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Abstract

In general, the solution to a regression problem is the minimizer of a given loss crite-
rion and depends on the specified loss function. The nonparametric isotonic regres-
sion problem is special, in that optimal solutions can be found by solely specifying a
functional. These solutions will then be minimizers under all loss functions simulta-
neously as long as the loss functions have the requested functional as the Bayes act.
For the functional, the only requirement is that it can be defined via an identifica-
tion function, with examples including the expectation, quantile, and expectile func-
tionals. Generalizing classical results, we characterize the optimal solutions to the
isotonic regression problem for identifiable functionals by rigorously treating these
functionals as set-valued. The results hold in the case of totally or partially ordered
explanatory variables. For total orders, we show that any solution resulting from the
pool-adjacent-violators algorithm is optimal.
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1 Introduction

Suppose that we have pairs of observations (z;,y,), ..., (z,.¥,) Where we assume that
¥, i =1,...,n are real-valued. The aim of isotonic regression is to fit an increas-
ing function § : {z;,...,z,} = R to these observations. The covariates z,...,z,
can take values in any set as long as it is equipped with a partial order which we
denote by <. Then, a function g : {z;,...,z,} = R is increasing if z; < z implies
that g(z,) < g(z)).

As it is common in regression analysis, we aim to find an estimate g that mini-
mizes the expected loss for some loss function L : R X R — [0, o0). If the function
g is interpreted as an estimator of the conditional expectation of a random variable
Y given Z, then a natural choice for L is the squared error loss L(x,y) = (x — y)>.
Fori <j, letE;.; denote the expectation with respect to the empirical distribution of
@y - ,(zj,yj). Assuming that z; < z, < -+ < z,,, the minimizer of the quadratic
loss criterion

E.,(e(Z) - Y) ey
over all increasing functions g is given by

2(z,) =I£i§”?§,-"[Ei:f‘Y=I?5anI§§?Ei%/‘Y’ £=1,...,n, 2)
see Barlow et al. (1972, eq. (1.9)—(1.13)). The solution g can be computed efficiently
using the so-called pool-adjacent-violators (PAV) algorithm. These results were
developed in the 1950s by several parties independently; see Ayer et al. (1955); Bar-
tholomew (1959a, 1959b); Brunk (1955); van Eeden (1958); Miles (1959).

It turns out that the solution given at (2) is also the unique minimizer of the Breg-
man loss criterion

E,.,.L(g(2),Y), 3)

where the squared error loss in (1) has been replaced by a Bregman loss function
L=1L, (Barlow et al. 1972, Theorem 1.10). That is,

Ly(x,y) = ¢0) = p(x) = ¢’ () = ),

where ¢ is a convex function with subgradient ¢’. Savage (1971) found that the
Bregman class comprises all loss functions L where the expectation functional mini-
mizes the expected loss, i.e.,

EpY = argmin EpL(x, Y),

where Y is a random variable with distribution P. Due to this property, any loss
function in the Bregman class is also referred to as a consistent loss function for the
expectation functional (Gneiting 2011).

In summary, the increasing regression function at (2) is simultaneously optimal
with respect to all consistent loss functions for the expectation. This robustness
with respect to the choice of loss function means that the solution to the regression
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problem is determined by the choice of the expectation as the target functional. We
will see that the same holds for other functionals. As such, in nonparametric iso-
tonic regression we can replace the task of choosing a loss function with the task of
choosing a suitable target functional.

This remarkable result is particularly beneficial in scenarios where a single rel-
evant loss function cannot easily be identified. For example, institutions such as cen-
tral banks or weather services provide analyses and forecasts that drive individual
decision making in a heterogeneous group of users. In these circumstances, deter-
mining a unifying loss function is hardly trivial. However, publishing results for the
expectation and for various quantile levels is certainly feasible.

The simultaneous-optimality result for nonparametric isotonic regression is in
stark contrast to the optimality behavior of parametric models for increasing regres-
sion functions. Suppose that{g, : 6 € ©},©® C R is a parametric model of increas-
ing functions g,. Then, the optimal parameters with respect to the Bregman-loss
criterion (3) generally vary (substantially) depending on the chosen loss function
(Patton 2020). Consistency of the loss function merely ensures that the true parame-
ter value of a correctly specified model minimizes the Bregman-loss criterion on the
population level. Interestingly, simultaneous optimality with respect to all consistent
loss functions generally also breaks down if one weakens the isotonicity constraint
of the regression function to a unimodality constraint; see Sect. 3.

In this paper, we generalize the result of Barlow et al. (1972, Theorem 1.10) in
several directions. First, instead of the expectation functional, we consider general
functionals T that are given by an identification function V(x, y) as defined in Defini-
tion 1. Second, in the case of set-valued functionals, we give a complete characteri-
zation of all possible solutions. Third, we demonstrate that modified min-max and
max-min solutions as in (2) continue to hold for general partial orders on the covari-
ates and act as lower and upper bounds to any solution.

An identification function is an increasing function that weighs negative values
in the case of underestimation against positive values in the case of overestimation,
with an optimal expected value of zero. The corresponding functional 7 then maps
to the optimizing value of the argument (or to the set of optimizing values). If there
is always a unique optimizing value, we say that the functional is of singleton type,
and otherwise it is of interval type. Prime examples of functionals that are of single-
ton type include the expectation functional, expectiles (Newey and Powell 1987),
or ratios of expectations. The solution for these functionals is unique, so that our
results offer no new insight to those by Robertson and Wright (1980) apart from a
different method of proof. Functionals that are of interval type include the important
case of quantiles, including the median, which have also been treated in Robertson
and Wright (1973, 1980), but not in the interpretation as set-valued functionals. Pre-
defining a global scheme for reducing the median interval to a single point (e.g.,
some convex combination of lower and upper functional value) inevitably restricts
the possible solutions to the isotonic regression problem.

In contrast to previous work, we treat all functionals as set-valued. In Sect. 4,
we give explicit solutions for the lower and upper bound of the isotonic regression
problem in the context of partial orders. The method of proof for these results is
fundamentally different from the approach of Barlow et al. (1972, Theorem 1.10) or
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Robertson and Wright (1980), and in contrast to the latter comes with an immediate
construction principle for loss functions. Our method relies on the mixture or Cho-
quet representations of consistent loss functions, introduced by Ehm et al. (2016) for
the quantile and expectile functionals. Given the identification function V(x, y) for
the functional 7, a one-parameter family of elementary loss functions that are con-
sistent for the functional T can be readily defined,

S, y) = 1{n <x} = 1{n <ybHVn,y),

where n € R. If T'is a quantile, an expectile, or a ratio of expectations, then
S = { / Sn(x, v)dH(n) : H is a nonnegative measure on R }, “)
R

comprises all consistent loss functions for 7 subject to standard conditions, and if
V(x,y) = x —y is the identification function of the expectation, then the class .
is the class of Bregman loss functions; see Ehm et al. (2016); Gneiting (2011). In
fact, optimality of an isotonic solution with respect to the criterion (3) for L = S, for
some 1 € R corresponds to finding a solution with optimal superlevel set {g > #}.
Considering an isotonicity constraint as a constraint on admissible superlevel sets of
the regression function relates to the work of Polonik (1998) in the context of den-
sity estimation.

For any functional 7 and corresponding consistent loss function L from the
class ., Theorem 1 states that the optimal isotonic solution to the criterion (3) is
bounded below by a min-max formula and bounded above by a max-min formula as
in (2) with the expectation replaced by the lower and upper functional values under
T, respectively. In Proposition 5, we show that the min-max or max-min solution
is simultaneously optimal with respect to all elementary loss functions for 7, and
hence with respect to the entire class .. Propositions 6-8 characterize the optimal
solutions by refinement of other optimal solutions. Our method of proof also leads
to a transparent proof of the validity of the PAV algorithm in Sect. 4.2.

The left panel of Fig. 1 illustrates the pointwise bounds given in Theorem 1 for
the median functional in a constructed data example with totally ordered covariates.
The right panel illustrates the full range of optimal solutions as given by Proposi-
tions 5-8. These propositions identify all optimal superlevel sets and thereby also
the regions where an optimal solution is necessarily constant (shown in darkgrey),
interspersed with regions where the only constraint is that isotonicity has to be satis-
fied (lightgrey). As examples we show one optimal solution that linearly interpolates
the midpoints of the bounds from Theorem 1 (red), and another solution that mini-
mizes the average slope subject to continuity (blue). Note that the latter solution has
5 constant pieces, which is impossible for a fixed convex combination of the bounds
from Theorem 1.

The results in Robertson and Wright (1980) hold for a large class of functionals
and for partial orders on the covariates. However, the generality of their results is
limited by treating potentially set-valued functionals as maps to single values. The
solutions that arise from Proposition 5 in combination with Corollary 3 should be
recoverable in the framework of Robertson and Wright (1980), which is in general
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Fig. 1 Solutions in isotonic median regression. The left panel shows the pointwise bounds from Theo-
rem 1. The right panel illustrates the full range of optimal solutions, which are necessarily constant in
some regions (darkgrey) and can be chosen freely inbetween (lightgrey), subject to satisfying isotonic-
ity. Two examples of optimal solutions are shown. One is based on Corollary 3 and interpolates linearly
between the midpoints of the pointwise bounds (red), and one is based on Proposition 8 and minimizes
the average slope (blue)

z z

not the case for the solutions by Propositions 7-8. Also, the minimal and maximal
solutions of Proposition 5 have not formally been identified as actual bounds, as they
are in Theorem 1. To the best of our knowledge, the literature following Robertson
and Wright (1980) is void of further results that characterize the solutions to the
isotonic regression problem, or any investigations into the effect of the choice of loss
function among options sharing the same Bayes act.

Recently and independently of our work, Mosching and Diimbgen (2020) derived
a similar result of min-max and max-min formulas as lower and upper bounds for
optimal isotonic solutions in the context of set-valued minimizers of convex and
coercive loss functions. In contrast to their work, we do not require loss functions
to be convex and coercive. Instead we focus on their consistency for a specific func-
tional. Briimmer and Du Preez (2013) rediscover the result of Barlow et al. (1972)
that the PAV algorithm leads to a simultaneously optimal solution for all proper
scoring rules in the context of binary events — a special class of loss functions that
are consistent for the expectation functional.

A comprehensive overview on isotonic regression is given in the monograph
Groeneboom and Jongbloed (2014). Also, Guntuboyina and Sen (2018) review
risk bounds, asymptotic theory, and algorithms in common nonparametric shape-
restricted regression problems in the context of least squares optimization. Among
the most recent developments on algorithms for isotonic regression with partially
ordered covariates, Kyng et al. (2015) and Stout (2015) provide fast algorithms for
isotone regression under different loss functions using the representation of a partial
order as a directed acyclic graph. Recent advances on asymptotic theory for isotonic
regression include Han et al. (2019), giving rates for least squares isotonic regres-
sion on the unit cube of arbitrary dimension, and Bellec (2018), considering iso-
tonic, unimodal, and convex regression in the context of total orders. Another recent
interest is the regularization of isotonic regression on multiple variables with Luss
and Rosset (2017) proposing a method via range restriction on the solution to the
regression problem.
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The paper provides a first fully rigorous treatment of isotonic regression for set-
valued identifiable functionals including the important special case of quantiles. We
treat total orders as well as partial orders. In both cases, a complete characterization
of all solutions to the isotonic regression problem has been lacking in the literature.
Theorem 1 identifies bounds on the solutions. Propositions 7-8 only bear relevance
when the functional is of interval type, but they identify the conditions that lead to
those optimal solutions which cannot occur when functionals only map to single real
values.

2 Functionals and consistent loss functions
We start with the definition of a functional via an identification function.

Definition 1 A function V : R X R — R is called an identification function if V(-, y)
is increasing and left-continuous for all y € R. Then, for any finite and nonnegative
measure P on R such that V(x, -) is quasi-integrable for all x € R, we define the func-
tional T induced by an identification function V as

where the lower and upper bounds are given by

T, =sup{x: V(x,P) <0} and Ty =inf{x: V(x,P)> 0},

using the notation V(x, P) = f_o; V(x,y)dP(y).

Defining functionals for any finite and nonnegative measure, as opposed to
merely probability distributions, is a minor detail that simplifies notation when join-
ing and intersecting data subsets. Except in the case of the null measure, any finite
and nonnegative measure can be replaced with a corresponding probability distribu-
tion, without any change to the functional values.

Note that T, can take the value —co , and T; can take the value +o0. In the sub-
sequent results, we repeatedly refer to the smallest or largest element of a finite set
where one of the elements could be +oo. We still write min and max of the set but
this quantity could be +co.

Definition 2 A functional 7 is called a functional of singleton type if T(P) is a sin-

gleton whenever P is not the null measure. Otherwise, T is called a functional of
interval type.

Table 1 summarizes common functionals and their respective identification func-
tions, and Example 1 explains two options in more detail.

Example 1 Leta,r € (0, 1), and let P denote a probability distribution.
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Table 1 Selection of functionals and their respective identification functions. The parameters satisfy
a, 7€ (0,1),p>1landé >0,andu : I > Randw : I - (0, o) are measurable functions on an interval
I C R. The functionals “Z, minimizer” and “Huber minimizer” map to the intervals of values minimizing
the £, loss and the Huber loss (Huber 1964), respectively

Functional Identification function Type
Median Vix,y)=1{x>y}-1/2 interval
Mean Vix,y)=x—y singleton
2" Moment V(x,y) =x—y* singleton
a-Quantile Vi,y)=1{x>y} —a interval
7-Expectile Vix,y) =2|1{x >y} —7|(x—y) singleton
Ratio Ep(u(Y))/Ep(w(Y)) Vx,y) = xw(y) — u(y) singleton
¢, minimizer V(x,y) = sign(x — y)|x — y|~! singleton
Huber minimizer V(x,y) = sign(x — y) min(|x — y|, §) interval

(a) Consider the identification function V(x,y) =1{x>y}—a, then
V(x, P) = P(Y < x) — a, and the interval of all a-quantiles of P,

T(P) = [sup {x : P(Y <x) < a},inf {x : P(Y <x) > a}],

is potentially of positive length.
(b) If P has a finite first moment, the identification function
Vx,y) =2|1{x > y} — 7|(x — y) leads to

V(x,P)=2(1 - T)/ x—=y)dPy) + 27/ (x—y)dP(®),

which is strictly increasing and continuous in its first argument. Hence, there

exists a unique solution in x for the equation V(x, P) = 0, and we call that solu-
tion the r-expectile e (P). In particular, for 7 = % we obtain V(x,y) = x — y and
thus T(P) = {Ep(Y)}.

In the later proofs, we use three implications of Definition 1 repeatedly to estab-
lish order relationships between the variable in the first argument of V and the func-
tional of an empirical distribution. To facilitate reference, we note these statements
explicitly.

Corollary 1 Let V be an identification function inducing the functional T, and P be a
finite and nonnegative measure on R. Then,

Vin.P)=0 = neT(P),

V(n,P)>0 = n>supT(P) =T},

Vin,P) <0 = n <infT(P)=T,.

Lemma 1 shows that a version of the Cauchy mean value property holds for any
functional that we consider in this paper. The same can be shown for the original
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version used to define functionals in Robertson and Wright (1980). It is unclear
whether a functional that satisfies the Cauchy mean value property needs to be
identifiable.

Lemma 1 Let P, Q be finite and nonnegative measures on R. Then,
: - 7+ - + - 7+
mln{TP,TQ} < TP+Q < TP+Q < maX{TP,TQ}.

Proof The statement follows from Definition 1. The second inequality is trivial. For
the first inequality, and x < min{T;,Tg}, we have V(x,P) <0 and V(x,Q) <0,
hence V(x, P + Q) < 0. A similar argument applies to the third inequality. O

The definition of a functional in terms of an identification function comes with
a straightforward construction principle for large classes of loss functions. In a nut-
shell, a continuous oriented identification function defines a functional via its unique
root in the first argument, a first-order condition. By integration, corresponding loss
functions inherit the consistency for the functional, i.e., the minimum expected loss
is attained by any member in 7(P). The loss functions defined in Proposition 1 are
the most basic, in the sense that they are a result of integration with respect to the
Dirac measure at a given threshold # € R. A similar result has also been discussed
in Dawid (2016) and Ziegel (2016).

Proposition 1 Let V be an identification function, T be the induced functional, and
1 € R. Then the elementary loss function S, : R xR — R given by

S, y) = (1{n <x} - Un <yHvVn,y)

is consistent for T relative to the class & of probability distributions such that V(y, -)
is quasi-integrable. That is,

EpS,(#,Y) < EpS,(x, Y)
forallP € &, allt € T(P)and all x € R.

Proof Let
d(n) = EpS, (1Y) — EpS,(x.Y) = (1{n < 1} = 1{n < x})V(.P).

If V(n,P) =0 then d(n) = 0. If V(,P) <0 it follows from Corollary 1 that <t
and therefore d(n) < 0. Similary, if V(, P) > 0 it follows that # > ¢ and therefore
dn) <0. O

As an immediate consequence of the consistency of elementary loss functions for
the functional T, we have that all loss functions in the class . defined at (4) are also
consistent for the functional 7. This result exemplifies an important line of reasoning
used multiple times in this paper: A property of S, that holds for all # € R translates
to the class .7
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Examples of members of the class . for the expectation functional, i.e.,
V(x,y) = x — y, are given in Table 2. While these examples are differentiable convex
losses and therefore already covered in the literature (Luss and Rosset 2014), the
analysis in this paper also holds for the absolute loss, a nondifferentiable convex loss
that is recovered when choosing V(x,y) = 1{x > y} — 1/2 and dH(y) = d27. And
even the elementary loss functions themselves bear relevance to fundamental deci-
sion problems in practice (Ehm et al. 2016). For the expectation functional, the ele-
mentary losses are nondifferentiable and convex, but describe the scenario of invest-
ing a fixed sum # for an unknown future profit or loss. For quantiles, the losses are
not even convex, but describe the scenario of a bet on whether or not the outcome y
will exceed the threshold #, with a fixed payoff ratio. Similar betting interpretations
of elementary loss functions in the context of isotonic regression are an interesting
open question.

While loss functions with properties such as convexity or differentiability are
often necessary in optimization problems for estimation, consumers of predictions
regularly face decision problems with simpler loss structures. The results in this
paper show that a distinction of preferences for technical implementation and fore-
cast consumption is unnecessary in nonparametric isotonic regression.

3 Simultaneous optimality

Consider a distribution P for a random vector (Z,Y) € Zx R. We aim to minimize
the criterion

EpS,(8(2),Y) forally € R, 5)

over a family of regression functions g : 2°— R, and call a solution g simultane-
ously optimal since it minimizes the expected score with respect to all scoring func-
tions in the class .7 at (4), simultaneously. Condition (5) is equivalent to minimizing
Epl{n < g(Z2)}V(n,Y) for all n € R. The results in this paper rely on this reformu-
lation and the implication that regression functions are characterized by superlevel
sets of the form {z € Z: g(z) > n}, n € R. The structure of the set of admissible
superlevel sets is crucial for the existence of a simultaneously optimal regression
function.

Table2 Commonly used loss functions that are consistent for the mean functional. For an interval
I C R, a Bregman loss is induced by a convex function ¢ : I — R with subgradient ¢’. See Patton (2011,
2020) for the QLIKE loss and the exponential Bregman loss, respectively

Name Mixing measure Loss function Domain
H((ny,mD = Lix,y) =

Bregman loss @' () — ¢'(my) $») = () — ¢’ (D —x) I

Squared error h—m x—y)? R

Exponential Bregman exp(n,) — exp(n;) exp(y) — exp(x) — exp(x)(y — x) R

QLIKE loss -1/ + 1/, y/x—log(y/x)—1 (0, )
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In fact, it is a rare property in regression methods, that the solution does
not depend on the loss function when considering a large class such as .7. As
recently demonstrated, the optimal parameters with respect to the Bregman-loss
criterion (3) of a parametric model {g, : 6 € @}, ® C R of increasing functions
8p generally vary depending on the chosen loss function (Patton 2020). Before
proving the simultaneous-optimality result for nonparametric isotonic regression
in Sect. 4, we highlight the fragility of simultaneous optimality by demonstrating
that it fails to hold for only slightly adapted shape constraints.

Unimodality is a shape constraint closely related to isotonicity. Given a pre-
determined mode, unimodality is even equivalent to isotonicity, when order rela-
tionships are defined suitably. For example, a total order on a finite set becomes a
partial order consisting of two separate total orders merging in the predetermined
mode, when reframing unimodality as isotonicity. Then, the problem becomes
one of reconciling two isotonicity constraints. However, we will now see that
simultaneous optimality under the unimodality constraint is in general unattain-
able when the location of the mode is not predetermined.

Example 2 Suppose that we have observations (z;,y;), ..., (24, ¥4) With z; < -+ <z,
and (y,...,y4) =(9,9,0,10), and let P denote the corresponding empirical distri-
bution. We choose the expectation functional as the regression target, and for each
potential mode m; = z;,i = 1,...,4, we aim to find a function §; : {z;,..., 24} = R
that is optimal for any consistent loss function for the expectation functional. To this
end, we reframe unimodality given a predetermined mode as isotonicity. The exist-
ence and the uniqueness of an optimal isotonic solution for a functional of singleton
type is shown in Sect. 4.

Using the PAV algorithm, the functions g, and g, are easy to find, as the order on
the z; is reversed or remains unchanged, respectively, when reframing the unimodal-
ity constraint as isotonicity. We refer to Sect. 4.2 and extant literature for a descrip-
tion of the algorithm. To find g,, we consider the partial order given by the totally
ordered subsets z; < z, < z3 and z3 > z,, and argue with superlevel sets of the form
{z : 83(z) 2 1}, n € R. Since z, corresponds to the largest response in the data set,
v4, and z; needs to be in every nonempty superlevel set, we have g;(z3) = &5(z4).
Therefore, z, also lies in any nonempty superlevel set of g, and in satisfying the
isotonic relationship on z; < z, < z3, we find that the only nonempty superlevel set
must be {z;,...,z4}, corresponding to levels < 3—‘ Z?zl y; = 7. Similarly, in order
to find g, as the isotonic solution subject to z; < z, and z, > z3 > z,, we again have
8,(z3) = 8,(z4) since y, is the largest response. As % 2?23 y; <y, =y, isotonicity is
established, and the only nonempty superlevel sets are {z,,z,} and {z;, ... ,24}, cor-
responding to levels # € (5,9]and n < 5, respectively. Coincidentally, g, = ;.

The left panel of Fig. 2 shows the regression functions, and the right panel shows
the expected score at (5) as a function of # € R. None of the three potential solu-
tions minimizes the expected score for all , and therefore, a simultaneously optimal
solution does not exist in this example. This visual method of comparing forecasts is
called a Murphy diagram (Ehm et al. 2016).
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Vi=y2 o .

Mean elementary loss
N\

Threshold 1

Fig.2 Unimodal Regression and Murphy Diagram. For a data example with observations
(21,9),(22,9), (z3,0), (24, 10), the left panel shows the regression functions %, ...,&, corresponding to
modes z;,...,24. The black dots display the observations. The right panel shows the mean elementary
losses of the regression functions against the parameter # € R. No single function exhibits the smallest
mean elementary loss for all values of 7, simultaneously

In unimodal regression, a simultaneously optimal solution may but need not exist.
This agrees with our findings in Sect. 4 because the set of admissible superlevel
sets under a unimodality shape constraint is not closed under union and intersection.
Indeed, in Example 2 the sets {z; } and {z,} are admissible superlevel sets, while the
union {z;,z,} is not admissible because it implies bimodality.

4 Results on isotonic regression

We solve the isotonic regression problem considering a distribution P for a random
vector (Z,Y) € Zx R, where 2 is a finite partially ordered set. The distribution P
may, but need not, be an empirical distribution with finite support. Analogously to
(5), we aim to minimize the criterion

EpS,(8(2).Y) forally € R, ©)

over all increasing functions g : 2°— R. We call any minimizer of (6) a solution to
the isotonic regression problem.

Reformulation of condition (6) as minimizing Ep1{n < g(Z)}V(n,Y) for all
n € R reveals that we can specify a solution to the isotonic regression problem by
finding a path through minimizing upper sets {z € Z: 8(z) > n}. These upper sets
are denoted by x € Z'C A(%), where & denotes the power set. The set 2 consists
of all admissible superlevel sets for an increasing function g imposed by the partial
order on &. A set x € 2" is characterized by the property that if z € x and z < 7/,
then 7’ € x. This implies that 2" is a finite lattice, that is, it is closed under union
and intersection and contains 2 and the empty set. We will see, that as 5 increases, &
follows one of the totally ordered paths through the lattice. In Fig. 3, the direction of
movement as 7 increases is illustrated by arrows. In the special case of a total order,
7y < - < z,, there is only one possible path along upper sets of the form {z;, ..., z,},
i=1,...,n, ending up at the empty set.
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500 A.l. Jordan et al.

Fig. 3 Moving through the {21, 22, 23,24} ()
lattice 2". The display shows
possible paths through 2~
based on the partial order on
Z= {21522, 23, 24} given by {22, 23,24} .
7; <zand z; < z3 < z4. The
arrows indicate the direction of
moving through the lattice .2 as

increases
n {z3,2} O

{z3 O

The path is given by a function £ : R — 27, that maps # to an upper set x of &
that minimizes

sm =v(m) =V, P) = / . V(n,y) P(dz, dy), @)
XX

where P,(A) = P(x X R)NA) for any A € A(Z) @ B(R), where B(R) denotes the
Borel o-algebra on R. In this notation, s, is only defined for x € 2", whereas v, and
P, are defined for any x € H(2). As in Definition 1 and Proposition 1, we assume
that V(n, P,) exists for all # € R and x € A(Z). For the bounds of the conditional
functional, we write 7 = T;)— =infT(P,) and Tx+ = T;{ = sup T(P,). Finally, let
X(n) denote the set of superlevel sets x € 2" minimizing Sx(n) at (7). Since (%) is
finite, such a minimizer always exists.

For a total order, upper sets {z;, ..., z,} can be parameterized by the index of the
smallest element, with the index n + 1 for the empty set. Then we can redefine the
object of minimization in (7) as

s =Y. V().
=i

This index search needs to be conducted for every n € R separately. In Fig. 4, we
give an example for 6 data points. The example illustrates how the values g(z,),
¢ =1,...,6, can be determined from the epigraph of the function # — min &(y). The
function 1 maps 5 to the smallest index of the elements in &£(#). In a nutshell, for a
total order, we find the generalized inverse to an optimal solution.

The following proposition formalizes that statement in the general context,
assuming the existence of a decreasing function ¢ : R — 2 in the sense that for
n’ > n it holds that (') C £(n), while satisfying &(7) € X(n) for all # € R. Before
showing the existence of such a function £ in Lemma 3, we elucidate the one-to-one
correspondence to the solutions ¢ of the isotonic regression problem at (6).
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Fig.4 Graph of g. For a sample of 6 data points with a totally ordered covariate set 2, the values of §(z)
for z =z, ..., 2 are shown in red. The epigraph of the function # = min&(#) = z,,, is shown in grey,
where T is chosen as the median functional to find &(#), and 1 maps # to the smallest index of the ele-
ments in &(r7). Note that the displayed epigraph is for a function with its argument on the y-axis

Proposition 2 Let £ : R — 2 be a decreasing, left-continuous function such that
E(n) € X(n), where left-continuity means that if n, 1 n and z € £(n,,), then z € &(1).
Then, the function 8 : % — R given by

inf{n : 2 & &)} = &(z) =max{n : z € &)} ®)
is the unique function that satisfies
{z:g@=n}=¢4@m foralln eR,

among all increasing functions g : Z — R.

Proof The left-continuity and monotonicity of £ : R — 2 implies the equality of
infimum and maximum in equation (8). The monotonicity of g follows from the
monotonicity of & and the fact that & takes values being superlevel sets of the partial
order on . Let ' € R. Then,

() 2@=2n = @) CEW) = z€&W).
(i) Foranyze&(n'): gk =max{n:zeé&m} =7

Therefore, {z : 8(z) > 71"} C{z:z€ &%)} C {z: 8&) > n'} where the first inclu-
sion follows by (i) and the second by (ii). Uniqueness follows because any hypo-
thetical alternative g with g(z’) # 2(2’) for some 7/ € Z leads to the contradiction
& =1{z:8@2n}#{z: 8@ =n}=E&n) forall nbetween g(z') and §(z'). O

As a first result, we characterize minimizers of s.(#) at (7) for a given € R. The
following proposition states necessary and sufficient conditions for the inclusion of
an upper set x in the set of minimizing superlevel sets X(#). This is the first step
towards establishing a link between the level # and the value of the functional T on
the corresponding level set, and more elementary, it is also the first step in proving
the existence of a decreasing function & as specified in Proposition 2.
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Proposition 3 Let n € R. Subject to x,x’ € X, the inclusion x € X(n) holds if and
only if

Var() <0 forallx' ¢ x,
vn () 20 forall X' 2 x.

Letx € X(n), X' € 2" If vy v (1) = vy, (n), then X' € X(n).

Proof Note that s (1) < s, (n) for all x’ Cx and all x’ 2 x holds if and only if
Vo (M) <0 for all x' € x and V() 2 0 for all x' 2 x. For the first part of the
result, note that x € X() implies s,(n) < s,,(y) for all X C x and all x’ 2 x. Con-
versely, let x € 2 be such that the latter condition is satisfied. Then, s,(n) < 5,4, (1)
and s,(n) < s, () for all x’ € 2. By substracting v () on both sides of the latter
inequality, we have s,.(n) < s,,(n) for all x’ € 2, and hence x € X(i). The second
part of the result is immediate after adding s, (17) to both sides of v, (1) = v, (1),

that is, s, (1) = 5., (). O

The following corollary is of particular importance in the context of total
orders, where all admissible superlevel sets are pairwise nested.

Corollary 2 Let n€R and x€X(n), ¥ € . If ¥ CTx and Vaw (@) =0, then
X' € X(n). Analogously, if x' 2 x and vene() = 0, then x' e X(n).

The next result establishes links between two or more sets of minimizing
superlevel sets, that is, between X () and X(5') when 5 # n'. Afterwards, Lemma 3
shows the existence of a decreasing function & as specified in Proposition 2.

Lemma 2

(a) Let n, €R, n<n', and x € X(n), X € X(n'). Then, vx,\x(n”) =0 for all
n'" € n.n'l

(b) LetneRand X', x" €X(n),xe X.Ifxe |y
x € X(n).

(¢) Let n,n' €R, n<y', and x€X(n), ¥ € X('). Then, xux' € X(n) and
xnx € X(@).

qer X(n) and X' 2x2x", then

Proof

(@) Wehave(xUx')\x=x"\x=x"\ (xnx). The statement is trivial if x' \ x = @.
Otherwise, v,\,(17) > 0 > v, (') by Proposition 3, where the statement follows
from the monotonicity of the identification function in its first argument.

(b) The statement is trivial if x = x’, x = x”’, or x & X(%’) for all ' # 5. Therefore,
assume x € X(n'), n" # n.1fn <n', then v, .»(n) = 0 by part (a). If n < 7, then
vx,\x(n) = 0 by part (a). In either case, x € X(#) by Corollary 2.
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c e have s () <s..(n) and s,(#") <s ("), and v, (#"")=0 for a
(c) We h () < s.uv() and s, (') < 5,00 (1) d vy (") =0 f 11
n'" € [n,n'1by part (a). That means, s,(7) = s, (1) and s,,(n") = 5, (1).

Lemma 3

(a) There exists a decreasing function & . Q — Z such that &(q) € X(q) for all
g e Q.
(b) Letn, T nand x, € X(n,), x,, 2 X,,.1. Then, x = (), X, € X(1).

Proof

(a) Let{g,} = Q be an enumeration of the rationals. We define £(g,,) inductively.
Pick x; € X(g,) and set &(q,) = x;. For n > 2, define

x, = U ), x5 = N &),
ie{l,...,n—1} ie{l,...,n—1}
Qi>qn qi<qn

if{i:q;>q,) #0and{i:q <q,} #0.1f{i: q, >q,} =0, wesetx, =0,
and if {i : g¢; <gq,} =0, we set x* = 2. We choose any x, € X(g,) and set
&(q,) = (x, Ux)Nx’. At each step n, {(q,) € X(q,) follows by 2 (a), and
&(q,) <_:x:;. Furthermore, we show by induction that x C &(g,) for all n.
For n =2, this is easily verified. Suppose the claim holds for n — 1 > 2. If
4, > ¢, thenx, = x- and xt =x* | né&(g, ) = &(g,,), hence

n—1
Xy =X, & (xn Ux;—l) n dj(qn—l) = ng(qn)'
Ifg, <gq, ;. thenx, =x-  U&@g, )= &g, ) and x* = x'_, hence
X, = &(qy-1) € (%, UE(q,-)) NXT_| = &(q,)-

In summary, for k < n, if ¢, < g,, then &(q,) C x* C &(q;), and if g; > q,,.
&(g) € x, C &(q,,) showing that & is decreasing.
(b) We have s, (1,) < s,(n,) for all X' € 2. Furthermore, the definitions of x
and V impiy 1{z ex,}V(n,,y) = 1{z € x}V(n,y) pointwise, and we have
1{z € x,}V(n,,y) < sup,ey |V(14,,y)|. By the dominated convergence theorem,
5, (1) = 5,1 and 5,(7,) = 5,/ ().

O

Part (b) of Lemma 3 describes a possible completion step for part (a) that

also modifies £ to be left-continuous. In a nutshell, any decreasing &' : Q —» 2

that satisfies &'(n’') € X(x') for all ' € Q admits a left-continuous version on R,
Eine ﬂn’<n &' (') € X(n), where the intersection is over all ' € Q, ' < n.
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In order to prove the existence of a function & (and thus 2) that solves the isotonic
regression problem, we need that 2" is closed under union and intersection. This
property is essential for Lemma 3.

We could also start with a set .2~ of subsets of {z,, ..., z,} that are interpreted as
the admissible superlevel sets of the function g that is to be fitted. If 2 is closed
under union and intersection, then 2" induces a partial order on {z,, ..., z,} by Birk-
hoff’s Representation Theorem; see for example Gurney and Griffin (2011). Conse-
quently, the optimal function g always exists and is increasing.

Starting with 27, one could formulate constraints other than isotonicity on g as
long as they can be formulated in terms of restrictions on admissible superlevel sets.
Examples are unimodality with a fixed mode or quasi-convexity with a fixed mini-
mal point. Generally, there is no solution that is simultaneously optimal with respect
to all elementary loss functions; see Sect. 3 for an example in the case of a unimo-
dality constraint without a fixed mode.

4.1 Characterization of optimal solutions

The following proposition is essential to provide min-max and max-min bounds on
solutions to the isotonic regression problem. We relate the threshold # € R to the
bounds of the functional 7 on subsets of the data. As a reminder, we write
T: = TI;r =infT(P)and T} = T;,: =sup T(P,).

Proposition4 Letn € R, x € X(n). Then, subjectto X' € 4,
maxT_‘, <y <minT! ,,
’QX ¢\ x’Cx \
max T' <np< min T}
X2 EX() N\ Yo S\

Proof For all x' 2 x, we have v,n,(1) > 0. For all ¥’ C x, we have v,, () < 0. If
x' & X(n), then both inequalities are strict. Corollary 1 implies the result. O

Figure 5 illustrates the statement in Proposition 4 for a total order in the context of
the expectation functional, which is a functional of singleton type. We now state and
show one of our main results which is that g coincides with or is bounded by a min-
max and max-min solution.

Theorem 1 Let z € % and let ¢ be a solution to the isotonic regression problem.
Then, subject to x,x' € X,

min max T , < 8(z) < maxmin T+
X' izgx! xx! A\ g( ) x:z€x X' Cx '

Proof Applying the first set of bounds from Proposition 4 to the formula for ¢ at (8),
we obtain

inf max T <2%(z) < max min TF
nizgln) x2E) N T & niz€E() ¥ e S\’
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Fig.5 Minimizing indices are separators. For a sample of 9 data points, the graph illustrates the func-
tional value (expectation) on relevant subsets of the data for a given # and the minimizing index i = 3.
The expectation value (vertical location of a brown line) is above or below # when the corresponding
subsample extends (horizontal extension of a brown line) to the right or left of the minimizing index,
respectively

The lower bound is bounded from below by min,. ., max,,, Tx‘\x,, and the upper
T O

. . .
bound is bounded from above by max,. ., min,, e

The previous statement is closely related to the coinciding max-min and min-max
solutions at (2) for the expectation functional and a total order isotonicity constraint.
For an analogous statement of uniqueness, as referred to in Example 2, we need the fol-

lowing lemma on a modified max-min inequality in the context of partial orders.

Lemma 4 Suppose that T is of singleton type. Let 7€ % be such that
P({z} X R) > 0. Then, subject to x,x' € &,

maxmin 7t , < min max 7> ,.
xizEx ¥Gx YW X' 1z@x! xx! X\

Proof Let x"" € 2 such that 7 & x/, then

max min 7% , = max min Tt , = max min T,
X:1zEx X' Cx x\x X1ZEX ¥ Cx x\x X:ZEX X Cx X\
- -
P(x\X)xR)>0 P(x\xX)xR)>0
Smax T oy = MaX T e < Jmax, Ty

where the last inequality holds because x Ux"" € 2 and if z € x then x Ux"" 2 x”.
O

In general, a similar statement on coinciding max-min and min-max solutions
always holds, where the choice of £ determines whether g attains the minimal or maxi-
mal elements of the functional. It is possible to define minimal and maximal solutions.
Recall that we defined X(#) as the set of superlevel sets x € 2" minimizing s,.(#) at (7).
Let
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X~(n) ={x € X(n) : Ax" € X(n) such thatx" C x},
X*(n) = {x € X(n) : Ax’ € X(n) such that x’ 2 x}

denote the sets of minimal and maximal elements of X (), respectively.

Proposition 5 Let z € 2 be such that P({z} XR) >0, and let £ : R - Z be
decreasing and left-continuous.

(@) Ifé(n) € Xt (n) for alln € R, then, subjectto x,x' € X',

N . " R
z)= min max7" , =maxminT7 ,.
8@ X izgx! xx! A\ vizex X' Cx K\

(b) If&é(n) € X~(n) for all n € R, then, subject to x,x' € X,

8(z) = min max T

=maxmin 7
Xizgx xn AW xizéx ¥Gx

x\x'*

Proof The proof follows using Lemma 4 and applying the same steps as in the proof
of Theorem 1 to the second set of bounds in Proposition 4. a

Let us denote the solution in part (a) of Proposition 5 by g* and the one in part
(b) by g~. Clearly, it always holds that g~ < g*. It is a natural question whether
any increasing function g that satisfies g~ < g < g% is also a minimizer of the
criterion (6). It turns out that the answer is negative; see Mdsching and Diimb-
gen (2020, Remark 2.2, Example 2.4). Combining Propositions 5 to 8 and Corol-
lary 3, gives a complete characterizations of all possible solutions to the isotonic
regression problem for partial orders. For the following results, it is not required
that g~, g* are the solutions from Proposition 5. Unless specified, they do not
even need to satisfy g~ < g* everywhere. We define &~ : n— {z : g7(2) = 5} and
&1 analogously.

Proposition 6 Let g~ and g* be two solutions to the isotonic regression problem such
that g~ < g*. Let g be isotonic, g~ < g < g%, and suppose that all superlevel sets of
gliein U”eR X(n). Then, g is a solution to the isotonic regression problem.

Proof For n € R define &(n) = {z : g(z) > n}. The functions &,&7,&* are decreas-
ing, that is &() 2 &(n’) for n < n’, and left-continuous. For £7, £ it holds that £~ (n),
ET(n) € X(n). Since, for all z € &, it holds that

g (@=max{n:z€& (N} <glz)=max{n :z€Li(n)}
<g'@=max{n:ze€ &M},

we obtain £ () C E(n) C EF(n) for all € R. Lemma 2 (b) implies the result. O

The following corollary is an immediate consequence of Lemma 2 (c).
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Corollary 3 Let g~ and g* be two solutions to the isotonic regression problem. Then,
the distributive lattice generated by £~ and &% is a subset of | J ner X().

Having two solutions g~ and g™ allows us to find all solutions to the isotonic regres-
sion problem with superlevel sets that lie in the lattice generated by £~ and &+, Exam-
ples include solutions that transition from g~ to g* at a particular threshold #,

2 = { @, z€ & ),

g (2), otherwise,
or pointwise convex combinations of solutions with @ € (0, 1),
8@ = ag” (@ + (1 - a)g*(2).

In order to refine the lattice of minimizing upper sets from Corollary 3 with the pur-
pose to characterize all solutions, we pose the question whether simple separation
rules exist for the set difference of consecutive lattice elements. These sets necessar-
ily take the form of the intersection of a level set of g~ and a level set of g*, that is,
sets of the form {z : g7(z) = #~ and g*(z) = #*}. These rules do exist as we show in
Propositions 7 and 8. First, we introduce the notion of a separation.

Definition 3 A separation of a set Z € P(Z) is a collection of sets Z,,...,Z, C Z
that are pairwise separated and satisfy Z = U?zl Z;. Two sets Z; and Z; are separated
if for all ' € Z; and 7" € Z;, neither 7/ <z nor z” < 7.

Proposition 7 Let g~ and g* be two solutions to the isotonic regression problem, and
let y”w,nt € R, n~ <n*, be such that Z={z : g~ (z) =5~ and g*(z) = n*} is non-
empty. Furthermore, let Z,, ... ,Z, be a separation of Z, and let x' = E~(n7) N EX(y™)
and X" =x'\Z. Then, X" UZ, € X(n) forally € (n~,n* ) k=1,...,n

Proof Without loss of generality, we show the claim for k = 1. By Lemma 2 (c),
we have x' € X(n*) and x" =& (n" +€)UEY(nt +¢,) € X(n™ +¢,) for some
€;,€, > 0. More precisely, we have x’,x"" € X(n) for all n € (47,1"] by Lemma 2
(b),since &~ (n) Cx" C X' C&X(m).ne (™ .n*]

Let x, =x"UZ, and x, =x" \ Z, both of which are upper sets in 2. Then
Z, =x; \ ¥ but also Z, = x’ \ x,. Therefore, vz, () 202> v, (n) foralln € (™, ntl
by Proposition 3. Then the statement follows from Corollary 2. O

Proposition 7 allows us to find additional solutions to the isotonic regression prob-
lem with superlevel sets where separation elements have been added to known mini-
mizing superlevel sets. Using the variables defined in Proposition 7, one example of a
new solution is
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7]’ Z E Z]’
82)=14 8", zex,
g (2), otherwise,

where 5 € (17, 5™]. Tterative application of Proposition 7 recovers all minimizing
superlevel sets that can be obtained from the solutions in Proposition 5 via Corol-
lary 3 and the information on the partially ordered set 2.

Proposition 8 allows us to recover the remaining minimizing superlevel sets
when the distribution P of the random vector (Z, Y) is fully known. Again, P may
be the empirical distribution for a series of covariate-response pairs. In fact, this
proposition is a generalization of Proposition 7 that determines whether a level
set intersection of g~ and g* can be split further by calculating values of the lower
bound of the functional T.

Proposition 8 Let g~ and g* be two solutions to the isotonic regression problem, and
let y”w,nt € R, n~ < n*, be such that Z={z : g~(z) =y~ and g*(z) = n*} is non-
empty Furthermore, let X' =& (7 )NET(yY) and X" =x'\Z. For xe &,
X 2x2x' we haveT,\ < ifand only if x € X(n) for alln € (n~,n*].

Proof We have x',x" € X(n) for all n € (37,%7] as in the proof of Proposition 7.
Then, v, (n) < 0 for all k € 27, k ¢ x', by Proposition 3, and hence TY ,\k > 5t by

Corollary 1. Analogously, Vi () 2 0 for all k € 27, k 2 %", n € (7™, n*], leading
to Tk\ . <

For the ﬁrst part of the statement, let x € 27, X’ 2 x 2 x”, be such that T, e ST
We show that x € X() for all n € (n~,5n+] using Proposition 3. We have
Tf\k < max{T‘, Tt } for all k C x by Lemma 1. Since To, <1 by assumption
and as just shown Tf\k > nt, we obtain 77 = > n*. By Corollary 1, V() < 0 for all
k C x, n < nt, that is, the first inequality in Proposition 3 holds for all # € (11 1t

Similarly, 7, k\ , > min{T Ive X\X,,}for all k 2 x. Since T k\ , <1~ and TJr w2 >nt, we
obtain Tk \ < n". Therefore, v, (1) 2 0, for alln > 57, k 2 x, that is, the second ine-

quality in Proposition 3 holds for ally € (5, n*].

To prove the converse, note that x € X(y) for all # € (5~,n"] implies that
Vine(m) = O for all n € (n~,n*], k 2 x. Hence, in particular, v, (1) > 0 and T;\X <n
for all # € (5™, ™1, and, therefore T;\x <n. |

4.2 Pool-adjacent-violators algorithm

This section discusses the PAV algorithm as adapted to the context of set-valued
functionals and shows the optimality of its solution using the methods introduced
in this paper. The algorithm solves the isotonic regression problem for a total
order, taking observations (z;,y;), ..., (z,,¥,), 23 <+ < z,. In general, the PAV
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algorithm only applies to totally ordered covariates but we comment on exten-
sions to partial orders at the end of this section.

Algorithm 1: Lazy PAV for set-valued functionals

Result: A partition Zpay
Initialize 2 = {Qy,...,0,} where Q; = {z;}, endow 2 with the order induced by z; < --- < zy,
and begin the iteration with Q <— Q,;
loop
while Q has a predecessor pred(Q) in 2 and Toedi0) > TQJr do
L merge its predecessor into Q, and update the partition 2;

while Q has a successor S(Q) in 2 and T, > TSYQ) do

L merge its successor into Q, and update the partition 2;

if Q has a predecessor in 2 then Q < pred(Q) else end loop;

We describe a lazy version of the PAV algorithm for set-valued functionals in
Algorithm 1. It is lazy in the sense that it only creates a partition Zp,y of {z;, ..., 2,}
without returning the isotonic solution, and it stops as soon as an increasing function
g ' {zy,...,z,} = Rexists that is constant on each element of the current partition
2 and satisfies

8(z) €T(Py) forallQ € 2 and z € Q, 9)

that is, when no further pooling is necessary. The solution gp,y that satisfies the
previous requirements is unique for functionals of singleton type, essentially given
by (9) for the partition 2p,y. When choosing a solution for functionals that are of
interval type, additional steps are required that ensure monotonicity because neither
upper nor lower bounds of the functional intervals are necessarily nondecreasing on
Dpay- For the sake of brevity, we assume that a valid solution gp,y has been chosen.

To show the optimality of the solution of the PAV algorithm, the first and most
apparent property that we observe is that for all z € {z;,...,2,}, O}, 0, € Zpry>
min Q; < z < max Q,, we have

Ty, < gv@ < T3, (10)

since otherwise either gp,y is not increasing or the condition (9) is violated. Defini-
tion 1 and its Corollary 1 allow for an immediate proof of an additional property of

2 PAV*

Proposition 9 Let 2 be a partition of {z,,...,z,} found by the PAV algorithm,
Q€ 2,andz € Q. Then,

- - + +
T . < TQ < TQ < Tng,

where Q| and Q| denote the restrictions to the elements q € Q satisfying q > z
and q < z, respectively.
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Proof The second inequality is trivial. For the first inequality, suppose the contrary:
There exist 7 € R, z € Q such that Té <n< Tél . This implies that Q # Q| and

= - .
vo(n) 2 0> vy (n), hence vy (1) > 0. Therefore, Tqu <n< Tlez, which means

that Q can be seen as the result of an invalid pooling of Q|_, and Q| . A similar
argument applies to the third inequality. O

To show the connection between a valid solution by the PAV algorithm and the
score optimizing solution g in Sect. 4, we define

Eoavm = {21 1 < gpav(@}, (11)

which are necessarily sets of the form {z;, ..., z,}. Plugging &,y into the definition
of g recovers gpay»

8@ =max {n : z € &)}
= max {’7 ‘n =< gPAv(Z)} = gpav(2):

In order to show that gp,y solves the isotonic regression problem, it remains to be
shown that &,y () € X(n) for alln € R.

Proposition 10 Let n € R, then &ppy(n) € X(1).

Proof Let n € R and x = &y (n). For all Q € 2p,y, we have Ty, <n< Tgnx by

statement (10) and defining equality (11). Recall that Tﬂ‘ and Tg are —oo and oo,
; — - - + : + T+
respectively. .We now use that TPl ‘P, < max{TPI, .TPz} %nd TPl P, > min{T 1’TP2}
for nonnegative measures P, and P, on R, which is an immediate consequence of
Definition 1. Together with Proposition 9, and subject to x” denoting an upper set of

the form {z,...z,}, we have T <maxpeq, Tp —for all X' 2x, and

O\x
T;L\X, < minge g, Tgp, for all X G x. Therefore, vy, (n) 20 for all x' 2 x, and
Vo () < 0forall X' C x, and the statement follows from Proposition 3. O

As a side note, we point out that &,y corresponds to coarsest partition that
allows the solution gp,y. Any elements of the partition Zp,y from Algorithm 1 on
which gp,y takes the same value have been pooled.

Finally, there is the question of a PAV algorithm for general partial orders,
where the computational performance is a major problem because no simple rule
is known that describes the order in which to resolve violations. In contrast, for
a total order we can resolve any violation at a given iteration of the algorithm.
However, the most common implementations perform a single pass from front
to back, or back to front as in Algorithm 1. The direction becomes relevant once
considering a partial order that can be represented as a directed tree. As demon-
strated by Thompson (1962) and Pardalos and Xue (1999) violations should be
resolved starting from the leaves and at each branching the most severe violation
should be resolved first. All orders used in Example 2 and for Fig. 3 can be rep-
resented as directed trees. For general partial orders, the most recent version of a
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PAV algorithm seems to have been proposed by Sysoev et al. (2011), a segmen-
tation-based approach reconciling a set of local approximate solutions to yield a
highly accurate solution that is not guaranteed to be exact.

4.3 Partitioning the covariate set

In Sect. 4.2, we discussed how the PAV algorithm creates a partition of .2, and
that it leads to a solution g of the isotonic regression problem in the context of total
orders. In this section, we show how a solution to the isotonic regression problem
leads to a corresponding partition 2 of 2, such that the solution satisfies

8(z) €T(Py), foralQ€ 2, z€0,

and the solution is constant on every element of the partition. Let 7 be a functional
of singleton type, and g be a solution to the isotonic regression problem. Subject to
x, X,k k' € Z,the combination of Theorem 1 and Lemma 4 yields

2(2) = max min T
X:z€x X' Gx

= k,ng}(, 1}1122}} Tow
for all z € & with P({z} X R) > 0. We call (x,x’) a max-min pair for z if z € x,
X Cx,and (z) = \ ,» and we call (k’, k) a min-max pair for z if z & k', k 2 k', and
(z) k\k, For a pair x,x' € 2 such that T..= T;\x,, we also use the notation
\x,. Note that for a functional T of singleton type, we have T(Pyy) = { x\x,} if
P((x \ x') x R) > 0. The following lemma provides the necessary tools to construct
the partition 2.
Lemma 5 Let T be a functional of singleton type, and g be a solution to the iso-
tonic regression problem. Furthermore, let 7 € & such that P({z} X R) > 0, and let
(xl,x’l), (x2,xfz) be max-min pairs for z, and (K, k,), (k},, ky) be min-max pairs for z.
Then the following statements hold:

_ 7= _
(a) We have that 8(z) = \k, = T(XIUXZ)\k, = Txl\(k,nk,

(b) Ifx,k € X suchthatz € x,z &€ k', and §(z) = X\k,,
pair for z, and (K', k' U x) is a min-max pair for z.
@) ]{fz ~G x; \ k), then (x,, x}) is a max-min pair for Z , and (k\, k) is a min-max pair
or %.

then (x,x N k') is a max-min

Proof We repeatedly use the inequalities g(z) = =min, fo < Tt ., and

W = X \k’
8(r) = k w = = maxc, ka\k, > T‘\k, for all x,k’ € 2", where the second equality

,\\x

holds because T; =o0 and 7, =—oco for null measures P. Furthermore, by
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assumption, (P, ) is a singleton if P((x \ ¥') X R) > 0, and therefore, T(Pyp)isa
singleton if z € x and z & k'

(a) Clearly, z € x, 2 € x,, 7 € ki, and z & k). Hence, 8(z) < T , < 2(z) implies the

0\,
<T =
first statement. Furthermore, 2(2) x\(x ) T(ch\xl)\k’l’ and hence
8(z) = min{T~ <T* <
8(2) IIllIl{Txl\k,1 , T(xz\xl)\k; } < T(xlUXz)\k; <8 Conﬁrms the second statement

using Lemma 1. Similarly, for the third statement,
8 =T, \(k,nk,) < max{T’ e T = 8@

(b) The statement follows immediately from T‘\k,—T;\k,,
UK\ K =x\ kK =x\ (xnk'), and the definition of max-min and min-max
pairs.

() Let(xs, x~) be a max-min pair for Z and (k7, k:) be a min-max pair for Z. Then the
statement follows from 2(z) < T+\ , <83 < T+\k, < 8(2).

O
Proposition 11 Let T be a functional of singleton type. Then there exists a partition
2 of & such that g is constant on every element of the partition almost everywhere
and (z) € T(Py) for all Q € 2, z € Q such that P({z} X R) > 0.

Proof Let X, denote the union of the first components of all max-min pairs for z € &,
and let k’ denote the intersection of the ﬁrst components of all min-max pairs for
1€ Z. By Lemma 5 (a), we have g(z) = \ P We now show that the collection 2 of

sets Q_ = X, \ K is a partition of 2. First, we have | J_.,Q, = Z, since z € %, and
& k’ for all z € Z. Second, by Lemma 5 (b), we have that (x, %, N ¥ 7) is @ max-min
pair for z and (k’ k’ U X,) is a min-max pair for z. Then, by Lemma 5 (c), we have
X, CX;and k! D k’ for all z€ Q. ie, Q, C Q;and in particular z € Q. Swapping the
roles of z and Z glves 0:-CcQ.. Therefore, Q,=0;forallze ZzZe€ Q.. |

When T is a functional of interval type, we therefore obtain a partition for every
fixed convex combination of its lower bound 7~ and its upper bound 7.
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