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Abstract

This document contains the proofs of all the results given in the Appendix of the main
part of the paper “Robust estimation of the conditional stable tail dependence function ”,
i.e., the technical lemmas and Theorem 4. Also Theorem 2 concerning the case of unknown

margins is established.

1 Proof of Lemma 1

From Corollary 5.1 in Goegebeur et al. (2021), with a slight adjustment for the left continuity
of Th.1-+,(y|7o), we have that Wi, 14, ~ Wiy, in £((0,T]), for j =1,...,J. To obtain the joint
convergence of (Wp1-¢,,...,Wpn1-¢,) we need to verify the finite dimensional convergence and
joint tightness. We start by proving the finite dimensional convergence. Let

To1—t, (y1]70) y1fx (o)
Ty := : and T := :
T, (ys]70) v fx(xo)

Since
A\ kb (T = T) = A/ kh (Tn, — E(Ty)) + 4/ kR&(E(T,) — T),

and /khd(E(T,)—T) — 0, by Proposition 5.1 in Goegebeur et al. (2021) and our assumptions,
it is sufficient to study the weak convergence of +/khé (T,, — E(T,)). To this aim we use the
Cramér-Wold device, and show that

Ay, = wa\/ kh(rib (Tn - E(Tn)) ~ N(O: ¢TZ¢)



for all ¢ := (¢1,...,% ;)T € R’, where the elements of ¥ are as in the statement of Theorem 1.
By a straightforward rearrangement of terms we have

hd <
An = Z k Z:lwf [Kh" (o — Xi)]l{le—tj (Zi—tj,ilzo)<Ey;} — I (Kh" (zo — X)]I{le—tj (ZlfjfEO)<§yj}>]
i=1 j=
= 2 V;J,n
i=1
Since Vi, ..., V,n are independent and identically distributed random variables, we have

Var(A,) = nVar(Vi,,), and hence

J d
nhf
j=1j4=1
where
Fa o (Kh" (w0 = XU,y @ty o<y B (@0 = OUry <Zl—tj,|xo><iiyj/}> |

We have

2
E <Khn (x() - X)]I{le—t]- (Zlftj ‘xo)<%yj ,le_tj, (Zlftj’ xo)<ﬁyj/}>

x)).

— ko — k
=E <Kf2;n (o — X)P <FZH]. (Z1-t;|z0) < 3, F'z1y , (Z1-, |20) <y

Now let
mng) = max (Uzl_t]_ (k: 560) 7UZ1—zj, (k:y . $0>> )
j J
m(Q) e t; Uy n - 131 . n xo
S . - t] 1-t; ky] ) 1— t]/ 11—ty k 7 .

Then, for z € Sy,

_ |- k
P <letj (Zl,tj|a:0) < ﬁyj’FZ”tj/ (Zl,tj,|x0) < ﬁyj' X = l‘) =P <Y(1) > m7(11)7Y(2) > mg)‘ X = :17) .

We have
Uz,_(ylzo) = Gi—¢(z0)y[1 + a1—¢(y|z0)],

where a;_(.|zg) is regularly varying with index —f3(z¢), and hence

mg) = %max (Gl_;j](xo) [1 + a1—t; <;y] $o>] ,Gl_Z/(xO) {1 + al—t]./ <ij/ xo)})
g,
m,(f) = nmax< i Gy (o) [1 + a1 (n xo>}, i Gl_tj/(x()) [1 +ai—, (n xo)])
k 1—t; Yj T\ ky; 1—ty Yjr "\ kyjr
— %mg)



Using our model (1) for (Y1), V) gives then

PQAU>WN%Y@%>mQWX=x>

n

and thus

N————

E | K? — X)1,+ -
hn (1’0 ) {le—tj (Zlft]. \x0)<%yj,le_tjl (Z17tj, \xo)<%yj/}

n

k1 k1
X [1+5 (nﬁlg)’nmg)

1 1
- K2(U)(m(1))—d1(xo—hnv) (mg))—dg(;ro—hnv)g ( 4

Write
k1 k1 kok 3 (% 2o — hav) 11
5<n~$11)7nﬁln2) i) hnv> = 6<nyn x0> (5(%7%’1‘0) é ~n1)7 an) xo—hn'l)

By our model (1), the assumptions of Lemma 1, and the fact that dp5(.|x) satisfies (Dg5)

and (Ho.5), one has that
) E%,EL xog—hpv | = 5<k,k x0> 13 L,L xo—hpv | +0(1) ],
n 7 n 5 n’'n w7 5

where the o(1) term is uniform in v € Sk. Hence, by Lebesgue’s dominated convergence theorem
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E <Khn (:CO - X)]I{le—tj (Zlftj |m0)<%y]"le—t , (Zlftj, |m0)<2yj1}>
J

*dl(xo)
i HKH%fX(a;O) ( a (Gltj (330) Gl_tj, (xo)))
nhd max , l

@ Yj Yj
—d
t; Gl—tj (l’o) 125 Gl—tj/ (xO) (o)
x | max ,
A A
1 1

% ’ xo |+ o(1

9 Glftj (270) Gl—tj/ ('7:0) tj Glftj (1‘0) tj’ Gl_tj’ ($0) ° ( )

max v Uy MaXN\ 1=~y T4 wy
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By taking into account that

k

k
E <Khn (o — X)]I{le_tj (thj|x0)<f;y]-}> = E (Tn,l—tj (yjlz0)) = o Yjfx(zo)(1 + o(1)),

where the last step follows from Proposition 5.1 in Goegebeur et al. (2021), we have that

—d1(zo)
nhd Glftv(l’o) Gl—tv/(xO)
—"Cjy = [K[3fx(xo) | max 7
k Yj Yy
—d
t] G]__tj(ﬁo) t]I Glftj/(xo) Q(mO)
x | max ,
L=t; L=ty yy
1 1
S ) x )
g Gi-¢;(z0) Gi-t, (o) t; Gioe;(z0) t, Gi-t, (o) 0
max Yj ’ Yj max 17tj Yj ) 17tj/ Yj

which shows the convergence of the variance in (S1).
To ensure the convergence in distribution of A, to a normal random variable, we have to

verify the Lyapounov condition for triangular arrays of random variables (Billingsley, 1995, p.
362). In the present context this simplifies to showing that nE|V; ,|*> — 0. We have

L J 3
il < ()| (St nm, e
J

=1

7 2
+3E (Z wj|Kh (330 —X)H{leitj (Zl_tj|I0)<5yj}>
J
<Z ;| K, (z X)ll{fZHj (Zl_tjx0)<2yj})
3
4 [E <Z [ Kh, (20 = X)W, (i) <t y]}>]
j=1

With arguments similar to the ones used above when studying the covariance terms, one finds
that E|Vi,|*> = O(1/(ny/kh%)), and hence nE|V; ,|> — 0. This establishes the finite dimensional
convergence. The joint tightness follows from the individual tightness (similarly to Lemma 1 in
Bai and Taqqu, 2013). (.



2 Proof of Lemma 2

Note that
= . 1 "
FZ1—tj (U,(lj) |Q?O) B 1 n Zi:l Khn (1’0 — Xi)]l{Zl_tj,i>u$Lj)}
Fay (wa0) w izt K (0 = X3) Fz,, (u|zo)
Foy, (Uz, (n/k|zo)|ao
R — 1 t]( 1t o >Tn,1tj <2FZ17# (ug)mo)’%o)-
w 2= K (20 = X3) Fz,_y, (i’ |zo) k i
Then, by using Cramér-Wold device, we have for all ¢ := (¢1,...,¢;)T e R/
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Z ) nhanl,tj (ur’ | o) 6 1
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j=1
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1 Zi-t; ( Z1—t 0 ‘
[52“ K (w0 =X Frp, (il 20) o (5T, (1le0) o)

Fz,y, (Uziy, (n/Rl0) o)

Fa_,,(u|zo)

Tt (%FZH]. (Uy(f)|$o>‘$o> - %FZHJ. (l?|z0) fx (o)
X
o 2ie1 K, (w0 — X;)

J W1,tj (%qutj (ug)|x0>) W1 t; [/V1 t ( )
+lej o Siet K, (w0 — X) +Z¢“ZZ 1 K, (20 — X5)

V1 Zz lKhn zog— X fX .I() 2 FZl—tl(u%j)u‘O)
w Xt Ko (0 X =\ Fa, (Un ., (0/klzo)lo)
- ZJ: Wiy,
Vi fx(zo)

under our assumptions combined with Lemma 1 and the Skorohod construction



3 Proof of Lemma 3

First, remark that

Uz, (n/k|xo)
P ( /khd J 1| <z,Vj=1,...,J
( (Uzuj (n/k[z0) v
le_tj (0¥ |z0)

=P \/nh%Fz_ _(agij)|560) — 1
1t le_tj (ag)m)

le—tj (Uzl—tj (% |$0) |$0)

Fz,_,,(ai]o)

< \/nh’rszZItj ((ISLJ)|ZE0) ,VJ = 17 ceey J )

where o) = Uz, (n/k|z0)(1 + 2z;/+/kh&). Then, using Lemma 2, it remains to show that, for
all j =1,...,J, we have

Fz,_, (Uz,_, (n/k|zo)|zo)
Jig [ P Vas I
Fz (0 |z0)

This convergence holds since, under our assumptions, we have

W FZl—tj (Uzl,tj (n/k|x0) |ZEO)

Fr_y,(af|a0)

1+ 51—15]' (Uzlftj (n/k“.’IJQ)‘Z’O)

1+ 51—t]‘ (ag)‘l'o)

_W(Sltj(Uthj (n/k|zo)|zo) 01-t; (a0) _q
g 01-t; Uz, (n/k|z0)|x0)

1+ 614, (0l |2o)

—> Zj.

Now, since

Fau,, Uz, (n/klwo)lz0)

Fz,_, (af|xo)

I Zj,

\/nh:stHj (ai!']0)

by Lemma 2 and continuity we deduce that

Uz, (n/k|zo) Wi_e (1)
P(A/khd | —T—— 1| <z;,Vi=1,...,J —»IP(’ <z-,v'=1,-.~,J>-
( <Uz”j (n/Klo) Y fx(wo) ~

This achieves the proof of Lemma 3. ]



4 MDPD calculations and proof of Theorem 4

4.1 Derivatives

We need to compute the two first derivatives of the empirical divergence. Direct computations
yieldA
dAq,1-1(81—¢]70)
do1—¢

© o d 1 ¢
= (1+a) {L h*(y; 51—t76)Eh(y§ 011, B)dy - ZIKM (w0 = Xi) iy, 20, (n/hlao)}
- _ -t
K, (zo — X;)h* ! <A’;51_t,5>
izl Uz, (n/k|z0)

d -t
h| = . 10— 1 ~
% dd1_¢ (Uzlt(n/k$0)7 1 t”8> {Zl—t,i>UZ1t(n/k|:c0)}}

IS

208 1 &

S { (1+20)(1+20+8)k ; B0 = XMz, >0, oty

—2a
1< 21t
+ Y Ky (0 — X)) | =——— 1 =0
i - ]‘Ln( 0 ) (Uzlt(n/k|$o)> {Z1-t,i>Uz,_,(n/k|z0)}

n —2a—p
1 21t
~(1+8)7 Z Kp, (z0 — X3) <A - >> Vg in0a,, (n/klz0)}

and



dzﬁa,17t(517t|$o)
do7_,

o d
— a—1 .
= (1+a) {aﬁ heH(y; 611, B) (dé h(y; 01+, > dy E:Kh Wiz, im0, (/o))

s} N d2
+f h*(y; 61—, B d(s%_th(y;él—ta/@)dykZ;Khn(xo_Xi)]l{Z1_t,i>ﬁzl_t(n/k:co)}

1
n Z o
2 (xo — X3)h™ 2 #;51—7&5
Uz, _,(n/kl|zo)

2
d 21—t
h| = : 101— 1 ~
) (dél—t (Uzlt(n/k‘:ﬂo)7 ! hﬁ)) {Z1-4,i>Uz,_y(n/kleg)}

d? 21t
Xdé_%_th ( = )a51—t7ﬂ> H{Zl—t,i>ﬁzlt(n/kac0)}}

af?(—7+ B + 4a? + 2ap) 1
(1+a) { Z K, (z0 — Xi)]l{Zl_t’i>ﬁzl_t(n/k|a:o)}

1+20)(1 +2a + B)(1 + 20+ 28) k &

" —2a
i Z mo- X)) [ D) g )
i=1 UZlft(n/kaI;O) {Zlft’i>UZ17t(n/k’|$0)}
7 —2a—p0
1—t,
I TRUSTIEN LS ) TS Y E1 T R
( Z ' (Uzlt (n/k|x0)> {Z1-1,:>Uz,_, (n/k|wo)}

—[1+a+26+2aﬁ+a52—6 ]
1 n 7 —2a—2p3
1—t,i ~
Xz Zl K, (z0 — X;) <A >> Vg im0z, (n/klz0)}

+O0p (01-¢)} -



4.2 Asymptotic behavior of the derivatives

In this section we work under the assumptions of Theorem 1.

dA a1 —1(81_¢|x0)

khd

By b0z, (/b))
=(1+a) { 1+ 2@)(21af 20 + f) <\/le% [sn,1-¢(1]z0) — 1] fx (x0) + Wl—t(l))
T 2a)(21af- 2a + 3) <M [T, 1—(8n,1-¢(1]z0)|0) — Sn1-¢(L|20) fx (w0)] — Wi (3n71_t(1|:c0))>
s Wit (swaed(llan) = Wi ()] + /g [sn,l_t<_2a\xo> . fX(xO)]

(0 Bk | Saoo(-20 - Blan) — g Fxloo)

1+2a+p
+Op ( khg 01—t (ﬁzl_t(n/k|$o)‘mo>> } .

Now, remark that by Proposition B.1.10 in de Haan and Ferreira (2006), for n large, with
arbitrary large probability, we have for £,£ > 0

it v (B o))

= Op(l).

01—t <ﬁZ1—t (n/k\xo)'xo)
81y (UZH (n/k;\xo)'xo)

N —B(z0) & ~ —B(z0)
Uz,_,(n/k|xo) Uz,_,(n/k|xo)
1t (Uzl_t(n/k\aﬁo))xo)‘ [s (Uzl_t(n/k\wo)> + <Uzl_t(n/k|xo)) }

Using Lemma 5.2 from Goegebeur et al. (2021), Lemma 1 and (16) in the proof of Theorem 3,
both combined with the Skorohod construction, and Theorem 3, yields

51t (UZH (n/k:\xo)’xo) ‘

N

dA a1 (81_¢|x0) | A
d(gl—t 51,t:51,t(U217t(n/k|mo)|x0)

— —2a(1 + a) Ll [WH(Z) - Wlt(1)] 220,

1 [VVI_;(Z) - Wlt(l)] 220H8 . (S2)

khd

(14 B) 20+ B + a)J

0



Also

A2 A1 -1 (81-t]0) R

W07, =iz, (ko))
B2(1+ a)(1 + B + 40® + 20) Fx(z0)

(1+2a)(1 + 20+ B)(1 + 2a + 28)7 X\
aB?(1+ a)(—=7+ B+ 4a? + 2ap)
(14 2a)(1 + 2a + B)(1 + 2o + 2p) [T,1-¢(sn,1—t(1]70)|z0) — sn,1—¢(1]20) fx (20)]
aB?(1+ a)(=7+ B+ 4a? + 2ap)
(1+2a)(1 + 2a + B)(1 + 2a + 2) [sn.1-e{Tlza) = 1] fx{wo)

(14 @) | Sy ae(-2alan) - £

1+ 2a

+2(1 4+ a)*(1 + B) |:Sn,1—t(_204 — Blzo) — m]

~(1+a)[l+a+28+2a8+aB* - 3]

x [sn,l_t(—za — 2Bz0) — fX(xO)]

1+4+2a+28
+O0p <5l—t (ﬁZH (n/k|x0)‘x0))

BA(1+ ) [1+ B+ 4a® + 2a8]

- (1+2a)(1+2Oz+,@>(1+204+2/8>fX(x0) + op(1). (S3)

4.3 Proof of Theorem 4
We limit the proof to deriving the asymptotic properties of a single MDPD estimator gn,l,t.
The joint asymptotic behavior of (0, 1-¢,,...,0n,1-¢,) follows then from Theorem 3.

(i) Existence and consistency

The idea is to adjust the arguments used to prove existence and consistency of solutions of
the likelihood estimating equations, see, for instance, Theorems 3.7 and 5.1 in Chapter 6 of
Lehmann and Casella (1998), to the MDPD framework. To this aim, we start to prove that, for
any r > 0 sufficiently small, we have

P (Aa,l—t (51_15 (ﬁZ17t (n/k\xo)’xo) ’.%'0) < ﬁa,l_t(&_t]xo) for 51_15 = (51_13((}21% (n/k‘l’o)‘l’o) +r
— 1, (S4)

N——

as n — o0. By applying a Taylor series expansion, we have
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Aa,l—t(él—t‘wo) — Aoz,l—t(<51—1t([7zl,t (n/klxo)|zo)|zo)

dAn1—t(61¢|70)
doy—¢

- (51—t - 51—t(021—t(n/k|x0)|x0)>

517t:617t(l721_t (n/kl|zo)|z0)

2 d2A o1 (61 |m0)

+
dot_,

(81210 = 01-4(Tzr_ (/o) o))

DN |

S1-¢=01-¢(Uz, _, (n/k|zo)|z0)

3 d3An1—1(61-1|70)
doy_,

1 ~
45 (0101 = 014Dz, (/o) o))
S1-¢=01-¢

= Tl,n + T2,n + T3,n;

where 8;_, is an intermediate value between §;_; and 514(6214 (n/k|xo)|zo). According to (S2),
we have |T1,| < 73, whereas according to (S3), there exists ¢ > 0 such that Ty, > cr? with
probability tending to 1. Additionally, tedious computations allow us to show that

d380¢,1—t(61—t|$0)
d5itt

sup <M,

51-1€[61-4(Uz,_, (n/k|zo)|zo)—r01-+(Uz, _, (n/k|zo)|zo)+r]

with arbitrary large probability, from which we can deduce that |T3,,| < Mr3/6 with probability
tending to 1.
Combining all these bounds, we deduce that with probability tending to 1, we have

Tin + Toy + Ty > cr? — (1 4+ M/6)r?,

which yields (S4).

To complete the proof, we adjust the line of argumentation of Theorem 3.7 in Chapter 6 of
Lehmann and Casella (1998). To this aim, for any r > 0 sufficiently small, we define

Sp(r) = {Aa,l_t (51_,5 (ﬁzl_t(n/k]xo)’xo) ‘x0> < Aa71_t(51_t|x0) for 61— = 51_t(ﬁzl_t(n/k|xo)|xo) + 7“}.

For v € S,(r), since Aa,l,t (61—-¢|zo) is differentiable with respect to d1_¢, there exists

~

na-t € (31-0(0z,_, (n/k|0)|w0) = 3014z, ., (n/klo) o) + 1)

where Aa,l—t (01—t|zo) achieves a local minimum.

According to (S4), we have P(S,(r)) — 1 for any small enough r, and hence there exists a
sequence 1y, | 0 such that P(S,(r,)) — 1 as n — o0. Now, let §,, 14 := gn,l—t if v e Sy(r,) and
arbitrary otherwise. Since v € S, (r,) implies

dA o 11 (81-|0)
do1—¢ -

01— t=0n,1—t

207
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we have
dAq1-(d1—¢|70)

P
doy—¢

= 0| = P(Su(rn)) — 1,

01—t=0n,1—t

as n — o0, which establishes the existence part.

Concerning now the consistency part, note that for any » > 0 and n large enough such that
rn < 1, we have

P (\SH,H . 51,t(ﬁzl,t(n/k|x0)|xo)\ < 7“) > P ( St — 01-4(Uz,_, (n/k|a:0)|ﬂco)‘ < rn>
= P(Sn(rn» — 1,

as n — 00, whence the consistency of the estimator sequence.

(it) Asymptotic normality
By definition we have [m“%w I = 0. Thus a Taylor series expansion around
1-t=0n,1—t

81-+(Uz,_,(n/k|z0)|z0) combined with the boundedness of the third derivative of Aa,l_t(él_t\xo)
with respect to d;_; leads to

0— dAn 11 (81_¢|ao)
doy—¢

§1-1=61-¢(Uz,_, (n/k|zo)|z0)

+d28a,1—t(51—t|$0)
B,

(Gnit = 140z (0 /klo)]0) ) (1 + 02(1)
51—t:51—t(ﬁzl,t (n/k|zo)|zo)

from which we deduce that

it (3na-1 = 01-1(0z, ., (n/klzo) o) )

-1
- _ d2Aa,17t(517t|$0)
sz_, X
01-t=01-¢t(Uz,_, (n/k|zo)|z0)

o Jind dAq1—1(61—¢|w0) (1+0p(1))
doy ¢ i
617t:617t([]217t(’I’L/k“'EO)I-'L'U)
1
> c{2aJ [Wlt(z) - W1t(1)] 2 dz
0 z
1
—(1+B)(2a + ﬁ)f [Vvlzt(z) — Wlt(l)] L2048 dz}. O
0

12



5 Auxiliary results in case of unknown margins

We introduce the same key statistic as Sy, 1—¢(s|zg) but, this time, defined with Z;_; replaced
by Z1_¢, that is

g _ 1 Zkt,z‘ ’
Sna-t(skoo) = 7 2 K w0 = X3) <U<n/k|)> U215205,_ bty

Similarly as in (10) of the present paper, assuming that Fyz, ,(y|zo) is strictly increasing in
y, we can show that

1
Sn,i—t(s]x0) = Tn1—t (Sn1—e(1|zo)|xo) + f Tri—t Bna—t(z|z0)|70) 5271 dz,
0

where
o 1&
Tn,lft(y|$0> = E Z Khn (330 - Xi)]l{leit(Z1ft,i|mo)<§y}7 ye (07 T],
i=1
- n— 175
Spi—t(zlzo) = EFZl‘t (Z 1U21_t(n/kj|l‘g)‘[£0> .

The aim of the next theorem is to show the joint weak convergence of gn,l,tj(sﬂxg), Jj=
1,.... M.

Theorem S1 Under the same conditions as Theorem 2, we have for si,...,sy <0,
o 1 [ Wi, (2) _
St (s1l0) — 1 Fix(20) s gp [M0D ()]
khi, : ~ ; ,
Sty (SM]70) — ﬁfx(ffo) SM Sé [m%M(Z) - Wl_tM(l)] 27SM
where the processes Wi, j =1,..., M, are as in Theorem 1.

Note that this limiting process is the same as the one obtained in Theorem 3, with additional
conditions needed to measure the discrepancy between the conditional distribution function
F;(y|z) and its empirical kernel version F, j(y|x),j = 1,2, uniformly in (z,y).

To prove Theorem S1, we need, as a preliminary result, the weak convergence of statistics
T,1—t(y|zo). This is the aim of the next proposition. Let

Wy, = {\/ﬁ (Foit, (wlwo) = ufx(w0)) sy € <0,T]} ,

13



Proposition S1 Assume that there exists b > 0 such that fx(z) = b,Yx € Sx < RY, fx is
bounded, (D1-;), (Hi-t;) for j = 1,...,J, (Dos), (Hos), (K2), (Fm) hold, and that y —

leftj (ylzo), 7 = 1,...,J, are strictly increasing at o € Int(Sx) non-empty. Consider se-
Nep_gy NN Ney_y , N
quences k — 0, hy, — 0 and ¢, — 0 asn — o0, such that k/n — 0, kh% — o, hy, tn 1oty e log 7 —

A A A Ncy_¢.
0, /Ehdh X" 0 ki, Uz, (Rleo)lao)lhn 7 = 0 and
d n Me1—¢; n . .,
«/khnlél_t].(Uzlftj(E]xo)]xo)]hn “log® — 0 for j =1,...,J. Under conditions (8) and (9),
we have
(Wn,l—tla ceey Wn,l_tj) ~ (Wl—tla ceey Wl—t]) )
in ¢7((0,T)), for any T > 0.

Then, the next ingredients required in order to proof the weak convergence of §n71_t(s\x0) are
lemmas similar to Lemma 3 from the present paper and Lemma 5.2 in Goegebeur et al. (2021),
but this time for the variable Z;_; instead of Z1_;. This is the aim of Lemmas S2 and S3 below

for which we need first to show the weak convergence of le—t(.|x0) correctly normalized.

(

Lemma S1 Under the assumptions of Proposition S1, for any sequence u 9 satisfying

Fz ., (Uz_, (n/k|zo)|zo)
FZl—t]- (Un |$0)

asn —o, j=1,...,J, we have

— Fy . (@Plz)
\/”hﬁFzHl (ul? |o) (thla 1

Fryyy @le0) o ()
o 7 Tx (o)
\/ WF ((J)| ) FZ17tJ(u£‘J)|x0) 1 Wl—tj(l)

Lemma S2 Assume that there exists b > 0 such that fx(x) = b,Yx € Sx R?, fx is bounded,
(letj)’ (%lftj)} fOTj = 17 ceey J: (D0.5)’ (H0.5)) (ICQ)’ (]:m) h01d7 and that Yy FZlftj (y|$0),

j=1,...,J, are strictly increasing at xo € Int(Sx) non-empty. Consider sequences k — 0,
Nep_t, N A Ney_y , Neg 5
By — 0 and ¢, — 0 as n — o, such that k/n — 0, kh? — o0, hy, " 1oty e log ¥ — 0,

/kh%hzfx/\ncl_tl/\"'/\77G1—tJ — 0, N/khg‘(sl—tj(UZ17tj (%’l’o)’l’o)’ — 0,5 =1,...,J. Under
conditions (8) and (9), we have

0z, (/klz0)

Ty, k) |

1 Wl*'tl(]')

7 Fx (o)

N : ;
021—15] (n/klwo) 1 Wl—t](l)
Tar, (alWa0)
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From Lemma S2, we can show now the uniform convergence in probability of §, 1_+(z|zo)
towards z for any z € (0,71].

Lemma S3 Under the assumptions of Lemma S2, for any T > 0, we have

sup |8p,1-¢(2|z0) — 2| = op(1).
2€(0,T]

5.1 Proof of the auxiliary results in case of unknown margins

Proof of Proposition S1. Firstly, we consider the weak convergence of a single process
{VERE(Th1—t(ylzo) —yfx (z0)); y € (0,T]}, where for simplicity of notation we have ignored the
index j from t. We use the decomposition

VR (Toailyloo) - yfx (o))
_ \/ﬁ (Tu1-e(ylwo) = yfx (20))

khd ( ni—t(ylzo) — Thi—i(ylzo) — E [Tn,l—t(y\xo) - Tn,l—t(y|$o)])

khd E[ ni—t(y|zo) — Tn,l—t(y|x0)]
= ZQz’,l—t(Z/’f’fo)- (85)
i=1

According to Lemma 1, we have

Q11-t(ylzo) ~ Wi—t(y), (S6)
in £((0,77).

The next step consists in showing that

sup [Q2,1-t(ylzo)| = op(1). (S7)
ye(0,T]

To this aim, we will make use of empirical process theory with changing function classes, see
for instance van der Vaart and Wellner (1996). We start by introducing some notation. Let
P be the distribution measure of (Y(l),Y(Q),X ), and denote the expected value under P as
Pf :={ fdP for any real-valued measurable function f : R? x R? — R. For a function class F,
define now the covering number N (F, L2(Q), 7) as the minimal number of La(Q)-balls of radius
7 needed to cover the class of functions F and the uniform entropy integral as

J(8, F, Lo) : f \/log sup N(F, Ly(Q), 7| Fllo.2) dr
QeQ

where Q is the set of all probability measures @ for which 0 < ||F HQ o= F2dQ < o and F is
an envelope function for the class F.
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Let
Ty :={gysn:yc(0,T],0 € H}

where H := {8 = (61,02); 6 : R x R x Sx — R?}, and

nhd
gy,ﬁ,n ('U17 V2, u) = TKhn (I‘O - u)qy767n (U17 v2, U),
Qy5,n(V1,v2,u) = ﬂ{ﬁzl_t(zé (v1,v2,u)|z0) < £y}
with
1 1-t¢ 1
Zs(vi,v2,u) = min< ) > :
( ) =610, vz, 0)] € L= 8a(or, v, )]

For convenience, denote 6, := (ﬁn,l,ﬁmg) and dg := (F}, Fy). According to Lemma 3.1 in

Escobar-Bach et al. (2018a), if r,, := max(y/|logc,|?/ncd, c})), we have r; 1|8, — do| converges
in probability towards the null function Hy := {0} in H, endowed with the norm |§|y :=
|01]loc + [02]cc for any & € H. We want to apply Theorem 2.3 in van der Vaart and Wellner
(2007). To this aim, we consider the class

gn(ya b) = {gy,50+rn6,n — 9y,80,n - d€ H? H(SHH < b} ;
with envelope function given by

nhd

Gn(y,b)(v1,v9, = —2 K —u)l
n(y,b)(v1,v2,u) 2 B (T0 — W) {We[l—ﬂ(mlu)—rnb;l—Fl(vlluHmb]}
nhd
A== Khn (:E() — u)]l
k {me[ﬁ(l—Fz(vz|“)—Tnb)§ﬁ(1—F2(U2|“)+7”nb)]}

since
‘gy,50+rn5,n (vla V2, U) - gy,éo,n (7)17 V2, U)|

nhd

= Tn Khn (1"0 - u) ‘Qy,50+rn6,n(vl’ V2, ’LL) - qy,(so,n(vlu V2, U)|
nhé
= N5 Bna@o =) Uizs o s01,020)>0z,_, 0/ (ko) — LizZs, (01,00,0)>Uz, _, (/o))
- nhd % 1
=~ 7 hn (l‘o - U) {Uzl_t(’n/(ky)‘:Eo)e[min(Z50+Tn5(Ul,Ug,u),Z50 (v1,vz,u)),maX(Z50+Tn5(v1 ,Ug,u),Z(;O (Ul,vg,u))]}

16



nhd

- K, (xo —u)

N

X { ﬂ{me[minﬂl—Fl (v1|u)—rné1],1=Fi1 (v1|u)),max(|1—Fy (v1 |u)—rpdi],1—Fi (v1|u))]

+1
{71121 gy €T min([1 =P (valu)—rndal 1P (valu), i mas(|1—F(va]u) - rn52|,1_p2(v2|u))]}
< Ga(y,b)(v1, v, u).

We need to show
Assertion 1: supc(g 1) vV1nPGn(y,bn) — 0 for every b, — 0
and
Assertion 2: Let Gy, be an envelope for {G,,(y,b) : y € (0,T]}, we have

A) PG: = 0(1);
B) PGo{Gy = ey/n} — 0, Ve > 0;
C) supye(o.r] PG (y,b) — 0;
D) J (dn,{Gn(y,b) : y € (0,T]}, Ls) — 0, Vdy, \, 0.

Proof of Assertion 1. Remark that

VPG (y,by)
hd
= n\/ > (g —X)E< 1 ’
{ 0 ) {me[l—ﬂ(ym|X)—rnbn,1—F1(Y(1>|X)+rnbn]}

+E Khn(xo —X)IE ]1{

sl (1P @1 X)=raba) 1t (1- F2<Y<2>|X>+rnbn>]}‘

1 >

d
< n

—4r b E K, (zo — X)] .

ﬁ

. . . / hd
Thus Assertion 1 is satisfied as soon as 7,n - — 0.

Proof of Assertion 2 A). Define

—(1) nhd
G, (b)(vi,u) := — K, (zg —u)ll ,
n ( )( 1 ) k ( 0 ) {1 Fl(vllu)\m"‘rnb}
—(2 nhd
GO W) (wayu) = /K (o —u)l 1 :
k {17F2(U2|U)<T m*f”rnb}
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and set Gy, (b)(v1,va,u) 1= Ggl)(b)(vl, u) + é,(f)(b)(m, u). This yields

_9 nhd { 2 < 1 . >}
PG: < 9Mhnplik ~X)P(1-F(YW|X) < + bl X
n S 2T E K o = XP L= ROV < 5 o)
nhd 1—t !
o Mg ) 2 (p —XP<1—F YPIX) < Han)}
k { hn( 0 ) 2( 1 X) t Ug._,(n/(ET)|zo)

n 1 n

< C|= + —rpb
[k Uz _,(n/(KT)|zo) & ]

= O(l)a

since khd — oo and rnn\/% — 0. This achieves the proof of Assertion 2 A).
Proof of Assertion 2 B). Clearly, we have
@ < [(Gy)““ " (G;2>)““] |
Thus Ve > 0, we have

PGo{G, > v/}
< L g <é2+“)

no/2ca n
Cn 1
< —_—
£ k (khd)e/?
1 xo—X 1
x {E | — K2t <>P<1—F YyD|x) < +1"an>]
{ [hz . W) < 4 Do)
1 z0— X 1—t 1
E| g2t (X2 V\p(1 - fy®x) < Wbl X
¥ [hsﬁ < . ) ( ) < g D) T

< Yn 1 !
o ek (khi)o [ Uz, (n/(KT)lo)

+ rnb]
which tends again to 0 under our assumptions.

Proof of Assertion 2 C). Following the lines of proof of Assertion 1, we have

sup PG2(y,b) < Crnﬁ — 0.
ye(0,7] k

Proof of Assertion 2 D). We follow the lines of proof of Theorem 2.2 in Escobar-Bach et
al. (2018b). The class of functions on [0, 1]

{u = gy <i—usye}y Y1 < y2},

is a V' C-class. This allows us to prove that there exist positive constants C' and V such that

_ 1\V
sup N({Gu(y,0) : y € (0,71}, Lo(Q), 7[Cunllg2) < € () ,
QeQ T
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from which Assertion 2 D) follows. This achieves the proof of (S7).

It remains to show that

sup |Q31-¢(ylzo)| = o(1). (S8)
ye(0,11]

Note that

E [Tn,1—t(y!$0) - Tn,l—t(y\l’o)”
d

k
< WVn

1

E [Khn (xo — X) <]1 {17le,t(Zl—t|l“0)<%y})”

{1-Fz,_,(Z1_4|mo)<Ey} —
nhg
K

d
- ”—Z@E [Khn(xo ~X) ‘]1

< \/EPGn(ya b),

E [Khn (zo — X) ‘ﬂ{lszl,t (Zr—tlzo)<Ey} — ﬂ{l—le_t(zl,t|;cO)<§y}H

1

{(1=Fz,_,(Zs, |zo)<%y} — {1—le_t(Z50|20)<§y}H

for n large enough. This implies that

sup 1/khd

E|To1-t(yle0) = Tua-e(ylao) || < sup viPGu(y,b) — 0
ye(0,T1]

ye(0,T]

by Assertion 1 since it is clear that b, — 0 can be replaced by any fixed value b as soon as
TpnA/ % — 0 holds.

Combining (S6), (S7) and (S8) we have shown that

\/k:TLglL (Tn,l,t(fylxo) - yfx(ﬁo)) ~ Wii(y),
in £((0,T]).

Secondly, to obtain the joint weak convergence of (Wn,l—tla e Wn,l_tJ) we need to estab-
lish the finite dimensional weak convergence together with tightness. The finite dimensional
weak convergence can be shown by the Cramér-Wold device, as in the proof of Lemma 1 along
with decomposition (S5). The joint tightness follows from the individual tightness (similarly to
Lemma 1 in Bai and Taqqu, 2013).

Proof of Lemma S1. This proof is omitted since it is similar to the proof of Lemma 2, by
using Proposition S1 instead of Lemma 1 combining with the Skorohod construction (keeping

the same notation). U
Proof of Lemma S2. Again, this proof is omitted since it is similar to the proof of Lemma 3,
by using Lemma S1 instead of Lemma, 2. U
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Proof of Lemma S3. By definition, we have

. Fa, (7105, (n/klwo)|o )
|5n1—-¢(2]z0) — 2| = -z

le—t (UZI—t (n/kz|x0) |x0)

B ﬁfkt (n/k|xq) R 014 (z—lﬁzl_t(n/kmg)‘xo)
= P\ Uz /o) L+ 01 (U, (nfklzo)z0)

Uy, ,(n/k|zo)

Uz,_,(n/k|zo)
1+ (z_lﬁél_t(n/k‘uo)’l"o)

1+ 81— (Uz,_,(n/klzo)|zo)

oy sy

1+ 61 <z*1ﬁgH (n/klwo)‘%)
1+ 61— (Uz,_,(n/k|xo)|zo)

N
w

+z

1+ 814 (z—lﬁékt (n/klxo)!xo>
1+ 01t (Uz,_, (n/klxo)|20)

71w —B(z0) »
* Uz, (/o)
01—t (z—lﬁzl_t(n/kﬁwoﬂxo) B ( _1ﬁ21t(n/k\x0)>_6(x°) }

51—t (Uz,_, (n/klxo)|z0) Uz, (n/k|zo)
By Proposition B.1.10 in de Haan and Ferreira (2006), for n large, with arbitrary large

Uz, (n/k|zo)

B O1—¢ (Uzlit(n/kﬂl‘oﬂ!ﬁo)
1+ 51—t (Uzlft (n/k|l’0)|l’0)

+
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probability, we have for £,£ >0 and 2z < T

Uz (n/klzx
|§n,17t(z|l‘0) — Z‘ < Oz (th(/|0)>

-1

Uz, (n/k|zo)

—B(z0) £
Uy, _,(n/k|zo) ’
Uz, (n/k|zo)

+Cez|01-¢ (Uz,_, (n/k|zo)|xo)]| (

~ —B(z0)
2 t(”/’“%)) o

Blzo) [ 21—t T 77
+Cz |61—t (UZI—t (n/k|l‘0)|l‘0)| < (Uzlt (n/k“l‘o)

< or (U t<n/krwo>)

-1

Uz, (n/k|xo)

N B(zo)£E
Uy n/k'|xo
T1+ﬁ o) +£ 5 k
LCe 01 Uz o/ klaolao) | | 7=
Uy,
Uz

(n/klzo) »
~(n/K[z0)

+CT’(51 t(UZl t(n/k|x0)|x0)’ Tﬁ(am)( _

Using Lemma S2, Lemma S3 follows. 0

5.2 Proof of Theorem S1.

This proof is omitted since it follows exactly the same lines of proof as those for Theorem 3
but with the auxiliary results in case of unknown margins. U

5.3 Proof of Theorem 2.

This proof is omitted since it follows exactly the same lines of proof as those for Theorem 1
with the auxiliary results in case of unknown margins. U

References

Bai, S. and Taqqu, M.S. (2013). Multivariate limit theorems in the context of long-range depen-
dence. Journal of Time Series Analysis, 34, T17-743.

Billingsley, P. (1995). Probability and Measure, Third Edition. Wiley, New York.
de Haan, L. and Ferreira, A. (2006). Extreme value theory. An introduction. Springer, New York.

Escobar-Bach, M., Goegebeur, Y. and Guillou, A. (2018a). Local robust estimation of the
Pickands dependence function. Annals of Statistics, 46, 2806—2843.

21



Escobar-Bach, M., Goegebeur, Y. and Guillou, A. (2018b). Local estimation of the conditional
stable tail dependence function. Scandinavian Journal of Statistics, 45, 590-617.

Goegebeur, Y., Guillou, A., Ho, N.K.L. and Qin, J. (2021). A Weissman-type estima-
tor of the conditional marginal expected shortfall. FEconometrics and Statistics, DOI:
https://doi.org/10.1016/j.ecosta.2021.09.006.

Lehmann, E.L. and Casella, G. (1998). Theory of Point Estimation, Second Edition. Springer,
New York.

van der Vaart, A. W. and Wellner, J.A. (1996). Weak convergence and empirical processes, with
applications to statistics, Springer Series in Statistics. Springer-Verlag, New York.

van der Vaart, A. W. and Wellner, J.A. (2007). Empirical processes indexed by estimated func-
tions. Asymptotics: Particles, Processes and Inverse Problems. IMS Lecture Notes Monogr.
Ser. 55, 234-252.

22



