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Supplementary material for “Semiparametric inference on general
functionals of two semicontinuous populations”

Meng Yuan : Chunlin Wang - Boxi Lin - Pengfei Li

This document supplements the paper entitled “Semiparametric inference on general functionals of
two semicontinuous populations.” It contains the proofs of Theorem 1, Theorem 2, and Corollary
1, and additional simulation results. Section S1 introduces some notation and preparation. Section
S2 presents some useful lemmas. The proofs of Theorem 1, Theorem 2, and Corollary 1 are given
in Sections S3, S4, and S5, respectively. Section S6 contains an additional simulation study on the
impact of misspecification of the basis function in the density ratio model.

S1 Some preparation
Recall that
Xit, oy Xiny, ~ Fy(x) =vI(x > 0)+ (1 —vy)I(x > 0)G;(x), for i=0,1, (S1.1)

where v; € (0,1), n; is the sample size for sample 4, I(-) is an indicator function, and the G;(-)’s
are the cumulative distribution functions (CDFs) of the positive observations in sample i. We link
Go(x) and Gy(z) via a density ratio model (DRM):

dGy(z) = exp{a + B q(2)}dGy (), (51.2)

where g(z) is a prespecified, nontrivial, d-dimensional basis function.
We are interested in estimating linear functionals of Fy(z) and F(z), defined as

B = /0 T a(@)dFo(z) and ;= /0 ~ a()dF(x) (S1.3)

for some given function a(z). To do that, we consider a class of general functionals 1 of length p,
defined as

'zb:/o u(z; v, 0)dGo(x), (S1.4)
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where v = (vg,11)7, 0 = (o, 87)7, and w(x; v, 0) = (u1(2;0,0), ... Jup (v, 0))—r is a given (p x 1)-
dimensional function. Note that 1 covers 1, and ,, defined in (S1.3), as special cases. To see this,
let
uo(X;v,0) (1 —w)a(z)
X:v,0) = = . S1.5
uw(X;v,0) (ul(X; v,0) (1 —wvy)a(x)exp{a+ ,BTq(ac)} ( )

-
Next we argue that ¢ = (1/)37 wlT) under the assumption that a(0) = 0.

From model (S1.1), we have Fj(z) = v;I(x > 0) + (1 — v;)I(z > 0)G;(x) for ¢ = 0,1. This,
together with (S1.3), imply that, for ¢ = 0,1,

P, = / z)d{vil(z > 0) + (1 — v))I(z > 0)G;(x)}
=v;a(0) 4+ (1 — 1/1-)/0 a(z)dG;(x)
~(-w) [ a@dci().

where the last step uses the assumption that a(0) = 0. Under the density ratio model in (S1.2), we
further have

oo

Py = /00(1 —w)a(z)dGo(z) and ;= / (1 —wvy)a(x)exp{a+ ﬁTq(x)}dGO(x).
0 0

Hence

P, :/OO uo(X;v,0)dGo(z) and 1, :/00 u1 (X;v,0)dGy(x),
0 0

as claimed.

Recall that we let n;o and n;; be the (random) numbers of zero observations and positive obser-
vations, respectively, in each sample ¢ = 0,1. Clearly, n; = n;g + n;1, for i = 0,1. Without loss of
generality, we assume that the first n;; observations in group %, X1, -, Xin,,, are positive, and the
remaining n;o observations are 0. Let n be the total (fixed) sample size, i.e., n = ng + n;.

The maximum empirical likelihood estimators (MELEs) of v and 6 respectively maximize ¢y (V)
and ¢1(0), where

1
= > log {"” (1—1)""}
=0

and
60)= -3 tog {1+ plespla + 47 a(Xe)} - 1} +Y_fa+ 87 a(Xy,))

with 4 = nq1/(no1 + n11) being a random variable. That is,

v =argmax{y(v) and 6 =arg méaxﬁl(e). (51.6)

Note that

U2 1

ZZ =1, (S1.7)

i=0 j= 1”01+n111+p[exp{a+ﬂ q(Xij)} —1]

which ensures that the MELE of Gy(x) is a CDF.
For convenience of presentation, we recall and introduce some notation. We use v* and 8" to
denote the true values of v and 6, respectively. Let Q(z) = (1,q(z)")" and

w=mno/n, A*=wl—1v§)+ (1 —w)(1—-rf), p' = aﬂ“g#””,
w(w;0) = exp{0' Q(2)}, w(x) = w(=;6%),
h(z) =1+ p{w(z) = 1}, h(z) = p*w(z)/h(z), ho(z) = (1 — p*)/h(x).



Supplementary material 3

Note that w(-), h(-), ho(:), and h1(-) depend on 8" and/or p* and ho(z) + hi(xz) = 1. Henceforth,
we use Z to denote sumrnatlon over the full range of data.

Further, define 1 = (f/ s Ps 0 )T and n* = (v*7,p ,O*T) . To derive the asymptotic properties,
we define an expanded function:

H(v,p,0) = noo 10%(”0) + no1log(1 — vg) + n1o log(v1) + n11 log(l — vy)

3 S o {1+ plewl6T QU - 11} + > Bl 1)
=0 j=1
By (S1.6), we get
OH (D, j, 0) OH (,p,0)
£y =0 and 20 =0. (51.9)
From (S1.7), we can verify that
OH (v, ,6)
=0. 1.1
o 0 (S1.10)
Then (S1.9) and (S1.10) together imply that 7 satisfies
OH (1)
— = 1.11
o, (s1.11)

which serves as the starting point of our proof for 7).
Next, we apply the first-order Taylor expansion to H (7))/dn to find an approximation for 7. In

this process, the first and second derivatives of H (v, p, 0) play important roles. Their detailed forms
are given below.

S1.1 First derivatives of H (v, p, )

After some calculation, we find the first derivatives of H (v, 0, p) as follows:

0H(v,p,0) _ <8H(V,p, 0) 0H(v,p, l9))T _ (noo o1 Mo ni1 )T

ov 8V0 ’ 8u1 v v
OH(v.p,6) Z W(Xiy36)
dp : 1+p{w( g5 ) - 1}

I(XZJ > 0>7

O0H (v p, pw(Xij;0)
ZQ X1j)1(X1; > 0) = %: 1+p{w(Xi;;9) — 1}Q(Xij)I(X,»j >0).

We evaluate the above derivatives at nn* and define

BHa(’r)*) S

H(n* v n,v

S, — 9H (n") _ aHa(? ) | = Snp | (S1.12)
on 0H (") Sne

where the corresponding entries are

' v 1—vy vy 1—-1§
w(X;;) —1
Sn X I(X;; > 0),
P Z h(Xz]) ( J > )
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S1.2 Second derivatives of H(v, p,0)

We next calculate the second derivatives of H (v, p,0) and evaluate them at n*. This leads to

9*H(N*) 9*H(M™) 9*H(N")
2 % vov T Ovdp oo’
OHM™) _ | o’Hm) o*HOY) 9°H) (S1.13)
onon’ Qoo 200 Qeoe |

OH(M") *H(N) 9*H(N")

000v T 0600p 0000 "

where

52H(77*) _ diag{—noo 101 Mo ni1 }
)

ovovT 2 (- 2 (1—u})?

82H(77*) - _{W(XZ]) — ]_}2
87[)2 — _%:MX—U)QI(XM > 0)7
PH(m') _ {62H<n*> }T i
ovop | OpovT o
0%H (n*
W(:T) =- %:hO(Xij)hl(Xij){Q(Xij)Q(Xij)T}I(Xij > 0),
?H(n*)  [(9*Hn) ' _
00907 _{ 90007 } =0

S2 Some useful lemmas

In the proof of Theorem 1, we need the expectation of 92H(n*)/(0ndn") and the asymptotic
property of S,,. The following lemma is used to ease the calculation burden in our main proofs.

Lemma 1 Suppose that f is an arbitrary vector-valued function. Let Fo(-) represent the expectation
with respect to Gy and X refer to a random variable from Gy. Then

E {Z FX)I(Xy5 > 0)} = nA*Eo{h(X)f(X)}.
Proof Note that J
E Zf(Xij)I(Xij >0)p = ZlgniE{f(Xﬂ)I(Xﬂ > 0)}
’ =:o(l—VS‘)Eo{f(X)Hm(l—VT)Eo{w(X)f(X)},

where we use the DRM (S1.2) in the last step. Using the facts that w = ng/n and 1 — w = ny/n,
we further have

E Zf(Xij)I(Xij >0) o = nw(l —vg) Eo{ f(X)} +n(1l — w)(1 = v{) Eofw(X) f(X)}.

Recall the definitions of A* and p*. We then have

E {Z F(Xig) (X5 > 0)} = nA"Eo{(1 — p") f(X)} + nA"Eo[p*w(X) f(X)]
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— A" Eo{h(X)f(X)}.
This completes the proof. O
With the help of Lemma 1, we calculate the expectation of 92H(n*)/(0non").
Lemma 2 With the form of 0>H(n*)/(0non") given in (S1.13), we have
A, O 0

L [PHM) 3
nE{ 377377T} A g Azl; 1114[): 7
where
Ay = diog{ o i b Ae= A0 ) [ (0QE0QT ()
i (=) vyl —vi) [’ ’
Ay = o (LT — ) (4 - (7= )1 e,
Ao, = ATy = A'Ey {ijQQ(X)} — (0 (1— ")) Ase

with e = (1,0,,,,) " .

Proof Note that ngg ~ Bin(ng, vp) and nio ~ Bin(n, 1), where “Bin” denotes the binomial distri-
bution. Since w = ng/n and 1 — w = ny/n, we can easily show that

1E{32H(n*)} _ A

n ovovT
Next, we apply Lemma 1 to find the remaining entries of E {8?°H(n*)/(0ndn")}. We use
0*H (n*
E { (nT) }
0000
as an illustration. For the other entries, the idea is similar and we omit the details.
Note that

1glOHm) | _1 A (X Q (X ) QX ) TI(X,
_nE{ 9000 " } - nE {%:hO(le)hl(XZJ)Q(XU)Q(XU) I(Xi5 > O)}
= A" Ep {h(X)ho(X)h1 (X)Q(X)Q(X) "}
= A*(1 - p")Eo {m(X)Q(X)Q(X) "},

where we have used Lemma 1 in the second step and the fact that h(z)ho(z) = 1 — p* in the third
step. This completes the proof. O

We now study the asymptotic properties of S,, defined in (S1.12). Recall that W = ((1 — 1) ™%, —(1 — ) 7})
and define S = w™! + (1 —w)~ L.

Lemma 3 With the form of S, in (S1.12), as n — o0
n~128, % N(0,B),
where
A, 0 0 0 —p*(1—p)A,W T W'eT Ag
B=| 0 A4, 0 |+ | —p*(1-p)AW —S{p*(1 - p")}? A7 Sp*(1 - p*)A,e Ag | .
0 0

Ap AgeW Sp*(1 —p*)A,Age  —SAge(Age)’
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Proof Using the results in Lemma 1, it is easy to show that E(S,) = 0; we omit the details.
Next, we verify that Var(S,,) = B. For convenience, we write B as

By, Bi; B3
B = | By By Bos
B3 B3y B33

We concentrate on deriving B13; the other entries can be similarly obtained and we omit the details.
Note that S,, ., and S, g can be rewritten as

noo no1 01
Snwpy = — — = — = I(Xo; > 0),
T -y (=) S(1—1p) Z 01
n10 ni1 ni11
T T - (L= (1 — ) Z Y

Sno =Y Q(X1;)I(X1; >0) Zhl QX)) I(Xij > 0)
j=1
= Zho(le)Q(le) le > 0 Zhl Xoj XOj)I(XOj > 0)

Then we have

%COV(Sn,umSIﬂ) = WCOV ZI XO] > () Zhl XO] Q(XOj)TI(XOj > 0)
0 =
= m (1= 5)Eo {m(X)Q(X)"} — (1 —15)°Eo {(X)Q(X) " }]
= wEy {m(X)Q(X)"}

= (1—1) *(Age)".
Similarly,

ni ni
-1

1
;COV(Sn,m ) Sz,e) (17_

| |
Q
@]
<
~
E<
\Y4
=)
>
O

E<
IS
a
=~
s
V
=2

—nq

= ——— [(1-v{)Eo {ho(X)W(X)Q(X)T} — (1= v)?Ep {ho(X)w(X)Q(X) " }]

i (1 —vr)
= (1 - w)Ep {w(X)ho(X)Q(X) T}
—(1—w)- L= Eo {m(X)Q(X)"}

=—-(1- l/f)_l(Age)T.

Recall that W = (1 — 1§)~!, —(1 — v)7!). Then Biz = W e A,.
Note that S,, in (S1.12) is a sum of independent random vectors. Therefore, by the classical
central limit theorem, we have as n — oo

n~128, %4 N(0, B),

which completes the proof. O
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S3 Proof of Theorem 1

With the preparation in Sections 1 and 2, we now move to the proof of Theorem 1.
Recall that 7) satisfies

OH(n) _
on
Applying the first-order Taylor expansion to 9H (1))/0n, and using (S1.12) and Lemma 2, we have
O0H(m*)  (0*H(m")\ . 1
0= ok /2
= 8, = nA(f) —n) + 0p(n'/?).
Conditions C1-C4 in the main paper ensure that the matrix A is positive definite. Hence, we obtain
an approximation for  — n* as

v—v* 1
-n"=|p—p" | = A8, +o,(n"?). (S3.14)
o-0) "

This together with the asymptotic property of S,, in Lemma 3 and Slutsky’s theorem gives
n'/?(f —n") % N(0,A'BA™Y),

as m — 00.
To find the explicit form of A“'BA™!, we first identify the structure of A~*. We write

A, A,e\ T [ AN AV
A07p AO - A21 A22 .
Using the formula for the inverse of a 2 x 2 block matrix, we have

At = {_Ap - (Ap,B)Agl(AG,p)}il
= [{0"(1 - p")} 2T Age — A {p" (1 p")} " = {p* (1 - p")} %€ Age]

__prd=p)
A )
el
A12 —_ (A21)T _ —All(Ap79)Agl — E’
A22 — g1 +A_1(A JA'(A )A—l Al ee’
= o, 0 = - * ok ) °
(7] 0 p p (2] 0 A P) (1 —p )
Hence, A~ is given by
Al 0 0
_ *(1—p* T
Al =] o 20 - : (S3.15)
0 Ar Ag — A*pf(el—p*)

With the form of A~ in (S3.15) and the form of B in Lemma 3, after some tedious algebra, we
find that

A AW 0
A=A"'BA ' = | p(1—p")WA p*(1 — p*){z= — Sp*(1 — p*)} o
—1 ee
0 0 Ag — A*p*(1—p*)

Recall that S = w™! + (1 — w)~!. Some algebra leads to
1 * * 1 L * *
E—SP (1=p") :E{P vy + (1= p")ri}.

This completes the proof of Theorem 1. O
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S4 Proof of Theorem 2

Recall that we are interested in a class of general parameter vectors 1 of length p defined as
= [ uleiv,0)dGato)
0

where u(z;v,0) = (ui(x;v,0),. .., up(z; v, 6))" is a given (p x 1)-dimensional function. The MELE
of 1 is given by

1 n4
'(2" = Z Zﬁiju(Xuv U, é)
i=0 j=1
- 1 Zl: L u(Xij, 197 é)
o i S 4 plexpla+ B a(X.)) - 1]
1 U(le7l>7é)

- i i 1(Xi; > 0).
nw(l — ) +n(l —w)(1 —y) 1+ plexpla +BTq(Xij)} ] (Xij >0)

Note that 12) is a function of 7, so we write 121 as 12:(17) From Theorem 1, we have 1 = n* +
O, (n~'/2). Applying the first-order Taylor expansion to ¥ (7)), we get

b=+ <81/§77)> (= 1) + 0y (n /%),

For convenience, we write u(z) = u(z;v*,0"). Note that

op(n*) _ (aib(n*) o (n) a«L(n*))
on v’ 0p = 00

where

aA * ]. 8u X,-j;u*,B* alj « UXij
% _ W%:{ ( et )/ov +(w,1—w)® hEXij))}I(X,-j >0),

81:[) * 1 ’U,Xij inj —1
(") Z( Hw(Xij) =1}

— I(X;; > 0),
0% (n*) 1 {Ou(X,j;v*,0")/06} - h(Xi;) — uw(Xij)p*w(Xiy)Q(X) "
= I(X;; > 0),
96 nar Zj: h(X,;)? (Xi; > 0)
where ® indicates the Kronecker product. By the law of large numbers and Lemma 1, we have
b Ty *
p(n”) 2o
on

as n — oo, where C = (C,,C,,Cg) with

ou(X;v*, 0" *
CUZEO{W}+(W’1_w)®X)

CfulNfeX) -1 — B (X)u(X))
o= E{ h(X) } PHTEr D

 [{ou(X:v,07)/08) - h(X) — u(X)pw(X)QX)T
C"E°[ W(X)

:Eo{ﬁu(X;u ,0")

St B nuQeT
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For convenience, we let
Eou = Eo{ho(X)u(X)} and Elu = Eo{hl(X>u(X)}

Then Eg,, + E1,, = %" and
PP — Eiy
p*(1 = p*)
Recall from (S3.14) that ) — n* =n~"'A™'S, + 0,(n~1/?). Therefore, as n — oo, nt/2(ah — p*)
has the same limiting distribution as

nt/? [{{p(n*) - w*} n CAflsn/n} . (S4.16)

C,=

It can easily be verified that (S4.16) has expectation zero. We will now decompose its asymptotic
variance into three parts.

Note that the first term of (S4.16) involves
| u(Xi;)

I(X” > 0)

Then the variance of the first term in (S4.16) is

1
I = A*EO{

u u T
(X}L)(X()X)} — %Eo{ho(X)u(X)}Eo{ho(X)u(X)T}
_ﬁ Eo{hy (X)u(X)}Eo{hy (X)u(X) "}

1 {u(X)U(X)T

1 1
— — “Eo Bl — — E E| S4.17
A* 0 h(X) } w Outdoqy 1_w lutdiqy ( )

where in the first step we have used the results in Lemma 1, and in the second step we have used
the definitions of Eg,, and Eq,,.
Next, we derive the variance of the second term in (S4.16):

I'y =nVar(CA™'S, /n) =CAC".
Together with the form of A in Theorem 1, we have
Iy=C,A,'C) +p"(1-p")CLA'WTC] +p*(1-p")C,WA,'C]

.
*\—1 % o F * ok ok * T ,17 ee T
HA = Y + (- e N0,C) + Co{agt - ey,
Note that a )
B * *+ _p* I/*
wa;'w’ =22 L
A*p*(1— p¥)
Then
Iy ={C,+p(1-p)C,W}A'{C, +p*(1—p")C,W}T
1 T —1~T
_— A . 4.1
A*p*(l _p*)(Cge)(Cge) +Co 0 C9 (S 8)

Lastly, we derive the covariance of the two terms in (S4.16). That is,
I's = nCov[y(n*),n *{CA™'S,} "] = Cov{yp(n*),S Y A~'C".

For convenience, we write Cov{1(n*), S, } = (D, D,, Dg).
We first look at

Cov{yp(n), S }
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1 ’LL(X”) —Nni1
= 1 X'L ;
COV{M* ) 7Y um—uf)}

’ﬂlu
*W V{leh 1X1J>o ZIX1J>0)}

X1,

=~ [0 0m { G ] -0 e ()
i, {(u )

= —(1—-v}) 'Ela.

Similarly, we find
Cov{®(n*), Snwet = —(1 — 1) "Eou.
Hence,
D, = (—(1 = v5) " Eou, —(1 = 1) 'E1) -
We can find D, and Dy in a similar manner. For D,

D, = Cov{th(n"), Sn,p}
{Z 5 ;” (X5 > 0), Z%I(Xij > 0)}

.7 ij

(X)u(X)}Eo[ho (X){w(X) — 1}]
A*

Ty Pt (w0 o[l () {w(X) — 1}]

= € — A*mEy[hy (X){w(X) — 1}],

where m = 3* /w — SEo{hy(X)u(X)} = %" /w — By /{w(l - w)}.

For .Dg7
Dy = COVW’(’?*)aSTo}
1 u ij) L
= —=Cov {z]: h(Xij)I(Xij > 0),;Q(X1j I(X1; > 0) Zhl ) )TI(Xy; > 0)}

u(X;;)
{Z h ij (Xij > 0) Zho XlJ)Q(le)TI(le > 0)}

{Z - ;{u I( X” > 0) Zhl XOJ)Q(XOj)TI(XQj S O)}
= (1 - p)A*mE{h (X)Q(X)"}

= m(Age)T.
With the form of (D,,, D,, Dg) and the form of A™" in (S3.15), I'; is given as

I's=(D,,D, Dg)A'C"

prd—p

T
:DUAfl T )D T D)i D T D A*l_L T
, C, — A C + P A Ce + GA Cp + Dg 0 A (1= p) Co
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D, Doe } TOoT
- 3e C4.
A Avpr(1 = p%) o

— — 1 * *
=D, A;'C] + DpA, CY + S {Doe—p"(1=p )D,}C) + {
With the forms of D, and Dg, we have

— 1 * * * * * * *
DyAg' =me" and - {Doe — p"(1 = p") D} = p"(1 = p")m — p"(1 = p")C, /A",

Hence,
1—1 _ D A—lcT TCT CP * 1 * CT TCT
3=0,4,"C, +me Cy + m- {P( -p)C, —e 0}
-1 ~T Cﬂ * * T 1 T~T
Substituting I's into (S4.18) and I's into (S4.19) and using the facts that Cg = M3,
C,+p(1-p")C,W+D, =M, (54.20)
and
(Cge) Cg@)T 1 TA~T 1 T CP * * T MQMZT
_A\ZORANOE) il — TP (] — 772
we have
T
I'y+I's+T) =(M;—D,)AY (M, —D,)" — MMy MzAZ ' M,
A*p*(1 = p¥)
— — * * C * *
+DyA,'C) + CuA Dy +p7 (1= p")(mC +Com™) = 220" (1= p")C;)
MoMJ
_ —1a4T 2/Vig —1 44T
= MlAV Ml A*p*(l — p*) + M3A9 M3
+D, AN (C, - M) +(C, — M)A,'D] + D,A,'D]
* * C * *
+p*(L=p*)(mC, +C,ymT) — Xf/) (1-p9C,. (S4.21)

Next we further simplify the form of I's + I's + 1";. Note that with (S4.20), we have

C
DA (Cy = M)+ DyA' Dy +p (1= p)mC,) — —L£p*(1-p")C,
* * - * * C * *
= —p" (1= p )DL AW CJ +p* (1= p)mC,y — ZLp" (1= p")C;

* * — C
=p"(1-p") <—D,,14V1VVT +m — A*p‘) C;)r

With the forms of D,,, A;l, and W, we have

_ X *vo+ (1 —p*)in
DAJWT =0 e P10 Eiu
A*(1—p*) Apr(1—pr)
1% * 1
= +{—S}Eu
A1 = p7) A pr(1 = p*) '
1_VO * 1 *
=" o SEj- - {p"p" —Ep
) A O (e R
m — Cp

Hence,

c
D,A'(C, — My)T + D,A,'D,), +p*(1 - p*)ymC) — el p*)C, =0
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and 'y + '3 + '3 in (S4.21) becomes

Pot Tyt T = MyA I MT — —MMa oy
2 3 3 143y 1 A*p*(l—p*) 3419 3
+(Cy, — M)AS'D] + p*(1— p)C,m". (54.22)

With I'y in (S4.17) and I'y + I's + I'; in (S4.22), to show that I' = I'y + 'y 4+ ['s + I'3 , we
need to argue that

¥y = (C, — M)A'D] +p*(1 - p*)C,m" — lEOuET - LEMET . (S4.23)
A* v v P w Ou 1— w lu
Note that
CV:MlJr(w,lfw)@dJ .
A*
Then
_ 1%} 141 140 141 T
(C = M1)A;' D] = —ZyB], — ZyE], = —¢ (EEJu + EEM) . (S4.24)

Recall that
p*(l - p*)cp = P*w* - Elu = p*EOu - (1 - p*)Elu

and
m =" /w—Ej,/{w(l —w)} =Ep,/w—E,/(1 —w).
Then
* * T 1 T 1 T
pr(l=p")Com  — EEOUEOu - ﬂEluEm
1 1
= 1P Bou — —p lu Ou/W — Hiq —w —_— Outipy — 7 Lluliyy
[7"Bou — (1 = p")Bra)} (Bou /v~ Bra/(1 —w)} " — L EguBJ,, — ———B1, B,
— EouEq, — ” Ei.Eq, — mEOuEL - mEluElTu
= —(Eou + E1u) < Eou + Elu)
w 1—w
1 -y 1—-v T
= —" < A *Eou + A 1Elu) : (S4.25)
Since Egy, + E1,, = 1, combining (54.24) and (54.25) gives
—1 T * * T 1 T 1 T 1 * T
(C, — M)A, D, +p*(1-p")C,m  — BBy — T BBy, = -7y,

which verifies (54.23). Hence,
I=I+Ty+ T3+ 1.

Applying Slutsky’s theorem and the central limit theorem to (S4.16), we get as n — oo
/2 (b —y") S N (0,1).

This completes the proof of Theorem 2. O
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S5 Proof of Corollary 1
T T\
Note that for 1) = (1/)0 Ly ) , u(z; v, 0) can be written as

. _ (1 —w)a(z)
w(X;v,0) = ((1 B Vl)afx)w(x; 0)> . (S5.26)

We substitute this u(x;v,0) into I' in Theorem 2 and obtain I'gep,.

Note that
E u(X;v*,0%) _117—ng 0
0 61/ a 0 _ 1/"1

=
1—vf

and

ou(X;v*,0%) 0
" { o6 } - ((1 - VI‘)Eo{a(X)W(X)Q(X)T}> |
Then we have My = diag {—v,/(1 — 1), —¢,/(1 — v{)} and

> o —w AN - o) Eo [ (X)a(X)Q(X) T
Mo = ((1 - p*ﬁ,bl) , Ms= ((1 —w) A1 - p*)Eo{hl(X)a(X)Q(X)T}> '

Substituting M7, Ms, and M3 into I' and simplifying, we find that Iy, is
T
1 (u(X)uwX)T Yt E T
Fsem:*EO{ - w |+ "1 v ) @ Dy,
2 hX) o YY)\ ~wrw wer

Dy = {A*(1 - p") P Eo{h(X)a(X)Q(X) "} Ay Eo{h1(X)Q(X)a(X) "}
Substituting (S5.26) into the first term of I'sy,, we find that

1 fuXuX)TY  (w (Vo +botg) 0
A*EO{ h(X) }( 0 (1—w)_1(V1+¢11/’1T))

% .
(3 atm)on.
w(l-w) (1-w)?

Do = A*(1— o) Eo{h(X)a(X)a(X)T}.

where

where

Hence,
1 1

Fsem:Fnon_< wle w(llw)>®(D0_D1)'

T w(l-w) (1-w)?

Recall that
d(X) =a(X) - A*(1—p")Ep {m(X)a(X)Q(X)"} A" Q(X)

and
Ag = A*(1— p*)Ey [hl(X)Q(X)QT(X)} .

It can be verified that
Ey{hi(X)d(X)d(X =

Therefore,

i wld(X) wtd(x) )
Ieery =Tyon — A (1 -p )EO {hl(X) (—(]_ — w)ld(X)> <—(]— - U/)ld(X)> } '

as claimed in Corollary 1. This completes the proof. O
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S6 Additional simulation study

In our setup, the basis function g(x) in the DRM (S1.2) needs to be prespecified. In this section,
we provide an additional small simulation to study the impact of misspecification of g(x) on the
performance of our proposed estimators and confidence intervals (CIs). Table S1 gives the parameter
settings for the simulation study.

Table S1 Parameter settings for simulation studies: Go = LN (ag, bo) and G1 = LN (a1, b1).

(vo0,v1) (ao,a1) (bo,b1) correctly-specified q(z) & o2 0%

(0.3,0.5) (0.33,0.66) (1,1) log @ 0.99 7.43 11.29
(1,1.25) (z,log =) 1.13 7.43 19.54
(0.3,03)  (0,05)  (1,1) log x 1.65 3.84 10.44
(1,1.25) (z,log x) 1.87 3.84 18.53

For all the models listed in Table S1, we use g(z) = logx to fit the DRM. Hence, this q(x) is
misspecified for the settings with (bg,b1) = (1,1.25). For each model, we still consider four com-
binations of the sample sizes (ng,n1): (50,50), (100,100), (50,150), and (150, 50). The number of
replications is 10,000 for each configuration of the parameter settings. For the methods calibrated
by the bootstrap method, 999 bootstrap samples are drawn from the original sample.

We consider all estimators, as discussed in Section 3.2 of the main paper, of the mean ratio §
and the population variances o3 and o?. Tables S2 and S3 present the biases and mean square errors
(MSEs) of these estimators. When the DRM is fitted by the misspecified basis function g(x), the
biases of the proposed estimators slightly increase but are still acceptable. The MSEs of the proposed
estimators remain comparable to the fully nonparametric estimators. Moreover, the estimators § and
62 always give smaller MSEs than those of the fully nonparametric estimators 6 and &2, respectively.

Table S2 Bias and mean square error of point estimates for §, 02, and o with (v,v1) = (0.3,0.5) and (ag,a1) =
(0.33,0.66).

s 5 52 52 52 62

(bo,b1) (no,n1) Bias MSE Bias MSE|[Bias MSE Bias MSE [Bias MSE Bias MSE

(1, 1) (50, 50) 0.06 0.17 0.03 0.11 [-0.05 104.16 -0.03 54.97 | 0.19 426.17 -0.15 292.11
(50, 150) 0.06 0.10 0.03 0.07 |[-0.05 118.37 0.19 36.01 | 0.11 120.63 -0.08 100.58
(150, 50) 0.01 0.11 0.02 0.08 | 0.02 42.75 -0.12 23.86 |-0.26 193.29 -0.16 135.72
(100, 100) 0.03 0.08 0.02 0.05 |[-0.06 57.48 -0.10 21.76 |-0.09 147.69 -0.21 108.06

(1, 1.25) (50, 50) 0.06 0.26 -0.07 0.15 |-0.02 101.56 2.51 157.28|-0.29 1,834.17 -3.25 1,183.53
(50, 150) 0.07 0.15 -0.08 0.09 |-0.02 101.56 4.58 208.71|0.34 1,168.17 -1.35 965.79
(150, 50) 0.02 0.17 -0.10 0.11 |-0.05 41.34 1.21 45.03 [-0.87 1,112.45 -5.04 477.88
(100, 100) 0.04 0.12 -0.09 0.08 [-0.17 43.43 2.83 148.65| 0.46 2,271.41 -2.74 1,588.47

Table S3 Bias and mean square error of point estimates for 4§, 0'3, and Uf with (vo,v1) = (0.3,0.3) and (ag,a1) =
(0,0.5).

s 4 52 52 52 62

(bo,b1) (no,n1) Bias MSE Bias MSE | Bias MSE Bias MSE | Bias MSE Bias MSE
(1, 1) (50, 50) 0.10 0.37 0.06 0.27 | 0.02 33.28 0.04 9.29 [-0.14 190.88 -0.41 160.50
(50, 150) 0.09 0.24 0.05 0.17 |-0.01 27.55 0.15 6.82 | 0.11 106.76 -0.03 97.86

(150, 50) 0.03 0.22 0.02 0.15 |-0.05 8.84 -0.05 4.72 [-0.12 173.09 -0.35 109.84

(100, 100) 0.04 0.17 0.03 0.12 [ 0.02 18.88 0.00 3.54 |-0.12 211.21 -0.22 196.79

(1,1.25) (50,50) 0.11 0.55 -0.12 0.34 |-0.01 27.13 1.73 32.99|-0.38 1,158.33 -2.36 920.49
(50, 150) 0.11 0.35 -0.13 0.22 |-0.01 27.13 2.59 35.37|0.29 1,117.63 -0.64 1,046.12
(150, 50) 0.04 0.35 -0.15 0.23 |-0.03 11.04 0.99 11.46|-0.69 779.72 -3.85 489.75
(100, 100) 0.06 0.26 -0.15 0.18 |-0.09 11.60 1.83 31.71| 0.46 2,209.98 -1.51 1,915.74
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We also examine the behavior of the 95% CIs of the mean ratio ¢, as discussed in Section 3.3
of the main paper. The coverage probabilities (CPs) and average lengths (ALs) of CIs are included
in Tables S4 and S5, respectively. The ClIs Z; 5 and Zyp have similar and best performance among
all the considered ClIs in terms of the CP. The Cls Z, always have the lowest CPs and the shortest
ALs. The CIs Z3 and Zy;, have similar CPs as the CIs Z; and Z, but slightly shorter ALs.

Table S4 Coverage probability (%) and average length of 95% ClIs for dwith (vo,v1) = (0.3,0.5) and (ag,a1) =
(0.33,0.66).

yh IiB o) Io I3 Ty ZyL
(bo,b1) (no,m1) ~CP AL CP AL| CP_ AL CP AL| CP AL CP AL CP AL
(1,1) (50, 50) 92.3 1.55 94.5 1.92|91.5 1.52 94.1 1.84| 94.3 1.36 92.8 1.25 94.8 1.34
(50, 150) 92.6 1.17 94.3 1.36| 93.0 1.15 94.7 1.30| 94.8 1.04 93.5 0.97 95.0 1.01
(150, 50) 92.5 1.27 94.2 1.66| 91.3 1.25 93.7 1.56| 94.8 1.11 93.3 1.06 95.2 1.11
(100, 100) 94.2 1.06 95.4 1.19| 92.7 1.06 93.9 1.18| 94.8 0.92 94.2 0.88 952 0.91

(1, 1.25) (50, 50) 91.82 1.91 94.12 2.94[90.92 1.86 93.59 2.50|91.44 1.49 85.40 1.36 91.67 1.47
(50, 150) 92.94 1.41 94.62 1.66|92.11 1.40 94.20 1.62|91.76 1.14 85.52 1.06 91.17 1.11
(150, 50) 91.15 1.60 93.41 3.69|90.11 1.56 92.88 2.24|90.03 1.19 84.73 1.12 90.87 1.18
(100, 100) 93.33 1.31 94.81 2.11|92.71 1.32 94.56 1.61{90.59 1.00 84.77 0.95 90.52 0.98

Table S5 Coverage probability (%) and average length of 95% CIs for § with (vo,v1) = (0.3,0.3) and (ao,a1) =
(0,0.5).

ga Iip Iy Ip 73 Iy Zyr
(bo,b1) (ng,m1) CP AL CP AL | CP AL CP AL| CP AL CP AL CP AL
(1,1) (50, 50) 92.6 2.23 94.5 2.66| 91.4 2.24 93.8 2.65| 94.0 1.98 92.6 1.85 94.0 1.95
(50, 150) 92.6 1.79 94.2 2.07| 91.5 1.77 93.5 2.00| 94.8 1.61 93.8 1.53 94.5 1.58
(150, 50) 92.7 1.77 94.5 2.68| 92.2 1.78 94.2 2.14| 944 1.54 92.9 1.47 94.6 1.52
(100, 100) 93.5 1.56 95.0 1.75| 92.8 1.56 94.4 1.72| 94.3 1.37 935 1.30 94.5 1.34

(1, 1.25) (50, 50) 92.14 2.76 94.25 3.74|91.33 2.72 93.85 3.44|90.83 2.23 84.83 2.05 90.62 2.18
(50, 150) 92.66 2.14 94.41 2.51|91.67 2.13 93.80 2.45|92.03 1.80 86.37 1.69 91.32 1.76
(150, 50) 92.07 2.24 93.82 4.84|91.29 2.23 93.50 2.98|88.56 1.71 82.98 1.61 88.67 1.68
(100, 100) 93.56 1.92 95.00 2.44[92.95 1.94 94.52 2.27(89.73 1.53 84.21 1.44 89.22 1.49

In conclusion, the misspecification of g(x) may increase the biases of the proposed estimators
under the DRM, however, the MSEs of the proposed estimators still remain comparable with the
MSEs of the nonparametric counterparts. For the Cls, the problem of low CPs seems to arise under
the DRM with misspecified basis function, and using the log transformation and the empirical-
likelihood-ratio based method may relatively alleviate the problem. On the other hand, it seems
that the ALs of the proposed Cls under the DRM are always shorter than the ALs of the fully
nonparametric alternatives.
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