Supplement of ”Outcome Regression-based Estimation of
Conditional Average Treatment Effect”

Lu Li' - Niwen Zhou? - Lixing Zhu?3*

1 Theoretical Results

Give some notations first.

(1) C and M stand for two generic bounded constants, = is the o-field gen-
erated by Xi1,..., X1n-

(2) eri = Y — E(Y(y)|Xi), 7e(21) = E[E{Y|D = t, X}| X, = x1], Z' = Bl X
fort=0,1andi=1,...,n.

(3) Write K, (Xh;x) as Kip(X1); Ko (Xi;fj) as Kop(X; — X;), and

Kun(Zi — Z;) as Ky (Zhi)

In the two-step estimation procedure for CATE, the second step involves, for
i=1,...,n, the quantities:

Kin(Xu) = Y wigKin(X1y).
J:jFi

We call it the estimator of K1j,(X1;). In different circumstances, w;; can be
different. Take OR-N as an example, and write w;; as wl]}] :

1
N i on (Xi = X5)

n
LS Kon(Xi — X;)1(D; = 1)
nh2 =

that depends on X1,..., X, only.
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Lemma 1 Given assumptions (C1) - (C4) in Subsection 2.1 and (A1) - (A4)

in Subsections 2.2-2.3,
Op(h2)
Zihgmzh (Xi — X5 (1)

_’LU

wl v =0 for || X; — Xi||oc >

PROOF OF LEMMA 1. By assumption (A2), w
ha (Abrevaya, Hsu and Lieli 2015). Suppose that ||X — Xilloo < hg. For all j,

we define
- 1
1) = Z%j] Kon (X = X;).

It is clear that
ﬁ Z:IK% (Xi — Xj)

~ ﬁf(zh (Xs — X;5) ﬁth (Xi — X5)
Wi = = - X
i (Di =1) n;llg ;th (Xi — X;) (D; = 1)
T}LEK2h (Xi — Xj)
TG
(2)
Then we have
|w£\; —wﬁ
= e R oK) U R L (- X)] | L
nhy | p(X;)f(X5) PIX3) F(X0) nhy PX)F(X5) P(X ) f(Xi)
1 1 " 1 _ 1

< i Vo (i~ X"{p(x o
1

*‘mxj)f(xj) f(X }
PXHF(X;) — p(X;) f(X;

BX)Ip(X;) F(X5) F(X5)
‘p(Xi)f(Xz‘) — p(XH) (X))
p(X)p(X) F(Xa) f(X5) | [
3
Under conditions (C1)-(C4) and (A1)-(A4) for nonparametric estimation, :

~ s logn
sup|f(Xi) — f(Xi)| = Op <h22 +1) 2 ) ;
@ ’th2

PG F(X3) — p(Xi) f (X
PXP(X:) (Xi) f(X)

=P | Kan (Xi — X5)] {

A s 1
sup|p(X;) —p(Xi)| = Op <h22 + Zig) ’
Since s > p > 2, assumption (A3) implies that sup|f(X;) — f(X;)| = 0p(ho2)
K3
)| = op(h2). By the mean value theorem,

and sup[p(X;) — p(X
PX;) F(X5) — p(X5) F(X;) 1 su = ) .
PPN TN |- RN P (X)) Jp’p NI =PI 05

J J
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where p(X;) is a quantity between p(X,) and p(X;), similarly, f (X /) is also a
quantity between f ( ;) and f(X;). Owing to that f and p are bounded away
from zero, supp; -2 I 2 = Op(1). After a simple calculation, we have

J

~ 1
Sup ‘p (X ’ = <h32 Zi;) = op(h2).

Therefore,

POGT,) NG| PO — X F (K|

Py = =0p ) — = =0p :
i | PXG)p(X5)f(X5) f(X;) i | p(Xa)p(X3) F(X3) F(X5)

As for the last term in (3), noticing that f and p are continuously differentiable
on its compact support and bounded away from zero, we have ’ f(zl)lp(ml) - f(zz)lp(wz)

M|z — 2||oo for all 21,29 € X and a constant M > 0. || X; — Xi|[ec < ho
O(hs). Combining all results yields (1). O

. 1 _ 1 _
leads to | Fymxs f(XJ-)p(X-)‘ =

PROOF OF THEOREM 2. We can rewrite mq (X;)—mo(X;)—7(z1) as {m1(X;)—
T1(x1)} — {mo(X;) — 70(z1)}. Then based on (2.2),

nh’f (T(z1) — 7(21))

Z Kip (X14) {[m1 (X)) — m1(@1)] — [Mo(X:) — 7o(z1)]}

nh’f i=

j

ﬁ Z Kip(X1i) (4)

nhk _Z K (X1a) {1 (Xe) — 71(21)] = [0 (Xi) — mo(x1)]}

- o (1+ 0p(1),

ﬁ

as

Sup| h’“ Zth (X13) = f(z1)] = 0p(1).
1 4=1

First, deal with {f(X;) — 71 (21)} in (4). It is clear that

Zth (X14) [m1(X;) — 71(21))

nhlz 1

S {ZKUL (X14) [m1(X5) — ml(Xi)]—f—Zth(Xli)[ml(Xi)—7'1(11)}} (5)

\/E =1

1
= ([n,l +In,2)-
nhlf

A simple calculation yields that

_ 1
Ina| < sup i (X) —ma(Xo)| — Z |K1p (X140l -
x

nhl' 1 4=1
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W~

As hy — 0 and %h,fl; |K1n(X1:)| = Op(1), we then have \/#’fjn’l =
Op(

1

§

¥) = 0,(1). Thus, equation (5) becomes

L ST K (X0) [ (X3) — 7(w1)] + 0p(1).

i=1

F;th (X14) [Ma (X)) — T1(z1)] = \ﬁ
Similarly,

Kip (X1i) [mo(Xi) — 70(21)] + 0p(1)-

1:1

LS Kan (X1 [0(X) — mofen)] =
,/nhl i=1

Altogether, the asymptotically linear representation of 7(x1) is

Zth(Xu){ml( i) —mo(X;) — 7(z1)}

\/nh’“ i=
nhf{7F(z1) — 7(z1)} = L F(z1)
_ m; 0 (00 050 o050 ) .
f(=1) e
The second equation is due to the asymptotic finiteness of the leading term
that is asymptotically normal shown below. As it is the sum of independent

variables, the asymptotic normality is easy to derive. Specifically, noticing that
the random variables

{K1n (X14) [ma(Xs) — mo(Xs) — 7(X1a)] ey

(1+o0p(1))

are i.i.d., then we can apply Lyapunov’s central limit theorem to obtain the
asymptotic distribution shown in Theorem 2. Under the assumptions (C1)-
(C4) and (A1), we derive that

IK1 305 (21)
f(x1) ) ’

we now give the formula of 0% (z1). It is easy to see that when n — oo, the
variance of

nhk (7(a1) — 7(x1)} S N (o

Kip (X14) {m1(X;) — mo(X;) — 7(x1)}

H
-
i

3
>
—a

f(z1)

converges to
op(x1) := BE{mi(X) — mo(X) — 7(21)}?| X1 = z1].
The proof of Theorem 2 is finished. (Il

PROOF OF THEOREM 3. First, we have

\/nh’f(?(xl) —7(z1))
L 3 K (Xao) [ (X,) = 7 (a0)] c 2 K (X10) [o(X0) — @] (g)
i=1 nh

— )

n
1 . .
o ; Kin(X14) nh,f ; Kin(X14)

7
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where
= > Kon (X; — X;) Yi;1(D; = 1)
~ 2 5=1
my(X;) = s ;
=7 > Kon (X; — X;) 1(D; = 1)
2 J::l
T 32 Kon (X, = X0) Yos1(D; = 0)
~ =1
mo(Xi) = .
Tz 3 Ko (X, = X) 1D, = 0)
=

Similarly as the proof for Theorem 2, we have the following decomposition:

! Zth (X1i) [m1(X;) — 71 (1))

! Zeh D;=1 KIh(XU)-i— ! ZKM(X1i)[E(Y(1)|Xi)—Tl(x1)}

N = POk &

1 n n
+ 2611']1([)1' :1)Zth (le)(wg—wﬁ)

\/nhk =1 j=1

1 <& @ Kip (X1
Zeu]l(Di:l) > K (le)w%—M
\/ L j=1 p(Xi)

n
—5 > Kop (Xj — Xi) 1(D; = )EY(1)|X;
T

1 < =
" Kun (X12) = - BYlXi
nhk =1 # > Kop (X; — X3)1(D; =1)
nhy =
=: In,3 —+ In74 + In,5 + In,ﬁ + [TL,77
(7
where
pKQh (X X )
h?
wl = " e =Y — B(Y()|X)).
o Z Kon (Xi — X;) 1(D; = 1)

Note that I, 3 and I, 4 in equation (7) yield the final expression in Theorem
3. Therefore, we need to show that I, 5, I,, 6 and I, 7 in equation (7) are all

op(1).
First show that I,, 5 = 0,(1). From Lemma 1,

L qup |3 Fan (1) (@ — ) sup 3 (wl —wi) [Kyp (X1;)]

1
wji)| <
VRE = \/hl bt
MC
Xsup y hp [Kan (Xi — X;)[ = Op(1) x 0p(1) x Op(1) = 0p(1),

ha \/hk Uit
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Further, ﬁ 21 e1;1(D; = 1) has finite limit and thus, is bounded by O,(1)
=

and then I, 5 = op(1).
Deal with I, 6. As

n n
n ﬁ ZIKQh (X5 —X4) ﬁ Zleh (X5 — X4) Kip (X15)
Zth (X1j)wh = - = )
j=1 ﬁ ZlK2h (X; —X;) (D =1) ﬁ Zlth (X; — X3)
i= j=
we can then regard Z Ky, (le) N as an estimator of K”& )1 Kin(X1) - Copsider

Jj=

n Kip (X14
|:le Kip, (le)wﬁ - 4;}27)((1_)1 )] )

which is the bias of K;’Zg(x)h) to K;h(gg)l) Write X = (X1, X(2y) and

X1 — X1 X2y — Xaj
Kop (X — X;) = K21 (#) Koo (M) .
h2 h2

Since f — f = op(1), and the kernel function is s* (> s2) times continuously

differentiable, we have
E {Zth (X1j) wyy Xi}
j=1

. 1+0p(1) U1 — X1 uj — Xo; ) )
N i) /K21 ( ha ) Ko ( ha ) K (uag) F(ui)du

hg f(Xi)p(X; ©
B %;(1) [ KooK (thi_lxl +v1:—f) F(Xi + hav)dv
= % +0p (ij) :
Note that
Kip (X13) _ Kin (X1)
PG) | p(%0)
- {ﬁ()l(i) - p()l('i) + p()l(i) } {f(lh (X14) — K1n (X14) + K1p (Xu)}

K (X14) :{ L
(

p(X;) P(X5) p(X }{th (X1i) — th(Xli)}

1 ~ 1 1
o) {th (X1:) — K1, (Xu)} + {m - m} Kip (X14)

h3? logn h3?
=0p | =% +h3? =0p( 2% ) .
P<hi2 + 2 + nhg) P(hiz
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n ) s2
Thus, sup | > Kip (X15) w)) — % =0, (2%2) Owing to assumption
i |j=1 ’ 1
h2°2
(A4) that W — O7 we have
1
1 = Kyp (X14) hﬁsz
sup | —— Kip (X -)wz\é—i =0, | =—2— | =0,(1).
p ﬁhllc |:J§ 1h 1j J p(Xz) D h§s2+k P( )

Since €1; = Y; — E(Y(1)|X;) are mutually independent, we have I, s = 0,(1) in
equation (7). Finally, to show that I,, 7 = 0,(1) of equation (7). Note that

D
nhsy

LS Kon (X; — X)) 1(D; = LEY(1)|X;
j=1

j=1
T Zl Kon (X; — X;) 1(D; = 1)EY(1)|X; o ZIKQh (X; — X;)
o Jj= Jj=
n,llg > Kon (X5 — X;) n;llg > Kon (X; — X3) 1(D; =1)
j=1 Jj=1

which can be viewed as an estimator of W. Denote A(X;) =
E{1(D = 1)Y(1)| X;}. We can derive easily that

AXi)  AX)
B(X:)  p(Xi)

= {ACx) - A + A} {ﬁ()l(z-) _ p(}l(i) p(;(i) } A(X))
1

~ ) 1 1
= {Axi) - A} {ﬁ(Xi) - } FAK) | s - p(Xi)}
{on o} iy =00 (v + o

Thus

LS Koy (X — Xi) 1(D; = 1)EYy|X;

2 j=1 so logn

sup - — BEY(1)|Xi| = O, | h3* + |
' ar 2 Ko (X — X3) 1(D; = 1) 2

j=1
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Then, we can bound I, 7 as follows:

n
—y > Kop (X; — X3) 1(D; = 1)EY(y)|X;
nhy =i

1 n
[In,7] = - > Kin (X10) m - EY(q)|X;
\/nhf =1 ﬁ > Kon (X; — X3) 1(Dy =1)
j=1
n
ﬁ Z;I Kon (X5 — Xi) I(D; = D) EY(1)|X; Lo
< nhlfsqp = - - EY(l)‘Xi ohE Z [K1n (X14)]
¢ rTngJ; Kop (X5 = X3) 1(D; =1) L=t
logn
= \/nik0, (h 1/ BR) . 0,(1) = 0p(1) - 05(1) = 04(1),
2

where assumption (A4) is used for the second equation. Thus, together with
I,5 =0,(1), Iy = 0p(1) and I, 7 = 0,(1), equation (7) becomes

n
—5 3 Kon (X5 — Xi) Yi;1(Dj = 1)

1 2 j=1

n

- Zth (X11) -

\/nhy =t ﬁ _Zl Kon (X5 — Xi) (D; = 1)
5=

= In,3 + In,4 + op(l)'

— 71(z1)

Similarly, we can also deal with mo(X;) — 70(x1) of (6) to have

n
ﬁ '21 Kon (X5 — Xi) Yo 1(D; = 0)
=

1 n
- > Kin (X1) - —1(z1)
/R =1 ﬁj;l Kop (X; — X;) 1(D; = 0)
= 1in8 + In,9 + Op(l)’
where
1 & Kip (X15) 1 <
Ins = D el (D =0) g = > Kin (X1:) EY()| X,

m i=1 1-p(Xy)’ 7 nh¥ i=1
Hence, we get the asymptotic linear representation of 7(z1) as

nhi{7(z1) — 7(x1)} Xi, Y, Di) — 7(21) }K1n (X14) + 0p(1),

1 1 «
N \/nhk Txl) ;{%(

which can be asymptotically normal. Again, we compute its asymptotic vari-
ance. Similarly as the proof for Theorem 2, we have

~ 1 |[Kqll30% (1) 1
V. = T2 N ).
aI‘{T("El)} Tlhlf f(l'l) +o0 nhlf
Then by assumptions (C1)— (C4) and (A1) — (A4) for some s* > sy > p, we

can derive that

E 1) — () [ K1[30% (21)
B (7len) - (o)} 4 v (o, 1)),
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where
ox(z1) = B[{¥1(X,Y, D) — 7(x1)}*| X1 = a1].
The proof is concluded. O

PROOF OF THEOREM 4. Inspired by the proof of Theorem 2 of Luo, Zhu and
Ghosh (2017), we have

y/nhk T(x1) — 7(21))

L 3 K (X0) [ (B] X) = (e

ﬁ Z Kip(X1i) ﬁ Z Kip(X14)

_E Kip (X14) [T?LO(EOTX) - To(rl)]

nhk

ﬁ
ﬁ

Z Ky, (X14) [ (B X) — 71(z1)] Z Kip (X13) [Mo(Bg X) — 1o(z1)]

,/nhk i=1 /nhk
nhk Z Kip(X1i) m ; Kip(X1i)
+Op(y/nh 1By — Bul| + \/nhf||Bo — Bol ),
9)
where
) o 3 Kan (2} -2} ) v, =) )
(B X) = —— 1= . 7' =p87x
' LS K (21721)1@:1) '
hz<1) = J i J
R nh’l'(l) ‘21 Kan (ZJO 2?) Yo, 1(D; = 0) R R
0(Bg X) = ——— . Z°=BiX
1 0_ 70 —
i 2, Kan (29-20)1(D; =0)
Under assumptions (A8), O, (v/nhk||81—Bu||[++/nhk||Bo—Bol|) = O,(/hF) =

op(1) as hy — 0. Therefore equation (9) becomes

ﬁ
>
=
3)

(z1) — 7(z1))
L znj Kip (X10) [ (B X) — 71(z1)] F ‘Z Kip (X13) [fo(Bg X) — 1o(z1)]

nhk

n
— > Kip(X1i) L Z Ki1n(X14)
: nhl =1

(10)
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Similarly as the proof for Theorem 3, we have

3

—_

>~ Kin (X10) [ (8] X) = ra(21)]

\/’nhl i=1
1

n n n
= Zth Xlz)[EYV(I)IX —Tl(wl ZE I)Zth (le) (’LU;‘S‘;1 —wfil
1/TLh}1C1 1 ‘/nh’C i=1 j=1
+ D enil(Di = 1)) Kip (X1j) wi;
\/nh’f i=1 j=1
Lo nhr(l) 21K4h 7} = 2}) 1(D; = DEY|X;
i=
+7kZK1h (X14) m - EY(1)|X;
Ry =1 2_: Kan < Z}) 1(D; =1)
=:In10+ Inj11 + Inj12 + Inj13,
where
1
- 7(1)K4h (21 - 2})
Wi = » €1 =Y — BY (| X,
1 1_ g1 o
ny ™M 1; Kan (Z" ZJ) 1(Di=1)
Similarly, we can decompose m(8y X) — 7o(71) as
n
1
ZKNL (X14) [mo(ﬁo X) - 7'0(11)]
\/nh
_ 1 n K X 1 n _ n S2 S2
= Z 1h (X11) [EY(0y| X — T0(2z1)] + ZEOiﬂ(Di = O)ZKNL (X15) (w;? — wii

,/nh’f i=1 1/nh’f i=1 j=1
1

n
D el (Di =0)Y Kin (le)szf
\/nh’f i=1 j=1
- 0 _ 70
Lo nh’<°> > Kan (20 - 20) 1(D; = 0)EY(q)|X;
\/—Zth (X14) J; — EY ()| X;
nh¥ i=1 —or > Kap (29— Z9)1(Dj =0
1 nhz(O) ]Z::I 4h < J 1) ( J )

’ ’ ’ ’
=1y 10+ Ln11 t1n12 + 1513

where

1 0 0
K (Z. - Z.>
Sz _ AR

ij €0 — }/z - EY(O)‘XZ

)

n
1 0_ 70 _
o X K (20— 29) 1D = 0)

It is easy to show that I 11, In 11> In,13 and I 13 are op( ) following the same arguments
for proving that I, 5 = 0p(1) and In7 = 0p(1) for Theorem 3. The details are omitted here.

We now deal with I, 12 and I;L 12

)
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Lemma 2 Suppose assumptions (C1) — (C4), (A1) and (A5) — (A7) are satisfied. Then,
for each point x1 in the support of X1,
(1) If X1 Ck=9 BT X and X1 C*~9 B] X with s4(2—k/q) +k > 0 and 0 < q < k, we have

/

1”712 = Op(l)r In,12 = Op(l)' (11)

The corresponding asymptotically linear representation is then

nhi{7(z1) — 7(z1)} = Z{ml(x mo(X;) — 7(z1) M1p (X10) + op(1)-

(2) If X1 C By X and X1 C*~9 8] X with s4(2 — k/q) + k >0 and 0 < g < k, we have

K X
Lo = A e, = ™) gy o), (12)

1
Q/Tlhlfz 1 p(XZ)

Then we have

nhk Hr(z) —r(x1)} =

Z{&T/g (X4,Y3, D;) — (1) YK (X14) + 0p(1).

\/7f l’1)

(8) If X1 C*~94 B X and X1 C By X with s4(2 —k/q) +k >0 and 0 < g < k, we have

, 1 n Kip (X14
Tnto = op(1), Thys = S it (D = 0) X X)) (13)

/nhk =1 p(Xi)

The corresponding asymptotically linear representation is

1 1
hk f(wl)

nhi {7 (z1) — 7(x1)} = E{% Xi,Yi, Di) — 7(x1) M1 (X1:) + op(1).

(4) If X1 C B X and X1 C By X, we have

1 & Kin (X1 / 1 & Kip (X1
In’12 = Zfliﬂ(Di = 1)M + Op(l), In,12 = ZEQZ‘IL(DZ' = O)M + Op(l).
nh¥ i=1 p(X3) nh¥ i=1 p(Xi)
(14)
We have

1

nhk $1)

nhk{7(z1) — 7(z1)} = Z{m X, Y, Dy) — m(x1) YK 1 (X14) + 0p(1).

ﬁ

PROOF OF LEMMA 2. We need to show that I, 12 = op(1) if X3 ck-a ,BIX with s4(2 —
k/q)+k >0and 0 < q <k Let X; = v1, B X = va, and denote (% M) as

hg



12 Lu Li', Niwen Zhou?, Lixing Zhu?-3*

(t1,t2). We have

n
S Kan (Xay) wit| X,

=1
1 1 X - X

_ 0 +op(1) /K4< 51 >K1 (Ulj 1) Fon)do
f(v2i)p(v2q) hy
14 1 X h

= h4 Op( ) /K4 t2) K1 (71 + tli) f12(v1s + hat1,ve; + hato)dtidts
v27, ('U h h

=X
=hZK1( 14 1) f12(v1s,v24) /K4(t2 dt1dt
hl f(UQ'L p(’UgZ)

hq+1 P X . . h2
A (vu 1) J12(v14, v2:) /t1K4(t2)dt1dt2 + op ( )
hy hy f(v2:)p(v2;) ha

where f12(v14,v2;) is the joint density function of (Xl,BIX). Under assumptions (A5) —
(A7), we have

+1 g+1
S1 q f12(X11'7,3IXi) hZ q h4
wiXi =CohiKqip (X1i) ———=—-+0 —— | =0 h; + .
! A () S e 7x) "\ AT

> Kin (X1y)
=

Hence, under assumptions (A6), (A7), sa(2—k/q) +k>0and 0 < ¢ <k,

1 & si_ 1 ¢ hd RIT!
> el (D; =1) E Kip (X1j)wil = NG E e 1(D; = 1)0p hkﬁ + hk§2+1 = op(1).
i=1 1

1/nh]fi 1 j=1 1

Analogously, we get I;L 12 = 0p(1) if X3 ck—a BJX. Next, we prove that

Kip (X14)

In (D; =1)
,12 — \/E;EM (X)

if X; C ,61TX. As that case that X1 C ﬂlTX is similar to that X; C X in nonparametric

case, then parallelling to derive equation (8), we get the desired result. Similarly, we have
T

I =1 > e l(D; = 0)% + 0p(1) if X1 C BJ X. The proof for Lemma 2 is

12
U nh’lc i=1

+ OP(1)7

concluded. N
PRrROOF OF COROLLARY 2. Consider the case where X; ¢ X € RY. Similarly as before, we
derive that

«/nh’f(? 1) — 7(z1))

(z
ﬁ Z::l Kip (X14) [7711(5(1) -7 (11)] W 21 Kip (X14) [rﬁo(f{z) — To(xl)]

- n n ’

ﬁi; Kip(X14) ﬁz; Kip(X14)

(15)
where

n _~ —~ n ~ ~
b _Z Kon, (Xj - Xl-) Vi, 1(D; = 1) hT Z Kon (Xj - Xi) Yo, 1(D; = 0)

i (X;) = . (X)) =
' b 2 Kon (X ~X; ) 1(D; = 1) ’ ke 2 Ko, (X - X ) 1(D; = 0)
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Some similar calculations lead to 7y (X;) — 71 (x1).

3

—_

> Kin (Xu0) [ (Ki) = ()

1 n

= > Kin (X1i) [EY()| X — mi(21)] + ! STel(Di=1)Y " Kip (X15) (wiy' —w

nh]f i=1 ,/nh’f i=1 j=1

n

3

-3

+ > el(Di=1)) Ky (le)wﬁl
\/nhk =1 j=1
Lo a7 2 Ko (XJ - )?z) 1(D; = 1)EYy) |X;
+ > Kip (X14) i —— — EY1)|X;
nh® i=1 Lo > Kon (%5 - %) 1(D; = 1)

=:In14+ Inj1s5 + Inj16 + In17,

where

. o
. ok Kan (%i- %)

_ —~ .
b X Ko (%= %) 1D =1)

Then we can prove that I, 15 and I, 17 are op(l) by the same arguments as those used

to handle I, 5 and Iy 7 for proving Theorem 3. Owing to X1 ¢ )~(, similar arguments for
proving Lemma 2 implies that I, 16 = 0p(1). The proof for Corollary 1 is concluded. O

PROOF OF COROLLARY 3. From the proof for Theorem 3, we can see that

h3?
X; :Op (h2+h52)’
1

by the condition /nh¥ (h; + 1/10g(n)/nh§) = 0o(1). Then OR-N shares the same asymp-

totic distribution as OR-P. For OR-S, we can use similar arguments to show the same result.
The proof is finished. O

n
EQY  Kip (X1j)wh
i=1
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