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Abstract

The research is about a systematic investigation on the following issues. First, we
construct different outcome regression-based estimators for conditional average
treatment effect under, respectively, true, parametric, nonparametric and semipa-
rametric dimension reduction structure. Second, according to the corresponding
asymptotic variance functions when supposing the models are correctly specified,
we answer the following questions: what is the asymptotic efficiency ranking about
the four estimators in general? how is the efficiency related to the affiliation of the
given covariates in the set of arguments of the regression functions? what do the
roles of bandwidth and kernel function selections play for the estimation efficiency;
and in which scenarios should the estimator under semiparametric dimension reduc-
tion regression structure be used in practice? Meanwhile, the results show that any
outcome regression-based estimation should be asymptotically more efficient than
any inverse probability weighting-based estimation. Several simulation studies are
conducted to examine the finite sample performances of these estimators, and a real
dataset is analyzed for illustration.
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1 Introduction

Causal inference has been widely applied for decades to analyse treatment effect
based on observational studies, in which treatments are assigned to observations in
a non-random fashion. In this paper, we consider causal inference under the poten-
tial outcome framework (Rubin 1974; Rosenbaum and Rubin 1983) where the treat-
ment is binary and the outcome variable in the hypothetical complete data set has
two components (¥(;), ¥p)). In which Y, is the potential outcome if the individual
receives treatment and Yy, is the corresponding potential outcome without treatment.
As we can only observe one of ¥(;, and ¥, a commonly used method is to impute a
reasonable value in the lieu of the missing one such as linear regression imputation
Healy and Westmacott (1956), kernel regression imputation Cheng (1994) and ratio
imputation Rao (1996).

In this paper, we consider average treatment effect (ATE, see Rosenbaum and
Rubin 1983, 1985) conditional on some covariates to explore the heterogeneity of
ATE. Let X € R? be a set of covariates that collects individual’s personal informa-
tion and X, € R¥ be a subvector of X, 1 <k < p. Conditional average treatment
effect (CATE, hereafter) is defined as E(Y;, — ¥5)|X;). To estimate this function,
Abrevaya et al. (2015) proposed estimators that are based on inverse probability
weighting (IPW, hereafter) method and concluded that, according to the asymptotic
variance functions, the estimator with nonparametrically estimated inverse prob-
ability (IPW-N) is asymptotically more efficient than the one with parametrically
estimated inverse probability (IPW-P). The relevant conclusion is similar to that in
Hahn (1998) and Hirano et al. (2003) for the IPW estimators of ATE. But, IPW-P
is proved to be asymptotically equivalent to the oracle estimator with true propen-
sity score (IPW-O). This is very different from the unconditional ATE. Zhou and
Zhu (2021) proposed an estimator with semiparametically estimated propensity
score (IPW-S) and gave some more detailed analysis on the asymptotic efficiency on
IPW-N and IPW-S.

As well known, for ATE, outcome regression-based estimation is also a popularly
used methodology. Thus, methodologically, the research in this aspect is not new.
However, for CATE, the problem becomes more corpplicated as it involves double
conditional expectations on the full set X, or subset f X of covariates, if the curse of
dimensionality is concerned within dimension reduction framework, and the subset
X, where B is a projection matrix. Three relevant references are Luo et al. (2017),
Zhang et al. (2018), Luo et al. (2019) and Ma et al. (2019). To focus on the estima-
tion efficiency issue, we in this paper do not give more details about how to work on
dimension reduction and feature selection, while only consider the general setting
supposing that a dimension reduction structure already exists. We then consider a
systematic investigation on their asymptotic properties to answer the following ques-
tions when the model is correctly specified in parametric case.

Q1. When CATE is estimated under nonparametric, semiparametric, parametric and

true (oracle) regression structure, what ranking of the asymptotic efficiency can
be achieved for these estimators?
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Outcome regression-based estimation of CATE 989

Q2. Note that CATE is a function of X, and the set of arguments of the regression
function, say X that is not necessary to be the full X, and thus X is not neces-
sary to be a strict subset of X. Then could the affiliation of X, to X affect the
asymptotic efficiency of different estimators? This issue is unique for CATE and
particularly important under semiparametic dimension reduction framework
as the regression function would be a function of X = ﬂTX where fisapXxr
matrix with » < p in high dimensional scenarios.

Q3. As all estimators use nonparametric estimations for the involved conditional
expectations, how could the bandwidth and kernel function affect the efficiency?
This study is particularly necessary.

Q4. Comparing with the IPW-based estimation, what efficiency ranking should be
concluded?

We will have a very brief discussion in Sect. 5 about the misspecified cases, glob-
ally or locally, that will be investigated in the near future, but not be touched in
this paper.

Note that CATE is

7(x;) = E[(Y(y) — Yo )IX, = x;]1 = E[E(Y;) — Y0 | XX, = x], (1)

where E(Yj, — Y()|X) is the treatment effect heterogeneity. We are interested in,
under unconfoundedness assumption, estimating z(x,) in this paper. To well answer
the above four questions, we suggest/propose four outcome regression-based esti-
mators (OR, hereafter) when assuming that m(X) — my(X) = E(Y;, — Y(0)|X)
is completely known function ( written as OR-O), parametric function (writ-
ten as OR-P) (m;(X) =m,(X,0,) and my(X) = my(X, 0,)), semiparametric func-
tion with dimension reduction structure (written as OR-S) (m;(X) = ml(ﬁlTX) and
my(X) = mo(ﬂ;X)), and nonparametric function (written as OR-N). The details
will be in Sect. 2. When the corresponding nonparametric functions are estimated
by, say, kernel estimation, we derive the asymptotically linear representations and
asymptotic normality of these estimators in various scenarios and, according to the
asymptotic variance functions and using the estimators with true regression/pro-
pensity score as the benchmark, we obtain the following results to give a relatively
complete picture for the asymptotic efficiencies of the four estimation methods. The
following newly derived results show that the estimated CATEs have rather differ-
ent asymptotic behaviors from the estimated ATEs. Let A < B mean that method A
has smaller asymptotic variance function than method B, and A = B stand for the
asymptotic equivalence of them when the asymptotic variance functions are equal.
The results are summarised as follows.

Al. This is the answer for Q1 and Q4. In general, the ranking for the asymptotic

efficiencies of the estimators is, together with the results about the IPW-based
estimators respectively in Abrevaya et al. (2015) and Zhou and Zhu (2021):
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990 L. Lietal

regression-based CATE estimators IPW-based CATE estimators
N N
r ) r Y
0RO = orP X 0rRS X ORN = 1Pw-N X 1pws < pwp & pwo.

A2. For Q2, under semiparametric dimension reduction structure, the affiliation of
X, to X plays an important role. For Q3, when the CATE functions are smooth
sufficiently, and the bandwidth and kernel function are delicately selected,
the asymptotic properties are also different. The results are summarized in
Table 1. Some more results are included in Sect. 2. Also some similar results
about OR-N and more detailed comparisons are described in Sect. 2.

A3. In high-dimensional scenarios, we will see that high order kernel functions
are in need and bandwidths must be very delicately selected, to have good
estimation efficiency that are very sensitive to the selections. Thus, OR-N is
not recommendable. Semiparametric structure-based estimation OR-S can
be often preferable due to its advantages of greatly alleviating the curse of
dimensionality and avoiding model misspecification. Some more detailed
studies and comparisons for the asymptotic efficiency are contained in Sect. 2.
The numerical studies in Sect. 3 support this observation.

The rest of this article is organized as follows. Section 2 introduces the CATE
function and give the estimators respectively under the true, parametric, nonpara-
metic and semiparametric framework. The asymptotic properties of the proposed
estimators are systematically investigated in this section. Section 3 presents some
simulation studies to examine the performances of the estimators. Section 4 is
devoted to the analysis for a real data example. Conclusions and some further
research problems are briefly discussed in Sect. 5. Due to the space limitation, all
the technical proofs are relegated to the supplementary material.

2 Estimations and their asymptotic properties
Let D be a dummy variable indicating treatment status with D =1 if an indi-

vidual receives treatment and D =0 otherwise. We only observe D, X and
Y=D-Yy +(1-D)- Y in the real situation. The propensity score p(D = 1]X)

Table 1 The efficiency rank

. Scenario Efficiency rank
among four regression-based
CATE estimators s1 OR-0=OR-P<OR-S<OR-N
S2 OR-—0=0OR-P=OR-S<OR-N
S3 OR-—0=0OR-P=OR-S=0OR-N

S1: X, € A X By X;
S2: X, ¢ B XU By X;
S3: CATE function is smooth enough and kernels and bandwidths
are chosen delicately
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Outcome regression-based estimation of CATE 991

is denoted by p(X). Let {X,,Y;,D;},i =1, ...,n be n independent copies of (X, Y, D).
To estimate 7(x,;), we suggest a two-step estimation procedure when both g, and g,
are unknown. Four estimators are proposed in this paper when the regression causal
effect under true (oracle), parametric, nonparametric, and semiparametric dimension
reduction structure (OR-O, OR-P, OR-N, and OR-S) respectively.

To clearly state the estimation procedures, recall that the function m,(X) is defined as

m,(X) = E(Y,|X), t=0,1.
Under the unconfoundedness assumption that is the conditional independence as

(Yo, Y1) L DIX,

we then first estimate m,(X)—my(X) and then its conditional expectation
7(x;) = E(m;(X) — my(X)|X;). But in semiparametric dimension reduction struc-
ture, this unconfoundedness assumption will have a different formula that will be
specified in Sect. 2. However, directly estimating 7(X,) in terms of ¥;) — ¥, is not
feasible as it is never observed. It is naturally to use Y;, and ¥, to estimate m, (X)
and m(X) separately. Afterwards 7(x,;) can be estimated by a nonparametric method
such as the N-W estimation (Nadaraya 1964; Watson 1964).

As for OR-S and OR-N, we will have to use high order kernel functions, we
give the notation here. A function K;: R¥ — R is a kernel of order s, if it inte-
grates to one over IR", and

/u’]’l w1 Ky (u)du = 0

for all nonnegatlve integers p;, -+, p; such that 1 < Z 1 Di <51 and it is nonzero
when z _, P; = 51 Some regularity conditions are listed below.

(C1). (Strong ignorability)
(a) (Unconfoundedness)
(b) (Common support) For some very small ¢ > 0, the propensity score func-
tion p(-) satisfies that c < p(X) < 1 —c.

(C2). (Distribution of X)) The support X of the p-dimensional covariate X is a Carte-
sian product of compact intervals, and the density of X, f(x), is bounded away
from O on X.

(C3). (Kernel functions) K, (u) is a kernel of order s, that is symmetric around zero
and s* times continuously differentiable.

(C4). (Distribution of X,) The density function of X;, f(x,), is bounded away from
zero and infinity and s; > 2 times continuously differentiable.

Part (a) of condition (C1) is a commonly used condition on the treatment effect,
see e.g., Rosenbaum and Rubin (1983); Abrevaya et al. (2015); Luo et al. (2017).
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Moreover, part (a) of condition (C1) is a quite strong but standard assumption in
the causal inference literature. Part (b) of condition (C1) implies that there exists
overlap between the treated and control observations. Conditions (C2) and (C4)
are traditional conditions for nonparametric estimation in the literature (Pagan
and Ullah 1999; Yin et al. 2010). Specially, condition (C3) is for high order ker-
nel (Abrevaya et al. 2015). It is noted that Gaussian kernel satisfies this assump-
tion when k = 1 and s5; = 2. Furthermore, the value s* relies on the smoothness of
the regression function. More specifically, s* > 2 in parametric situation, while
s* > s, and s* > s, in nonparametric and semiparametric situation, respectively.

In the following, we study the four estimations in separate subsections and
give some further analysis for OR-S and OR-N in another subsection.

2.1 OR-0
This estimator will serve as a benchmark to examine the performance of other

estimators developed and investigated later. Assume that m;(X) — my(X) is com-
pletely known with no need of estimation. Then OR-O can be written as

L ZKI(X“ =) (1, () = (X))

1 =1

2x,) = . )
FEe(2)

The asymptotically linear representation and asymptotic normality are stated below.

Theorem 1 Suppose that assumptions (C1) through (C4) are satisfied. Then, when
regression causal effect is given without estimation, for each point x, in the support
of X,, we have

A /nh’]‘{%(xl) —7(x,)
Xy
\/,f(xl Z{mlm my(X;) - T<x1>}1<1< h1 >+o,,<1>,

and then

1K, | 1365(x1)
\/nhk{f(xl)—'r(xl)}—)N( ]f(xl 1 >

where||K, ||, = { [ K,()*du}'/, and

O'é(xl) = E[{ml(X) - mo(X) - T(xl)}2|X1 = )Cl].
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Outcome regression-based estimation of CATE 993

2.2 OR-P

Suppose that both m;(X) and my(X) have parametric structures with unknown
parameters «; and e, respectively. That is, m,(X, e,) are parametric functions for
t = 0, 1. Since each response can only be observed in a subpopulation, to get unbi-
ased estimators of parameters @; and @, we use a similar method to that of Wang
et al. (2004). Write, fori=1,...,n,

DY, =DmX;,a,) + D;e;;, (1-D,Y,=(—-D)myX;,a,) + (1 — D,y

where €,;, t = 0, 1, are random error terms, and independent of X, i = 1,...,n. Use
weighted least squares (Matloff 1981) to estimate «, for r = 0, 1, and write the esti-
mator of a, and m,(X) as &, and 771, (X). OR-P is then defined as:

e D (S ) (3,0 = )

T(x)) = ; 3

n

1 X=X
nhszl( hy )

I =1

where
mX)=m(X, &), myX,)=myX,a,), i=1,...,n

Assume the following additional condition:
(A1). (Bandwidths) b, — 0, nkt — co, nh>"* = 0.
The following theorem states the asymptotic properties of T(x,).

Theorem 2 Suppose that conditions (C1) through (C4) and (Al) are satisfied for
s, = §* + 2. Then, for each point x, in the support of X,, we have

nh’f {(T(x)) — 7(x))}

\/7f(x1

d ||K1| (xl)
_)N 07— ’
( f(x1) )

oa(x)) = o5 (x)) = E[{m;(X) — my(X) — (x)}*|1X, = x,].

Z{ my (X;) — mo(X;) — T(xl)}K1<h—>+0p(l)
1

where

Remark 1 This theorem states the asymptotic equivalence between OR-P and OR-O
in the sense that their asymptotic variance functions are identical.
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994 L. Lietal

2.3 OR-N

If we do not have prior information on the structures of m, (X) and m(X) or we try to
avoid model misspecification, a nonparametric estimation is feasible. Similarly, we
estimate m(X) and m(X) separately. Therefore, OR-N is written as

e 2 (B2 ) 06 = )
2 = : @
nhk Z (x“ xl)

where

X;—X;

1 < X=X _
)YIJ]I(D —1) @121(2( - )Yoj]l(Dj_O)

s 21<2< )11(0 =1 l nﬁ,é@(" X)]l(D =0)

To study the asymptotic properties of 7(x,), we give some more conditions on the
kernel function and bandwidths.

(A2). K,(u) is a kernel of order s, > p, symmetric around zero and equal to zero
outside Hle [—1, 1] with continuous (s, + 1) order derivatives.

(A3). hy = 0,285 — 0.

(A4). B22h 7227 = 0, nkknS — 0.

Conditions (A2), (A3) and (A4) are used to affiliate with the high order derivatives

of m; and m, to ensure the asymptotic normality. The following theorem states the
main theoretical results of OR-N. For convenience, define the following function:

D{Y —mX)} (1 -D){Y —my(X)}
pX) 1 =pX)

¥, (X,Y,D) := + my (X) — my(X).

Theorem 3 Suppose that conditions (C1) through (C4) and (A1) through (A4) are
satisfied for s* > s, > p. Then, for each point x,, we have

nhk(%\(xl) —7(x)))

X, —
_ f(x Z[‘P X, Y, D)) — 7(x))IK; < hh X, > o (1)
! 1

d K, 505 (x))
— N 0,— ,
f(xl)
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Outcome regression-based estimation of CATE 995

where
oy() = E[{Y, (X, ¥, D) = 7(x) 11X = xy]
var(Y ,|X)  var(Y |X)
= of,(xl) +E O © X, =x
pX) 1 - pX)
> op(xp) = 0(x)),
the equality holds if and only if %gx) = 0 and % = 0, which rarely happen.

Thus, the inequality shows that OR — N is asymptotically less efficient than OR — P
and OR — O.

2.4 OR-S

An obvious limitation of OR-N is its incapability of handling models with high-
dimensional covariates X in practice. Therefore, how to alleviate the curse of dimen-
sionality is an important issue. To this end, reducing dimensionality is a natural idea.
But we restrict ourselves to the sufficient dimension reduction framework below and
use existing methods to estimate the projection directions as the focus of this paper
is on asymptotics of the estimations assuming the dimension reduction structure is
specified in a semiparametric manner. See the relevant references such as Luo et al.
(2017) and Ma et al. (2019) that even considered ultra high-dimensional scenarios
under the sufficient dimension reduction framework. A relevant reference is Fan
et al. (2020) who proposed nonparametric doubly robust estimators for CATE allow-
ing the number of covariates divergent with the sample size. In terms of machine
learning to select significant covariates, the dimension reduction is achieved. Thus,
we may also classify their method as a semiparametric approach.

We first give a very brief review on sufficient dimension reduction both Luo et al.
(2017) and Ma et al. (2019) discussed. For given BT X where is a p x r orthonormal
matrix with an unknown number r < p of columns, suppose that the regression of a

response variable W is independent of X, which is written as £(W|X) IL X 1IBTX,,
where 1 stands for independence. It is generally known that E(W|X) is an unspeci-

fied function of B"X, which allows full freedom in the regression with X being

the sufficiently reduced covariates (from p to r). This structure has a dimension
reduction structure with unknown parameter § and also is very much flexible with a
nonparametric nature. To identify the projection directions f, Cook and Li (2002)
defined the notion of central mean subspace that is the intersection of all subspaces
spanned by any f such that the above conditional independence holds. To be spe-
cific, without notational confusion, write SE(Y(le) and SE(Y(0>| x) respectively spanned
by B, € R and B, € RO where r(f) < p for t = 0, 1 as the central mean sub-
spaces such that
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996 L. Lietal

ma(X) L X|8] X, mo(X) 1 X|8; X. G) s

There are a lot of approaches available in the literature to identify f, and B, includ-
ing sliced inverse regression (Li 1991), sliced average variance estimator (Cook and
Weisberg 1991), minimum average variance estimation (Xia et al. 2002), directional
regression (Li and Wang 2007), the semiparametric methods (Ma and Zhu 2012), and
the partial support vector machine (Shin et al. 2017). Then let us introduce how to esti-
mate f3,, ¢ = 0, 1, in detail. Suppose we have a kernel matrix M which is derived from
a certain sufficient dimension reduction method, for example, Mgz = cov{E(Z|Y)}

for sliced inverse regression, Mg,yg = E{I, — cov(Z|Y)}? for sliced average variance
estimation, and Mpg = E{2I, — E[(X — X)X - X)T|Y, Y']})2 for directional regres-
sion, where Z = cov(X)~'/2(X — EX) and (X', Y’) is an independent copy of (X, Y),

then we can use eigenvalue decomposition of M. Finally, the first r(f) eigenvectors
n, of M are standardized efficient dimension reduction directions under some suita-

.. ~" /2 .
ble conditions. Note that B, = cov(X)~'/?n,, t = 0, 1, then B, = cov(X) ~ 7,, which
is estimated dimension reduction matrices, where cov(X) = i Yo XXX -X)T
and X = i Y X

Note that wunder this dimension reduction structure, we have

m(X) = E(Y,|X) = E(Y,|B[ X) = m,(B] X) for t = 0, 1. Define a OR-S as
n
. X, AT AT
ar DK () 03By X By Xo)

~ =

T(x) = - ) (6)

1 Xy—x;
a DK

where
L e (B
D ;K4 o Yi;1(D; =1)
my (B) X;) = — —— , Z'=(/X,
o 5 (B2 ) 1 - )
4 4=1
1 ¢ Z)-79
o) Ky o Yo, 1(D; =0)
F(BT X)) = — - J=t 50 _ AT
m()( 0 XZ) 5 Z = 0 X.

In order to derive theoretical results, give the following conditions.

(AS). K,(u) is a kernel of order s,, is symmetric around zero, is equal to zero out-
side Hf=1[—1, 1], and is continuously differentiable. The density function of
ﬂtTX, fl(ﬂtTX) is s, times continuously differentiable for = 0, 1. For ¢ = 0, 1,
p(ﬂtTX) € (c*, 1 — ¢*) almost surely for some c¢* € (0,0.5).

(A6). hy — 0, hL - 0.

max{r(0),r(1) +s4
4

@ Springer



Outcome regression-based estimation of CATE 997

2
0.

(AT). IR = 0, nkkh,
(A8). B, - B, = op(n—z) and By — By = 0,(n"2).

Since the treatment effect heterogeneity under the semiparametric structure is based
on ﬁtTX for t = 0, 1, Assumptions (A5) through (A7) play the same role as Assump-
tions (A2) through (A4). Condition (A8) often holds (Luo et al. 2017).

Define three functions as

¥,(X,Y,D) = D{Y_—T'(X)} +m,(X) = mg(X),
p(B; X
(I =D){Y —my(X)}

¥.(X,Y.D) = — m, (X) — mg(X),

3 | —p(ﬂgX) 1 0 @)

D{Y —m(X)} (1 -D){Y—myX)}

¥,(X,Y,D) = - m (X) = mg (X).

: PBIX) T R

Next, for ease of explanation of our theoretical results, we introduce some notations.
Write A and B as two sets of elements. Without confusion, write card(A) as the car-
dinality of the set A.

(F1) A c B stands for An B = A. In other words, elements of A are all in B and
card(B) > card(A).

(F2) A k4 B stands for A n B = C with card(C) = k — g, that is, k — g elements
of A belong to B. When k = g, it means that A and B do not share the same
elements, i.e. AN B =@, written as A ¢ B.

The following theorem states some very detailed investigation on the asymptotic
efficiency of OR-S.

Theorem 4 Suppose that assumptions (C1) through (C4), (Al) and (AS) through

(A8) are satisfied for s* > s, > max{r(0), r(1)}. Then, for each point x, in the sup-
port of X,, noting the definitions of ¥, fori =2,3,4 in (7),

(1) when X, c¥~9 B/X and X, C*~9 B} X with 5,2 —k/q) + k> 0and 0 < q <k,
the asymprotically linear representation of T(x,) is

nh’f {(T(x)) — 7(x))}

\/7f(x1

and the asymprotic distribution of T(x,) is

Z{ my (X;) — mo(X;) — r(xl)}K1<h—>+op(1),
1
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998 L. Lietal

R d 1K, 1505 ,(x))
kG — T )= N<0, f+)1)

(2) when X, C B]X and X, C*=9 B} X with s,(2 —k/q) + k> 0and 0 < q < k, the
asymptotically linear representation of 7(x,) is

nhk{?(xl) - T(xl)}

X —x

d ”Kl' 2 ;z(xl)
- N 07—’ 5
< Jxp)

(3) when X, C*=4 B]X and X, C B} X with s,(2 —k/q) +k > 0and 0 < q < k, the
asymptotically linear representation of 7(x,) is

nhk{?(xl) —7(x))}

\/7f(x1)

d ”Kll 2 §3(x1)
_)N 0’—, 5
< Sxp)

(4) whenX, C ﬁlTX and X, C ﬂgX , the asymprotically linear representation of T(x,)
is

\/nhk{?(xl) — T(xl)}
Xy

d ||K1||2 S4(xl)
( S

where

Xi—x
Z{l}g(x,, f T(x])}Kl< - >+0p(1)

1

_x1> +o,(1)

Gil(xl) = Gé(xl) = E[{m,(X) = my(X) — 7(x) }*|X, = x,],
03,01) = EL(¥o(X. ¥.D) = 2(x))*1X; = x,].
02,(0) = E[{¥5(X, ¥, D) = 72 PPIX, = x,],
62,00) = E[{¥,(X. Y, D) — 7(x)}*[X; = x,].

®)
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Remark 2 These results imply that the asymptotic behaviours of OR-S rely on
whether X is a subset of ﬁtTX fort=0,1.If X, C ,BIX U ﬁ;X, then the asymptotic
variance of OR-S is different from OR-O, OR-P and OR-N. If not in the above cases,
then OR-S enjoys same asymptotic variance as OR-O and OR-P. It is also worth-
while to note that even if X; ¢ ﬁTX and X, ;(_ B, X, we can still utilize /i, (8] X) and
mo(ﬁ X) to estimate 7(X,), since ﬂ X and ﬂOX are sufficient to model ¥, and ¥,
respectively.

Remark 3 Note that X, ck=9 ,BTX implies that only k —g¢g elements of X, are
also the k — ¢ linear comblnanons of ﬂTX for t = 0, 1. In this case, write ,BTX as
BIX = Xy -+ Xyueqy B, "X)")T for 1 = 0, 1. Therefore, when X, c*7 BIX with
54(2—k/q) +k>0and0 < g < k, we should determine the intersection between X
and ,BTX and then estimate f, through estimating ﬁ, fort = 0, 1. It could be done by
using partial sufficient dimension reduction (e.g. Feng et al. (2013)). As this is not

the focus of this paper, we then assume that 8, can be estimated at the rate 1/ \/5 of
convergence. Obviously, the assumption s,(2 — k/q) + k > 0 is satisfied for k = 1.

Corollary 1 We have
0'5’1(351) = 0123()51) = Gé(%),
var(Y | X)
o2, (x) =c2(x) +E o
s2) = o5) { p(BIX)

var(Yy | X)
05500) = o0 + E{ ﬁ o } 2 7}(1)) = 55(x).

var(Y,,|X)  var(Y |X)
a§,4<xl>=a,%<xl>+E{[ T +1—p((;3)gX)HX] =x1} 2 03(0) = o5 (x).

X, =x } > 0'12,()61) = aé(xl),

Assume that var(Y,|X) is a measurable function with respect to ﬂtTX fort=0,1.
Then

E Var(Y(Tl>|X) < E{ var(¥;)|X) }’ nd E var(¥ )| X) < E{ var(¥p)|X) }
p(B{X) pX) 1-p(ByX) 1 - pX)
Then
oox)) = op(x)) < 03,(x)) < 05,(x)) < ox(x)),
oo (x) = 05(x)) < 035(x)) < 05, (x)) < o (x)).

(C))

Remark 4 The results in the above corollary are based on some elementary calcu-
lations and the application of Theorem 3 of Luo et al. (2017). We then omit the
detailed calculations. Based on these facts, OR-S is more efficient than OR-N in all
cases, and less efficient than OR-P and OR-O in cases (2) to (4). in particular, OR-S
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shares the same asymptotic distribution as OR-P and OR-O in case (1). Further-
more, OR-S in case (4) is less efficient than cases (2) and (3).

2.5 Further studies on OR-N and OR-S

Inspired by Theorem 4 about the importance of affiliation of X to the set of argu-
ments of the regression functions, we further investigate OR — S and OR — N in
more general settings. The results are stated in the following.

Corollary 2 Suppose that conditions (C1) through (C4) and (A1) through (A8) are
satisfied. Assume that there is a given X such that (Y(0), Y(1)) L X|X with X c X
and X, ¢ X, then OR— O = OR—P = OR - N. If we further assume X, C*~4 ﬂ]TX

and X, ck4 ﬁgX with s,(2—k/q)+k >0 and 0 < g <k, then the four outcome
regression-based CATE estimators share the same asymptotic distribution, i.e.,
OR—0O=~20OR—-P=0OR—-S=OR-N.

Here, 53 (x,) = E[{m;(X) — my(X) — 7(x)}*|X, = x;] = 05(x)) = 05,(x)).

Remark 5 Much to our surprise, OR-N can be asymptotically more efficient in this
special case to share the same asymptotic variance of OR-P. This shows the impor-
tance of covariate affiliation to the set of arguments of the regression function. This
is a unique property for CATE as for ATE, this does not happen.

Corollary 3 In Theorem 3 and Theorem 4, if commonly used constraints on the band-

widths hy, h, and h, are replaced with nh’; <h; + 4 /log(n)/nhg) =o(l) and
A /nh’l‘ <hjl + M) = o(1) for some order s, OR-N and OR-S have the same

nhmax(r((}).r(l))
4

asymptotic distribution as OR-P and OR-O.

Remark 6 As mentioned above, if we choose the bandwidth to satisfy the above con-
ditions, OR-N and OR-S will share the same asymptotic efficiencies as OR-P and

OR-O. It is obvious that the condition \/nh’f <h;+ \/log(n)/nhg> =o0(1) and

A /nh’{ <h; +4/ &> = o(1) are much stronger than the assumptions in Theo-

nhmax(r(()),r(l))
4

rem 3 and Theorem 4. However, it is possible to choose such bandwidths if the
regression causal effect function is sufficiently smooth such that high order kernel
can be used. For details, see Li and Racine (2007) and Zhou and Zhu (2021). There-
fore, we obtain that the ranking for the asymptotic efficiencies of four regression-
based CATE estimators and four propensity score-based CATE estimators under the

condition that y /npt <h62' + 1/log(n) /nh§> = o(1) and nh’;(hj + %) =o(1),
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regression-based CATE estimators IPW-based CATE estimators
Z\\ /\\
g N - N (10)
ORO = ORP = ORS = ORN < IPW-N = IPW-s = IPW-P = IPW-0 .

The equality occurs if and only if

var(Y)|X)  var(¥)1X) (X om0 L
E{[ 0 T T PR - p(X))< D +—1_p(x)> X, =x ¢ =0.

In other words, regression based estimators are always more efficient than IPW-type
estimators in this general setting.

On the other hand, the above investigations are mainly for theoretical studies, and
in practice, we may avoid to choose those bandwidths as they are often very difficult
to properly select otherwise, the estimators would perform worse.

2.6 Estimation for asymptotic variance

We also very briefly describe the issue of estimating the asymptotic variance func-
tions. In the following, we take OR-P as an example to briefly describe an estimation
procedure, while the variance functions of the other CATE estimators can be similarly
estimated.

Recall that the asymptotic variance of OR-P in Theorem 2, we then construct its
consistent estimator as

Xy
)= o Z [{m1<X>—mo(X>—r<x1)}K1< )] /i,

Here #(x,) is the corresponding CATE estimator OR — P, f(x,) is a nonparametric

kernel estimation, which can be obtained as f (x)) = # Z;’:l K, <X‘;1_x‘ ) , M (X) and
1 1

my(X) are kernel regressions of Y on X in the treated and control subpopulations
respectively. As all are related to nonparametric kernel estimations, the consistency
can also be expected. Similarly, we can get the estimator of asymptotic variance of
OR-N and OR-S.

An alternative is the nonparametric bootstrap approximation (Eforn 1979), which is
often useful in practice. The procedure can be described by the following steps: given
X, =x €Q,

e Step 1: Given original random sample {(Y;,X;,D;) : i =1,---,n}, obtain the
OR — P, 7(x;) as described before;

e Step 2: Generating the b-th bootstrapped sample {(Yib,Xf’,Df’) ri=1,-,n},
b=1,--,B with replacement from {(Y,,X;,D,) : i=1,---,n}. For each boot-
strapped sample, compute 7, (x, );

e Step 3: The estimator of the asymptotic variance of 7(x;) can be obtained by the
empirical variance of (7, (x,), - ,%’B(x1 )):
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B
A2 1 N N 2
o°(x) = —— T, (x)) — T(x))| - 11
() B_l};[b(l) )] (11)
Similarly, we can get the boostrap-based asymptotic variance estimator of other CATE
estimators by replacing the role of 7(x,). Furthermore, it is standard to obtain confi-
dence intervals for the CATE estimator based on normal approximations, that is
~ _ 62(x)) 62(x)
[7(x;) 2121 / o 7(x)) + S o
standard normal distribution and « is a pre-specified confidence level. As this is not the
focus of this paper, we then do not give more details about their asymptotic properties.

], where z;_«is 1 — g critical value of the
2

3 Simulations

To verify our theoretical results, we in this section conduct simulation studies to com-
pare the regression-based OR-O, OR-P, OR-S, OR-N estimators with IPW-based [PW-
O, IPW-P, IPW-S, IPW-N estimators (Abrevaya et al. 2015). Set p = dim(X) € {2,4}
to avoid the curse of dimensionality under nonparametric estimation. Based on our
experience and the theoretical results, when p is large, OR-N is very hard to implement.
As well known, bandwidth selection plays an important role in the NW estimation.
Hence, we first discuss this issue.

3.1 Bandwidth and kernel function selection

Note that OR-O and OR-P only involve one bandwidth /; used in the second step of the
estimation procedure. We first check how to choose bandwidth sequences and kernel
functions satisfying the conditions A1-A7. To this end, consider

1
hy=a;-n " a,0,> 60,
1
h27 = az s Prth N a20, > 520, (12)
1
h4 =a;-n max (O (D] 3403 a; > 0, 530’

where 6;, 6, and 65 can be selected as small as necessary or desired. It is clear that
hy, h, and h, satisfy conditions Al, A2, A3, A5 and A6. To satisfy condition A4,
we set the kernel orders as s, = p and p + 1 for even and odd p respectively; and
s; =8, + 2. To satisfy condition 7, under semiparametric dimension reduction
structure, set s, = max{r(0), (1)} and = max{r(0), (1)} + 1 respectively for even
and odd max{r(0), 7(1)}. Based on the above values of s, s, and s,, we verify th first
parts of conditions A4 and A7. Next, consider the second parts of these two condi-
tions. Note that when s, > p and s, > max{r(0), r(1)},
25, <1 25, +k 2s, 25, +k

- ) <l,- <-1
p+s, — 25, +4+k max{r(0),r(1)} + s, 25, +k
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Then

2s, 25, + k 2s, 25, + k

- + <0, - + <0.
p+s, 25,+4+k max{r(0), (1)} +s, 2s,+k

Therefore, h;szhl_zsz_k -0 and hi”h]_zs“_k — 0. Invoking condition A3,
nh’fhisz = nhf“'”‘hi‘vz 111_2‘1 — 0 when hiszhl_zx‘ — 0. Since §;, 6, and 65 can be arbi-
trarily small, we get, because —s,/(s, + p) < —1/2 and (s, +2)/(2s, + 4 + k) < 1/2

5 + 55+ 2 <0
S, 4p 25, +4+k

Thus, condition A4 is satisfied. Slmllarly, together with condition A6, condition A7
can also be satisfied, which has nhk * — 0by

- + < 0.
max{r(0), (1)} +s, 2s,+k

3.2 Model setting

To examine the finite sample performances of the CATE estimators, consider the
following three models:

exp(0.2(X; +X,))

. — — Y2 —
Model 1: ¥, =0, Yy, =X} +X,+¢, pi(X) = oot

exp{0.2(X; +Xp+X3+X4)}
1+exp{0.2(X; +X, +X3+X4)}

Model 2 Y(O) Y(l) = Xl + Xz +X3 +X4 + 62’ p2(X)

exp{0.2(X,+X3)}

Model 3: ¥ =0, ¥, =Xo + X5+ e, p3(X) = o imac o

Model 1 is a model with the dimensions 2 and O of the central mean subspaces for

the treatment and control groups; Model 2 is used to verify Theorem 4. Model 3 is

set to justify the theory in Corollary 2. The dimensions of central mean subspaces

for the treatment and control group are 1 and O in Models 2 and 3. For Model 1,
= (X,,X,)" is generated by

X, ~U(=0.5,0.5), X,=1+2X,+¢,

where ¢ ~ U(-0.5,0.5), ¢, ~N(, 0.1%). For Model 2, we generate
X =X}, X,, X5, X,)" by

X, ~U(-05,05), X,=1+X2+¢,

X, =(1+X)+&6 X, =(14+X)* 44,
where ¢ “ U(=0.5,0.5), €, ~N(0,0.1%), j = 1,2,3. In Model 3, X = (X;,X,,X3)"
are given by

X, ~U(=05,05), X, =X, +9;, X;=(1+X)*+39,,
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where 9. % 1/(~0.5,0.5), €5 ~ N(0,0.1%), j = 1,2.

Althbugh we introduce how to estimate the asymptotic variances in Sect. 2.6,
we should note that its estimation procedure is very complex, since we need to
estimate many unknown functions. Hence, we utilize a bootstrap-based method to
calculate the asymptotic variance. Furthermore, Let T(x,) = \/(nh))[T(x;) — 7(x))],
we use the following indices to evaluate the performances of the involved estima-
tors: Standard deviation (SD), the bootstrap-based estimated standard deviation
(ESD), Bias, MSE and 95% confidence interval coverage probability based on
bootstrap-based estimated standard deviation of 7(x;) (CP). The number of boot-
strap time is 200 in this simulation study. The sample size is taken to be respec-
tively n = 500 and n = 1000. Moreover, the replication time is 500. For the band-
width selection described in Subsection 3.1, we have the following selections.

a). For Model 1 as p =2, equation (12) gives s; =4, s, =2, and s, = 2.
We then choose h =aq -n7s for a, € {0.03,0.05}, h, =a2-n_% for
a, € {0.15,0.16,0.17}, hy = a5 - n_ifora3 € {0.07,0.08,0.1}. Here, a;, a, and

a, are called baselines. ] 1
b). For Model 2, as p=4, h; =a,-n 5 fora, =0.1, h, =a, -n s for a, = 0.6,

hy = ay -11_§fora3 € {0.1,0.12,0.14,0.16,0.18}.
c). For Model 3, as p =3, then h; =q, -n_ll_s for a; =0.05, hy =a, -n_é for
a, € {0.4,0.5,0.6,0.8}, hy = a, 175 for a; € {0.1,0.15,0.2}.

3.3 Simulation results

We tubulate the results in Tables 2, 3, 4 below and have some observations.

First, to show the estimation consistency, we can see that larger sample size rea-
sonably results in smaller SD and MSE . The dimension of X also effects the esti-
mation performance. When p increases to 4 from 2, both SD and MSE obviously
increase particularly when n = 1000.

Second, the comparisons show the significant advantage of outcome regres-
sion-based estimation over IPW-based estimation. Even though in theory, OR-N is
asymptotically equivalent to IPW-N, the difference on the estimation efficiency is
still very significant. All results in the tables obviously indicate this: all IPW-based
estimators have much larger SD than all regression-based estimators.

Third, as discussed before, the performances of OR-N and OR-S are highly asso-
ciated with the affiliation of the given covariates to the set of arguments of the out-
come regression. This finding can also be confirmed in Tables 3 and 4 In Model 2,
X, cka ﬁ]TX and X, ck¢ ﬁgX with k = 1 and g = 0, thus in theory, OR-S shares
the same asymptotic variance as OR-P and OR-O and is more efficient than OR-N.
From Table 3 we can see that the SDs of OR-S are similar to those of OR-P and
OR-O, which are smaller than that of OR-N. In Model 3, X; £ X = (XZ,X3)T. the
asymptotic efficiencies are equivalent in theory and its SDs in Table 4 are similar
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1038 L. Lietal

to, even slightly smaller than, the others. In this case, all outcome regression-based
estimations have smaller SDs than all IPW-based estimations.

Last, as we can see from Table 2, 3, 4, the difference between standard deviation
and the bootstrap-based estimated standard deviation is very small. Furthermore,
with n goes larger, the difference becomes smaller and smaller, even zero in many
cases, which implies the bootstrap-based method performs well. Furthermore, the
values of 95% confidence interval coverage probability (CP) are closer to the nomi-
nal level 0.95 (Table 2, 3, 4), which indicates that the normal approximation works
well.

4 Empirical applications

In this section, we apply OR-S, as the dimensionality (p = 15) of X is high, to
analyse the ACTG 175 data set that can be obtained from the R package spef-
f2trial. This data set was collected from a randomized clinical trial that evalu-
ated treatment effect when either one or two therapies were used for HIV-infected
adults; see Hammer et al. (1996); Song and Ma (2008) for more details. As dis-
cussed before, our goal is to explore the heterogeneity of this treatment effect
across subpopulations. Take age as X to check how the expected pesticide effect
changes with age.

A very brief description about the data set is as follows. The outcome here is CD4
T cell count at baseline and the treatment indicator variable D is a binary variable.
D = 0 means receiving zidovudine only and D = 1 means receiving two therapies
simultaneously. As documented by a number of authors, we take Y = log,,(CD4)
and delete some infinite value after logarithmic transformation, then the number of
observations is n = 2136. Further, to guarantee the unconfoundedness assumption,
X consists of the following 15 covariates: the pidnum (patient’s ID number); age
(age in years at baseline); wtkg (weight in kg at baseline); hemo (hemophilia); homo
(homosexual activity); drugs (history of intravenous drug use); karnof (Karnofsky
score); oprior (non-zidovudine antiretroviral therapy prior to initiation of study
treatment); zprior (zidovudine use prior to treatment initiation); preanti (number of
days of previously received antiretroviral therapy); race; gender; str2 (antiretroviral
history); offtrt (indicator of off-treatment before 96pm5 weeks); days (number of
days until the first occurrence of: (i) a decline in CD4 T cell count of at least 50 (ii)
an event indicating progression to AIDS, or (iii) death).

We now estimate CATE in the interval between 20 and 57 to avoid the boundary
effect when nonparametric estimation method is involved. This range is about from
0.025 quantile to 0.975 quantile of the data. To apply OR-S, we use the sufficient
dimension reduction developed by Xia et al. (2002), which is now known to be
MAVE to estimate the projection matrices 8, and f,, and the associated dimensions.
The results are r(1)=2 and r(0)=3. From these, we then have
s, =max{r(1),7(0)} +1=4 and h,=06n""7 and h=05n""3, where

6, = /var(B; X), B, is the estimated projection and &, = 24/var(X,). Similar to the
simulation studies, Gaussian kernel is used.
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Fig. 1 The curves of conditional .
average treatment effects over < 8 | /\
age with the 95% pointwise con- 8 7o)
fidence band if ¥ = log,,(CD4) S
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Fig.2 The curves of conditional
average treatment effects over
age with the 95% pointwise
confidence band if Y = CD4

CATE with Y

=CD4
320 330 340 350
l l

Figure 1 shows, as a function of age, the curve of the estimated CATE and the
pointwise 95% confidence band. Furthermore, to show the results more intuitively,
we also provide the estimated CATE and the corresponding 95% confidence band
with original ¥ = CD4 in Fig. 2. Note that the curve is much above zero. In other
words, receiving two therapies simultaneously has a much better treatment effect
than receiving only one (zidovudine). Song and Ma (2008) also obtained this con-
clusion. But the investigation on the heterogeneity shows that the treatment effect is
influenced by age. As shown in Fig. 1, before the age of 30, receiving two therapies
leads to the immunity rise. After that, the advantage of this treatment is gradually
weakened. Thus, such a treatment seems more useful for patients whose ages are
around 30.

@ Springer



1040 L. Lietal

5 Conclusion

In this paper, we propose four regression-based estimators of CATE, aimed to cap-
ture the heterogeneity of a treatment effect across subpopulations. The systematic
investigation shows the important factors that affect the asymptotic behaviours of
the estimators: the convergence rates of the outcome regression functions and the
affiliation of the given covariates to the set of arguments of the outcome regression
functions. Further, any regression-based estimation can be asymptotically more
efficient than any propensity score-based estimation, and can at most achieve the
asymptotic efficiency of nonparametric regression-based estimation in some cases.
These results can give a relatively complete profile of propensity score-based and
regression-based estimation for CATE. From the research, semiparametric regres-
sion-based estimation (OR-S) is worth of recommendation as it can avoid model
misspecification as well as the curse of dimensionality when some dimension reduc-
tion and feature selection approaches are combined. see Luo et al. (2017) and Ma
et al. (2019). In this paper, we only discuss the cases with correctly specified mod-
els. When the model is misspecified globally, further topics are about the asymptotic
bias. Here global misspecification means that the assumed model is not convergent
to the underlying model. If it is convergent, we call it local misspecification. Thus,
we will check at which rate of convergence, the asymptotic bias vanishes and then
also study its asymptotic efficiency. Another topic is about double robust estimation
as it can greatly avoid model misspecification. As we have known, the uniform con-
fidence band can provide a lot of useful information for us. However, the theoretical
work of uniform band needs more theoretical support and more skillful technical
requirements, which are left to further research. The research is ongoing.

Supplementary Information The online version contains supplementary material available at https://doi.
org/10.1007/s10463-022-00821-x.
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