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Abstract

For 1 <i<r, let F; be the cumulative incidence function (CIF) corresponding to
the ith risk in an r-competing risks model. We assume a discrete or a grouped time
framework and obtain the maximum likelihood estimators (m.l.e.) of these CIFs
under the restriction that F;(t)/F,.,(t) is nondecreasing, 1 <i<r—1. We also
derive the likelihood ratio tests for testing for and against this restriction and obtain
their asymptotic distributions. The theory developed here can also be used to inves-
tigate the association between a failure time and a discretized or ordinal mark vari-
able that is observed only at the time of failure. To illustrate the applicability of our
results, we give examples in the competing risks and the mark variable settings.

Keywords Competing risks - Cumulative incidence function - Likelihood ratio test -
Chi-bar squared distribution

1 Introduction

In a competing risks setting, a unit or a subject is exposed to several risks at the
same time but their actual failure (or death) is due to exactly one of them. In a study
with a mark variable, interest is in exploring the association between the failure time
of a subject and the level of a mark variable that is measured only when the subject
fails (or dies). What is observed is (7, §), where T is the time of failure and 6 is the
cause of failure or the level of the mark variable at the time of failure.

In these situations, statistical inferences are typically based the CIFs, the sub-sur-
vival functions (SSF) or the cause specific hazard rates (CSHR) corresponding to
these risks. The CIF due to the ith risk is a sub-distribution function that is defined
as
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F)=PIT<t,6=il,i=12,...,r, (D)
with F(¢) = ZF ;(¢) being the distribution function of 7. Here, r is the number of
i=1
competing risk or the number of the levels of the mark variable. Its corresponding
SSF and CSHR are defined, respectively, as

S =P[T>t,6=il,i=12,....r,

and

. 1
. =1 — Plt<T A =i|T>t].
A;i(®) A}To Al [t<T<t+At,6=i|T>1]

Note that S(r) = ZS () and A(r) = Z/l (#) represent the survival function and haz-

ard rate of 7, respectlvely In the contlnuous case, the ith CIF can be expressed in
terms of the CSHR by the following relation:

F(t) = / A)Sw)du,i=1,2,....r. )
0

Similar relations hold also in the discrete case.

Many tests are available for comparing the CIFs corresponding to competing risks.
For the case of r = 2, El Barmi et al. (2004) and Aly et al. (1994) used Kolmogorov-
Smirnov type statistics for this situation in the continuous case while El Barmi and
Kochar (2002) developed a LRT for the same problem in the discrete or grouped data
situation. Extensions of these tests to the r-sample case (» > 3) have also been consid-
ered in El Barmi and Mukerjee (2006) and in El Barmi et al. (2006) in the general and
the discrete/grouped data case, respectively.

Most of the methods that have been developed in the literature for comparing the
CIFs are based on their differences. However, when interest is in the comparison of the
conditional distributions of T given the different risks, these difference are not suitable.
In this case, as pointed out in Dauxois and Kirmani (2003), interest should be in the
temporal functions ¢;(t) = F,(t)/F;,,(),i=1,2,. — 1, since ¢;(¢) is proportional
toh;(t) = P[T <t|6 =i]/PIT <t|6 =i+ 1]anditis nondecreasing if and only if 4;(¢)
is also nondecreasing. This is the case if and only if the conditional distribution of T’
given 6 = i is stochastically larger than the conditional distribution of 7 given 6 =i + 1
in the reversed hazard rate ordering. This implies, in particular, that the distribution T
given 6 = i is stochastically larger than the conditional distribution of 7 given 6 =i + 1.
For more on the reversed hazard rate and stochastic orderings, see Shaked and Shanthi-
kumar (2006).

The aim of this paper is to develop in the discrete/grouped data case the LRTs of H,,
against H, — Hyand H, against H, — H, where

H, : ¢,(t) is constant, i=1,2,...,r—1,
H, : ¢(r) is nondecreasing in t, i=1,2,...,r—1,
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Comparison of competing risks using the ratio of their CIFs 1069

and H, imposes no constraints on these CIFs. We note that H, holds if and only
if 7" and 6 are independent. We will also consider testing H; : Fy =F,=...=F,
against H, — H].

Discrete failure times arise in competing risk and mark variable studies when the
recorded times to failure are grouped in intervals. A discrete mark variable can result
by grouping a continuous mark variable in intervals or observing an ordinal categorical
variable at time of failure.

To our knowledge, very little attention has been given to the problem of testing
for or against H,. The only test that we are aware of is a nonparametric test, devel-
oped in the general case for H, against H; — H, when r = 2, in Dauxois and Kirmani
(2003). Recently, Al-Kandari and El Barmi (2022) derived the nonparametric m.l.e.s
of the CIFs under H, in the continuous case and showed that they are inconsistent.
They also developed projection type estimators that are consistent, studied the weak
convergence of the resulting process and proposed a test for Hj against H, — H;j.

Besides many applications in the health sciences, our procedure has potential
applications in industrial accelerated life tests. For example, when comparing dif-
ferent brands of a component from two different suppliers, the components may be
tested in series. The components are functioning in the same environment and their
times to failure are generally dependent. The system in this case will fail as soon
as one of the components fails. The theory we develop here will allow us to test
whether these components are of the same quality against the ordered alternative,
thus leading to early identification of weak components.

The rest of the paper is organized as follows. In Sect. 2, we obtain the m.l.e.s of
the CIFs under H,,, H, and H,. In Sect. 3, we derive the LRT statistics for testing H,,
against H, — H and H, against H, — H, and study their asymptotic distributions. To
illustrate the theory given in the previous sections, we shall present, in Sect. 4, two
examples, one from a competing risks study using some data from Hoel (1972) and
one from a clinical trial study designed to investigate the association between sur-
vival and a mark variable. Throughout we use _ to denote convergence in distribu-
tion and we assume that 0/0=0.

2 Maximum likelihood estimation

Suppose that n individuals are exposed to r risks and that their times and causes of
failure form a random sample from (7', 6). Assume that the failures can only occur at
the discrete time points 7, <7, < ... <1, and let p; and d;; represent the probability
of failure and the number of failures from the ith cause at time #;, respectively. We
also assume that the time point #,, is large enough that all individuals have died by
this time.

Then

J
F)=PT <t,6=i)= Y ppi=12..rj=12...m. 3)
=1
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1070 H. El Barmi

In this section, we derive the m.l.e.s of these CIFs under the hypotheses H, and H,.
Fori=1,2,...,r,letp; = (p;1,Pins --- »Piny)" - The likelihood function is given by

room
L(p,,py,..-»P,) x HHPZU

i=1 j=1

since, in this case, {d;,1 <i<r,1 <j<m} has a multinomial distribution with
parameters n and {p;, 1 <i<r,1 <j<m}. J
Clearly the unrestricted m.lL.e. of p;; is p; = 7‘7, the relative frequency of the event
' J

{T =1;,6 =i}, and the unconstrained m.l.e. of F(7;) is Fi((i) = Zi”f'
£=1
To find the m.Le.s of the p;s under H,, and H,, we reparametrize the problem by

letting

6=~ i =12 m— 1, and 6, = )= 1.2 .1
U_F[-([j+])’ S Rt AR ’J_ 9Ly vy ’ im — iNlim/s b T e e el

so that, fori=1,2,...,r,
pa=[]0; and py=1-0, )[]057=2.3.....m. @)
¢=1 ’=j

In terms of this new parametrization, H, and H, are equivalent to

Hy: 6,,=0,=..=0,;j=12,....m— l’zei’” =1
i=1

Hy: 0;<0y<..<0.j=12_..m-1)0,=1
i=1

and the likelihood function is

J
m—1 r Zdlf r m
Lo[[IIa-op o™ xT6 =L@
j=1 =1 i=1 j=1

where 6, = (6, 0,, ... ,Hrlj)r,j =1,2,....m,

J

r Zdif r
= . diy
L6) =[Ja-op% 0= j=12...m-1,L,8,) =[]0
i=1

i=1
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andd;, = Zdij,i =1,2,...,r. As such, L factors into m terms and a careful inspec-

tion of the constraints corresponding to the hypotheses H,, H, and H, shows that
maximizing L under these hypotheses is equivalent to maximizing each term sepa-
rately from the remaining terms.

It straightforward to see that, under H,,L; i maximized at

9(2) (053), 0;2), ,ég))r where, for1 <i<r,

-

s _ )4
gif = Zdif

d;, 2 .
j = Fi(tm)’ J=m.

L

Under H,,, Lj is maximized at 91(.0) (9(0) 0(0) ,ég)))T where [forl <i<r,

j>72°
ro
> D d Zd,HF(r)
S Lj=12 ., m =1,
A0) roj+l
HU = ZZd,’f Zdz+F(t+l)
i=1 /=1
v _ 7 -
o= Fi(t,), j=m.
Under H,, maximizing L;,j = 1,2,. — 1, is the classical bioassay problem, as
discussed in Robertson et al (1988) p. 32 Its solution is given by
9<1> <98)’92) 9<1>) [9<2> ]

the least squares projection of 9;2) onto tkle cone TI ={zeR :7,<,L...L2z}
with welghts w; = (F (ti41)s Fz( 41)s e ,Fr(tjﬂ)) .In addition, L,, is maximized by
0(1) din = fr (t ),i=1,2,...,r. In passing, we mention that several algorithms
have been developed for computmg the least squares projection E, [9 |I]. They
include the pool-adjacent-violators algorithm (PAVA) and they are discussed at
length in Robertson et al. (1988). We have the following theorem

Theorem 1 The m.l.e. of (p;,p,,....P,) under H,s=0,1, is given by
(f)(;), f)(;), ,f)S”) where, fori =1,2,...,r,
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1072 H. El Barmi

A(” He(” and p(s) ( 01(;) 1) HG(S),] =23,...,m. )

In addition, the m.le. of F(t)) is F(S)(t) = ZA(S).

Proof The m.l .e.s in (5) are obtained by plugging the m.le.s of the 6;s under
H,s=0,1,into (4). O

3 Likelihood ratio tests

In this section, we derive the LRTs for testing H,, against H, — H, and H, against
H, — H,. We will also show that their limiting distributions are of chi-bar squared
type and give the expression of the weighting values.

3.1 Testing Hyagainst H, — H,

We begin by testing H,, against H; — H,,. The LRT in this case rejects H|, for small
values of

J

A0
HLj(ej ) m—-1 r é(O) Zd‘/ 1_9(0) ij1
ij

_ Jj=1 _ i |£=1
Ay = m o - H 2 P 1o
[[z@ = =L !
j=1

because the m.l.e. of 6,, is the same under both H, and H,. Equivalently, it rejects H,,
for large values of the statistic

Ty, =—2log(Agy)
mor j o 1-6W

_ Ji %
=2 Z Z <; dij> log 70 +d;log 70

1-—

Expanding log(élfjl)) and log(éi(;))) about @i(jz) and log (1 - é;j.”) and log (1 - 9;@)

about 1 — 9;.2) using a Taylor expansion with a second remainder, we get, using the
properties of the isotonic regression (see Robertson et al. 1988),
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m—1 r d.. 2
i +1 A N
:ZZ l{ o1 +—— }(9;@—9;‘”)
j=1 i=1 a %
fl tf x/+1 A A0) 2
(6 -a)
2 ij ij
31/ 4,ij
m—1 r 0(2) 1— é(Z) 5
Y nF | ==+ — (07 - 0
a2 a2” /) y
j=1 i= L,ij 2,ij
0 -EP |
O 20 o)
(X2 2 ) g
3,ij 4.,ij
where
A2 A2 A0 A2
max { oy ; = 0 lay = (1 = 0|} <169 - 6.7 ©)
and
A2 A(2) A(l) A(2)
max { la ;= O, |y = (1= 071} < 16 - 671, ™

When H, is true, the right hand sides of (6) and (7) go to zero almost surely. This

implies that T}, is asymptotically equivalent to

m—1 r 7
S R
4 . ( 0(0)) y y y y

=1 i=l é(o) 1 -

~

-1
3y M(g@_@@f
& &)

where the last equality holds because

®)

r 2 r 2 r )

7 A2 _ A0 7 A2 _ A 7; AL _ 70
ZF"(IJ‘“)(% 0y > - ZF"(IJ‘“)(% — 9 > +2Fi(fj+1)<9ij ~0; )
i=1 i=1 i=1

by the properties of isotonic regression (see Robertson et al., 1988). The right hand

side of (8) can be expressed as
m—1 r F (t +1)

LYooy

545 9(0)< 9(0))

Using the central limit theorem, we get

[Vile =00) = (8 ~e,)
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1074 H. El Barmi
A A A Td

Vapl —plpl —pl, ... p7 —p7] SN, 5) ©)

where T = (Gil.ilviziz) with o;; .. =p;; (6 i, = Pij,)- Here, 6;; ;. is the Kro-

necker delta. i.e. 5i|j|~i2j2

= 1if (i;,j;) = (i,,/,) and O otherwise.

Straightforward but tedious application of the delta method gives under

Hy:0y=0y=..=0,=0"j=12..m=1,%0,=1,
’ i=1
5 o
A2 0
\/n 0, 792 SN(0,T) (10)
NE N
Om—l - em—l
where 0" = (0", 01", ...,0”),T = diag (I';, T, ..., T,._)) where
= diag (v;115Yi22s -+ Vi)
with ;= 9(‘”(1 —0(0))/F( tio)j=1,2,...,m—1. This implies that, if

Xpl<i<r, 1 <j<m-1, are mdependent random variables such that X; has

N(097/l,]j) X (XIJ’XZJ’ .. er) and W — (Fl( +1) Fz( +1) F( +1))
J= 1,2,...,m— 1, then
m—1 r +1) N . i
5 EUD [ a—0)-vRao -o,
j=1 =1 Hij 1- 0 )
m—1 r
d Fi(ti1)
- ©) = © [ W,-[ i|I]i—X,]
i=1 =1 9ij ¢! —Hij )
d m—1 r 5
- Z [Ew/ [Xj|I]l —X]] [Var X )]
j=1 i=1
m—1
= 2 To,
Jj=1
where
Y. — Z::=1 WiJXtJ
! Z::1 le
and

r

Toj= [Ew, Xi17], -

i=1

_12 —1
XJ] [Var (x,)] ) =
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Comparison of competing risks using the ratio of their CIFs 1075

Since, under H,,, the time until failure 7" and the cause of failure 6 are independent,
w; = F(t,,,)q where ¢ = (P(6 = 1),P(6 =2),...,P(6 = ). Careful scrutiny then
shows that

r ~ .12
Ty = zqt'[Eq,-[Xj|I]i_Xj] J=12, m =1,
i=1

where )?ij are independent zero mean normal variates with Var ()?ij) = 1/g, for all
(i1, X; = (X}, Xy, ..., X,)" and

! 2;1 qi .

The 7|, ;s are independent and the exact distribution of T}, ; is given in Robertson
et al. (1988). It is a chi-bar squared distribution, that is, a mixture of chi-squared dis-
tributions, mixed over their degrees of freedom. Specifically, for all # > 0,

% Zle 9:X;j

P(Ty; 2 0)= Y P(Z,r,QP(x}_, > 1) a1
=1

where y2 =0 and P(Z,r,q) is the probability that the least squares projection of
Xj with weights q onto Z has exactly £ levels. Putting all this together leads to the
following theorem that shows that the asymptotic null distribution of 7}, is a chi-
bar-squared distribution. Its weights on the various chi-squared tail probabilities are
obtained by convoluting the r sequences of level probabilities corresponding to the
T, s

Theorem 2 IfF = (F,|,F,, ..., F,) satisfies H, for any t > 0,

r(m—1)

lim P(Tyy > 1) = Z P&, 1, P}y 2 1) (12)
=m—1
where
m—1
P'(¢,r,q) = D [1r¢.r0
1<y C 0l +E 0+ A+, =C =1
and x5 = 0.

Clearly the null limiting distribution of 7};; depends only on the distribution of
6 through the weights P(Z, r, q). These weights, also known as a level probabili-
ties, are sums of products of normal orthant probabilities. In general, they do not
exist in a closed form. However, when ¢, = ¢, = ... = g,, they do not depend on
q in which case it is omitted. In addition, they satisfy in this case the following
recurrence relations:
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1076 H. El Barmi

P, )= 1P
r
where P(0,r — 1) = P(r,r — 1) = 0. For more on this, see Robertson et al. (1988).

Remark 1 When r = 2, it is easy to show that

/@ H(2)
6 = 0% A W'/H + 0y F1(6+1) F(tj+1) 13
Bytiy By, F(;j+1)
and
~ pD H(2) A N
W07 + W0 Byt F,)
9(1) 0(2) J lj T2 A2 i1 V- i1 (14
Wy + Wy Fy(t,)  F(ty)

where F=F +F, and A and Vv are used to denote the max-
imum and the minimum, respectively. In this case
P(1,2,q) = P(1,2,q) = 1/2,P(Ty;; 2 1) = %P(;{l2 >1,j=12,...,m—1,and

m—1
lim P(Ty; > 1)= ) (’"; ! >2"”+1P(;(§ >1).

This implies that the LRT statistic is asymptotically distribution free over H,. In
passing we mention that, in general, the test procedures that involve inequality con-
straints do not result in asymptotically distribution free (similar) tests. As a result
they tend to be conservative over much of the null hypothesis region.

Remark 2 The weight P*(Z, r, q) depends on the unknown distribution of §. It can be

approximated by P*(Z,r,§) where q© = (d,, /n.d,, /n,....d,. /n)T is the m.Le.
r(m—1)

of q under H,,. The expression Z P&, r, qO)P(x;_ (n_1) 2 1) converges as n goes

=m—1

to infinity to the right hand side of (12) and it does provide in general a good approx-
imation for it. Numerical simulations can be used to approximate its weights. For
more discussion on this, see Robertson et al. (1988).

Consider now testing H{ against H; — Hjj. In terms of the new parameterization
H* reduces to 01j 0, b =0, ,] =1,2,...,m.The m.l.e of Qj under Hg, denoted

70 70 A0 (0) T
by@ " =(0,",0,’,.. 0 ), 1sg1venby

1j 72
A0 .
go_ [0 i=12m=1,
i) L j=m,

r

and é[(j()) is defined before. This implies that the LRT rejects H for large values of
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Comparison of competing risks using the ratio of their CIFs 1077

y : 1/r
Ty =T =2 Zdi+ 10g<9(2) >,

¢=1 im

where Ty, is also defined before. When Hjj is true, (8) and an application of a Taylor
expansion with a second order remainder of log <6A?l(i)) around 1/r show that asymp-

totically, 77, is equivalent to:

m—1 r nF( +1)

2 2 500 50,

= 9(0)(1 9(0))

-y S s

i=1,2,...,r}is arandom sample from N<O, %(1 - %)),then

1=-1

In addition, if {X;

m?

r

—1 D_q1/) S = y —1 r) ~
2(1/r)<1—1/r><9 1) - Toun = 24 (7t =17 o - 1/r)°

and Ty, is independent of the Ty ;,1<j<m-—1. Since, under
Hj.q, = q, = ... = q, = 1/r, the weights in (11) do not depend on q and hence

P(Tyy; > 1)= Y P(Z.r)P(x2_, 2 1),
¢=1
This leads to the following theorem.

Theorem 3 [IfF = (F,|,F,, ..., F,) satisfies H}, for any t > 0,

r(m—1)

lim P(Ty, 2= Y, PC.DP(x7,, , 21) (16)
=m—1
where
m—1
P, r = > [1re.n
1<E, Lo lpl\+ oot AC,=C j=1
and y* = 0.

3.2 Testing H,againstH, — H,
Next, we consider the problem of testing H; as a null hypothesis against H, — H,

where H, imposes no restrictions on the parameters. The likelihood ratio test
rejects H, in this case for large values of
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1078 H. El Barmi

J

m
A(1)
HLJ(QJ ) m—-1 r é(l) Zd’/ 1— é(l) ije1
0= T _, L1f s 1-09

because the m.l.e. of 0,, is the same under both H, and H,. Equivalently, it rejects H,,
for large values of of the statistic

Ty, = —2log(A},)

m J 0 1-6%

- i i
222 <;dii> log P10 +djlog _ oW
= i

Jj=1 i=1 ij 1

Define on D = {1,2, ..., r} the quasi-order <, which requires that j; <, j, when
J1<Jjpand 0; =0, Deﬁne also Zy to be the cone of isotonic functions on D
with respect to the qua51 -order <. In what follows we assume the X;; has now
N(0,6,(1 = 6;)/F(t;1,)) and define P (¢, r,w;) to be the probability that E[X;|Z, |,
the least squares projection of X onto I,, with welghts w; has exactly 2 levels.

For F = (F|,F,,...,F,), let PF(A) denote the probablhty of the event A when
F,F,,...,F, are the true population CIFs. We have the following distributional
result.

Theorem 4 IfF = (F|,F,, ..., F,) satisfies H,, for any t > 0,

r(m—1)

lim Pp(Tyy 2 0= ) Pogy(6. o WEDP(LS,, ), 2 1) (17)
=m—1
where 0(F) and w(F) are the values of (0,67, ...,0" )T and wi,wi,...,wl T

corresponding to F,

m—1

Py (£ 7, W) = > [1Pow@ 7 wE)
1<E ) Loyl p 1+ gt A, =C =1

and )(2 = 0. In addition,

r(m—1)

lim Pp(Tyy 20 < Y PP, ), 21) (18)
Z=m—1
where
m—1
P&, F) = D [P r.w@)

V<E) Loyl plrtlgt .. AL = j=1
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Comparison of competing risks using the ratio of their CIFs 1079

and P,r,w; (F)) is the probability that the least squares projec-
tion of (XII’X2/’ ,)N(ri)T, a zero mean normal vector with disper-
sion  diag (1/F(t;11), 1/Fy(t;y)), ..., 1/F. (), onto I  with weights
(Fi (), Fy(ti ), ... . F(13,,)" has € levels.

Proof Expanding log(éi(jl)) about 9;.2) and log(1 — éfjl)) about 1 — 9;.2) using a Taylor
expansion with a second remainder, we get, using the properties of the isotonic
regression (see (Robertson et al. 1988)),

1 r
n 149 d;; . N2
n- g 3 { Bt ki -ap)
J=1 =1 ﬂly ﬁZ,ij

where
max { |ﬁlz] - é,(JZ)L |ﬂ2,g,‘ -(1- él(Jz))| } < |é§jl) - éf]2)| (19)

When H, is true, the right hand side of (19) goes to zero almost surely. This implies
that T}, is asymptotically equivalent to

m—=1 r F( ) A A
Yy i) nE(ty (e(l) 9;?))2. 20)

=E 60062

Arguing as in the proof of Theorem 5.2.1 in Robertson et al. (1988), we find that
(20) is equal, for large n with probability one, to

er: Fit,y)) ( [\/—(Aa) 9,)IIe,]l_—\/Z(ét(j2)_HU))2

52 52
and converges in distribution to

m—1 r
F‘(j+1) <
— [ |Io ) T12
where, forl <j<m-—-1,
o Fit) 2
Ty = X grir=ay (o N%a) = X0)

Now Lemma A on page 321 in Robertson et al. (1988) implies that
" - L \2
Ty = 2 Filt) (B [R1T5), %)) = 1.2, om = 1,
i=1

where X = (X, j,ij, . ,j)T and )?ijs are independent zero mean normal variates
with Var (Xy) =1/F,; @t ]). Since Ty, ;s are independent and
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1080 H. El Barmi

Pp(Typ; 2 1) = ) Po (€ r, W(FDP(rZ_| > 1)
i=1

for any ¢ > O (see (Robertson et al., 1988)), (17) follows by a direct computation of

m—
PF<ZT12J > z>

j=1
To show (18), notice that Z is a subset of Ie. for all i.. Hence

Tyoy= D Fit +1)<E X17], - ) ZF( +1)(ij X1, —)”(,.j)>2 =T,
i=1
Since

Pe(Typ; > )= Y P, W(EDP(rZ_, > 1)
i=1

and the 7‘12’1- are independent, (18) follows also by computing PF<ZT 12/ )

Corollary 1 :When r = 2, if F satisfies H,, then

M
. M\ 1
nlLI?OPF(le >1) = Z < 7 >2—MP()(; > 1)

=0

where x5 =0and M = card {j,0,; = 0,;}. Moreover

m—1
. m—1
,}Ln;PF(lew)s;O( p >2m1P(f>t) 1)

Proof Plugging (13) and (14) into (20) shows that T, is equivalent to

-1

3

n n 2
| V@3 = 87 v o] 22)

.
Il
—_

where

I:—'(t» )F(l ) 2 f?‘(t ) F(t )
_ MlG)f Gy 2 M) i+l j=1,2,....m.

F)  |A070-02) 000 -03)
Using (9) and the delta method, it is easy to show that, when 8,; = 6,; = 6,, then

NG (2)]—>Y
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0,(1 - 0)F(1;,,)

F(ty)Fy (1)
Otherwise it converges to —co. In addition the ¥;s are independent. This implies that
(22) converges in distribution to

where Y] has a normal distribution with mean zero and variance

Fi(t, DF,(t )
Z 011]+19 ;]4—1 [YJVO]ZI 2 [ZJVO]Z
{j;9|;=92j} j( B j) (t-i'H) {j;91j=02j}
where Z,j = 1,2,. — 1, are independent standard normals The first conclusion

follows 1mmed1ately by computing P<Z{19] 0,)) [Z VO] > t) To show (21),

notice that, since M <m — 1,

m—1
Y [Zvo< Y (zvol
[j;91j=02j} i=1

The result now follows since

m—1 m—1
P<Z[Zjv0]22t>= ( >2m PG > 1).
i=1 =0

This corollary provides an upper bound on the Type I error and give a method for
investigating the behavior of lim Py(T), > ) for various F that satisfy H,. In shows

in particular that, for F that satisfies 6,; < 6,;, for all j, lim Pg(T, 2 1) =0

O

4 Examples

In this section, we discuss two numerical examples that are designed to illustrate the
theory developed in Sects. 2 and 3.

4.1 Example 1

For our first illustration, we consider the mortality data on RFM strain male mice as
reported in Hoel (1972). We consider two risks with the second risk being cancer
and take the first risk a combination of all other risks. The failure times are grouped
into m = 6 categories. Thus, r = 2 since we have two risks and m = 6 time periods.
The data as well as the m.L.e.s of the p;s under the different hypotheses are give in
Table 1.

Since r = 2, the null limiting distribution of the LRT statistic, T}, for testing H,,
against H, — H,, is given in Remark 1. Its value is 1.619 corresponding-to a p-value
of 0.63. To test H, against H, — H,, the value of T}, = 6.857 corresponding to a
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Table 1 Estimated probabilities under H,, H, and H,

No. Interval dy;

; d, ~(2) ~(2) 5 5O 5 5

i Py P Py Py Py Py

1 (0, 350] 15 18 0.1515 0.1818 0.1313 0.2020 0.1211 0.2158
2 (0, 350] 6 7 0.0606 0.0707 0.0517 0.0796 0.0485 0.0839
3 (0, 350] 6 0.0606 0.0404 0.0398 0.0612 0.0485 0.0480
4 (0, 350] 8 18 0.0808 0.1818 0.1035 0.1592 0.1012 0.1614
5 (0, 350] 2 12 0.0202 0.1212 0.0557 0.0857 0.0545 0.0869
6 (0, 350] 2 1 0.0202 0.0101 0.0119 0.0184 0.0202 0.0101

p-value of 0.0638 based on (21). Evidently, unless H, holds, one should not test H,,
against H, — H,. We include here for illustration purposes.

4.2 Example 2

In our second example, we consider some data from a randomized study conducted
by the Adult AIDS Clinical Trials Group (AACTG) to evaluate two combination
antiretroviral treatments in terms of their ability to suppress HIV viral load. The
failure time,7,, in this case was defined as the time from randomization until plasma
HIV levels rose above 1000 copies/ml. At failure a measure of acquired mutational
distance during the trial was obtained. This distance is a measure of the accumulated
HIV genetic resistance due to treatment exposure and is only obtained when a sub-
ject fails. Gilbert et al. (2004) normalize this distance so that it lies in the interval
[0, 1]. For our purposes we discretize the normalized distance measure, call which
we call V, and consider r = 3 groups. A subject is classified as belonging to group 1
if Ve (0,1/3], to group 2 if V € (1/3,2/3] and to group 3 if V € (2/3, 1]. We also
consider m = 3 failure time intervals and j = 1if T € (0,5],j =2 if T € (5,20] and
j=3if T € (20;50].

The data and the m.L.e.s of the p;s are given in the following two tables (Tables 2,
3).

Hence, we have r = 3 and m = 3, In this case the data satisfies H, since the m.l.e.s
under H, and H, are equal. The value of the test statistic for testing H, against
H, — H,is 0.8959. To compute the p-value in this case, we use simulations to esti-
mate the weights in (12) after replacing q by %, its m.l.e. under H,,. The estimated
weights are (0.1241, 0.3497, 0.3524, 0.1507, 0.0231) and the estimated p-value is
0.51.

Table 2 Estimated probabilities

under H, Interval dy; dy; dy; ﬁ(l? ﬁg) i)(;)
0, 5] 5 7 7 0.1111 0.1556 0.1556
(5, 20] 6 5 4 0.1333 0.1111 0.0889
(20, 50] 4 4 3 0.0889 0.0889 0.0667
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Table 3 Estimated probabilities under H, and H,

Interval dy; dy; dy; ﬁﬁ?) ﬁ(;,’-) [3(3?) ﬁ(l,]f) ﬁ;) 13(3 ;)
0, 5] 5 7 7 0.1407 0.1501 0.1314 0.1111 0.1556 0.1556

(5,20] 6 5 4 0.1111 0.1185 0.1037 0.1333 0.1111 0.0889
(20, 50] 4 4 3 0.0815 0.0869 0.0667 0.0889 0.0889 0.0667
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