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Supplementary Material

The supplementary materials consist of three appendices that prove all the theo-
retical results except for Theorem 2, whose proof is straightforward and is hence
omitted. Appendix A contains auxiliary lemmas that are required in the proofs.
Appendix B provides proofs for Example 1 and Theorems 1 and 3-5. Appendix C
gives proofs for all the lemmas.

A Auxiliary Lemmas

We start with the following matrix identities, which will be repeated applied:

det(A + cd') = det(A)(1+d' A" Le), (A1)
A led’ A1

A4ecd) l=a"1_2_ "7 A2

(A+ecd) T dA Tc’ (A.2)

where A is an n X n nonsingular matrix, and ¢ and d are n X 1 column vectors. Note that
(A.2) is applied iteratively to establish the decomposition of the precision matrix H;l (v, 0),
where

Hi(v,0) = > 0pzi x2} s, + In,- (A3)
key

Heuristically speaking, let z; (oy; s=1,..., q() be the s-th column of Z;(y) and
t

H;1(7,0) = Y 0(s)%i ()% () T Inis t=1,...,4(%), (A4)
s=1

where 9(5) denotes the s-th element of 8; s = 1,...,q(y). Suppose that ¢(y) = gq. Then by
(A2),

—1 —1
equ,q_l (v e)zi,ng,qu,q_l (7, 9)

H; [(7,0)=H;  ,(7,0) - = (A5)
2,9 1,9 1 +9qz;-’qu’ql_1(%9)zi,q
Applying (A.2) iteratively, we obtain the decomposition
4 0H; ' (7,0)z 12,  H, (7,0)
Hj [ (3,0) = In, = > ——2t el (A.6)

1
k=1 1+9kz7/;7kH7;7k_1(779)zi,k



2 C. H. Chang et al.

note that H; o(v,0) = In;. The proofs of Lemmas 2, 3, and 4 are then based on the
induction and the decomposition of (A.6).

The proofs of theoreins in Section 3 heavlily rely on the asylmptotic propertief of the
quadratic forms, w;’jH; (v, 0)x; =, z;ka; (7,0)z; 1+, €, H, ~ (7, 0)e;, w;’jH; (7,0)z; 1,
w;’ijl(y, 0)e;, and zz’.’kHifl('y,B)ei, with H;(v,0) defined in (A.3), for i = 1,...,m;
j,i*=1,...,pand k,k* =1,...,q. The following lemmas give their convergence rates.

Lemma 2 Consider the linear mized-effects model (a,vy) of (2.4). Suppose that (A0)—(A3)
hold. Then for H;(~,0) defined in (A.3), we have

(i) Fori=1,...,m and j,j* =1,...,p,

d; jné +o(nb); if j = j*,

/ —1
sup x; H " (v,0)x; j=| = K S
L | o(n~7); ifj#3*

0€[0,00)9()
(ii) Fori=1,...,m,j=1,...,p and k ¢,

sup |l HN(4,0)2; k] = o(n{TO2TT),

0€[0,00)2(") Bl
(ii) Fori=1,...,m,j7=1,...,p and k € v,

— —0)/2—
sup Oy la) H;H(7,0)z k| = op(n{s /2T,

6¢c[0,00)2(7)
-1 +€)/2—
sup @) S H N (4,0)z k| = o(niETO2TT)
0¢c0,00)2(7)

Lemma 3 Consider the linear mized-effects model (o, 7y) of (2.4). Suppose that (A0) and
(A2) hold. Then for H;(v,0) defined in (A.8), we have

(i) Fori=1,...,m and k,k* ¢ ~,

-1
sup |z H; (7,0)z;

_ { ci pnf +o(nf); if k = k*,
0¢[0,00)2(7)

o(nf=7); if k # k*.
(i) Fori=1,...,m and k € ~,

sup |03z  H ' (7,0)z; ) — 0| = O(n; %),
0¢c[0,00)2(7)
-1
sup |z21kHi (v, 9)Zi,k| = O(nf).
6¢c[0,00)2(7)

i) Fori=1,...,m and k, k™ € v with k # k*,
v

1 ——
sup OO« zzl-’kHi (7,0)z; x| = o(n; "),
0¢c[0,00)2(7)
—1 _
sup 0k|z£7kH7/ (’Yv e)zi,k*‘ = O(ni T)7
0c[0,00)9(™)
-1 /—
sup |z£7kHi (o e)zi,k*‘ = O(ni ™).
0¢€[0,00)2(7)

(iv) Fori=1,...,m, k €~y and k* ¢ ~,

-1 —
sup  Op|z]  H H(7,0)2 k| = o(n; 7),
8¢e[0,00)2(7)
-1 /—
sup |zz/‘,kHi (7,0)z; 1+ | = o(n; 7).

0¢c[0,00)2(7)
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Lemma 4 Consider the linear mized-effects model (o, 7y) of (2.4). Suppose that (A0)—(A3)
hold. Then for H;(~,0) defined in (A.8), we have

(i) Fori=1,...,m and k € v,

_ —£/2
sup 63|z H; L(7,0)ei| = Op(n; /),
GE[O,OO)Q(W

_ L/2
sup |2l H L(7,0)e;] = Op(n/?).
6c0,00)2(7)

(i) Fori=1,...,m and k ¢ ~,

02

i

sup |z£,kHi_1(% 9)61-} = Op(n
0¢€[0,00)9(7)

(iii) Fori=1,....,mandj=1,...,p,

_ 2
sup ‘wé,jHi 1(7,0)ei| = Op(nf/ ).
0c[0,00)9(™)

In addition,

m

—1
sup @i ;H; " (v,0)e;

0¢c[0,00)9(™)

=1
(iv) Fori=1,...,m,

sup e/ H; '(v,0)€; = €}e; + Op(q).
6¢c[0,00)2(7)

Note that Lemma 2 (i) implies that, for (a,v) € A x G,

m m

1 X;() H ' (7,0)X;(a) = ( > "f>T(a) + {0( i ”fir) }p<a) xp(a)

i=1 =1

- (inf)T(aH {(nminﬁ)}

=1

1=

p(a)xp(a)

uniformly over 8 € [0,00)%(7), where {a}rx; denotes a k x j matrix with elements equal

to a and T'(a) is a diagonal matrix with diagonal elements bounded away from 0 and oo.

Hence by (A.2) with p(a)-vectors ¢ = {o(n;:n/Q)}p(a)xl and d = {o(n;l:nﬂ)}p(a)xl, and

a p(a) X p(a) diagonal matrix A = T'(a), we have, for (a,7) € AX G,

(22“:1 Xi(a)'Hflg(% 0)Xi(a) ) L (T(a) + {o(n;?n)}p(a)xp(a)) B

m
=17

(A7)
1 _
=T (@) + {o(nyin)}p(a) xp(a)
uniformly over 0 € [0, oo)Q('Y), which plays a key role in proving lemmas for theorems.

The following lemma shows that ék does not converge to 0 in probability for kK € yN~g,
which allows us to restrict the parameter space of  from [0, oo)q(”f) to

O~ = {6 € [0,00)77) : 8(y N ~g) € (0,00)2(Y M0}, (A.8)
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Lemma 5 Under the assumptions of Theorem 1, let 08 be O except that {0 : k € yN~o}

are replaced by {0 0 : k € YN0} Then for any (a,v) € AXG, v2 >0, and 0 € [O,OO)Q('Y)
with 0, — 0 for some k € v N g, we have

f2logL(0,v2;a,'y) - {7210gL(0$,’U2,C¥, 7)} ﬁ) 0o

as N — oo, where —21log L(0,v2; a,7) is given in (2.7).

Based on Lemma 5, the following lemma is needed to develop the convergence rates of
components of the likelihood equations given in (B.1) and (B.2), uniformly over ©~ defined
in (A.8).

Lemma 6 Consider a mized-effects model (a,v) € A x G with H(v,0) defined in (2.5)
and O~ defined in (A.8). Suppose that (A0)—-(A3) hold. Then

(i) Fori,i*=1,...,m, (a,7) € Ax G and k,k* € v,

nE=0/2, (£-0)/2—
Sup 0k9k*|h; k:Hil('Y’ G)M(av'ﬁ G)hz* k*! = O( ’ ) >7
e ’ ,

v e ”f
LE0/2 (€40 /27
GE§9H%$H_W%9Mﬂmw9Mux*=O<Z p— )
gl i=1"
L(EH0/2 (E40)/2-7
sup |k H ™ (v,0)M(a,;0)he | = o — p—
6co, i=1"7

(ii) Fori,i* =1,...,m, (a,7) € AXG, k€~ and k* ¢ ~,

(ngs—amnggw)/z—r)

sup 9k|h;,kH71('y,0)M(a,'y;H)hi*7k*| =o0

oco, 4 nf
pl&+0/2 (E+6)/2—7
sup |h;,kH_1('y,9)M(o¢,'y;B)hi*yk*| = o( L mZ 3 >
6co, i=17;

(iit) Fori=1,...,m, (a,7) € AX G and k € ~,

_ —£/2
sup Oy |h!  H 1 (7,0)M (0, 7;0)e| = op(n; */?),
0co,

_ L/2
sup |h}  H ™' (7,0)M(a,7;0)e| = op(n}/?).
oco,

(iv) Fori=1,...,m, (a,7) € (A\ Ag) X G and k € ~,
sup 0|} H ™' (,0)M(a,7;0)X (ag \ @)B(ap \ a)| = o(n{¢~H/277),
oco, ’
sup |R  H ™ (7,0)M(a,7;0)X (ap \ @)B(ao \ )| = o(n{&TH/27T),
oco,

(v) Fori=1,...,m and (a,7y) € AX G,

sup € H™'(y,0)M(a,7;0)e = Op(p(c)).
oco,

(vi) Fori=1,...,m, (o,7) € AXG and k ¢ ~,

- /2
sup |k} H ™1 (v,0)M(a,7;0)e| :OP("/ ).
6co,
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(vii) For (a,7) € (A\ Ag) x G,

3

up [¢/H~(3.0)M(0,750)X (0 \ @)8(a0 \ )| = o
0co,

m 1/2
=1
(viit) Fori,i* =1,...,m, (a,7) € AXG and k,k* ¢ ~,

(nng)/QnEf”)/Z_T)
= op .

m &
i=1"

sup |h§,kH71(% 0) M (o, v; 0)h;x jo
oco,,

(ix) Fori=1,...,m, (c,y) € (A\ Ag) x G and k ¢ ~,

Jup | H T (,0)M (0,7 0)X (a0 \ @)l \ )| = o(n{ETH/27T),
:

(z) For (a,7) € (A\ Ag) x G,

sup [B(ap \ @) X(ag \ @) H™'(v,0)
0co,

X M(a,v;0)X (ap \ @)B(ag \ O‘)| = O(Z n§_7—>-

i=1

B Theoretical Proofs

B.1 Proof of Theorem 1

We shall focus on the asymptotic properties of 2(a,~) and {ék(a,w) : k € v}, and derive
the asymptotic properties of {é’i(a,'y) : k€ v} via &]%(a,'y) = 92(a,7)0;(a,7); k € 7.
If 52 (a,y) > 0 and ék(a,'y) > 0; k € ~, then we can derive them using the likelihood
equations. Differentiating the profile log-likelihood function of (2.7) with respect to v2 and
{0k : k € v}, we obtain

d N  yH '(7,0)Iny — M(a,v;0))y
w{7210g14(0»v2§a’ ’Y)} = Uiz - ( )( U4 ( )) (Bl)
and
0 2 - / —1
5 {2108 L0, v e} = 3 < 2 p Hy ' (7,0)2i
* =1 (B.2)
{h]  H 1 (v,0)(IN — M(a,7;0))y}? }
_ 5 )
v

To derive 92 (a,~) and {ék (o,7) : k € v}, we must study the convergence rate of each term
on the right-hand sides of both (B.1) and (B.2) by Lemmas 2-4 and Lemma 6.
We first prove (3.1) using (B.1). Consider the following decomposition of y' H ~ (v, 8)(In—
M(a,7;0))y in (B.1):
Y H™ ' (7,0)(In — M(a,7;0))y
= uoH ™1 (7,0)(In — M(a,7;6))no

+2p0H ™ (v,0)(In — M(,7;0))(Z(70)b(10) + €) (B.3)

+(Z(10)b(10) + €)' H ' (7,0)(Z(70)b(70) + €)

—(Z(70)b(10) + €)' H ™ (v,0) M (a,7; 0)(Z(70)b(10) + €)-
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The first two terms of (B.3) are zeros because
(IN - M(a) Y3 0))#‘0 =0; ac€ AO: (B4)
which is obtained by treating pg = X(a)B(a) for some B(a) € RP(® under a € Ay,

where note that by (2.9), M(a,v;0)X (o) = X (). By Lemma 3 (ii)—(iii), Lemma 4 (i),
and Lemma 4 (iv), the third term of (B.3) can be written as

> (Zi(v0)bi(v0) + &) H; ' (7,0)(Zi(70)bi(0) + €)
=1

m
m m
= Ze;ei +Op< Z 0—) +op( Z 0—2) + Op(mq)
i=1 k€vo kevo Kk
uniformly over 8 € 6. Note that by the Cauchy—Schwarz inequality,
o~ (6-0/2)° 0 E St
(3onl2) =0 Yonf 3 i), (©.5)
i=1 =1 i*=1

Hence, by Lemma 6 (i), Lemma 6 (iii), and Lemma 6 (v), the last term of (B.3) can be
written as

{(i > bi,khi,k> +e}/H*1(%0)M(a,'y;0){(i > bi7khi,k) +e}

i=1keng i=1keqo
m m
=0p< > W) +0p( > 9*> + Op(p +mq)
kk*evo RUE k€vo

uniformly over 6 € ©~. Therefore, we can rewrite (B.3) as

y'H 1 (v,0)(In — M(a,7;0))y

:e’e+op( D )+Op(Z%)+Op(p+mq).

0.0
kk*evyo FURT k€vo

It follows from (B.1) that for v2 € (0, c0),

!/

0 €e m
4 2, = 2
v {BUQ{fQIOgL(B,v ,oz,'y)}} = N(v - ) +op<k E ekek*)

Jk* €Yo

+Op( > %) + Op(p+ma)

k€vo

uniformly over 8 € ©-. This and Lemma 5 imply that

P = 58 + 0, (211, ®.6)

Thus (3.1) follows by applying the law of large numbers to €’ €/N. In addition, the asymptotic
normality of ©2(a, ) follows by p + mq = o(Nl/Q) and an application of the central limit
theorem to €’e/N in (B.6).

Next, we prove (3.2), for k € v N ~p, using (B.2). By Lemma 6 (i) and Lemma 6 (iii),
we have, for k € v N g,

Oxhi  H ™' (v,0)M(a,7;0)(Z(70)b(70) + €)

m
9kh;7kH71(%e)M(a,7;e){( S>> bkhk) +e}

i*=1k*€vo (B.7)
(€=0)/2 x~m (£—0)/2
n; Doir=1 s —e/2
:"P(Z —, - )*"p(’%/)
k*€vo k* 2i=1"
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uniformly over 6 € ©~. This and (B.4) imply that for k € v N o,
Ophi  H ™ (7,0)(In — M(a,7;0))y
= Ok H ™1 (7,0)(In — M(a,7:0))(Z(70)b(70) + €)
= 0h} . H™ ' (7,0)(Z(10)b(10) + €)
(&=0)/2 ~m (6—0)/2
+Op( Z i Div=1 2 )—&-op(ni 6/2)

i

k*€vo O+ zT";l n
= Oz} H; ' (7,0)(Zi(10)bi(10) + €:)

(E-0/25m  (6-0)/2
+op( > M Rtany )+op<n‘”2>

i
k*Evo O Eﬁlnf
(€=0)/2 <~m (&-0)/2
— n, ix—1 Nx
= bik + Op(n; Z/2)+0p( : — 3 )
k*Evo O D521 n;

uniformly over 6 € ©~, where the last equality follows from Lemma 3 (ii)—(iii) and Lemma
4 (i). Hence, for k € v N o,

02{h} yH ™ (7,0)(In — M(a,v;6))y}?

(E=0)/2 —m (&=0)/2
— n, ix—1 Mox
_ lek +Op(nl [/2)+0p i Zz =1"%
’ kggio O Sy 1

uniformly over @ € ©~. This together with Lemma 3 (ii) and (B.2) imply that for k£ € yN~o,

9z{i{leogue,u2;a,w}}
90y

1O b7y, O\ )2
— _ ? -
= m (o 3 U2)+op(;ni ) B
—0)/2 —£)/2—
+0P( Z zrlﬂ%('g )/ ﬂ:l”gf ! T)
= O Sy

uniformly over 8 € ©~. By (B.5), Lemma 5 and setting (B.8) to 0, we obtain

1O by, 1 —¢/2
7Z%+op(fzni ); ke vnNno.
m = %) iz

ék} (Oé, 7) =

This proves (3.2), for k € yN~p.
It remains to prove (3.2), for k € v\~vo. We prove by showing that (B.2) is asymptotically

nonnegative, for 6 € (n;]gx, oo); k € v\ 7o using a recursive argument. Let 6t be 6 except

that {0 : k € YN o} are replaced by {0 (a,v) : k € yN~p}. By Lemma 6 (i) and Lemma
6 (iii), we have, for k € v\ 7o,

b H ™' (v,01) M (0, 7;07)(Z(70)b(70) + €)

m
= Qkhg,kH_l(w,BT)M(a,'\/;GT)( Z Z bix g hys g +e)
*=1k*E~o

(E-0/2¢m  (€-0)/2
_ Op(”i 21 ng >+Op(ni—e/2)

m 3
i=1"
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uniformly over 8(v \ vg) € [0, 00)4("\70) | This and (B.4) imply that for k € v\ 7o,

Ohl ( H™ (7,01 (Iy — M(a,7;6)y
= Oxh  H ™ (,6")(In — M(a,7;67))(Z(70)b(v0) + €)
= Ok} H ™1 (7,07)(Z(70)b(10) + €)

(€-0/25m (€02
+Op<ni =1 " )+Op(n_£/2)

i
ey ”f
_ B.9
— O2]  H, 1(%91)( S 2 b +ei) (B.9)
k*€vo
(E—0)/2 xm (£—¢)/2
n; sk —1 Mo w _
+0p( ¢ ni*lgl )+op(ni /2y
i=1"
(E=0)/2 <m (£—0)/2
— n; . n;
= Op(’flz- 2/2)+0p( 7 ZT:L _15 7 )
=17

uniformly over 0(v \ 7o) € [0, oo)q("’\'m), where the last equality follows from Lemma 3
(iii) and Lemma 4 (i). Hence by (B.5), Lemma 3 (ii), and (B.2), we have, for 8(y \ 7o) €
[0,00)2("\70) and k € ~ \ 70,

%]
aﬁ{@{—zlog L(o", 0% 047’7)}}

m m_(£=€)/2ym (£=0)/2-7
— mby, + Op(Z n:é) n Op( i=1" 51*21 Tyx )
i=1 i=1"4
m
= mby + Op ( Z nz_g>
i=1

= mb + op(mlog(min)ni,)-

This implies that —2log L(OJF7 2, v) is an asymptotically nondecreasing function on 6 €
(log(nmin)nr;fn, o), for k € v\ 7o given other 8(v \ 7o) € [0,00)4(7\70)_ It follows that
Oy (a,y) € [O,IOg(nmin)n;fn)' k € v\ 70. The above convergence rate can be recursively

b
improved. Without loss of generality, assume that ny,jn = n1 < ng < -+ < Ny = Nmax-
We can restrict the parameter space of 6 in the next step to

0,15 = {0(7\70) € 0,00)7N10) : 6 < log(nmin)n; ‘} (B.10)
with ¢ = 1. Then, by Lemma 6 (i) and Lemma 6 (iii), we have, for k € v \ 70,

Ok H (v, 01 M (0, 7;07)(Z(70)b(70) + €)

(E-0/2¢m  (6-0)/2
Op(nl Lt 1 ) +0p(9k”§/2)

m &
i=1"4
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uniformly over 8(y \ 7o) € O k,1- This and (B.4) imply that for k € v\ 7o,

Ophy  H ™ (7,01)(In — M(a,7;67))y
= 9kh/1,kH_1(’Y, 0")(In — M(a,~;07))(Z(70)b(70) + €)
= Oph}  H ' (7,07)(Z(70)b(10) + €)
(€=0/25~m (6-0)/2
+Op<n1 27=1Pyr ) +Op(9knli/2)

m &
i=1"

= 0p2] Hy '(v,61)(Z1(70)b1(70) + €1)
£—0)/2 £-0)/2
w(ni G Bl

m &
i=1"

) + op(Bxn’/?)

= 0p(031"?) + 0p (”gg_[)/z Sy a0 )
- 1

m &
i=1"

uniformly over 8(y \ v0) € O, 1, where the last equality follows from Lemma 3 (iii) and
Lemma 4 (i). Hence by (B.5), Lemma 3 (ii), (B.2), and (B.9), we have

0
92{@{—210gL(0T702;a77)}}
m m
= (m — )0y, + Op(62nf) +Op(zni—€) +Op(znﬂ>
=2

= (m — l)ek + Op(log(nmin)ek) + Op ( Z nz_£>
=2

uniformly over 8(y \ vg) € O, k,1- Hence, setting the above equation equal to 0, we have

5 _ 1 o~ 0\ _ )
(o) = m—1+opaog<nmm>>o”<2”i )*O”(% )

Now we can further restrict the parameter space of 0, to ©,, 1 2 in (B.10). Continuing this

procedure, we can recursively obtain 0y (a,~) = Op (n;é); k € v\ o, for i = 3,...,m. This
completes the proof of (3.2), for k € v\ v9. Hence the proof of Theorem 1 is complete.

B.2 Proof of Example 1

Note that for ¢ = 1, Z; = z; 1 and b; = b; 1. Note that by Lemma 5, we consider the sample
space (o%, v?) € (0,00)2. We first derive the explicit forms of the ML estimators 6, and 2.
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By (B.2), we have

/
Zi 1%4,1

NgE

1
1+91Z1 1%i,1 U72

I
NE

) 01212} 4 2
—{—2log L(6,v> P ([ _’7”) }
891{ og L{f1,v%)} 1{ EEAN 1+91z§’1zi,1 Y

{ z; 1%i,1bi1 N 2z} 1€ }2
1 1+91z§71zi,1 1+91z§71zi,1
01 01(1+01z; 1%i,1)

{5 me )
01 91 (1 -‘,—91,27( 1%i, 1) 1+ Glzgylzi’l

i=1

s
I
=

7

zi,lziJ

NgE

1
+61z§,1z1—71 ’U2

Il
,MS

s
Il
N

7

I
NE

<
Il
—

Sm 12! €
_m Xiibi 22 S )
01 91 1+01z 174, 1)
where O’% = 6102 and
m 2b; 12 €
1 €;) i,1%4,1€4
R(c2,v %,
! ZZ: 1+912 171, 1 123 2{1+01z 1%, 1}2 Z 291{1+912i71z1,1}2
2 m b21
+ - -
Z 7.1262 +01zZ 122 1) ; Uze%{l +0127/;y1zi’1}2
(B.11)
Note that ML estimators [7% = élf;z and 92 satisfy
>Yrmb 2b; 12 1 €;
0="1 - == ZQ SR 1 R(63,0%),
61 0 9 ; 01(1+01(2] 1 2i,1))
which implies that
1 & mo201b; 12l € 42
=019 = = —— b 4 TLR(62, 92
m§ lelzélm LR(61.0%)
m 2b; 12} 1 €; 2b; 1z, € 92
I S R S e B L
m:3 — Z 17,1 1 +91z1 1%, 1) i 17,1 m
m
1 2b; 12! 1 €; N
> *Z e R (67,0%),
= moz 7, 1z'L 1
(B.12)
where
1o 212 € 2
R*(&7,0%) = - — — e —— + LR(0,,9?) (B.13)
mi3 (1 + Glz,‘71zi,1)zz‘,1zi,1
with R(c?,v?) defined in (B.11). By (B.12), we have
Zgl b21
= - 0,00,
1
2
8 701,(1), (B.14)
1
(bi,12] €:)?
e = Op(1).

14+ 01z1’.’1zi,1
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By (B.13) and (B.14), we have
R*(62,92) = op(n™1). (B.15)
Similarly, by (B.1), we have
d U 012512 4
—_{—2log L(67,v%)} = Ik 7 S T
oz {—2log L(01,v%)} ; ( n 1+912271Zi’1)y1
N 1 012,12 4
v? vt ; zibi + e’ ( " 1+91Z§,1zi,1>(z1’1 i1t e
_ ﬁ i i{ i, 12 i, 1ZZ 1 2bi,1zgylei +e/.e. B 91(zz/.’15i)2 }
v2  pd =1 -1—491zZ 12zi1 1 +91z§y1zi’1 v +01zz’.’1zi71 ’

The ML estimators él and 92

0= % i{

1=

satisfy

/ . . / .
i,1%4,1%4,1 2bi,12; 1€

1+0121 1%i1 1+é1zz’.’1zi71

which implies that

€,€; —

, él(zz/"lei)Q }

1+ 9121{’121')1

1 m
=< Z ehe; + RT(62,0%), (B.16)
i=1
with
2 . ) / . 7 / )2
RY(67,07) = ~ i{ Pamazin | Piazac | 5(ac) }
Ni:l 1+01zi71zi,1 1+01zi71ziy1 1—"—9121-’121')1
This together with (B.14) yields
RT(6%,9%) = Op(n™1). (B.17)

We are now ready to compare the asymptotic behaviors

the empirical BLUPs. Note that for ¢ = 1,...,m, we have

between the LS predictors and

(B.18)

b 1= ( i, 1%, 1) i 1Yi>
bi1(07,0%) = 11(‘71% 121+ 2I,)7 !
Hence
!
zi1(bi1 —bi1) = @7
Z;1%i,1
and

bi,1(6%,9%) — b1
{Ulzz 1632, 121 1 +0%0,) !

/’U )zi 1zi 1

6121 1(672i12; 1 +0°Tn) " (Zi,1bi1 + €) — bi1

zi1— 1}b; 1 —l—zflzZ 1(0%4 1zz 1+ 0207t

{@3/i20, (1 - li(

(&1/'& )Zi,lzi’l

/UQ) i, 1%i,1

)ziJ — 1}1)1'

+(63/0%)z] (In

1+ (Ef%/zﬁ)zz’.ylzi

,1

€
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which implies that

zi,l{(ff%/@Q)zé,lGi —b;}

5 (B.19)
1+ (0%/1}2)21’.,1%’1

i1 (bs,1(6%,9%) — b 1) =

Note that by (B.18),

m 5 5 mo m (z/_ 1€i)2
Dol (i —bi0) 7 = Do (bin = bi1)?2 120 = Y ———,
i=1 i=1 i—1 %i,17i,1
and by (B.19),
m m ~2 182,/ 2.7
(R (A2 A2y g 2 {(0’1/'0 )ziylei - bi,l} Zi,1%i,1
; Hzl,l(bz,l(alvv ) bz,l)” - Z:z; {1 T ((}%/@2)21{7121')1}2 s

which implies that

£ 1Mz [

(=€) {(67/0%)z] 1€ — b1}z 1z
(zé,ﬁil - {1+ (62/92)2! 1%1} )
(z§,1€z) {1+ (63/0° )2} 1 Zi, 132 —{(63/9* )2} 1€ — bz‘,1}2(z§,1zz',1)2
2] zi {1+ (67/02)2] 1 2i1}2
(2] 1€)% +2(67/0%)(2] 1€i)?2] 1201 +2(67/0°)bi 12] 1 €i(=] 1 2i,1)% = F 1 (2] 1 2i1)?

D(6%,9%)

i=1 z; 1zi {1+ (6%/172)227121‘,1}2
(B.20)
Note that by (B.20) and
268/0%) (=i ) 2z, e)? 2z} €)% +4(67/9%)(2] 1 2i,1)(2] 1 €)°
{1+(63/02)2] 1zi1}2 (2] 12i,1)2(67/02) {1+(f5’%/172)z§,1zz',1}2(01/v )Nz 12i,1)?

2067 /0)bi12] j€i(2] 12i,1)  2bi12] e 2b;,1%] € +4bi12] 1€(67/0%) (2] 1 2i,1)

{1+ (67/02)2] 1 2:,1}2 (63/0%)z] 1zin {1+ (67/02)z] 12:,1}2(65/02) (2] 1 2i1)

b7 (2] 12i,1) b7 b3 1 +2(63/02)2] 1211

{1+ (30220 1201} (63/00)2(2] 1 2i1) {1+ (63/9%)2] 1201)2(63 /%)% (2 1 2i1)

we have
m 2(zZ 161)2 2bi71z§,1ei bil foa2 -2
=> 2 T (525204 T (52 /92)2(2 +RH87,0%)
i1 Z@ 1z11 ( 1/” ) (‘71/7) )zi’1zi,1 (‘71/7) ) (zi,lzi,l)
(B.21)
with
RY(62,52) i( (2] 1€)? 2z €)% +4(67/0%) (2] 1 2i,1)(2] 1 €)?
0'1,7} = = = — n
S \zl 1z {1+ (67/0%)2] 12132 {1+ (67/02)2] 12:,1}2(67/02)(2] 12:,1)?
2b;,1%] € +4bi12] 1€(67/0%) (2] 1 2i,1) b7 1 +2(67/0%)2] 1 zi1 )
{14 (8%/02)2] 12:1}2(67/02) (2] 12i1) {1+ (67/0%)z] 1 2i,1}2(67/92)% (2] 1 2i,1)

Note that by (B.14),

RY(67,9%) = Op(n—%/?). (B.22)
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Further, by (B.12) and (B.16), we have

2(2271514)2 B 2(4,151')2(2?:1 6;€5k/N) 2(z7/;715i)2
(Zéylzi,l)Q(é%/{ﬂ) (Zé,lzi,l)Q(Z?ﬂ bi,l/m) (z;’lzi,l)Qé'%(z’]rgnzl bi’l/m)

S p2 moel e ™ 2b; 12 € m o€l e
x {RT(&%#) k=11 _ (Zk—l k k)(z i1%4,1 ’) _R*(&%ﬁz)qu k k}

T
m N 3 ME 1%

2z 1 €)? RN €pen 9 o
= S s—m o +1,1(67,0%),
n(z; 12i,1)% 221 by ¢

(B.23)
with

2(z; ;€)? tA2 22 i1 b
= 7 ; 2.2 m b2 {R (0'1,’0 )
(Zi’lzz,l) J](Zk:l k,l/m)

_ (Z}?:l 6$€ek> ({i Qbiylzhei) — R*(5% @2)M}-
7

I
N = mz; 121

R;1(6%,9%)

Similarly,

25,12 1€ 2bi,12] 1€ Doj=1 €}, €k + Ri2(62,0%)
- = 3,2(61
(63/0%)z] 121 {1 by +22000 b1z g er/ (2] 26,103 (Z] 1 2i1) .

(B.24)

2 2 2

b1 _ bz‘,1(22n=1 €} €k) + Ri 3(62,02) (B.25)
~ ~ - 5 1> ) .
(U%/02)2(z£71zi’1) nQ(E;@nzl bi’1)2z§,1zi,1 ‘

with

/
2bi,1zi716i

672 12i 1 {0k bf 1 /m + 2300 by 1 z), e/ (mz),  2z51)}

SR by M 2by 12, €k T ehe
x {R*(&%fﬂ)( D) b1 )fR*(&%,ﬁQ)Z ik ’“}

m = mzl’mlsz = N
b2 m_ p2 moot
A2 1 2 k,1 A2 €L€k
Ri3(67,0%) = - (v + 61

PP S P DR i
The1bE Dk €€ 2L 263,12 g € Sk €€
~ ~ = s k=1 k g , 1t ~ ~ k=1 k

X {RT(O—%7U2) - ( N E )( ’/ . ) —R*(G'%,UQ) N k }
m — mz] 1z

Hence by (B.14), (B.15), and (B.17), we have

R;1(63,0%) = 0p(n™%/2), i=1,2,3. (B.26)
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Furthermore, we have

1 2bi,1z§716i Iy eggek

n{SR 02 + 250 b1z, qen/ (2], 1261 HZ] 1 2i0)

B 1 2bi12) 1€ D €per  4biaz] e {3 e e HIRL  br12 g€/ (mzy 1 25,1)}
B "(Zg,lzi,l){ ket bi,1 - {2%= bi,l}Q

N 8,12 1€ Sojy €peri{d it bk,12y g €k/(mz) 1 2k1)} }
{ZZL::[ b%l +2 Zrkn:1 bk,147161@/(7”4“1Zk,l)}{2?21 b%,1}2

B {2bi,1z{-,1€i Sk eper  Abinz] e {30 € e L br,12y, g€/ (mz), 1 251)} }

n(z] 12i,1) e b%g n(z 12,1 {2k b%,l}Q
+ R; 4,
(B.27)
with
R 8,12 1€ S ojey €peri{fint bk,12 g €k/(mzp 1 2k1)}
4 =

Ton(z] gz DTN bRy T 2000 be1zy, yen/ (mzg, 2z ) HZTS 07 112
Note that
R4 = Op(n=%/2). (B.28)
By (B.21), (B.23), (B.24), (B.25), and (B.27), we have
m
nD(6%,9%) = An,m +nR (61,87 +n ) {Ri,1(f3’%a@2) + Ri2(67,9%) — R; 3(61,9°%) + Ri,4}
i=1

= Ap.m + Op(n~1/?)

An,m - Z -

2 3 V]
i=1 (zz/',lz’i71)2zzn:1bk,l n(z:}’cnzlbk,lyz;,lzi;l (z§,1zi’1)z7cn:1bk,1
- b1 2] 1€ {25y € e HI o bk,lz];’lek/(zgcylzk,l)}}

(2] 126, 0){ k21 07 1 12 7

hiid {Q(ZQ’lei)Q SohL €€k b7 (SR €per)?® 20512 € DR € e

where the last equality follows from (B.22), (B.26), and (B.28). Note that ( >, b? k/o% 0) -t
follows the inverse-chi-squared distribution with m degrees of freedom. We have

1 1
E( ) = , provided m > 2,
Y b121 (m*Q)g%,o
b2 ) ) (B.29)
E( b ) = provided m > 4.
{(ZR b1}/ mim—2)0f

By (B.29) and

m 2
E({ Ze;ei} ) = (2mn+m2n2)vé,
i=1

E(€je;(zi1€)) =0,

E(E;Ei (zi’lei)Q) = nQvé + O(’VIQ),
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we have that for m > 4,

Blnm) =B G o P by nO Tt B Poamr T (o) S B
4bi 1z €i{ )l e I b2y, 1€/ (2, 1 20,1) )
- (22 {20 62 112 }
2m2v3 77121161

- (m — 2)0%,0 B (m — 2)0%0 +o(1)

B E(E( i”: b1 z] {5y e H N b, 12y, 1 €/ (2, 1 2,1)}

m {2(4,161‘)2 i €€k b7 (R €rer)? 2bi,12] 1€ Xp=1 €}, €k

b1,1,---,bm,1))

i=1 (zg’lzi,l){z;cnzl bz’l}z
_ 2m21}3 B m2u‘01 B ( m M) o)
(m—2)03, (m-2)0%, B R OB S
2m2v3 mzvé 4mv§

_ _ - +o(1)
(m— 2)0%0 (m— 2)0%0 (m— 2)0%,0

m(m — 4)113 +o(1).

(m — 2)0%’0

This completes the proofs.

B.3 Proof of Theorem 5

In this section, we first prove Theorem 5 to simplify the proofs of Theorems 3 and 4. As
with the proof of Theorem 1, we shall focus on the asymptotic properties of 92 (a,~y) and
{0k (a,7) : k € v}, and derive them by solving the likelihood equations directly.

We first prove (3.11) using (B.1). For (¢, 7) € (A\ Ag) x G, we have

(In — M(a,v;0))po = (In — M(a,7;0)) X (a0 \ @)Bo(ao \ @), (B.30)

where Bg(ap \ @) denotes the sub-vector of By corresponding to ag \ . Note that by the
Cauchy—Schwarz inequality, we have

(i m@”)/?)Q _ o( iqﬁ i_ n’f). (B.31)
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Hence by (B.31) and Lemma, 6, we have

(X (a0 \ @)Bo(ao \ @) + Z(10)b(v0) + €)' H ™ (7,0) M (o, 7; 0)

X (X (a0 \ @)Bo (o \ @) + Z(0)b(70) + €)

= Bo(ao \ @) (X(ao \ @) H™ ' (v,0)M(a,7;0) X (a0 \ @)Bo(ap \ @)
+b(70)'Z(v0) H™(7,0) M (a,;0) Z(70)b(70)
+eH 1 (y,0)M(a,7;0)e
+2b(70)' Z(70) H™ ! (v,0) M (c,7;0) X (a0 \ @)Bo (0 \ @)
+2¢/ H 1 (7,0) M (a,7;0) X (ag \ @)Bo(ao \ @)
+2b(70)' Z(70) H™ " (+,0) M (a,v; 0)e

= (i > bi,khi,k)/ '(7,0)M(a,7; 0 (Z > bikhi k)

i=1kE~o i=1k€E~g

+2(Z > bi,khz‘,k> H™(7,0)M(,7;0) X (g \ a)Bo(ao \ @)

i=1 keo
m / m

+2(Z > bi,khi,k) H_l(%e)M(m”/;@)e—f—op<2nf_7)
i=1kero i=1

+ Op(p)

o (E) v Etr7) a( E) o

i=1 =1

Op(i”;g) +0p<i”f) + Op(p)

i=1 i=1

uniformly over 6 € ©~. This and (B.30) imply

vy H™ ' (v,0)(In — M(a,7;0))y
= (X (a0 \ @)Bo(ao \ @) + Z(70)b(70) + €)'
X H™ ' (7,0)(In — M(a,7;6))
x (X (ao \ a)Bo(ao \ @) + Z(70)b(v0) + €)
= (X (a0 \ @)Bo(ao \ @) + Z(70)b(0) +€) H™ ' (v,0)
x (X (ap \ a)Bo(ao \ @) + Z(70)b(70) + €)

m m

+Op<zn§)+op(znf)+op<m

i=1 =1

= Z Bo(oo \ @) X;i(ao \ @) H; ' (+,0)X;(ag \ a)Bo(ag \ @)

=1

+2 Z Bolao \ @) X; (a0 \ o) H; ' (v,0)(Zi(70)b; (v0) + €;)

=1
m !
+z( S b, +) H;wo)( ) b+)

i=1 “k€Evo k€vo

,,(2 )+0p( nf) + 00

+
)
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_Z€€1+Z Z B]Od G +Z Z b2kczkn

i=1j€ap\ i=1lkevo\vy

ol 2 wae) ol 25

0.0
kk*eynng KR keyno K

+Op(§:n§) +op(§:nf) + Op(p + mq)

=1 i=1

uniformly over 8 € ©~, where the last equality follows from (B.5) and Lemmas 2-4. Hence
by (B.1), we have, for v2 € (0, c0),

0
v4{ﬁ{—210gL(0,v2;a,7)}}
66
_ (v S 82 od; +fz > bkkn>

i=1jeap\a i=1ke€vo\v
m 5 m m
4
) (5 ol 2 )
i=1 i=1 k,k* EvNvo kUE*

uniformly over 8 € ©. This and Lemma 5 imply that

172(04:’7 % NZ Z 50‘1,] i Z Z bkclkn

i=1lj€ap\o 2—1 kE€vo\y (B.32)
1 ¢ 1 p+ mq A
E : 2 : 4
Op(Ni=1ni) 0”<Ni=1"i) Op( N )

Thus (3.11) follows by applying the law of large numbers to €’e¢/N. In addition, if (£,¢) €
(0,1/2) x (0,1/2), the asymptotic normality of ©2(c,~) follows by p + mq = o(Nl/Q) and
an application of the central limit theorem to €€/N in (B.32).

Next, we prove (3.12), for k € v N, using (B.2). By (B.31) and Lemma 6 (i)—(iv), we
have, for k € vy N g,

Oxhi  H ™ (v,0)M(a,7;0)(X (a0 \ @)Bo(ao \ @) + Z(10)b(10) + €)
= Ok H ™' (v,0)M(a,7;6)
X( (0 \ @)Bo(ao \ @) + Z D bix gehis k*+€>
i*=1k*€Eo

(€=0)/2 m (e+0)/2—
(ni DI A )+O (n (e- e)/2)+op(n;e/2)

O
D
mlnf

mln

1/2
- op(nl(_'f*@)ﬂ(z =1" nﬁ) ) +opE072) 4 0, (1)
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uniformly over @ € ©~. This and (B.30) imply that for k € v N,
Okl H™ (7, 0)(In — M(a,7;6))y
= Oih}  H ' (v,0)(In — M(a,;0))
x (X (ao \ @)Bo(ao \ @) + Z(v0)b(70) + €)
= Okh}  H ™' (7,0)(X (a0 \ @)Bo(ao \ @) + Z(70)b(10) + €)

1/2
+Op<ngs—2>/2(2271”§) )H 072 4 o0, (1)

mln

= 00 o H000) (Xifao \ (o \ @)+ 3 ziebige )

k*E~vo

1/2
+op (%5—2)/2 (LZ L ng) ) + Op(nz(_g_e)ﬂ) +op(1)

mln

1/2
:bi,k+0p(n§§_[)/2(§::n71n) )+o (=072 1 o 1)
i=1 "i

uniformly over @ € ©~, where the last equality follows from Lemma 2 (iii), Lemma 3 (ii)—(iv),
and Lemma 4 (i). It follows that for & € v N7,

02 {R}  H™(v,0)(In — M(a,v:6))y}>
m ol
= b2, +op (n§ ¢ (21_712)) +op(nf ) + op(1)

mln

uniformly over 6 € ©~. Hence by Lemma 3 (ii) and (B.2), we have, for k € v N o,

{5 (2108 L0, 0% )} |
:m(gk_iib? ) OP(ZTS [(1+Z §))JrOp( )

mi v =17

uniformly over @ € ©. This implies that for k € v N o,

ék(a,w—;iqﬁ o Znﬁ Z(HQ o §))+0p(1>

This proves (3.12), for kK € yN7p.
It remains to prove (3.12), for k € v\ vo. Let 8 be 6 except that {8y, : k € yN o} are

replaced by {0y (a,7) : k € yNp}. By (B.31) and Lemma 6 (i)—(iv), we have, for k € v\ o,
Ok} H ™ (7,01 M(a,v;6%) (X (a0 \ @)Bo(eo \ @) + Z(70)b(10) + €)
= Oph]  H ' (v,0")M(a,~;07)
m
X (X(ao \a)Bolao\ @)+ > D b prhie g + 6)

i*=1k* g

1/2
=op (nggfe)/z(zmil ng) ) +Op(n(§ £)/2— T) +0p(n;€/2)

ln

1/2
= op (n§€*é>/2(z =1"i ”2) ) +op(nE7072) 4 0p(1)

mln
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uniformly over 8(y \ 7o) € [0,00)2(7\70), This and (B.30) imply that for k € v \ o,

Oph  H™ ' (7,00 Iy — M(a,;0"))y
= Oph]  H ™ (7,0")(In — M(a,7;6"))(X (a0 \ @)Bo(a0 \ @)
+ Z(70)b(70) + €)
= Ok} H ™ (7,0") (X (a0 \ a)Bo(o \ @) + Z(70)b(70) + €)
+0p(n{* ™ 2nl2072) 1+ 0p(n{EY2) 4 0p (1)
= Opz , H ' (7, GT)(Xi(ao\a)Bo(ao\a) + i D b gehs g + 61)

i*=1k*Eo

m plN1/2
oy (/2 (ZE) T 0/ 40,00

m &
i=1"

m ool 1/2
= op (ngg_z)/g(izflné) >+0p(n§€_£)/2)+0p(1)
i=1"

uniformly over 8(y\vg) € [0,00)2(7\70)  where the last equality follows from Lemma 2 (iii),
Lemma 3 (iii)—(iv), and Lemma 4 (i). Therefore,

02 {h} H(v,0") Iy — M(a,v;0"))y}?
o (ng—é (2:71&)) +op(nE™8) + op(1)

m
i=1"

uniformly over 8(v \ vg) € [0,00)4(?\70)_ Hence by Lemma 3 (ii) and (B.2), we have for
k €~y \ o,

o
0| o (-2lox L0 %0}

et S nf
:m9k+op(2n§7 (1+:n—712))+0p(m)
i

i=1

uniformly over 8(v \ yg) € [0, 00)2(Y\70)_ This implies that for k € v \ 79,

O (a,) = op(% inff‘ (1 + %ﬂlg)) +op(1).

i=1 i=1"

This completes the proof of (3.12). Thus the proof of Theorem 5 is complete.

B.4 Proof of Theorem 3

As with the proof of Theorem 1, we shall focus on the asymptotic properties of 92 (e, ) and
{0k (a,7) : k € v}, and derive them by solving the likelihood equations directly.
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We first prove (3.7) using (B.1). Hence by (B.31), Lemma 6 (i)—(iii), Lemma 6 (v)—(vi),
and Lemma 6 (viii), we have

(Z(10)b(10) + €)' H ™' (v,0) M (o, 7; 0)(Z(70)b(70) + €)

m I
(Z bi khi K +€) H™'(y,0)M(a,~;0 (Z > b hik +6>

1=1keEvyo

Il Il
o S
S S
A~
NERINSE
S 3
S S
N— |
+ \L
RS +
S ~
~ A
I\gE
S
<
n
~
+
Q
5

uniformly over 8 € ©. This and (B.4) imply

Y H 1 (7,0)(In — M(a,v;0))y
= (Z(v0)b(70) + €)' H™ 1 (+,0)(In — M(a,7;0))(Z(v0)b(70) + €)

m

— (Z(10)b(70) + &/ H(+.0)(Z(10)b(0) + €) + 0 ( > nf) + 0p(p)

i=1

Z(Z 70)bi(70) + €)' H; (v,0)(Z;(70)bi(70) + €i) +OP(Z”)

=1

+Op()

Zeez-l-z > bkczk” ‘H’P(Z f)"'OP( > Gﬁ)

i=1kevo\v =1 keynyo ¥

+op( > L*>+Op(p+mq)

01,0
k,k*Evnyg Bk

uniformly over 8 € 6., where the last equality follows from Lemma 3, Lemma 4 (i)—(ii),
and Lemma 4 (iv). Hence by (B.1), we have, for v2 € (0, 00),

o4 {a;;{leogL(G,vaa,’Y)}}
¥, 2 ) von($500)
eﬁ)w( >

m
7) + Op(p + mq)
kevnqo F k,k* €¥MNvo -

OOk

uniformly over 8 € ©~. This and Lemma 5 imply that for (¢, £) € (0,1] x (0, 1],

m
%(a, ) :% Z Z bzkclkn

i=1ke&vo\v

1 <~ o p+mg
+ op Nan + Op N .

i=1

(B.33)

Thus (3.7) follows by applying the law of large numbers to €’€/N. In addition, if £ € (0,1/2),
the asymptotic normality of 42 (a, ) follows by p+mq = o(N1/2) and an application of the
central limit theorem to €’e/N in (B.33).
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Next, we prove (3.8), for k € v N g, using (B.2). By (B.31) and Lemma 6 (i)—(iii), we

have, for k € vy N o,
Oxhi  H™ ' (v,0)M(a,;6)(Z(70)b(70) + €)

ekh;,kH71(77 6) Cl{ 77 ( Z Z bz* k* % k* +€>

i*=1k*Eg

1/2
— op (ngé—o/z (Zm 1 ”,§> ) +op(n /2

17’L

1/2
op<n5572)/2(§m71n ) ) + op(1)
i=1 "i

uniformly over 8 € ©~. This and (B.4) imply that for k € v N g,

0) Iy — M(a,7;0))y

Oxhi  H' (v,
= Ok}, H™ " (v,0)(IN — M(a,7;0))(Z(70)b(70) + €)
N 1/2
=604k} H ™' (1,0)(Z (’Vo)b(’vo)+€)+op(n(g e)/z(Zml é) )+op(1)
i=1"
= O]y H; ! ( Doz zk*+€z>
k*€vo

1/2
+op (nl(’f*@)ﬂ (Zmil "g) ) +op(1)

Lon;
1/2
=b;x+op (nEE—Z)/Z (Zm - n&) ) +op(1)
Lon;

uniformly over @ € ©~, where the last equality follows from Lemma 3 (ii)—(iv) and Lemma

4 (i). Hence, for k € v N o,

02{h} yH ™ (7,0)(In — M(c,v;6))y}>

)4

=2 top(n f(—Z:lZg))wp(l)

uniformly over 6 € ©~. Hence by Lemma 3 (ii) and (B.2), we have, for k € v N,

0
0 g (2108 L6007 )} |

(-5 5575 oo St (k) +

e — —
m

i=1
uniformly over 8 € ©.,. Hence we have, for k € v N g,

~ 1 m bik 1 m 5_[ Z;Zlnf
e = 5 e - o (Gmat)) o

M1

i=1

This completes the proof of (3.8), for k € yN~g
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It remains to prove (3.8), for k € v\ 7g. Let 8T be 8 except that {8, : k € yN~yg} are
replaced by {05 (a,7) : k € yN~p}. By (B.31) and Lemma, 6 (i)(iii), we have, for k € v\ o,

b H ™ (v, 07 M (0, 7;07)(Z (70)b(0) + €)

m
= Oph}  H™ (7,01 ) M(a, 7; eT)( ST b i +e)
i*=1k*e~vo

moplN1/2
— o (@@@)/2(21:1 né) ) top(1)
=17

uniformly over 8(y \ 7o) € [0, 00)4(7\70) This and (B.4) imply that for k € v\ 70,

Ok} H™(v,0") (I — M(a,v;6"))y

= O H (7,07 (T — M(a,7 0))(Z(10)b(10) + ©)
m N\ 1/2
= 0L H (0,00 ZG0)b(00) +9) oy (n 02 (Z2LL) ) oy

m &
=17

= Okzg’kHi_l(y, BT)( Z zi,k*b@k* +61)

k*Evyo

m a0 1/2
+ op (n@(‘f_e)/Q(ilel n1> ) +op(1)

m &
=17

m _plN1/2
— o (ngsfo/z (E:n;lng) ) +op(1)

=17
uniformly over 8(y \ y9) € [0,00)2(7\70) | where the last equality follows from Lemma, 3
(iii)—(iv) and Lemma 4 (i). Therefore,

23! 1 2 £—¢ 2ty nf
Op{h; , H™ (7, 0TIy — M(a,v;07))y}? = op (”1 (:;72:)) + 0p(1)
i=1"4

uniformly over 8(y \ 7o) € [0,00)4(*\70)_ Hence by Lemma 3 (ii) and (B.2), we have, for
k€ v\ 0,

2f O t.2 Ct e—ef 2itq "f
0% %{—ﬂogL(G L% a,7)} p = mbg + op i_zlni W + op(m)
= —1n;

uniformly over 8(y \ 7o) € [0,00)4(7\70) This implies that, for k € v \ o,

et =on( £ 3o (1)) o)

i=1 i=1";

This completes the proof of (3.8). Hence the proof of Theorem 3 is complete.

B.5 Proof of Theorem 4

As with the proof of Theorem 1, we shall focus on the asymptotic properties of 92 (e, ) and
{0k (a,7) : k € v}, and derive them by solving the likelihood equations directly.
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We first prove (3.9) using (B.1). By Lemma 6 (i), Lemma 6 (iii)—(v), Lemma 6 (vii),
and Lemma 6 (x), we have
(X (@0 \ @)Bo(ao \ @) + Z(30)b(10) + €)' H ™' (7,0) M (a,7; 0)
X (X (ap \ @)Bo(ao \ @) + Z(v0)b(70) + €)
= (X(ao\ )Bo(ao \ o +Z > b khzk+5) H™'(7,0)M(a,7;6)

1=1k€E~o

><( (ap \ @)Bo(ao \ @ +Zzbzkhzk+€)
i=1kE~o
:o(inf)Jrop( Z

m m
g )+0p( > 9—)+Op(p)
i—1 kk*eryo KUK kE~vo K

uniformly over @ € ©~. This and (B.30) imply
yH '(7,0)(In — M(a,7:0))y
= (X (a0 \ @)Bo(ao \ @) + Z(v0)b(v0) + €) H 1 (v,0)
x (In — M(e,7;0))(X (a0 \ @)Bo(ao \ @) + Z(70)b(70) + €)

= (X (a0 \ @)Bo(ao \ @) + Z(70)b(v0) + €) H™ (v,0)
x (X (a0 \ @)Bo(ao \ @) + Z(70)b(10) + €)

n

+O( n§>+0p( Z 9? )+Op< ;)*FOP(P)
P kVEk* k
i=1 k,k* €0

kE~o
= > Bolao \ @) Xi(ao \ @) H; ' (+,0) X;(a0 \ a)Bo(ao \ )
=1

+23 " Bolao \ @) X;(ao \ @) H; *(v,0)(Zi(v0)bi(10) + €)

1=1
+ > (Zi(v0)bi(v0) + €) H; (7,0)(Zi(70)bi(10) + €:)
=1

S oo 5 ) vl 5 ) oo

=1

12661"1‘2 Z 5;0dljn +OP(Z f)"l‘op( Z 0]:;;*)

i=ljcap\a

+o,,( > @) + Op(p +maq)

k€vo

uniformly over 8 € ©~, where the last equality follows from Lemma 3 (ii)—(iv) and Lemma
4. Hence by (B.1), we have, for v2 € (0, c0),

v‘*{%{—mogL(e,v?;a,v)}}
N(v _7+fz T 52,0d,3n)+op(zn§)
i=1jeag\a i=1
+0p( Z

m m
00 )+0p( > 9—) + Op(p + ma)
kk*evyo FURT k€vo ¥
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uniformly over 8 € ©~. This and Lemma 5 imply that for (&, ¢) € (0,1] x (0, 1],

2 €'e
) =+ Z > Brodigni
1—136040\04 (B.34)

m

1
+op<ﬁ an) +op<p +qu)

i=1

Thus (3.9) follows by applying the law of large numbers to €’ €/N. In addition, if £ € (0,1/2),
the asymptotic normality of 42 (a, ) follows by p+mq = o(Nl/z) and an application of the

central limit theorem to €’e/N in (B.34).
Next, we prove (3.10), for k € v N vp, using (B.2). By Lemma 6 (i) and Lemma 6
(iii)—(iv), we have, for k € v N g,
Oxhi  H ' (7,0)M(a, 7 0) (X (a0 \ @)Bo(a0 \ @) + Z(70)b(70) + €)
= Oxhj  H'(v,0)M(a,7;0)

X( (0 \ ®)Bo(ap \ @ +Z > bz*k*hz*k*“rE)

=1 ke
(€-0)/2
:op< 77%9 > + op (n<€ O/2- T)Jrop(ni_e/Q)
k*€vo BT
nle=0/2
= Op( Z ng) +op(1)
k*E€vo

uniformly over 8 € ©~. This and (B.30) imply that for k£ € v N o,

Ohf  H ™' (7,0)(In — M(a,7; )y
= Oih H ™' (7,0)(In — M(a,7;0))
x (X (ao \ @)Bo(ao \ @) + Z(70)b(v0) + €)
= Ok}, H™ ' (7,0)(X (a0 \ @)Bo(ao \ @) + Z(70)b(10) + €)
LE-0/2
+op< Z

) o)
k*€vo KT

= Opz]  H; ' (7,0) (Xi(ao\a)ﬁo(ao \a)+ Yz kb e +€i)

k*€vo
nl&=0/2
+0p( > 197*>+0p(1)

k*€E~o k

W(E-0/2

—batop( X ) e

k*€vo

uniformly over 8 € ©~, where the last equality follows from Lemma 2 (iii), Lemma 3 (ii)—(iii),
and Lemma 4 (i). Hence, for k € v N g,

R, H 0,00 (I = Mlai O = +op (3 78 ) +0,0)
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uniformly over 6 € ©~. Hence by Lemma 3 (ii) and (B.2), we have, for k € v N o,

0
2 2
0| o (~2108 20,750, |
2 —£
m 2 13

(a2 ) (D, 2 ) o)

i=1 i=1k,k*E~o

uniformly over 8 € ©,,. This and Lemma 5 imply that for k € v N g,
2 m
1 & by 1 _
=—> ﬁ *"p(* >ong e) + op(1).
mio Ve mia

This completes the proof of (3.10) when k € v N .

It remains to prove (3.10), for k € v\ 7. Let 8T be 6 except that {6 : k € yN~p} are
replaced by {0;(c,v) : kK € yN~v}. By Lemma 6 (i) and Lemma 6 (iii)—(iv), we have, for
ke€v\ o,

Ok H ™1 (7,0T)M(a,7;0") (X (a0 \ @)Bo(ao \ @) + Z(70)b(10) + €)
= Oxh}  H™ ' (v,6")M(a,v;6")

m
x (X(ao \a)Bo(eo \ @)+ > D bix grhis gr + 6)
i*=1k*Evo
= op(ny* 27T op(n %)

= op(n*97%) 1 0p(1)
uniformly over 8(v \ 7o) € [0,00)2(7\0). This and (B.30) imply that for k € v \ v0,
Orh}  H™(v,0")(In — M(a,;6))y
= Oxh)  H ™ (v,0")(In — M(a,v;6"))
x (X (a0 \ a)Bo(an \ @) + Z(70)b(70) + €)
= 0xh)  H™'(v,0") (X (00 \ @)Bo(0 \ @) + Z(70)b(0) + €)
+op(n{&™97%) 1 op(1)

= szé,kal(% D) (Xi(ao \a@)Bolao\ @) + D 2 pebj e + €i)
k*€vyo
+0p(n{* %) + 0p(1)
= op(n{s™9"%) 4 0p(1)

uniformly over 8(y\ o) € [0, oo)q('Y\“/O) , where the last equality follows from Lemma 2 (iii),
Lemma 3 (iii), and Lemma 4 (i). Therefore,

02{h] H (7,00 In — M(a,7;01))y}2 = 0p(nf ) + 0p(1)

uniformly over 8(v \ 7o) € [0,00)2(?\70). Hence by Lemma 3 (ii) and (B.2), we have, for
k€ v\ 0,

0 _
2 2, _ §—4
Qk{—aek {—2log L(GT,U ,a,w)}} = mbg + Op(ig 1”i ) + op(m)
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uniformly over 8(v \ vg) € [0, 00)40"\70) . This and Lemma 5 imply that for k € ~ \ 70,
- 1 & ’
() = op (o 30§~ )+ op(1).
=1

This completes the proof of (3.10), for k& € v\ ~vo. Hence the proof of Theorem 4 is complete.

C Proofs of Auxiliary Lemmas

C.1 Proof of Lemma 2

Let z; (5); s =1,...,q(7) be the s-th column of Z;(y) and H; ¢(v,0) defined in (A.4). For
Lemma 2 (i)—(ii) to hold, it suffices to prove that for k ¢ v and j,5* =1,...,p,

wg,ij,tl (7,0)z;i ; = di jn® + o(nf) + o(tnt ~27), (C.1)
- - —2
mg’jHMl(% 0)x; j~ = o(nf )+ o(tnf ™), (C.2)
- £)/2— £)/2—2
m;,jH@tl(’Yae)zi,k = O(n55+ )/ ™)+ o(tn56+ )/ i) (C.3)

uniformly over 8 € [0,00)%(*). We prove (C.1)-(C.3) by induction. For j = 1,...,p and
t =1, by (A.2) and (A1)—(A3), we have

OV, 2y (12 T
1ol o (1)%4,5%1,(1)%3,(1) 1,7
Ti i1 (v, 0z, = @ ;%55 —

1+00)2; (1)%i.(1)

= di,jnﬁ + o(ng) + o(nfiQT)
uniformly over 6 € [0,00)‘1(“/). For j,j* =1,...,p,j # j* and t = 1, by (A.2) and (Al)—
(A3), we have

0)®; j2i,(1)%] (1) %i.5"

/ —1 /
wi,jHi,l (v, G)mi7j* =T Ty x — ;
140012 (1)%i,(1)

= o(nf_T) + o(ng_QT)

%

uniformly over 6 € [0,00)4("). For j =1,...,p, k ¢ v and t = 1, by (A.2) and (A1)—(A3),
we have

0(1)®5 ;2i,(1) ] (1)Zi.k

/ —1 /
x, H: 7 (7,0)z; . =X, -2; 1. —
b Ha L (0 OZik = 1,520k L4+ 001)%; 1y %i,01)

— o(n$EHD/2T) | (€0 /227,

uniformly over 8 € [0,00)9(7). Now suppose that (C.1)~(C.3) hold for ¢ = r. Then for
j=1,...,pand t =r+1, by (A.2) and (C.1)-(C.3) with ¢t = r, and Lemma 3 (i), we have

-1
wé,jHi,rH(% 0)x;,;

—1 —1
Oy jHG 2 (1,02 (r41) %] (g Hi p (1, 0)4 5

/ —1
x; s H, (7, 0)z;,5 — —
1+ 9(7’+1)z7/l,(T+1)Hi,r (’Y’ B)Zi,(r+1)

= diJnf + o(nf) + o({r + 1}n5_2‘r)

%
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uniformly over 8 € [0,00)2("). For j,j* = 1,...,p, j # j*, and t = r + 1, by (A.2) and
(C.1)~(C.3) with t = r, and Lemma 3 (i), we have
-1
ap Hy (7, 0)@ 5+
—1 -1
Oy jHG (7,02, (r11) %] (1) H (7, 0)®i -

-1
=} H; (7,0)z ;- — y

1+ 9(r+1)zz,(r+1)H'b‘_v'f1 (7, 0)z; (r41)
= o(ng_‘r) =+ o({r + 1}71&_27)

7 7
uniformly over 6 € [0,00)?7(Y). For j,j* = 1,...,p, k ¢ v, and t = r + 1, by (A.2) and
(C.1)~(C.3) with t = r, and Lemma 3 (i), we have

—1
m;,jHiﬂurl (7, e)zi,k

0 x! H 1(v,0)z z! H 1(v,0)z
-1 (r+1)%® 5 0 D26 (r4 1) 24 (rg1) Hi,r 0 9)Z00K
a’;,jHi,r (v g)zi,k -

!

1+ e(rﬂ)zl’(TH)H;f (1,0)2; (r41)
(§+€)/2*2T)

i

= o(n T2y L o({r + 1}n
uniformly over 6 € [0, oo)q(V). This completes the proofs of (C.1)—-(C.3). Hence the proofs
of Lemma 2 (i)—(ii) are complete.

We finally prove Lemma 2 (iii). Without loss of generality, we assume that q(v) = g,
t =q, and k = (¢). Then by (A.2),

—1 —1
Oy @i i Hi g (1,0)2; () = 9<q>{m2,jHi,q-1<% 0)z;,(q)

Q(Q)mg,jHi_,ql—l O, g)zia(Q)zz{,(q)Hi_,ql—l (7, 0)zi,q
B L+ 0() 2] () Hig-1(7:0)i (o) }
Oy} Hy o1 (1,0)% (g)
1+ 9(q)z/.’(q)H;;71(~y, 0)2; ()

K2

where we note that H(q) can be arbitrarily small and the dominant term of the denominator
of the last equation can be equal to (i) Q(q)zg (q)Hi_qlil('y, 0)z; (g or (ii) 1. For the case

of (i), Q(q)nf — oo by Lemma 3 (i); hence, using Lemma 2 (ii) and Lemma 3 (i), we have

Oy @i H g (1,0)2; () = o(n{s~0/27T),

and thus

— £ —T
) JH 1 (1,0)% (g) = o(n{"T9/27T),

For the case of (ii), 0(4) = O(ni_[) by Lemma 3 (i); hence, using Lemma 3 (i), we have

—1 0)/2—
0(q) i Hi g (1,0)zi,(q) = O(e(q)"z(‘g+ T,
which also gives the following two results:

— 0)/2—T1
) JH1(7,0)z; () = o(n{*TO/27T),
_ —0)/2—
b0} Hy ) (1,0)2; (q) = o(n(*~7/277),
In conclusion, we have
—1 —0)/2—
0oyt Hi g (1,0)2; () = o(nis /27T,

(£4+0)/2=7) ©4)

—1
i H; 4 (1,0)2 (g) = o(n

uniformly over 0 € [0, 00)9. This completes the proof.
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C.2 Proof of Lemma 3

Let 2; (5y; s =1,...,q(y) be the s-th column of Z;(v) and Hj 1(7, 0) defined in (A.4). We
first prove Lemma 3 (i). By (A.4), it suffices to prove that for k ¢ ~,

2 Hi N(,0)2; 1, = ¢ pnf + o(nf) + o(tni>7), (C.5)

[
and for k, k* and k # k*,
Y

2 Hi N(7,0)2; = = o(n ") + o(tn>7) (C.6)

uniformly over 8 € [0,00)4(7) by induction. For t = 1 and k ¢ ~, by (A.2) and (A2), we
have

! H(7,0) ! (I KORACRAN )
z o H  (7,0)2 ) = 2 sz g
Lt PRTER T T 02 ymy )

012} kZi,(1)%] (1) %i.k

= z/. Zik —
wks 1+0(1)2] 1)2i,(1)

ci,knf + o(nf) + o(nff%—)

uniformly over 8 € [0,00)4("). For k,k* ¢ v and k # k*, by (A.2) and (A2), we have

0(1)%{ 1k Zi,(1) %, (1) Zi. k>

’ —1 /
z; o Hy 1 (1,0)2 o = 25 23 kx — 7
’ 14+01)2; (1)%i,(1)

= o(n{ ") +o(n;?7)

uniformly over 6 € [0,00)9(7). Now suppose that (C.5) and (C.6) hold for ¢ = 7. Then for
k¢~yandt=r+1, by (A.2), and (C.5) and (C.6) with t = r, we have

1 1
zipHy o (,0)z ) = 2  H 0 (7,0)z

—1 —1
041 o H i (1,002, (r11) %] (py 1y Hi p (1:0)Zik

—1
L4 00q )2 oy Hip (1:0)25 (ry1)
= ¢; pnf + o(nf) + o({r + 1}nf27)

i

uniformly over 8 € [0,00)9("). For k,k* ¢ ~ and ¢t = r + 1, by (A.2), and (C.5) and (C.6)
with ¢t = r, we have

—1 -1
z;kaim_,’_l('y, 0)z; j+ = zz/',kHi,r (7, 0)z4, o~

—1 —1
0(r+1)z§,kHi,r (v B)Zi1(T+1)z;,(r+1)Hi,r (7, 0)Z; -

1+ 9(r+1)z1{’(r+1)H1‘_’1} (7,0)Z; (r41)
)+ o({r + 1}nt27)

%

l—T
i

o(n

uniformly over @ € [0,00)7("). This completes the proof of (C.5) and (C.6). Hence Lemma
3 (i) follows from (C.5), (C.6) with ¢t = q(v) and ¢ = o(n] ; ). This completes the proof of
Lemma 3 (i).
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We now prove Lemma 3 (ii). Without loss of generality, we assume that ¢(y) = ¢ and
k = (q). Then by Lemma 3 (i) and (A.2),

2 -1 _ pn2 -1
O i) Hig (0 0)2i(q) = (’(q){zﬁ,(q)Hi,qﬂ(% 9)2i,(a)

—1
_ 9(q)(ZQ,((;)Hz‘,qA(“fv‘9)Zi,(q))2 }
1+ e(q)z;,(q)Hi_,gfl(% B)Zi,(q)
—1
007 @ Fia—1(10)2i )

= O(O?q)nf)

140 % (g Hi g (1 0)2iq)

k2

uniformly over 0 € [0,00)9. Again, by Lemma 3 (i), we have

~1
9(2q)z£,(q)Hi,q—1(% 0)z;,(q)

02,2 o HL 0, 0)2: ) = -
(@@ o L+ 00y %] (o Hig1(1:0)2i(g)

40
1+ H(q)z;’(q)H;ql_l("/, O)zi7(q)

=0 —

uniformly over 0 € [0,00)9. This completes the proof of Lemma 3 (ii).
We now prove Lemma 3 (iii). Without loss of generality, we assume that ¢(v) = gq,
k= (q), and k* = (¢ — 1). Then by (A.2),

—1
0)0(q-1)%i () Hi g (1:0)2i (4—1)
1
= 0(‘1)9(11*1) {zé,(q)Hi,q—l (’Y, g)zi,(Q*l)

!/

-1 -1
B e(q)zz,(q)Hi,q—l(% 0)zi7(Q)z§,(q)Hi,q—l(’Y’ 0)z;,(q-1) }

1+ e(q)z;,(q)Hgl—l ('y, G)Zi’(q)

-1
G(Q)e(q_l)z;,(q)Hi,qfl(’Y’ O)Zi,(q—l)

14+ G(q)z£7(q)H;;_1(7, B)Zi,(q)
-1
_ 0(q)0(a—1)%] () Hig—2(1:0)2i (g-1)
1+ H(Q)z;,(q)Hiqu—l(% 0)z;,(q))(1 + a(qfl)z;,(qA)H;,ql—Z(% 0)z; (q—1))

where we note that 6,y and 6,_1) can be arbitrarily small and the dominant term of the

denominator of the last equation can be equal to
. —1 -1 .
@) O(q)0(q-1)%} () Hiig-1(7:0)2i ()%} (g 1) Hi g—2(1,0)2i (g1
s l -1 / -1 .
(i) 0192} (g)Hi g—1(1:0)2i,() + 0(g-1)%i (q—1) Hi,q—2(7 0)Zi (g1
(iii) 1.
For the case of (i), Q(q)nf — oo and H(q_l)nf — 00 by Lemma 3 (i); hence, using Lemma
3 (i), we have

-1 —f—
0(0)0(a—1)%i,(q)Hirg (1:0)%i (q—1) = op(n; " 7),
which also gives the following two results:
—1 _
e(q)z;’(q)Hi’q (’Yv o)zi,(q—l) = OP(”i T)v

2 (o Hi g (10)zi g1y = op(n; 7).
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For the case of (ii), G(q)nf — 00 and 04y = O(n;Z) (or vice versa) by Lemma 3 (i); hence,
using Lemma 3 (i), we have

/ —1 —
0(9)0(a-1)%i, () Hirg (1 0)2i (g—1) = op(B(g—1)n; )
which gives the following three results:
-1 —f—
0(9)0(q-1)%i,(q)Hirg (1:0)2i,(g-1) = op(n; ),
—1 _
e(q)z;,(q)Hi,q (7,0)2i,(g-1) = op(n; "),
Zi () Hi g (1,00 (g—1) = op(n; " 7)-
For the case of (iii), 0(4) = O(n[e) and 0(4) = O(n;Z) by Lemma 3 (i); hence, using Lemma
3 (i), we have
/ —1 —
0()0(q—1)%i,(q) Hig (1 0)2i (q—1) = op(0(g)0(q—1)7; ")
which also gives the following three results:

e(q)e(qfl)z»/i,(q)H;ql(’Y? 0)z; (q—1) = op(n; 77,

0a)%1, () Hi g (1:0)2i,(q—1) = 0p(n; ),
z;,(q)Hiqu(% 0)zi,(q—1) = Op(nfir)-

In conclusion, we have

e(q)e(qfl)z;,(q)Hiqu(’Y? 0)z; (q—1) = Op(nfe#),
9q)2i, (o Hig (1:0)2i (q—1) = 0p(n; ), (C.7)
2 (o Hi g (1,0)zi (1) = op(n )

uniformly over 0 € [0, 00)4. This completes the proof of Lemma 3 (iii).

We finally prove Lemma 3 (iv). Without loss of generality, it suffices to prove Lemma
3 (iv) by replacing H;(v,0) with H; 4_1(v,0) with q(v) = ¢, k = (¢ — 1), and k* = (q).
Then by (A.2),

—1
e(q—l)zz{,(q—l)H'L,q—l (7,0)2;,(q)

1
- 0@‘1’{z§,<q—1>Hz,q72<%H)Zixq)

—1 —1
B 9(q—1)zi,(q71)Hi,q—2(% 6))zi,(q—l)zi,(qf1)Hi,qf2(“77")zi,(q) }
L+ 0(g-1)% -1y Hig 2 (1 0)2i,(g-1)

—1
O(q—1)%,(q—1)Hiq—2(1:0)%i (q)

—1 .
1+ G(q—l)zg,(q—nHz‘,qu(% 6)z;,(g—1)

Hence, Lemma 3 (iv) follows from Lemma 3 (i) and arguments similar to the proof of (C.4).
This completes the proof.

C.3 Proof of Lemma 4

Note that for k=1,...,qand j=1,...,p,
¢/2y

£/2y

3

/
€z = Op(n

)

/
e;x; ;= Op(n
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Lemma 4 (ii)—(iii) then follow arguments similarly from the induction and the proofs of
Lemma 2 (iii) are hence omitted.

We next prove Lemma 4 (iv). Let 2z (s) be the s-th column of Z;(v) and H; ;(v,0) be
defined in (A.4). Without loss of generality, we assume ¢(vy) = ¢g. Hence by (A.6), Lemma 3
(i), and Lemma 4 (ii), we have

2 e(k)e/'H'_klfl(’y’e)zi,(k)z/‘ & H ! (v,0)
L H[ H(7,0)¢; = ele; - ik HCohE

!

-1
=1 L1400y 2 1y Hy 17, 0)2i, (k)
ele; + Op(q)

uniformly over @ € [0,00)9. This completes the proof of Lemma 4 (iv).

It remains to prove Lemma 4 (i). Again, without loss of generality, it suffices to prove
Lemma 4 (i) for ¢(y) = g and k = (¢). Then by (A.2),

1
Q(Q)efLHi,q—l(’y’ 0)z;,(q)

1+ e(q)z;,(q)Hz, 1_1(’7, G)zi’(q) '

—1
Oq)€iH; 4 (1,0)2;,(g) =

Hence, Lemma 4 (i) follows from Lemma 3 (i), Lemma 4 (ii), and arguments similar to the
proof of (C.4). This completes the proof.

C.4 Proof of Lemma 5

We show the lemma for («,v) € Ag X Gg, where the proofs with respect to the remaining
models are similar and are hence omitted.

Let z; (5) be the s-th column of Z;(v) and H; (v, 0) be defined in (A.4). Without loss
of generality, we assume that q(v) = ¢ and Z;(y0)b; (7o) = D7

s:q7q0+1 zi,(s)bi,(s)‘ It then
suffices to prove that for (a,v) € Ag x Go and v2 > 0
~2log L(8,v%; 0, %) — {~2log L(6),v%; 0,7} £ oo, (C.8)
as both N — oo and 0 — 0 for some k € {g—qo+1,...,q}, where 68 =(0,.--,0,0(g—go+1),00-- > g(q)’o)/7

and 0,) o being the true value of 0(3); s=q—qo+1,...,q Note that by (A.3) and (A.1),
we have

q
det(H;(v,0)) = det (Ini + Z G(S)Zi,(s)zé,(s))
s=1

= det(H; q—1(7,0) + 0(4)Zi ()%} (g))
= det(H; q_1(7,0))(1 + e(q)za(q)H;ql_l(% 0)zi (q))-

Continuously expanding the above equation by (A.1) yields

q
log {

s=

log det(H; (v, 0))

1+ 9(8)2«';—’(5)}1;51_1('77 g)zi,(s))}
1

q
= D log(l+0(5)2] (o) H; o1 (7,0)2i (5)),
1

s=
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where H; o(v,0) = In;. This together with (2.7) and (B.4) yields for (a, ) € Ag x Go and
fixed v > 0,

—2log L(G,U2;a,v)

y'H1(v,0)A(a,7;0)y
2

= Nlog(2n) + N log(v?) + log det(H (v, 8)) +
v

m g
= Nlog(2n) + N log(v?) + Z Z log(1 + G(S)ZZI',(s)Hi_,sl—l(% 0)z; (s))

i=1s=1

(Z(10)b(70) + €)' H ' (7,6)(In — M(a,7;6))(Z(10)b(70) + €)

+ .
2

Hence, we have, for (a,v) € Ag X Go,

~21ogL(8,v?; %) — {~2log L(8),v?; 0, %)}

m q 1462, (S)Hi_sl_l(% 0)2; (s)
-2 > e )}

s=q—qo+1 1+ 0(5),04,(5)1{1’_,31—1(77 93)%,(5)
1 _
+ 5 (Z(10)b(v0) + &) {H '(7,0)(In — M(,7;9))

1
— H '(7,0))(In — M(a,7;6))}(Z(70)b(70) + €),

where

(Z(70)b(v0) + €)' {H 1(7,0) Iy — M(a,;6))

~H Y(7,0))Ix — M(c,7;600))}(Z(70)b(70) + €)
= b(0)'Z(70) {H ™1 (,0)(Iy — M(a,7;0))

—~H™Y(~,00)(Ix — M(a,7;60))}Z(70)b(70)
+2b(70) Z(v0) {H ' (v,0)(Ixy — M(a,7;6))
~H (7,6))Iy — M(a,7;6]))}e
+{H ' (7,0)(In — M(a,7;0))
~H Y(7,0})(In — M(c,~:6))}e.

Hence, for (C.8) to hold, it suffices to prove

€{H ' (v,0)(In — M(c,7;8))

-1, of | (©9)
—H™ " (7,0))(InN — M(a,7;0())}e = Op(m)
uniformly over 0 € [0,00)¢ and
m q 1+0(3)z; (S)Hi_slfl(’% g)zi,(s)
Z { Z log ( /’ 7—1 f )}
i=1 " s=q—qo+1 1+ e(s),Ozi,(s)Hi,s—l(’y’ oo)zi,(s)
(C.10)

N ULZ (b(VO)IZ(VO)'{H_l(% 0)(In — M(a,v;9))
—HTO, 08)(11\’ = M(a,; O(T)))}Z(Vo)b(%)) + Op(m) £ oo,

as both N — oo and G(k) — 0 for some k € {¢—qo + 1,...,q}. Before proving (C.9)
and (C.10), we prove the following equations, for h; j being defined in (2.5) and k =
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g—q +1,...,q
¢ H™(v,00)h; (1)h} (o H ' (7,0)e = Op(1), (C.11)
€' H™1(7,0)h; (1 k) oy H ™1 (3, 05) M, 7:0)e = 0p(1), (C.12)
and
¢ H™1(7,00) X (a)(X(a) H(7,0)X ()~} 13
.13
x X () H™1(7,00)h; 1y oy H 1 (7,0)€ = 0p(1),
¢ H™1(7,00) X (a)(X(a) H(7,0]) X (a)) ™
x X () H™ (7, 0)h; (1) b () H' (7,00) X () (C.14)

X (X () H™ 1 (3,0)X () "' X (a) H™ (7,60)e = 0p(1)

uniformly over 8 € [0,00)9. It suffices to prove (C.11)—(C.14) for k = ¢. For (C.11) with

k = q, we have

elH_l(’W Gg)hz,(q)h; (q)H_l('y’ 9)6

= {e}H; 1 (1,00)2; (o) 12 () Hi ) (v, 0)ei}

= egH»_l “/70T Zi (
{€iH; (1,002 ()} L+ 00y 2] o Hi 1 (1:0)2i (o)

= {0p(n; 1 {0p ()15
= 0p(1)

z;,(q)Hiqu—l(A/’ O)e; )

uniformly over 6 € [0,00)?, where the second last equality follows from Lemma 3 (i) and

Lemma 4 (i)—(ii). For (C.12) with k = ¢, we have

6IH71(’77 G)hi,(q)h; (q)H71(77 HS)M(Q’ Vs 0)6

= {e}H, J (7,0)z; () Y1}, () H ™' (%, 05) M (a,7; 0)e

_ ( Elin-_’qlil(’)/, O)Zi,(q) )(z;,(q)Hi,ql(’Y? Bg)X’L(a))
L+0(q)2] (g Hig—1(1:0)2i (g) (Zf2y nf)1/2

. ( ™ xi(ayHi,;(v,e)xi(a))—l( 1 Xi(e) Hy ) (7,0)e;

m 3
i=1"

(7, n§)1/2

= {Op(Nf/Q)}lx1{0(71#/24)}1Xp(a){T_l(Of) +{o(n i) p(a) xp(a) }

x {0p(D)}p(a)x1
= op(1)

uniformly over 8 € [0,00)9, where the second equality follows from (2.9) and (A.5) and the
third equality follows from (A.7), Lemma 2 (iii), and Lemma 4 (ii)—(iii). For (C.13) with
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k = q, we have

€H ™ (v,00)X (a)(X (a) H(7,0) X (a)
x X () H™!(v,00)hy (g h) (o H (7, 0)e

/

( T H, (7, eé)xxa)) ( ™ Xi(a) Hy My, e)xi(a))—l
(S n§)1/2 mons
§ (Xz-m)’H;;(% egm,(q))( 2 (o Hig—1(1.0)ei )

(X, né)1/2 1+ G(q)zz’.’(q)Hi_,lil('y,H)ziy(q)

= {0} 1 xp(e) 1T H@) + {0l ) p(e) xp(en o > piay 1
x {0p(nt"*)}1x1
= op(1)

uniformly over 8 € [0,00)9, where the second equality follows from (A.7), Lemma 2 (iii),
and Lemma 4 (ii)—(iii). For (C.14) with k = g,

€H1(7,00) X (a)(X () H™1(7,00)X () "1 X () H (v, 0)hy 4
X R (o HH(31,00)X (0)(X (a) H™ (7,0) X (0)) "' X () H~ ' (7, 6] )e

_ ( i e;Hi,;w,eé)Xi(a))( Z”1Xi<a>/Hi,;<me$>Xi<a>>—1

(o, )2 o
y ( Xi(@) Hy y 1 (7,0)2; (g ) (z;,(q)Hi,ql O, 9$)Xi(a))
(7 )21+ 9(q)zz/-’(q)Hi—,1,1(% 0)z; (¢)) (o, né)1/2
y ( T Xi(@) Hy (3, e)xi(oo)fl( T Xi(@) Hy (3, 93>ei)
i1 "f i ”5)1/2

= {OP(I)}I Xp(oz){T_l(a) + {O(n;l;rn)}p(a)Xp(a)}{o(nf/27‘r)}p(a)><1
x {0l ) M xp(a) {T (@) + {o(ny ) o (e xp(a) HOP (D} pay x1
= op(1)

uniformly over @ € [0, 00)4, where the second equality follows from (A.7), Lemma 2 (ii)—(iii),
and Lemma 4 (iii). This completes the proofs of (C.11)—(C.14). We now prove (C.9). Note
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that

¢ {H(7,05)M(0,7;0]) — H™'(v,0)M(a,7; 0)}e
= {H 1 (v,6))M(a,7;6]) — H 1 (v,6])M(a,;6)
+H ™ (7,60)M(a,7;0) — H™'(7,0)M(a,;0)}e
= & {H " (v,60)M(a,7;6]) — H™(v,60)M(a,7; 0)}e + 0p(m)
¢ H™1(7,00){M(a,;6{)
~ X(o)(X () H™1(7,0)X () "1 X (o) H™1(7,6]) (C.15)
+ X ()(X () H™1(7,0) X (0)) "1 X (a) H (v, 6])
— M(c,7; 0)}e + op(m)
= & H ' (v,0]){M(a,:6})
— X(0)(X () H™ (,0) X (0)) "' X () H™ 1 (+,6)) }e + 0p(m)

= op(m)

uniformly over 0 € [0, 00)9, where the second equality follows from (C.12) that

E{H 1(7,6]) — H 1(,0)}M(a,~;6)e

= H 1 (7,0){H(v,0) — H(v,00)yH (v,60)M(a,~;60)e
m q

= Z Z Oy *G(k),o)e’H_l(%9)hi,<k)h2,(k)H_1(%GS)M(amG)e
i=1k=q—go+1

= op(m)

uniformly over 0 € [0,00)9, the second last equality follows from (C.13) that

¢ H™1(+,00){X ()(X(0) H™1(7,0) X () "' X (a) H(,6})
~ M(a,7;0)}e

= ¢ H ™' (7,6))X (0)(X () H™ 1 (7,0) X () "' X ()/
x {H™1(+,60) - H (7,0)}e

m q

S Y Oy — Oy H (7, 60) X (a) (X (@) H™ 1 (7,00) X ()
i=1k=q—qo+1

x X () H™Y(7,0)h; ()b, (1) H ™ (7,00) X (a)

7

= op(m)
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uniformly over 6 € [0,00)9, and the last equality follows from (C.14) that
¢ H™(7,00){M(a,~:6)
- X(a)(X(a) H™(,0)X (0)) "1 X (a) H™}(7,6])}e
= ¢ H ' (7,0)) X () {(X () H™}(+,6) X (a))
— (X(a)H1(7,0)X () "1} X (a) H™ (7,0} )e
= & H ' (7,00) X ()(X(a) H 1 (7,00) X ()" X () {H 1 (,6)
— H ™ (7,0))} X (a)(X () H™(7,0)X(0)) ' X () H™ (v, 6])e

—~ =

m q
=5 S0 Oy — O H L(4,60)X () (X (0) H™1(7,6]) X (a)) ™}
i=1k=g—qo+1

X X (@) H™1(7,0)h; (bt oy H ™1 (7,00) X (@) (X (@) H™}(7,0)X () !
x X (a) H(7,6))e
= op(m)

uniformly over 0 € [0, 00)4. Also, by (C.11),
€{H '(7,0) — H (,6])}e
= ¢H 1 (7,0)){H(7,60) - H(v,0)}H ' (7,0)e

m q
=> > A0 —OwreH (v 9$)hi,(k)h§,(k)H_l(% 0)e
i=1k=q—qo+1

= 0p(m)

uniformly over 6 € [0, 00)?. This together with (C.15) gives (C.9). We now prove (C.10). As
with the proof of (C.15), we have
b(y0)' Z(0) {H " (,60) M (e, 7: 67)
Y0)' Z (7o v,05) M (o, v; 8}
— H ™ '(7,0)M(a,7;60)} Z(70)b(10) = op(m)

uniformly over 0 € [0, 00)9. Hence

b(70)' Z(v0) {H ' (7,0)(In — M(a,7;6))
— H '(+,60)In — M(a,7;6]))}Z(70)b(70)

= b(70)'Z(v0) {H 1 (7,68) — H™(7,60)}Z(70)b(70) + 0p(m)
m q

=D D (05,0 —05)b(10) Z(v0) H ' (v,0)h; (5
1=1s=q—qo+1
x h'

Lo H 1100 Z(70)b(0) + 0p(m)

uniformly over 8 € [0,00)9. Hence, for (C.10) to hold, it suffices to prove that for k =
q—qo+1,...,qand i=1,...,m,

( 1+0(k)z£ (k)Hz'_,klf1(’770)zi,(k) )
log :

-1 T
L+ 0(k),0%], (1) Hi k-1 (7, 00)2i, (k) (C.16)

=op (b(vo)’Z(vo)’H_1 (7, O)hi yh gy H (7, 9$)Z(vo)b(vo)> :
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as both N — oo and 6y — 0 for some k € {g —qo + 1,...,q}. It suffices to prove (C.16)
for k = ¢q. By Lemma 3 (ii)—(iii), we have

b(70)'Z(10) H™* (3, 0)h; () B, (o H™ 1 (4,05) Z(70)b(70)
b (n2  HTY (y,0)z,
i,(0)%4,(9) T i,q—1\ Y%, (0) ) / —1, ot
= = {zi () Hi g (1,00)Zi(70)bi(v0)}
({1+e(q)z£7(q)H17;_1(77e)zi,(q)} i,(q) " i,q 0

—1
- ( bi’(Q)zg,(q)H%q—l(% 0)zi () )(bi,(Q) +op(n._£_7)).
1+ G(q)zg’(q)Hf,ql_l(% o)zi,(q) 9(‘1);0 ‘

Hence, for (C.16) with k = ¢ to hold, it suffices to prove that

| ( 1 +e(q)zg,(q)H;’l_l(’y,G)Ziﬁ(q) ) ( z;,(q)H’Zl—l(779)zi,(Q) )71
og — —
L+0(g),0% (o Hig—1 (1, 00)2i (q)/ N1+ 00y %] () Hi g1 (1:0)21,(0)

— 0,

as both N — oo and 6,y — 0, which follows from Lemma 3 (i) and L’Hospital’s rule. This
completes the proof of (C.16). This completes the proof.

C.5 Proof of Lemma 6

We first prove Lemma 6 (i). For ¢,¢* =1,...,m, (a,7) € A X G and k,k* € 7, we have

6k6k*”§,k11 (776)]” (O‘a'we)h‘i*,k*
Zm X 4(04)/Hv (")/7 O)Xi(a) 1
i=1“*1 i

m &
i=1"7

- (9kz;7kH;1(v,e)X¢(a))(

y (Qk*xi*(a)’Hi:I(w, G)zi*’k*)

m &
i=1"]

= {0(”56_0/2_T)}1 xp(a) {Tﬁl(o‘) + {O(”r;;rn)}p(a)xp(a)}

()
Xeo| ———
:’ll TLE p(a)x1

%

<nz(_§e)/2nl(_§e)/zr>
o

m &
i=1"
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uniformly over 8 € ©,, where the second equality follows from (A.7) and Lemma 2 (iii).
Similarly, by (A.7) and Lemma 2 (iii), we have

Orhf  H ™ (7, 0) M (a,v; 0)hi= =

S Xi(a) Hy H(v,0) X (a) ) -1
m 3
=17

= Ozl iH (0,00 X (@)

y (XMa)'H;l(v, e)zi*,k*)
i1 "f

= {O(’I’ng_e)/Q_T)}l xp(a) {T_l(a) + {O(n;;rn)}P(a) XP(OC)}

ol =
?;1 nf p(a)x1

(ngg—é)/2n§§+l)/2—f )
o

m &
i=1"

uniformly over @ € ©~. Further, by (A.7) and Lemma 2 (iii), we have

h’;,kH_l("/, 0) M (e, v; 0)hjx jo»

S Xi(a) H (v, 0)X(a) ) -1

m 3
i=1"

= (00! (,0) X))

« (Xi* (@) H: ' (7,0)z i )
=1 "f

= {O(n7(;£+e)/2_‘r)}1 xp(a) {Til (o) + {O(n;l;rn)}p(a) Xp(a)}

()}
N\ Tm e
i=1" p(a)x1

<ngg+z>/2n§§+e)/2f )
o

- m €
=17

uniformly over 8 € ©. This completes the proof of Lemma 6 (i).
We now prove Lemma 6 (ii). For i,i* = 1,...,m, (a,7) € Ax G, k € v and k* ¢ ~,

Oh}  H ™' (v,0)M(a,v; 0)hye jor
Sy X(0) Hy (7,0) X () ) -1

m &
=17

= (ekzz’-’kHjl('y,G)Xi(a))(

m 3
i=1"

“ (Xi* (@) Hi: ' (7,0)zi g )

= {O(ngg_e)/Q_T)}l Xp(a) {T71 (a) + {O(n;l;rn)}l)(a) XP(O‘)}

{ (n§§+2)/27)}
1\ s e
i=1 "7 1xp(a)

<n5§z)/2n§§+e)/27>
=0

- m &
i=1"4
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uniformly over @ € ©~, where the second equality follows from Lemma 2 (ii)—(iii) and (A.7).
Similarly, by (A.7) and Lemma 2 (ii)—(iii), we have

i H ™' (7, 0)M(a,v; 0)hys g

m () H 7 (v,0)X;(a)\ !
= (Ol 10,0 () (R 0O R

=17

« (Xi*(a)lHi_*l('Yva)zi*,k*)
i1 ”f

= {o(n{ET0/ 2*T>}1Xp<a>{T—1(a> T {o(n;:nnp(aw(a)}

(0 /2=
x <o Lt——— T E
zi=1ni p(a)x1

<n§g+z)/2n§§+e)/27 )
=0

m €
i=1"7

uniformly over @ € ©~. This completes the proof of Lemma 6 (ii).
We now prove Lemma 6 (iii). For (a,v) € A X G and k € 7,

ekh;,kH_l(’Yvo)M(av’Y;e)e
_ (akZQ,kHi_l(vﬂ)Xi(a))( ™ Xi(a) H (v, G)Xi(a))—l
IR S
7 Xi(@) Hy ' (7,0)e;
" ( (7 n$)H/? )
{o(an/Z—T)}l Xp(e) {Tﬁl(a) + {O(n;lz—n)}p(a)Xp(a) }{Op(l)}p(a)xl

K3

~/2)

= op(n;

uniformly over @ € ©~, where the second equality follows from (A.7), Lemma 2 (iii), and
Lemma 4 (iii). Similarly, by (A.7), Lemma 2 (iii), and Lemma 4 (iii), we have

h;’kH_l('y, 0)M (a,v;0)e
_ (zé,kal(W)Xi(a)) (Z?;lXAa)’H;l(mo)Xi(a))*l

(S, n§)1/2 ™ nf
S X () Hy Ny, 0)e;
“( (o, )12 )
= {0t ")} wp(a) {T*l(co + {07 )Y p(a) xp(a) }{opu)}p(a)xl
B 02
—Op(ni )

uniformly over @ € ©~. This completes the proof of Lemma 6 (iii).
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We now prove Lemma 6 (iv). For (a,v) € (A\ Ag) X G, k € v,

Oxh)  H ™ (7,0)M(a,7;0) X (a0 \ @)B(ag \ @)

Yy Xi(@) Hy (1,6) X (o) ) -

m &
i=1"4

= (00! (,0) X))

y (Z?ll Y jeno\a Xi(@) H (7, e)wi,jﬁj,o)

zmzlnf
m §—T
- -7 — —T i=1"
= o e {71 + (ol bty epten o o )}
=11, p(a)x1

= {0 e {T*(co + {0l ) pa) xp(a) }{o(n;{r.)}p(a)xl
= o(n{E0/27T)

uniformly over 8 € ©~, where the second equality follows from (A.7), Lemma 2 (i), and
Lemma 2 (iii). Similarly, by (A.7) and Lemma 2 (i) and (iii), we have

k] H™'(y,0)M(a,7;0) X (ag \ @)B(co \ @)
S X(0) Hy H(v,0) X (a)\ 7!
( )

= (Oxz  H; ' (7,0)X;(a) Nt
i=1"

(zzil Y icana Xi(@) H; (7, e>wi,jﬁj,o)
X ™ 3
=17

= Lo 2T e {T*l(a) + {0l ) pa) xp(a) }{o(n;{n»p(a)xl

— op(alEHO/2T)

uniformly over 8 € ©~. This completes the proof of Lemma 6 (iv).

We now prove Lemma 6 (v). For (a,v) € A X G, we have

¢ H " (v,0)M(a,7; 0)e
m e Y (y, i ™LX () Hy N, () 1
:( i1 € H; (’79)X())( 1 Xi(e)'H (WO)X())

(e n§)L/2 Sy ng
™ Xi(a) Hy (v, 0)¢;
) ( (S, né)1/2 )
= {0} 1xpa) {T—1<a) LT ey xa(a) }{opu)}p(am
— 0p(p(a))

uniformly over @ € ©~, where the second equality follows from (A.7) and Lemma 4 (iii).
This completes the proof of Lemma 6 (v).
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We now prove Lemma 6 (vi). For (o,v) € A X G and k ¢ ~, we have
h’;;’k;Hil(’W O)M(CV, v 0)6

_ (z;,kHil(w)Xi(a))( e Xz‘(a)/Hi_l(’Yve)Xi(a))_l

(e n§)1/2 myns
S Xi(a) Hy (v, 0)€;
(e )
s {T—1<a) T {o(n T ) (e (e }{opu)}p(am
¢/2
:Op(nz‘ )

uniformly over @ € ©~, where the second equality follows from (A.7), Lemma 2 (ii), and
Lemma 4 (iii). This completes the proof of Lemma 6 (vi).
We now prove Lemma 6 (vii). For (a,7) € (A\ Ag) X G, we have

€ H™(7,0)M(a,v;0)X (a0 \ @)B(ap \ @)
( il e<H.‘1(v,6>Xi(a))( i Xi(a)/H'_l(’Yve)Xi(a))_l
_ =1 %7774 =1 7

(7, n$)1/2 ™y ng
y (Z?A 2icao\a X;(a) H (v, 9)mi,jﬂj,o)
(7, n$)1/2

= {OP(I)}lxp(a) {Tﬁl(a) + {O(n;];rn)}p(oz)xp(a)}

(S 50
~((£)"7)

uniformly over 8 € ©, where the second equality follows from (A.7), Lemma 2 (i), and
Lemma 4 (iii). This completes the proof of Lemma 6 (vii).

We now prove Lemma 6 (viii). For 4,i* = 1,...,m, (a,v) € A X G and k,k* ¢ v, we
have

h;;,kHil('Yv H)M(az v e)hi*,k*
Sy Xi(a) Hy (v, 0)X;(a) ) -1

m ¢
i=1"7

— (L 00X ()

m 3
i=1"

y (Xi*m)’H;l(v, 0>zi*,k*)

= (o2 e {T—l(a) + {o(n;:n>}p(aw(a>}

{ (”ESH)/QT)}
X Oop\ ————F
Z;'n:l nzg p(a)x1

(A
Op

m &
i=1"

uniformly over 8 € ©~, where the second equality follows from (A.7) and Lemma 2 (ii).
This completes the proof of Lemma 6 (viii).
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We now prove Lemma 6 (ix). For (a,7) € (A\ Ag) X G, k ¢ v, we have
R} H ™' (7,0)M(a,7;0) X (ag \ @)B(ag \ @)
Sy Xi(0) Hy ' (7,0)Xi(a) ) -

- (zé,ka(v,o)xi(a))(

ey ”f
(Z?Ll > jeaoa Xi(@) H (7, 9)%,]'5]30)
x m €
i=1"

— {2 e {T—1<a> + {o(n;{n>}p<a>XP<a>}

X {O(n;:—n)}p(a) x1
(a2

uniformly over 8 € ©., where the second equality follows from (A.7) and Lemma 2 (i)—(ii).

This completes the proof of Lemma 6 (ix).
We finally prove Lemma 6 (x). For (a,7) € (A\ Ag) x G, we have

Blao \ @) X (ag \ o) H™1(~,0) M (a,7;0) X (ap \ @)B(0 \ @)
™ Xi(a) H (v, e>xi(a>)*1

:(i 3 Bj,osc;,jHjl(v,e)Xi(a))( = o

i=1jcap\a i=1"
-1
(Z;ﬂ:l Zjeao\a X’i(O‘)/Hi (77 O)Xi(a)wiyj )
X S
i=1"

Il
—
Q
7N

[
3
o

3
N——
—

- {T*(a) + {0 oy xate) }{o(n;{n»p(a)xl
i=1 1xp(a)

Il
S
A~
NgE
3
~on
|
3
~—

uniformly over 8 € ©~, where the second equality follows from (A.7) and Lemma 2 (i). This
completes the proof.



