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Appendix: Supplement to the proof of Theorem 3.2

Under the assumptions of Theorem 3.2, let us prove that :
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In the sequel, C denotes a positive constant whom value may differ from an inequality to another.

Proof of A.1 We have,
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with ̂̀t(θ) = Yt log λ̂t(θ) − λ̂t(θ), λ̂t(θ) := f̂ tθ := fθ(Yt−1, . . . , Y1, 0, . . . ), ˜̀
t(θ) = Ỹt log λ̃t(θ) − λ̃t(θ), λ̃t(θ) :=

f̃ tθ := fθ(Ỹt−1, . . . ) .
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Let i, j ∈ {1, · · · , d}, it suffices to prove that
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Let 0 < r < 1. According to Kounias and Weng (1969), it is enough to show that
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Therefore, by using the inequalities |a1b1c1− a2b2c2| ≤ |a1− a2||b1||c1|+ |b1− b2||a2||c1|+ |c1− c2||a2||b2| and

|a1b1c1d1 − a2b2c2d2| ≤ |a1 − a2||b1||c1||d1|+ |b1 − b2||a2||c1||d1|+ |c1 − c2||a2||b2||d1|+ |d1 − d2||a2||b2||c2|, we

get from (A.8) and (A.9),
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Therefore, from the Hölder’s inequality, we get
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According to the assumption A0(Θ), we have for all ` ≥ 1,∥∥∥f̂k∗+`
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Hence, from Proposition 2.1, we have for all s > 0,∥∥∥∥∥∥f̂k∗+`
θ

∥∥∥
Θ

∥∥∥
s
≤
∑
j≥1

α
(0)
j ‖Yk∗+`−j‖s + ‖fθ(0)‖Θ ≤ C

∑
j≥1

α
(0)
j + ‖fθ(0)‖Θ ≤ C. (A.13)

Recall that the process Ỹ = (Ỹt)t∈Z is stationary with finite moment of any order. The same arguments
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Lemma 7.1 yields, for all ` ≥ 1,
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The same arguments yield
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Thus, (A.14), (A.15), (A.16), (A.17), (A.18), (A.19) imply

E
∥∥∥∂2 ̂̀

k∗+`(θ)

∂θi∂θj
− ∂2 ˜̀

k∗+`(θ)

∂θi∂θj

∥∥∥r
Θ
≤ C

Ñ
inf

1≤p≤`

{
(α(0))`/p +

∑
k≥p

α
(0)
k

}
+ inf

1≤p≤`/2

{
(α(0))`/(2p) +

∑
i≥p

α
(0)
i

}
+
∑
j≥`/2

α
(0)
j

+ inf
1≤p≤`/2

{
(α(0))`/(2p) +

∑
i≥p

α
(0)
i

}
+
∑
j≥`/2

α
(1)
j + inf

1≤p≤`/2

{
(α(0))`/(2p) +

∑
i≥p

α
(0)
i

}
+
∑
j≥`/2

α
(2)
j

ér

≤ C

Ñ
inf

1≤p≤`/2

{
(α(0))`/(2p) +

∑
j≥p

α
(0)
j

}
+
∑
j≥`/2

α
(0)
j +

∑
j≥`/2

α
(1)
j +

∑
j≥`/2

α
(2)
j

ér

≤ C

Ñ
(α(0))`/(2p`) +

∑
j≥p`

α
(0)
j +

∑
j≥p`

α
(1)
j +

∑
j≥p`

α
(2)
j

ér

≤ C

Ñ
(α(0))r`/(2p`) +

Ñ∑
j≥p`

α
(0)
j

ér

+

Ñ∑
j≥p`

α
(1)
j

ér

+

Ñ∑
j≥p`

α
(2)
j

éré
, (A.20)



5

with p` = `/ log `. Therefore,

∑
`≥1

Å
1

`

ãr
E

[∥∥∥∥∥∂2 ̂̀
k∗+`(θ)

∂θi∂θj
− ∂2 ˜̀

k∗+`(θ)

∂θi∂θj

∥∥∥∥∥
r

Θ

]

≤ C
∑
`≥1

Å
1

`

ãr (α(0))r`/(2p`) +

Ñ∑
j≥p`

α
(0)
j

ér

+

Ñ∑
j≥p`

α
(1)
j

ér

+

Ñ∑
j≥p`

α
(2)
j

ér
≤ C

∑
`≥1

Å
1

`

ãr
(α(0))

r
2 log ` + C

∑
`≥1

Å
1

`

ãr Ñ∑
j≥p`

α
(0)
j

ér

+

Ñ∑
j≥p`

α
(1)
j

ér

+

Ñ∑
j≥p`

α
(2)
j

ér
≤ C

∑
`≥1

1

`r−
r
2 logα(0)

+ C
∑
`≥1

Å
1

`

ãr ( 1(
p`
)γ−1

)r
(A.21)

≤ C
∑
`≥1

1

`
r
2 (2−logα(0))

+ C
∑
`≥1

(log `)r(γ−1)

`rγ
, (A.22)

where (A.21) holds from the assumption that for i = 0, 1, 2, α
(i)
j = O(j−γ) with γ > 3/2. For any r ∈

(max( 2
3 ,

2
2−logα(0) ) , 1), the sums on the right-hand side of (A.22) are finite. Thus, (A.6) is established; which

completes the proof of (A.1).

�

Proof of A.2 Let i, j ∈ {1, · · · , d}, it suffices to prove that

1

n

k∗+n∑
t=k∗+1

∥∥∥∥∥ 1

f̂ tθ

∂f̂ tθ
∂θi

∂f̂ tθ
∂θj
− 1

f̃ tθ

∂f̃ tθ
∂θi

∂f̃ tθ
∂θj

∥∥∥∥∥
Θ

a.s.−→
n→∞

0;

According to Kounias and Weng (1969), it is enough to show that for some r ∈ (0, 1),

∑
`≥1

(1

`

)rE[∥∥∥∥∥ 1

f̂k
∗+`

θ

∂f̂k
∗+`

θ

∂θi

∂f̂k
∗+`

θ

∂θj
− 1

f̃k
∗+`

θ

∂f̃k
∗+`

θ

∂θi

∂f̃k
∗+`

θ

∂θj

∥∥∥∥∥
r

Θ

]
<∞. (A.23)

(A.23) is obtained by going along similar lines as in the proof of (A.1).

�
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Proof of A.3 For any i ∈ {1, · · · , d}, according to (A.7), the assumption D(Θ), and by using the inequality

|a1b1c1 − a2b2c2| ≤ |a1 − a2||b1||c1|+ |b1 − b2||a2||c1|+ |c1 − c2||a2||b2|, we have∥∥∥∥ ∂

∂θi
L̂ (Tk∗+1,k∗+n, θ)−

∂

∂θi
L̃ (Tk∗+1,k∗+n, θ)

∥∥∥∥
Θ

≤
k∗+n∑
t=k∗+1

∥∥∥∥∥∂ ̂̀t(θ)∂θi
− ∂ ˜̀

t(θ)

∂θi

∥∥∥∥∥
Θ

≤
k∗+n∑
t=k∗+1

∥∥∥∥∥
Ç
Yt

1

f̂ tθ

∂f̂ tθ
∂θi
− ∂f̂ tθ
∂θi

å
−
Ç
Ỹt

1

f̃ tθ

∂f̃ tθ
∂θi
− ∂f̃ tθ
∂θi

å∥∥∥∥∥
Θ

≤
k∗+n∑
t=k∗+1

(∥∥∥∥∥Yt 1

f̂ tθ

∂f̂ tθ
∂θi
− Ỹt

1

f̃ tθ

∂f̃ tθ
∂θi

∥∥∥∥∥
Θ

+

∥∥∥∥∥∂f̂ tθ∂θi
− ∂f̃ tθ
∂θi

∥∥∥∥∥
Θ

)

≤
k∗+n∑
t=k∗+1

(
|Yt − Ỹt|

∥∥∥∥∥ 1

f̂ tθ

∥∥∥∥∥
Θ

∥∥∥∥∥∂f̂ tθ∂θi

∥∥∥∥∥
Θ

+

∥∥∥∥∥ 1

f̂ tθ
− 1

f̃ tθ

∥∥∥∥∥
Θ

|Ỹt|

∥∥∥∥∥∂f̂ tθ∂θi

∥∥∥∥∥
Θ

+

∥∥∥∥∥∂f̂ tθ∂θi
− ∂f̃ tθ
∂θi

∥∥∥∥∥
Θ

|Ỹt|

∥∥∥∥∥ 1

f̃ tθ

∥∥∥∥∥
Θ

+

∥∥∥∥∥∂f̂ tθ∂θi
− ∂f̃ tθ
∂θi

∥∥∥∥∥
Θ

)

≤ C
k∗+n∑
t=k∗+1

[(
1 + Ỹt +

∥∥∥∥∥∂f̂ tθ∂θi

∥∥∥∥∥
Θ

+ Ỹt

∥∥∥∥∥∂f̂ tθ∂θi

∥∥∥∥∥
Θ

)(
|Yt − Ỹt|+

∥∥∥f̂ tθ − f̃ tθ∥∥∥
Θ

+

∥∥∥∥∥∂f̂ tθ∂θi
− ∂f̃ tθ
∂θi

∥∥∥∥∥
Θ

)]
. (A.24)

As pointed out in the proof of (A.1), for all s > 0, it holds that we can find a constant C > 0 such that

EY st ≤ C, EỸ st ≤ C, E
∥∥∥f̂ tθ∥∥∥s

Θ
≤ C, E

∥∥∥f̃ tθ∥∥∥s
Θ
≤ C, E

∥∥∥∂f̂ tθ/∂θi∥∥∥s
Θ
≤ C, E

∥∥∥∂f̃ tθ/∂θi∥∥∥s
Θ
≤ C for all t > k∗.

Consequently, let r ∈ (0, 1), from (A.24) and the Hölder’s inequality, we get

E
Å

1√
n

∥∥∥∥ ∂

∂θi
L̂ (Tk∗+1,k∗+n, θ)−

∂

∂θi
L̃ (Tk∗+1,k∗+n, θ)

∥∥∥∥
Θ

ã
≤ C 1√

n

k∗+n∑
t=k∗+1

E

[(
1 + Ỹt +

∥∥∥∥∥∂f̂ tθ∂θi

∥∥∥∥∥
Θ

+ Ỹt

∥∥∥∥∥∂f̂ tθ∂θi

∥∥∥∥∥
Θ

)(
|Yt − Ỹt|+

∥∥∥f̂ tθ − f̃ tθ∥∥∥
Θ

+

∥∥∥∥∥∂f̂ tθ∂θi
− ∂f̃ tθ
∂θi

∥∥∥∥∥
Θ

)]

≤ C 1√
n

k∗+n∑
t=k∗+1

E

(1 + Ỹt +

∥∥∥∥∥∂f̂ tθ∂θi

∥∥∥∥∥
Θ

+ Ỹt

∥∥∥∥∥∂f̂ tθ∂θi

∥∥∥∥∥
Θ

)(
|Yt − Ỹt|+

∥∥∥f̂ tθ − f̃ tθ∥∥∥
Θ

+

∥∥∥∥∥∂f̂ tθ∂θi
− ∂f̃ tθ
∂θi

∥∥∥∥∥
Θ

)1−r

×

(
|Yt − Ỹt|+

∥∥∥f̂ tθ − f̃ tθ∥∥∥
Θ

+

∥∥∥∥∥∂f̂ tθ∂θi
− ∂f̃ tθ
∂θi

∥∥∥∥∥
Θ

)r]
(A.25)

≤ C 1√
n

k∗+n∑
t=k∗+1

Ñ
E

(1 + Ỹt +

∥∥∥∥∥∂f̂ tθ∂θi

∥∥∥∥∥
Θ

+ Ỹt

∥∥∥∥∥∂f̂ tθ∂θi

∥∥∥∥∥
Θ

) 1
1−r
(
|Yt − Ỹt|+

∥∥∥f̂ tθ − f̃ tθ∥∥∥
Θ

+

∥∥∥∥∥∂f̂ tθ∂θi
− ∂f̃ tθ
∂θi

∥∥∥∥∥
Θ

)é1−r

×

[
E

(
|Yt − Ỹt|+

∥∥∥f̂ tθ − f̃ tθ∥∥∥
Θ

+

∥∥∥∥∥∂f̂ tθ∂θi
− ∂f̃ tθ
∂θi

∥∥∥∥∥
Θ

)]r
(A.26)

≤ C 1√
n

k∗+n∑
t=k∗+1

[
E

(
|Yt − Ỹt|+

∥∥∥f̂ tθ − f̃ tθ∥∥∥
Θ

+

∥∥∥∥∥∂f̂ tθ∂θi
− ∂f̃ tθ
∂θi

∥∥∥∥∥
Θ

)]r

≤ C 1√
n

n∑
`=1

(
E|Yk∗+` − Ỹk∗+`|+ E

∥∥∥f̂k∗+`
θ − f̃k

∗+`
θ

∥∥∥
Θ

+ E

∥∥∥∥∥∂f̂k
∗+`

θ

∂θi
−
∂f̃k

∗+`
θ

∂θi

∥∥∥∥∥
Θ

)r

≤ C 1√
n

n∑
`=1

Ñ
inf

1≤p≤`

{
(α(0))`/p +

∑
k≥p

α
(0)
k

}
+ inf

1≤p≤`/2

{
(α(0))`/(2p) +

∑
i≥p

α
(0)
i

}
+
∑
j≥`/2

α
(0)
j

+ inf
1≤p≤`/2

{
(α(0))`/(2p) +

∑
i≥p

α
(0)
i

}
+
∑
j≥`/2

α
(1)
j

ér

(A.27)
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≤ C 1√
n

n∑
`=1

Ñ
inf

1≤p≤`/2

{
(α(0))`/(2p) +

∑
j≥p

α
(0)
j

}
+
∑
j≥`/2

α
(0)
j +

∑
j≥`/2

α
(1)
j

ér

≤ C 1√
n

n1/3∑
`=1

Ñ
inf

1≤p≤`/2

{
(α(0))`/(2p) +

∑
j≥p

α
(0)
j

}
+
∑
j≥`/2

α
(0)
j +

∑
j≥`/2

α
(1)
j

ér

+ C
1√
n

n∑
`=n1/3

Ñ
inf

1≤p≤`/2

{
(α(0))`/(2p) +

∑
j≥p

α
(0)
j

}
+
∑
j≥`/2

α
(0)
j +

∑
j≥`/2

α
(1)
j

ér

≤ C 1√
n

n1/3∑
`=1

Ñ{
(α(0))`/2 +

∑
j≥1

α
(0)
j

}
+
∑
j≥`/2

α
(0)
j +

∑
j≥`/2

α
(1)
j

ér

+ C
1√
n

n∑
`=n1/3

Ñ
(α(0))`/(2p`) +

∑
j≥p`

α
(0)
j +

∑
j≥`/2

α
(0)
j +

∑
j≥`/2

α
(1)
j

ér

≤ C 1√
n

n1/3∑
`=1

Ñ
(α(0))r/2 +

Ñ∑
j≥1

α
(0)
j

ér

+

Ñ∑
j≥1

α
(1)
j

éré
+ C

1√
n

n∑
`=n1/3

Ñ
(α(0))r`/(2p`) +

Ñ∑
j≥p`

α
(0)
j

ér

+

Ñ∑
j≥p`

α
(1)
j

éré
≤ Cn

1/3

√
n

+ C
1√
n

n∑
`=n1/3

Å
(α(0))r`/(2p`) +

Å
1

(p`)γ−1

ãrã
≤ C 1

n1/6
+ C

1√
n

n∑
`=n1/3

Å
(α(0))r`

1−ε
+

1

`rε(γ−1)

ã
(A.28)

≤ C 1

n1/6
+ C

n∑
`=n1/3

Ç
(α(0))r`

1−ε

√
`

+
1√

` `rε(γ−1)

å
≤ C 1

n1/6
+ C

n∑
`=n1/3

Ç
(α(0))r`

1−ε

√
`

+
1

`
1
2 +rε(γ−1)

å
≤ C 1

n1/6
+ C

∑
`≥n1/3

Ç
(α(0))r`

1−ε

√
`

+
1

`
1
2 +rε(γ−1)

å
−→
n→∞

0, (A.29)

with p` = `ε

2 for some ε ∈ ( 1
2(γ−1) , 1) and r ∈ ( 1

2ε(γ−1) , 1) and where the first inequality in (A.28) holds from the

assumption α
(0)
j = O(j−γ), α

(1)
j = O(j−γ) with γ > 3/2. Note that, since γ > 3/2, 1

2(γ−1) < 1 and 1
2ε(γ−1) < 1.

The convergence in (A.29) holds since
∑
`≥1

(α(0))r`
1−ε

√
`

<∞ and
∑
`≥1

1

`
1
2
+rε(γ−1)

<∞ (since 1
2 +rε(γ−1) > 1).

This completes the proof of (A.3) �
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