fan and Jiang
(2005), whlle their GLR test statistic does not. To see this, consider p; =1, then
Ry ~ 11 =15, the first condition C, : nh® ~ nn=°/> = n=#/> = o(1) holds where as the
second COIldlthIl C, : nh’> ~nn =5/5 = O(1) does not hold.

We now derive the asymptotic null distribution of the LF test statistic. Let
e, = (ey---»e,)" where e; is the (i, j)th, 1 < i,j < n, element of E defined in (14).
Define

v, = E@(E"E)) = <Ze e>
Pa  Pa )
|Qd| / { Z Z(Kl * Km)(u)( l)m (m+1), (l+l)}

=0 m=0
-1
du + op(hd ),

= i(eTe.f — @/ / pzd pzd(K * K )(Lt + v)(_l)ms(m+l),(l+l)
joT hd ! m

i 1=0 m=0

Pa  Pa )
Z Z(Kl % Km)(v)(—l)ms(m+l),(l+l)] dv}

1=0 m=0
-1
du + o, (h;"),
2v,
62

n

and s, =

Denote M = d"(0)/2 where d(-) is the loss function given in Sect. 3.2. The follow-
ing theorem describes the Wilks type of result for the LF test statistic conditional on
the sample space X.
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Theorem 2 (LF test) Suppose that conditions 1-5 hold and 0 < p; < 3,j=1,...,d.
Then, under H, for the testing problem (11)

— qn(HO) 1 d
P{5n1<7 -V, - ;bm <t|X § — D(1), (23)
where by, = 0p<1 + Z}j:] nhj(pﬁl)). Furthermore,  if nhj(p’H)hd -0 for
j=1,...,d, conditional on X, skM_lqn(HO)—> )(Szkv asn — oo. Similarly,

q,(Hy) tr(D)
F =29 -
" Mn wE'E)

(r(ETE),tr(D)> (24)
asn — oo.

Remark 3 Theorem 2 shows that the factors s, and v,, do not depend on the nuisance
parameters and nuisance functions. Therefore, like the GLR statistic, the LF test sta-
tistic also enjoys Wilks phenomenon that its asymptotic distribution does not depend
on nuisance parameters and nuisance function. Further, since Wilks phenomenon
is achieved for optimal bandwidths /; ~ n~ V@3 for odd pj»j=1.....d, unders-
moothing may not be necessary.

Remark 4 The LF test statistic includes an extra scaling constant M, which is the
curvature of the loss function. When M is correctly specified, the asymptotic dis-
tribution of the scaled statistic does not depend on it. However, the choice of M is
irrelevant if the conditional bootstrap method (Supplementary Material) is used to
simulate the null distribution. We further validate this using simulations in Sect. 5.1.
We also provide more discussion on the efficiency of loss functions in Theorem 3.

Unlike GLR test statistic, the LF test statistic includes only the second-order term
in the Taylor expansion because the first-order term vanishes to O under H,. For
univariate nonparametric model (1) with d = 1, Hong and Lee (2013) argue that not
having first-order term could be one reason for LF test to be asymptotically more
powerful than GLR test. In Theorem 5, we show that similar result holds for the
nonparametric additive model (1). We now discuss the optimal power properties of
the proposed test statistics in the following section.

4.2 Power of GLR and LF tests

We consider the framework of Fan et al. (2001) and Fan and Jiang (2005) to study
the power of GLR and LF tests. Assume that /1; = o(n~!/@#Pa*9), 50 that the second
term in both d;, and b, is of smaller order than o, and ¢,, respectively. We note
that the optimal bandwidth for the testing problem (11) is i, = O(n=2/®Pa+9) (to be
shown later in Theorem 4), which satisfies the condition &, = o(n~!/@«*9), Under
these assumptions, Theorems 1 and 2 lead to the following approximate level « tests
for GLR and LF test statistics, respectively
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H,
¢, = 1{A,(Ho) = 1y > 2,0,), %fﬂ{&%g—%Z%@}

Let M, be a class of functions such that any M, € M, satisty the following regular-
ity conditions as stated in Fan and Jiang (2005):

var(M2(X,)) < K(EIM2(X)D)?,  nE[M*(X,)] > K, — oo, (25)

for some constants K > 0 and K,, = 0. Let = 2(p, + 1) with 0 < p, < 3. Define a
class of functions,

M, (o) = {M, € M, :EIM;(X)] 2 p*, EIV"M,(X)I* < R with r < n},
(26)
for a given p > 0, where V"M, (X,) is the rth derivative of M, and R, is some posi-
tive constant. Consider the contiguous alternative of the form

n s my(Xy) = M,(X,), 27

where M, (X,) — Oand M, € M, (p;n).
The following theorem is useful to approximate the power of GLR and LF tests
under the contiguous alternative (27).

H,

P
Theorem 3 Suppose E{M,(X,)IX,,...,X,_1} =0 and hy - Y;_ M*(X;)— C,; for
some constant Cy,. Suppose 0 <p; <3, for j=1,....d.

(1) [GLR test] Suppose that conditions 1-4 hold. Under H,, for the testing prob-
lem (11),

1 dy, +d,, d
PSso |\ A,(Hy) —p,— ——— | <t|X p — D),
n 202
where u,, d;, and o, are same as those in Theorem 1 and
dy, = )" M2X,)(1 + 0,(1)).
i=1

(ii) [LF test] Suppose that conditions 1-5 hold. Under H,, for the testing problem
(1D,

H b, +b d
P{6;1<Qn§‘40) —v, - 1n - 2n> <I|X}—>¢(l‘),
[0}

where v,, b,,, and 6, are same as those in Theorem 2 and

by = Y MX(X,)(1 + 0,(1).
i=1
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Theorem 3 shows that when nhj(p-’H)hd — 0, j=1,...,d, the alternative distri-
butions are independent of the nuisance functions mj(xj), J # d, and this helps us
to compute the power of the tests via simulations over a large range of band-
widths with nuisance functions fixed at their estimated values.

It is interesting to note that the noncentrality parameters in part (ii) of Theo-
rem 3 are independent of the curvature parameter M = d’'(0)/2 of the loss func-
tion d(-). This implies that, as discussed in Hong and Lee (2013), all loss func-
tions satisfying Assumption 5 are asymptotically equally efficient under H, in
terms of Pitman’s efficiency criterion [Pitman (2018), Chapter 7].

The maximum of the probabilities of type II errors is

ﬂ/ln(a7 P) = Sup ﬂ/l (a M ) ﬁq"(aa p) = Sup ﬁ ((X M ) (28)
M, eM,(pin) M,eM,(p:n)

where ﬂ/ln(a,Mn) = P((b/l,, = 0|lm,; = M,,) and ﬂqn(a,Mn) = P(d)q” =0|m, =M,) are

the probabilities of type II errors at the alternative H,, : m; = M,. Use f(a, p) to

denote either f 4 (a,p)or B, (a p) and ¢ to denote ¢ 5, OF ¢, - As mentioned in Fan

et al. (2001) and Fan and Jlang (2005), the minimax rate of ¢ 5, OF ¢ is defined as

the smallest p,, such that:

(a) forevery p> p,, a >0, and for any § > 0O, there exists a constant ¢ such that
fla,cp) < p+o(1), and

(b) for any sequence p’ = o(p,,), there exists @ > 0 and # > 0 such that for any ¢ > 0,
P(¢p = 1|lmy; = M,) = a + o(1) and liminf,, f(a, cp}) > B.

The following theorem provides the rate with which the alternatives can be
detected by GLR (¢ ,11) and LF (‘l)qn) tests. The convergence rate depends on
bandwidth.

Theorem 4 Under conditions 1-5, if hz(p"H) O(hz(p"ﬂ)) and 0 <p, <3, for
k=1,....,d — 1, then for the 1esing problem 1), bqth GLR and LF tests can detect
alternatzves with rate p, =n %« when hy = c,n %« for some constant c,,.

Remark 5 For the class of alternatives M, (p;n) in (26), the rate of convergence for
nonparametric hypothesis testing according to the formulations of Ingster (1993) and
Spokoiny (1996) is n_% where 7 is the smoothness parameter. Since n = 2(p,; + 1)
in this study, the GLR and LF tests are asymptotically optimal based on their rates
given in Theorem 4. Our rates are different from the rates in Theorem 5 of Fan
and Jiang (2005) because of different smoothness parameter n = (p, + 1) con51dered
in their study. For this reason, the optimal bandwidth for testing in our study ,,~ s,),ﬁg
which is also different from ,, 4,),#5 in Fan and Jiang (2005).

ReTarll( 6 Based on Theorems 1 and 2, the assumption on bandwidths
h ®* )hd =o(l), j=1,...,d, is required to ensure Wilks property for lpoth GLR

and LF tests. This is true for a collectlon of bandwidths h; € (0,n ~#*] which
includes the optimal bandwidths , =35 = used in backfitting (Fan and Jiang, 2005).
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With our method, the bandwidths well suited for curve estimation might also be use-
ful for testing.

We now show that the LF test is asymptotically more powerful than the GLR test.
For ease of exposition, we assume that pj= 0,j=1,...,d. Without loss of general-
ity, let M, (x,) = n~/ zh;/ *¢(x,) which satisfy the condition in Theorem 3. We now
compare the relative efficiency between the LF test statistic ¢, and the GLR test sta-
tistic 4,, under the class of local alternatives

H,

—1/2,-1/2

L mgGeg) = n PR (), (29)
where E(g(X)|X),....X, ;) =0 and Y g*(X,;) = O,(h;'"). While Theorem 4
shows that the GLR and the LF tests achieve optimal rate of convergence in the
sense of Ingster (1993) and Spokoiny (1996), Theorem 5 provides that under the
same set of regularity conditions, the LF test is asymptotically more powerful than

the GLR test under H,, in (29).

Theorem 5 [Relative efficiency] Suppose Conditions 1-5 hold, h xn™® for
w €(0,1/(4p, +5)) and p; =0 for j=1,...,d. Then Pitman’s relative efficiency of
the LF test over the GLR test under H, in (29) is given by

ARE(qg,, 4,)

[ {2k K — [ Ky % Ko+ 0Ky % Kwydv) ']

) J S Ky % Ko)u+ v)(Ky % Ko)w)dv} du

The asymptotic relative efficiency ARE(q,,, 4,,) is larger than 1 for any kernel satisfy-
ing Condition 2 and K(-) < 1.

Remark 7 Theorem 5 shows that the Pitman’s relative efficiency of the LF test over
the GLR test is larger than 1 for p; = 0,j=1,...,d, which means that the LF test is
asymptotically more efficient than the GLR test. Given the complicated expressions
of ¢, and o, the extension of Theorem 5 to general pj= 1,2,3, is not straightfor-
ward. We defer this for future research.

Remark 8 The result in Theorem 5 does not imply that the GLR test is not useful.
The GLR test is a natural extension of classical Likelihood Ratio test with many
desirable features and has been widely used in the literature. As stated in Hong
and Lee (2013), same bandwidths and same kernel functions K(-) are required for
the relative efficiency of g, over 4, to hold. Therefore, it might be possible that both
test statistics achieve similar efficiencies under different bandwidths and kernel
functions. In our simulations in Sect. 5.1, we observe that the statistic g, achieves
larger powers than the statistic 4,,.

Remark 9 The result in Theorem 5 is new to the literature. While Theorem 4 in
Hong and Lee (2013) discusses the asymptotic relative efficiency of g, over 4, for
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Nadaraya-Watson estimator in an univariate model, the proposed Theorem 5 dis-
cusses the relative efficiency for similar type of estimators using H(”;J, j=1,....,d,
in additive models.

5 Numerical comparison of GLR and LF tests

In this section, we evaluate the performance of GLR and LF tests in finite samples.
Using simulations, we demonstrate the Wilks phenomenon and examine the effect
of error distribution on the performances of GLR and LF tests. Local linear smooth-
ing with Gaussian kernel is considered in all the simulations. We use software Julia
(Bezanson et al., 2017) to carry out simulations and data analysis. We also illus-
trate the usefulness of the proposed statistics using Boston housing data. Additional
results are presented in Section S3.2 of supplementary Material.

5.1 Simulations

We mimic the simulation designs in Fan and Jiang (2005) and Huang and Yu (2019).
Consider the additive model,

Y = m(X)) + my(X,) + my(X3) + my(X,) + €, (30)

where  m;(X,) =0.5 - X12 + 3Xf, my(X,) =sin(zX,), my(X;) = X5(1 = X3),
my(X,) = exp(2X, — 1), and ¢ is distributed as MO0, 1). For the covariates X;, X,,
X5 and X,, we first simulate normally distributed random variables Z,, Z,, Z, and Z,
with mean [0, O, 0, 0] and covariance 0.4, + 0.6117 and project them back on to
[—1, 1] using the transformation X; = 2tan‘1(Zi)/7r, i=1,2,3,4.

We consider the null hypothesis H, : m,(x,) =0 and treat m,(x,), m;(x;) and
my(x,) as nuisance functions. For comparison purpose, we implement the GLR test
in Fan and Jiang (2005) which is based on classical backfitting; hereafter, denoted as
GLR(FJ) and the corresponding test statistic as 4,(FJ). We also implement the back-
fitting-based test (19) proposed in Mammen and Sperlich (2022); hereafter, denoted
as SB. The SB statistic in (19) is approximated using Riemann sum as

n
) » . .
Sn = Z mz(X(i)Z)fz(X(i)z)(X(i)z - X(i—l)z)’ with X(0)2 -= X(I)Zs
i=1

where X;, is the ith order statistic of X,. An R (R Core Team, 2021) package
wsbackfit (Roca-Pardinas et gl., 2021) is used to estimate the additive component ﬁ12
and kernel density estimate f, which uses the bandwidth considered for 71, (-).

We compute the optimal bandwidths using the following cross-validation proce-
dure which is defined similar to Nielsen and Sperlich (2005).

1. Fit the additive model for initial values of bandwidths.

2. For any direction (covariate), consider the corresponding partial residual as a
response variable and use an Akaike Information Criterion-based smoothing
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parameter selection method (xHurvich et al., 1998) to determine the optimal
bandwidth in univariate local linear regression.

3. Refit the model with the updated bandwidths and proceed to the step 2 choosing
a different direction.

4. Obtain the optimal bandwidths at the convergence of the above procedure.

To demonstrate Wilks phenomenon for GLR, LF, and F tests, we choose three levels
of bandwidths hy = hy o /3, by s 1.5hy o and by = hy o, By = hy o and by = hy oy
Similarly, we consider three levels of m,(X;) to show that the proposed tests do not
depend on the nuisance function m, (X,):

my 5(X)) = [1 + ﬁ\/var(O.S - X2 +3X)[(0.5 - X7 +3X7),

where f = —1.5,0, 1.5. For LF statistic, we consider the following class of LINEX
functions (Hong and Lee, 2013):

d@) = % [exp(s2) = (1 +52)], 31

where d(z) is an asymmetric loss function for each pair of parameters (s, 7). The
magnitude of s, which is a shape parameter, controls the degree of asymmetry. The
parameter ¢ is a scale factor.

We draw 1000 samples of 100 observations from (30) and for each sample, we
compute the scaled GLR, LF, and F test statistics. The distributions of scaled GLR,
LF, and F test statistics among 1000 simulations are obtained via a kernel estimate
using the rule of thumb bandwidth /& = 1.06sn~2, where s is the standard devia-
tion of the test statistics. Figure 3 shows the estimated densities for the scaled GLR

A
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0.01 0.01 fx 0.01
/ /
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Fig.3 Estimated densities for the scaled GLR, LF, and F test statistics among 1000 simulations. (Top
row) With fixed (hy, hs, y) = {hy op0 3 opts g ope }» UL different bandwidths for Ay (- - by = Iy o, /3;
—hy = hy oo =+ —hy = 1.5k o). (Bottom row) With different nuisance functions and optimal band-
widths h/- = hj,op[, j=12,3,4,(--p=-15 —p =0;—-—pf =1.5). The LF test considers the class of
LINEX functions (31)withs =0and ¢ =1
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and LF, and F test statistics. Plots in the top row show that the null distributions of
scaled GLR and LF statistics follow a chi-squared distribution over a wide range of
bandwidth values for £,. It is interesting to note that r, = s;, y, =~ v, and M = 1/2.
Due to the extra scaling constant M = 1/2, the distribution of 5,M~!q, seems like a
scaled version of the distribution of r, 4,. Both F statistics, F; and F, are computed
using the C, D and E matrices defined in (12,13,14); the results also illustrate that
they provide a good approximation. Similarly, plots from the bottom row demon-
strate the Wilks phenomenon for scaled GLR, LF, and F test statistics, as their null
distributions are nearly the same for three different choices of the nuisance functions
for m,(-). For LF test, we consider the LINEX loss function (31) with the choice
s=0andr=1

For power comparison among GLR, LF, F, GLR(FJ), and SB tests, we evaluate
the power for a sequence of alternative models indexed by 8,

Hy : my 4 = 0sin(zX,), 0<6<1, (32)

where E(sin(zX,)|X;,X;3,X,) =0, 6 = 0 gives the null model and 6 > 0 makes the
alternative reasonably far away from the null model. For each given value of 6, we
consider 2000 Monte Carlo replicates for calculation of the critical values via con-
ditional bootstrap method which is described in Section S3 of Supplementary Mate-
rial. The rejection percentage values are computed based on 500 simulations. When
0 = 0, the alternative is identical to the null hypothesis and the power is approxi-
mately equal to the significance level « = 0.05 or 0.01. Furthermore, to illustrate
the influence of different error distributions on the power of GLR, LF, and F tests,
we consider model (30) with different error distributions of e, namely M0, 1), #(5),
72(5) and x*(10). The distributions of test statistics among 1000 simulations are
provided in Figure S4.1 in Supplementary Material. The estimated densities are
approximately similar across different error distributions.

The power of GLR, LF, F, GLR(FJ), and SB tests for the alternative model
sequence in (32) at the significance level a = 0.05 is provided in Figure 4 for
n =100 and n = 400. Figure 4 illustrates that both GLRT and LFT differentiate
the null and alternative hypotheses with high power while not being sensitive to
error distributions. When 6 = 0, the alternative is identical to the null, and hence,
the power should be approximately equal to a (0.05); this is evident from the
results. This gives an indication that Monte Carlo approach yields the correct
estimator of the null distribution. Based on Theorem 4, we consider the band-
widths that are optimal for testing h; = Sx/n‘z/”, j=1,2,3,4. Here, Sy is the
standard deviation of X;. One important observation is that the results for the sta-
tistic F'; exhibit some variation. However, in Fig. 5 where the optimal bandwidths
for model estimation (cross-validation) are considered, we observe that F, per-
forms very similar to other statistics. We note that the optimal bandwidths are

larger than Sy n~2/17; it seems F, is not stable for smaller bandwidths due to
J

approximation. Overall, Figures 4 and 5 illustrate that the proposed methods in
the study work well with the finite samples and comparable to other existing
methods in the literature.
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Fig.4 Power of the tests under alternative model sequence (32) using optimal bandwidths for testing,
Syn=2/17, at 5% level of significance. Only the LF test with LINEX loss function (31) for s = 1,7 = 1 is
reported. The power values are similar for other choices of s and ¢

Power

Power

0.8

0.6

0.4

0.2

0.0

0.8

0.6

0.4

0.2

0.0

0.0 0.2 0.4 0.6 0.8 1.0

Au(FJ)

Fig.5 Power of the tests under alternative model sequence (32) using optimal bandwidths for estima-
tion (cross-validation) at 5% level of significance. Only the LF test with LINEX loss function (31) for
s = 1,¢ = lis reported. The power values are similar for other choices of s and ¢

We also provide the power comparison of the above methods at 1% level of
significance. The results are available in Figures S4.2 and S4.3 in Supplementary
Material. The findings remain similar.
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5.2 Boston housing data analysis

To demonstrate the usefulness of the proposed GLR and LF tests, we consider the
Boston housing data. These data include the information collected by the U.S Cen-
sus Service regarding housing in the area of Boston Mass, and originally published
in Harrison and Rubinfeld (1978). It contain the median values of 506 homes along
with 13 sociodemographic and related variables. These data have been previously
used in the literature to benchmark different algorithms and to illustrate different
methodologies. For example, please see Belsley et al. (2005), Breiman and Fried-
man (1985), Opsomer and Ruppert (1998) and Fan and Jiang (2005). For the sake of
easy comparison, we consider the same dependent and independent variables used
in Fan and Jiang (2005).

MYV, median value of owner-occupied homes in $1000’s
RM, average number of rooms per dwelling

TAX, full-value property tax rate ($/$10, 000)

PTRATIO, pupil/teacher ratio by town school district
LSTAT, proportion of population that is of "lower status"(%).

Opsomer and Ruppert (1998) and Fan and Jiang (2005) analyze these data by con-
sidering the following four-dimensional additive model,

EMV | X, X5, X5, X,] = mg + m(X)) + my(X,) + my(X3) + my(Xy),  (33)

where X; = RM, X, =log(TAX), X; = PTRATIO, and X, = log(LSTAT). We use
simplified smooth backfitting algorithm in Sect. 2.2 with local linear smoothing to
estimate model (33) after six outliers (€; < —11 or €; > 12) are removed. To alleviate
the effect of sample size on p-value, we take a random sample n = 200 observations
for hypothesis testing. The optimal bandwidths are selected using the cross-valida-
tion procedure described in Sect. 5.1 which uses the AIC to find optimal bandwidth
in each direction. For comparison, we also fit model (33) using classical backfitting
in Fan and Jiang (2005), smooth backfitting (Mammen and Sperlich, 2022; Roca-
Pardinas et al., 2021) with wsbackfit package in R and penalized splines approach
with mgcv package in R (Wood and Wood, 2015; R Core Team, 2021).

Figure 6 shows the estimated additive functions along with the partial residuals.
The simplified smooth backfitting algorithm estimates the additive functions fﬁj asa
sum of two functions, i.e., fr\z;" and Zg\j, where r’r\zj* is the purely nonparametric part and
§j is the parametric part cofresponding to the eigenvectors of eigenvalue 1 of the
smoother H;‘J.. For comparison, Figure 7 includes the fits from gam() function in
mgcv package in R, from sback() function in wsbackfit package in R, and from the
classical backfitting of Fan and Jiang (2005). Figure 7 shows that the fits from the
these methods are very similar. From both Figures 6 and 7, we find that the additive
components for all the variables except RM exhibit the following parametric forms:

my(X;) = a; + b;X; fori=2,3,4. (34)
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Fig. 6 Partial residual plots along with fitted regression curves for the Boston housing dataset. The solid
lines represent the estimated addmve functions m = m + g Jj=1,2,3,4; dotted lines indicate the
purely nonparametric functions ¥, dashed lines represent the parametric part g], forj=1,2,3,4

This confirms with the observations of Opsomer and Ruppert (1998) and Fan
and Jiang (2005).

We use the proposed GLR and LF statistics to test whether the semiparametric
null model (34) holds against the additive alternative model (33). For the LF test
statistic, we consider the family of LINEX loss functions (31) with parameters
(s =1{0,0.2,0.5,1},¢t =1). For comparison, we include the results for the GLR
test in Fan and Jiang (2005), which we refer as GLR(FJ). Further, we also include
the results from the backfit test (SB) defined in Mammen and Sperlich (2022).
For convenience, the test statistic for SB method is computed as

4 n

A~ 27 . .
= 0 X)) = B X)X )Xy = Xyy)s with Xy 1= Xy
j=2 i=1

where X;); is the ith order statistic of X, ’g\j(-) is the corresponding parametric part.
The null distributions of the test statistics 4,, q,, F;, F,, 4,(FJ), and S, are neces-
sary to compute their p-values. Therefore, we use the conditional bootstrap method
described in Supplementary Material to obtain the null distributions of the test sta-
tistics. The optimal bandwidths k__, = (0.40,0.20,0.59,0.39)7 are computed using
the procedure described in Sect. 5. 1
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and Jiang (2005); SB: (dash dot) fits from sback() function in wsbackfit package in R

Table 2 provides the p values for statistics 4,, g,, F' P F,, 2,(FJ), and S, with the
following five different bandwidths (%hopt, %hopl’hopt’ Ehopt’Q’hopl)T and using 1000
bootstrap replications to compute null distributions. These results indicate that the
semiparametric model (34) is appropriate for this dataset within the additive models.
For smaller bandwidths (undersmoothing), there is some evidence to reject the null
hypothesis which is not surprising. For larger bandwidths, the estimated additive func-
tions look more like parametric models and therefore the evidence is in favor of the null
hypothesis. For the optimal bandwidths considered for estimation, the proposed GLR
and LF tests conclude that semiparametric additive model is appropriate at 0.01 and 0.1

significance levels, respectively. This result also validates our finding that the LF test

Table 2 P values of statistics 4, gq,, F, Fq, A,(FJ), and S, test statistics for a random sample of 200
observations from the Boston housing data

Bandwidth 4, 1,(0,1) ¢,02,1) ¢,05,1) g¢g,1,1) F, F, AFT) S,

%hopl 0.001  0.007 0.01 0.022 0.024 0.101  0.125 0.0 0.044
%hopl 0.005  0.02 0.032 0.05 0.047 0.183 0232 0.0 0.237
hoy 0.023  0.09 0.092 0.104 0.111 0218 0.228 0.01 0.574
%hop[ 0.08 0.134 0.15 0.171 0.205 0.194 0.155 0.055 0418
2h 0.124  0.081 0.086 0.102 0.129 0.15 0.091 0.079  0.191

The LF test statistic uses the family of LINEX loss functions (31). We consider 1000 bootstrap replica-
tions to compute the null distributions of respective statistics.
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is asymptotically more powerful than the GLR test. The p values of the statistic 4, (FJ)
are the smallest among all. We note that the optimal bandwidths are computed using
simplified smooth backfitting and the same are used for GLR(FJ) as well.

To sum up, the results in this section indicate that both GLR and LF tests are very
useful in practical applications. While their performances are sensitive to the choice
of bandwidth, it is not straightforward to find optimal bandwidths for these statistics.
Additionally, the finite sample performance of LF test is mildly sensitive to the choice
of the loss function. Therefore, in practice, it is advisable to use both frameworks for a
given hypothesis testing problem. This helps minimizing errors associated with hypoth-
esis testing.

6 Summary and conclusions

In this study, we develop a hypothesis testing framework for additive models using
GLR and LF tests where simplified smooth backfitting is used for model estimation.
While the properties of GLR test are available in the literature for additive models esti-
mated via classical backfitting (Opsomer, 2000), it is not the case for additive mod-
els estimated with simplified smooth backfitting (Huang and Yu, 2019). Similarly, the
results for the LF test are not available for additive models. We fill this void by propos-
ing inference methods using GLR and LF tests when a model uses simplified smooth
backfitting for estimation. Under some regularity conditions, we show both the test sta-
tistics achieve Wilks phenomenon and have optimal power properties. Furthermore, LF
test is asymptotically more powerful than GLR test. This result is a new addition to
the existing literature. The numerical performance of test statistics is also very similar
across different bandwidths and robust to different error distributions to some extent.

One possible direction for future research is to propose similar testing frameworks
for generalized additive models. The LF test is asymptotically more powerful than the
GLR test in linear additive models. It will be interesting to see whether the same result
holds in generalized additive models.

Supplementary Information The online version contains supplementary material available at https://doi.
org/10.1007/s10463-022-00840-8.
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