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Abstract

We consider Whittle estimation for the parameters of a stationary solution of a con-
tinuous-time linear state space model sampled at low frequencies. In our context,
the driving process is a Lévy process which allows flexible margins of the under-
lying model. The Lévy process is supposed to have finite second moments. Then,
the classes of stationary solutions of linear state space models and of multivariate
CARMA processes coincide. We prove that the Whittle estimator, which is based on
the periodogram, is strongly consistent and asymptotically normal. A comparison
with ARMA models shows that in the continuous-time setting the limit covariance
matrix of the estimator has an additional term for non-Gaussian models. Thereby,
we investigate the asymptotic normality of the integrated periodogram. Further-
more, for univariate processes we introduce an adjusted version of the Whittle esti-
mator and derive its asymptotic properties. The practical applicability of our estima-
tors is demonstrated through a simulation study.

Keywords Asymptotic normality - CARMA process - Consistency - Identifiability -
Periodogram - Quasi-maximum-likelihood estimator - State space model - Whittle
estimator

1 Introduction
Continuous-time linear state space models are widely used in diverse fields as, e.g.,

in signal processing and control, high-frequency financial econometrics and finan-
cial mathematics. The advantages of continuous-time models are that they allow to
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model high-frequency data as in finance and in turbulence but as well irregularly
spaced data, missing observations or situations when estimation and inference at
various frequencies have to be carried out.

In this paper, we investigate stationary solutions of continuous-time linear state
space models driven by a Lévy process. A one-sided d-dimensional Lévy process
(Ly)s»0 is a stochastic process with stationary and independent increments satisfying
Ly = 0 almost surely and having continuous in probability sample paths. For matri-
ces A e RVN B e R¥, C e R™ and a d-dimensional centered Lévy process
L = (L,),»o a continuous-time linear state space model (4, B, C, L) is defined by

dX, = AX,dt + BdL,,
Y,=CX,, t>0. M

The processes (X,),»o and (Y,),» in the state space representation (1) are called state
and output process, respectively.

In the case of a finite second moment of the driving Lévy process the classes
of stationary linear state space models and multivariate continuous-time ARMA
(MCARMA) models are equivalent (see Schlemm and Stelzer 2012b, Corollary
3.4). This means that for every output process (Y,),», of the state space model (1)
there exist an autoregressive polynomial P©)(z) :=1,2" + P\z""' + -+ P,_;z+ P,
with Py, ....,P, € R™™ and a moving average polynomial
090) = Q1+ Q12 + ...+ 0, 12+ 0Q, with Q,....0, € R™ such that
(Y});»0 can be interpreted as solution of the differential equation

POD)Y, = 09D)DL, t>0, )

where D is the differential operator with respect to t. Since the orders of the autore-
gressive polynomial and the moving average polynomial are p and g, Y is called
MCARMA(p, g) process. Formally, MCARMA processes were introduced as linear
state space models with special matrices A, B, C, see Marquardt and Stelzer (2007).
Since the parametrization of a general linear state space model (1) is more flexible
than the parametrization of an MCARMA model (2), it is advantageous to use (1)
and estimate the parameters within this representation.

The defining differential Eq. (2) of an MCARMA process reminds of the defining
difference equation of a discrete-time vector ARMA (VARMA) process. A VARMA
process (Z,),y 1s the m-dimensional solution of a difference equation of the form

PP Bz, = 0P (B)e,, neN, 3)

where B is the Backshift-operator BZ, = Z,_, and (e,),c7 is a d-dimensional white
noise, see, e.g., the monographs of Brockwell and Davis (1991) and Liitkepohl
(2005). From Thornton and Chambers (2017), see Brockwell and Lindner (2009)
for the univariate case, it is well known that a discretely sampled MCARMA process
admits a VARMA representation with a weak white noise (e,),c,. The covariance
matrix of e, depends on the parameters of the polynomial P and Q in the MCARMA
representation, respectively on the parameters of (A, B, C) in the state space model
(1). For Lévy driven models the white noise of the sampled process is neither a
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strong white noise nor a martingale difference in general. Since the results concern-
ing the asymptotic behavior of the quasi maximum likelihood estimator and the
Whittle estimator for VARMA models require the white noise to be a martingale dif-
ference, see Dunsmuir and Hannan (1976), Deistler et al. (1978) and Dahlhaus and
Potscher (1989), they are not transferable to non-Gaussian Lévy driven state space
models.

In the econometric literature there are several papers using the Kalman filter
approach for maximum likelihood estimation of Gaussian possibly non-stationary
MCARMA processes as, e.g., Harvey and Stock (1985, 1988, 1989), Zadrozny
(1988) and Thornton and Chambers (2017). The rigorous mathematical derivation
of the asymptotic properties of the quasi-maximum likelihood estimator for station-
ary Lévy driven state space and MCARMA models was given recently in Schlemm
and Stelzer (2012a) and for non-stationary models in Fasen-Hartmann and Scholz
(2019). In the case of univariate MCARMA processes with d = m = 1, which are
called CARMA processes, there exist some further estimation methods. An indirect
estimation procedure for CARMA models, which is robust against outliers, is the
topic of Fasen-Hartmann and Kimmig (2020). To the best of our knowledge Fasen
and Fuchs (2013) present the only frequency domain estimator for high-frequency
sampled CARMA processes.

In this paper, we investigate a frequency domain estimator, the Whittle estima-
tor, for a low-frequency sampled state space model (1) with stationary observa-
tions Yy, ..., Y,, (4 > 0 fixed). The Whittle estimator dates back to Whittle (1951,
1953), Walker (1964) and is very well investigated for different time series models
in discrete time. If the autocovariance function of Y@ := (Y, ren, 18 denoted by
I'(h) = Cov(Y 4 1y4: Yy) and T (—h) = TD(h)T, h € N, the spectral density fy
of Y is defined as the Fourier transform of the autocovariance function

frn(@) = 5 X rOmet. o el-nal 4

Conversely, using the inverse Fourier transform, yields

F(A)(h) = / fy(A)(Cl))eihwdCO, heZ”. (5)

The empirical version of the spectral density is the periodogram
I, : [, m] - R™" defined as

n n T n—1
_ 1 § —ijo z ikw _ 1 z (4) —ihw
"= 2 <j=1 e ><k=1 s > I h=—n+1Fn e ©

where

n—h

—(4) 1 —(4) —(4)

T, = Y Yuuma¥yy and T, (=h):=T, ()", h=0,..n,
k=1
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is the empirical autocovariance function. For different frequencies the periodogram
behaves asymptotically like independent exponentially distributed random variables,
see Fasen (2013), and is not a consistent estimator for the spectral density. However,
the periodogram is the basic part of the Whittle estimator.

Let © C R" be a parameter space and for any 9 € O let fyu (w, 9) be the spectral
density of a stationary equidistant sampled state space process Y4 (9). Then, the
Whittle function W, is defined by

Wn(19):% Y |t 971, @)) + log (det (fraey, 9)) .

Jj=—n+1

with w; = % for j = —n+ 1, ...,n and the Whittle estimator is
9D - = arg min W, (9).
n & 9€0 29

In the definition of the Whittle function it is also possible to replace the term
log(det(fyw (@;,9))) by log(det VW(9)) where V4(9) is the covariance matrix of
the one-step linear prediction error. Therefore, if the covariance matrix V@(9) of
the linear prediction error does not depend on &, we can neglect the penalty term
log(det V4 (8)) completely since it is constant for all 9. However, in the case of state
space models, V4 (9) depends on 9 and has to be computed additionally (cf. Propo-
sition 1). Conversely, for VARMA models, V@ (9) is the covariance matrix of the
white noise. Hence, the Whittle function for VARMA models with penalty function
log(det V@ (9)) in Dunsmuir and Hannan (1976) differs from our Whittle function.
That paper is also one of the few papers using the Whittle estimator for the estima-
tion of a multivariate model.

Empirical spectral processes indexed by a class of functions are applied to
derive the asymptotic properties of frequency domain estimators as the Whittle
estimator. The asymptotic behavior of empirical spectral processes is very well
investigated but unfortunately the known results cannot be utilized to our setting.
The empirical spectral process theory usually requires some exponential inequal-
ity and therefore some stronger model assumptions are necessary. For example,
Mikosch and NorvaiSa (1997) investigate empirical spectral processes for linear
models with i.i.d. (independent and identically distributed) noise having finite
fourth moments; similarly Dahlhaus and Polonik (2009), Dahlhaus (1988) assume
some exponential moment condition for the stationary time series model and
Dahlhaus and Polonik (2006) study Gaussian locally stationary processes. The
recent paper of Bardet et al. (2008) assumes some weak dependence on the sta-
tionary time series and that the one-step linear prediction error variance, which
corresponds to the variance of the white noise in the ARMA representation of the
discrete sampled process, does not depend on the model parameters. However, in
our case, the parameters of (A, B, C) affect this variance. Whittle estimation for
continuous-time fractionally integrated CAR processes, where the driving pro-
cess is a fractional Brownian motion, is studied in Tsai and Chan (2005). But
essential for the proofs in that paper is again that the driving process is Gaussian
such that the techniques cannot be used for Lévy driven models. Moreover, all of
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these papers only analyze univariate models, whereas we consider a multivariate
model.

The paper is structured in the following way. We start by stating the basic facts
on discrete-time sampled linear state space models in Sect. 2. Then, the main
results of this paper are presented. In Sect. 3, we derive the consistency and the
asymptotic normality of the Whittle estimator. Interesting is that for non-Gauss-
ian state space models the limit covariance matrix of the Whittle estimator differs
from the covariance matrix in the Gaussian case. As a contrast to Whittle estima-
tion for VARMA models, this confirms that for the proofs standard techniques
cannot be applied as well. An advantage of the Whittle estimator over the quasi-
maximum likelihood estimator of Schlemm and Stelzer (2012a) is that we have
an analytic representation of the limit covariance matrix which can be used for
the determination of confidence bands. For the proof of the asymptotic normality
of the Whittle estimator we show as well the asymptotic normality of the inte-
grated periodogram. This result lays the basis for goodness-of-fit tests for state
space models which can be written as continuous functionals of the integrated
periodogram as, e.g., the Grenander and Rosenblatt test or Bartlett’s test for the
integrated periodogram, Bartlett’s 7, test or the Cramér-von Mises test (cf. Priest-
ley 1981), and is topic of some future research. Furthermore, results of this type
are typically used for bootstraps in the frequency domain. In Sect. 4, we motivate
the definition of the adjusted Whittle estimator, which works only for univariate
state space models with d = m = 1, and present the consistency and the asymp-
totic normality for this estimator as well. Finally, the applicability of the Whittle
and the adjusted Whittle estimator is demonstrated through a simulation study in
Sect. 5 and compared to the quasi maximum likelihood estimator of Schlemm and
Stelzer (2012a). For the Whittle estimator, the detailed proofs are given in Sect. 6
and since the proofs for the adjusted Whittle estimator are very similar, they are
moved to Sect. 7 in the Supplementary Material. Some further simulation studies
are presented there as well.

Notation For some matrix A, tr(A) stands for the trace of A, det(A) for its determi-
nant, AT for its transpose and AH for the Hermitian of A. Further, A[i, j] denotes the
(i, j)-th component of A. We write vec(A) for the vectorization of A and A ® B for
the Kronecker product of A and B where B is any matrix. The N-dimensional identity
matrix is denoted as /. For a matrix function g(8) in R™ with 9 in R" the gradi-
ent with respect to the parameter vector J is denoted by V g(J) = w € R™Msxr
and Vg(9) is the shorthand for Vg(9)|g_y . If g : R" - R, then Vgg(z9) e R™
denotes the Hessian matrix of g(8). For the real and the imaginary part of a complex
valued z, we use the notation R(z) and (z), respectively. Throughout the article,
|| - || denotes an arbitrary sub-multiplicative matrix norm. Finally, € > 0 is a constant
which may change from line to line.
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238 V. Fasen-Hartmann, C. Mayer

2 Preliminaries

Let © C R” be a parameter space, and suppose that for any 9 € 0, A(9) € RV
has eigenvalues with strictly negative real parts, B(9) € RV C(89) € R™N
and L) :=(L,()),r is an Rvalued Lévy process with existing covari-
ance matrix X, (9). A two-sided Lévy process can be constructed from two
independent one-sided Lévy processes (LEI)(&)),ZO and (Lﬁz)(S)),Zo through
L(9) = L") 50, — limy_, LO(9)1;,y,. Details on Lévy processes can be
found in Sato (1999). The stationary solution of the state space model

Y@ =C@H®X,®) and dX, () =ANX,(@dt+ BIH)dL,(), t>0,

has the representation

Y,(8) = C(9X,(9) and X,(9) = / eI L), > 0.

—0o0

The true parameter of the output process Y of our observations Yy, ..., ¥, 4 is denoted
by J, and is supposed to be in ©. Since we only observe the output process of the
state space model at discrete time points with distance 4 > 0, we are interested in
the probabilistic properties of Y@(9) := (¥ ())en, = (Yea(®)ien, as well. The
discrete-time process Y4 (9) has the discrete-time state space representation

Y2 = XY@ and X9 = MXD (9) +ND(®), keN,,

where
kA
NO@) = A0 B9)AL,(9), Kk EN,, )
(k—1)A

is an i.i.d. sequence with mean zero and covariance matrix
4 T
09 = / A MB9), (9)BWI) M “du
0

(see Schlemm and Stelzer 2012a, Proposition 3.6). Furthermore, Y4(9) has the vec-
tor MA(o0) representation

r0©) = Y B ON®), ke N,
j=0

where @,(9) = C(®)eAP4 € R™N  Defining @(z,9) := Z;io cbj(19)zf, z€C, an
application of Brockwell and Davis (1991), Theorem 11.8.3, gives the spectral
density
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L
2

. _ . -1
- 2LC'(lg)(ela)IN _ eA(((J)A) 12](\14)(19)(6—1(011\] _ eA(19)TA> C(@)T,
/4

frw(@,9) = =@, 9 ZL (@)D, 9)T

®)

of Y4 (9). For better readability, we will omit the true parameter 9, whenever pos-

sible and write Y,EA), X]((A), Jyw(), ...instead of ¥ ,EA)(SO),X,((A)(%), SraC.9g)s .

To define the adjusted Whittle estimator and for the proof of the consistency of
the Whittle estimator we introduce the linear innovations of Y (9).

Definition 1 The linear innovations e (9) := (52“)(19)),ceN of YA (9) are defined by

D) = YPW®) - Pr,_ (9)Y (),  where
Pr,(9) = orthogonal projection onto M (9) := span{Yé‘“(@) i —oo <v <k},

where the closure is taken in the Hilbert space of random vectors with square-inte-
grable components and inner product (X, Y) — E [XT Y ]

Adjusted to our notation, Proposition 2.1 of Schlemm and Stelzer (2012a)
gives the following representation of the linear innovations of Y (9).

Proposition 1 Suppose that the eigenvalues of A(9) have strictly negative real parts
and X, (9) is positive definite. Then, the following holds:

(a) The Riccati equation
QD) = MW (9)(A4) T 4 5D (9)
— (1D CI)T) (COHRDWCW)T) ™ (D@9 c@)T)

has a unigue positive semidefinite solution Q4 (9).
(b) Let

K9®) = (AW (C(&)Q(A)(8)C(19)T)_l
be the Kalman gain matrix. Furthermore, define the polynomial IT as
(z9) := I 9)

= (1, = CO 1y = @4 - K9®)CONz) " KD®)c).
Then, the linear innovations are

D) =B, YY), kel

Furthermore, the absolute value of any eigenvalue of e*®4 — KA()C(9) is
less than one and YA (9) has the moving average representation
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240 V. Fasen-Hartmann, C. Mayer

YO = )+ C®) Y (¢4 KD @) (9)
! ©)
= H_I(B, 19)£;€A)(19)

(c) The covariance matrix VO (8) of the linear innovations € (9) has the represen-
tation VA () = CQLQW@@)C@I)T. If QW (9) is positive definite and C(9) has
full rank, VA(9) is invertible.

Note that  tr(VA(9)) = mingcy, o E[V@®) - XTX @) - X)I.  An
application of Brockwell and Davis (1991), Theorem 11.8.3, and (9) yield the
representation

v (19)

fro(@,8) =M~ 19) mn'e,9', wel-zxl, (10)

for the spectral density of Y4(9).

3 The Whittle estimator

3.1 Consistency of the Whittle estimator

Assumption A For all § € O the following holds:

(A1) The parameter space O is a compact subset of R’.

(A2) L(9) = (L,(39)),eg 1s a centered Lévy process with positive definite covariance
matrix X; (9).

(A3) The eigenvalues of A(9) have strictly negative real parts.

(A4) The functions 9 = %, (9), 9 » A), I » B(I)and 9 — C(I) are continuous.
In addition, C(9) has full rank.

(A5) The linear state space model (A(9), B(9), C(8), L(9)) is minimal with McMillan
degree N, i.e., there exist no 1ntegerN < N and matrices A e RV XN B e RVxd
and C € R™V with CI)(zly — A9)"'B(9) = C(zlyy — A)"'B for all z € R,

(A6) For any 9,,9, € © with 9, # 9, there exists an @ € [-x, x] such that
Jy(@,9)) # fy(®,39,), where fy(w,9)is the spectral density of Y(9).

(A7) The spectrum of A(9) € RV is a subset of{z eC: —% <8< %}

Remark 1
(a) Note that Assumptions (A2) and (A3) allow us to calculate the linear innova-

tions. Furthermore, the covariance matrix V4 (9) of the linear innovations is
non-singular (cf. Lemma 3.14 in Schlemm and Stelzer 2012a).

@ Springer



Whittle estimation for continuous-time stationary state... 241

(b) Theorem 2.3.4 in Hannan and Deistler (1988) shows that (A5) guarantees
the uniqueness of the state space representation (A(9), B(9), C(9), L(9)) up to
a change of basis. Hence, (A5) reduces redundancies in the continuous-time
model. In addition, Schlemm and Stelzer (2012a), Theorem 3.13, proved that
Assumptions (A2)—(A7) provide A-identifiability of the collection of output pro-
cesses (Y(9),9 € 0), i.e., for fixed A > 0 and arbitrary 9,,9, € © with I, # 9,,
there exists an @ € [—x, ] with fyw(w,9,) # fyw(w,d,). Hence, Assumption
(A7) is an anti-aliasing condition, i.e., it prevents redundancies due to the sam-
pling process. For more details on overcoming the aliasing effect, we refer to
Phillips (1973), Hansen and Sergant (1983), Chambers et al. (2018) and Blevins
(2017).

(c) Assumptions (A2) and (A5) imply that X’(9) has full rank.

(d) Under Assumption A and representation (8) of the spectral density, the inverse
frw(@,9)~! of the spectral density exists and the mapping (9, ®) = fyw (@, 9)~!
is continuous.

We start to prove some auxiliary results which we need for the proof of the con-
sistency of Whittle‘s estimator. The following proposition states that the Whittle

function W, converges almost surely uniformly.
Proposition 2 Letr Assumptions (A1)—(A4) hold and
W(9) := i /_ : tr(fr (@, 9~ fyw (@) + log (det (fyw(®,9)))dw, 9 € 6.
Then,
sup |W,(9) - W(9)| = 0 P-as.

Obviously, it is necessary that 9, is a global minimum of W to guarantee the
consistency of the Whittle estimator.

Proposition 3 Ler Assumptions (A1)—(A4) and (A6) hold. Then, W has a unique
global minimum in 9.

The proof is based on an alternative representation of W. Namely, the func-
tion W is exactly the limit function of the quasi maximum likelihood estimator of

Schlemm and Stelzer (2012a).

Lemma 1 Let Assumptions (A1)~(A4) hold and let £*(9) = (B, 9)Y" with
I1(z,9) as given in Proposition 1. Furthermore, define for 9 € ©

L) = [E[tr(fi“)(&)Tv(“)(&)—‘55‘”(,9))] + log(det(VA(9))) — mlog(2x).

Then, W(9) = L(9) for 9 € 6.
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242 V. Fasen-Hartmann, C. Mayer

Finally, we are able to state the first main result of this paper, which gives the con-
sistency of the Whittle estimator.

Theorem 1 Let Assumption A hold. Then, as n — o,

~, a.s.
I — 9.

3.2 Asymptotic normality of the Whittle estimator

For the asymptotic normality of the Whittle estimator some further assumptions are
required.

Assumption B

(B1) The true parameter value J; is in the interior of ©.

(B2) E|IL,|* < co.

(B3) The functions 3 = A(9), 9 = B(), d —» C(9) and & — X, (9) are three times
continuously differentiable.

(B4) For any c € C, there exists an w* € [—x, 7] such that V gfyw (0™, 3p)c # 0,,2.

Remark 2

(a) Due to representation (8) of the spectral density, under Assumption A and (B3)
the mapping 9 — fyw(w, 9) is three times continuously differentiable.

(b) Note that for the proof of the asymptotic normality of the quasi maximum like-
lihood estimator, Schlemm and Stelzer applied a covariance inequality which
requires that the driving process has more than four moments, see Lemma 2.13
of Schlemm and Stelzer (2012a). In contrast, we only need the existence of the
fourth moment of the driving process. This is needed, since we apply a central
limit theorem for the autocovariance function of the white noise.

The proof of the asymptotic normality of the Whittle estimator is based on a Tay-
lor expansion of VW, around 94 in 9, i.e.,

ValV, W, 6] = V|V, WG| - V@ - 8T [Viw,op] )
for an appropriate 9* € @ with [|9% — 9| < ||1/9\51A) —9ll. Since 3;“) minimizes W,
and converges almost surely to 9, which is in the interior of @ (Assumption (B1)),

VW, (9@) = 0. Hence, in the case of an invertible matrix VEW,(97) we can rewrite
(11) and obtain
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V@D = 90)7 = =/n[VyW,(90)] [V2W, 9] . (12)

Therefore, we receive the asymptotic normality of the Whittle estimator from the
asymptotic behavior of the individual components in (12).
First, we investigate the asymptotic behavior of the Hessian matrix Vg W, ().

Proposition 4 Ler Assumptions (A1)—(A4) and (B3) hold and

1 [ - -
Ty = 5- / Vofya (=, 90) [fys (@)™ ® fya (@) ™|V gfyw (@, 8p)dew.
(13)
Furthermore, let (9)),en be a sequence in © with 9 = 9y as n = oo. Then, as
n — oo,

2 w a.s.
VW, (87) — Zyay

Further, we require that for large n the random matrix V;WH(SZ) is invertible.
Therefore, we show the positive definiteness of the limit matrix Zyay,.

Lemma 2 Let Assumptions A and (B4) hold. Then, Xy.y, is positive definite.

Remark 3 For Gaussian state space processes

— (4) (4)—-1 (4)
J= leK‘” o )> 1% <as (,90)>]
+tr <<iv(A)(19 ))V(A) l<iv(4)(19 ))V(A)—l>
09 6191' ’ ij=1,...,r

is the Fisher information matrix (cf. Schlemm and Stelzer 2012a). Since W(9) = L(9)
due to Lemma 1, and V gfyw (@, 9) is uniformly bounded by an integrable dominant,
we get by some straightforward applications of dominated convergence and some
arguments of the proof of Schlemm and Stelzer (2012a), Lemma 2.17, that

0

Jli,jl=1lm E —L,( 0)] _ 99 lim E[L,(8)]

n—oo [as 99;

_ 00
99; 99,

619. 019. n—oo

Jd 0

90) = lim E
99, (Bo) = iy [asa&

W, (190)] = Zyaylinjls

where £,(9) is the quasi-Gaussian likelihood function. Furthermore, Schlemm and
Stelzer (2012a), Lemma 2.17, show that if Assumption A holds and if there exists an
jo € Nsuch that the ((j, + 2)m?) X r-matrix

(1,01 ® KD(9p)T ® C(8,)] [(Vec(e’NA))T(Vec(eA(‘gu)A))T (vec(eAf«%)A))T]T
vec(VA(9y))
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244 V. Fasen-Hartmann, C. Mayer

has rank r, then the matrix J is positive definite. Thus, our assumption (B4) can be
replaced by this condition.

Next, we investigate the asymptotic behavior of the second term in (12). Since
the components of the score VyW,(9,) can be written as an integrated perio-
dogram, we first derive the asymptotic behavior of the integrated periodogram
and state the asymptotic normality afterward.

Proposition 5 Let Assumptions (A2)—(A4) and (B2) hold. Suppose n : [—n,x] —
Cmmy [z, ] > C™™  is a matrix-valued continuous  function  with
n(w) =nw),w € [-n,x), and Fourier coefficients (f,),cz satisfying
I If, |l 1u|'/? < c0. Then, as n — co,

n

LY w(n@ph,@) - n@pfye @) — MO, 5,),

24/n Jj=—n+1

where

3, = 1 tr(n(w)fyw (@)n(@)fys (@) ) do
Y —

1 " —ionT T iy |
+ 167[4/ Vec(cD(e ) n(w) D(e )) dw

/3

(E[MONAT @ NONT| 350 @ =)

/” Vec(@(ei“’)Tn(a))cD(e_i“’))da).

T

The asymptotic behavior of the integrated periodogram is interesting for its
own. It can be modified to derive goodness-of-fit tests for state space models
which are continuous functionals of the integrated periodogram (cf. Priestley
1981).

Remark 4 Let the driving Lévy process be a Brownian motion. Since the fourth
moment of a centered normal distribution is equal to three times its second moment

D
and N9 ~ M0, ), we get EINNYT @ NONDT] =350 @ 3. Therefore,
the matrix X, in Proposition 5 reduces to

1 V4

Z, == / tr(n(@)fyw (@)n(®)fy (@))do,
7[ —7T

which is for m = 1 equal to X, = % I n(@)*fy (@) do.

Finally, we obtain the asymptotic behavior of the score function.

Proposition 6 Ler Assumptions (A2)—(A4) and (B2)—(B3) hold. Define
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Zyw = % / V&fym)(—a)s 190)T [fy(m(_a))_l ®fy(m(w)_l] V,gfy(m(w’ 19o)dw

L
1674

(4) Ar( T (4) Ar( DT (4) (4)
[E[VEONET @ NEONOT] - 35 @ 5|

x T
[/ [‘D(eim)Tfy(A) (@'® d’(e_iw)Tfy(m(—w)_l] Vofyw(—o, 190)da)]

: [ / (D) fyw (~0) ™ ® BE™) fyia (@) | Vafyin (@, ao)dw].

T

(14)

Then, as n — oo,

V[V W,99)] " > NO, Zgyp).

Now, we are able to present the main result of this paper, the asymptotic nor-
mality of the Whittle estimator.

Theorem 2 Let Assumptions A and B hold. Furthermore, let Xy, be defined as in
(14) and 2.y, be defined as in (13). Then, as n — oo,

D
V(3 - 9,) — MO, Z,),
where Xy, has the representation y, = [ Zgay ] Zow[ Zyay]™!

In contrast to the quasi maximum likelihood estimator of Schlemm and Stelzer
(2012a), the limit covariance matrix of the Whittle estimator has an analytic rep-
resentation. It can be used for the calculation of confidence bands.

Remark 5 We want to compare our outcome with an analog result for stationary
discrete-time VARMA(p,q) processes (Z,),cy Of the form (3) with finite fourth
moments. In our setting we have the drawback that the autoregressive and the mov-
ing average polynomial influence the covariance matrix Zz(vA) of (N,EA))keNO. In the
setting of stationary VARMA(p,q) processes of Dunsmuir and Hannan (1976) the
covariance matrix X, of the white noise (e,),c is not affected by the AR and MA
polynomials. It was shown in Dunsmuir and Hannan (1976) that under very general
assumptions for d = m the resulting limit covariance matrix of the Whittle estimator
for the VARMA parameters has the representation

-1

SVARMA _ [i /_ Valy(-o, I [f2(=0) ™' ® fr(@)™' ]V f (@, §5)dew

=2 [Ty,

ZVARMA 2. ZVARMA

b
ALy RMA

which is simpler than our Xy,. This can be traced back to
which is motivated on p. 38. In particular, for a Gaussian VARMA model, ZV
is the inverse of the Fisher information matrix.
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Remark 6

(a) Letthe driving Lévy process be a Brownian motion. Due to Remark 4, the matrix
2y reduces to

va = %/ V&fym)(—w’ 190)T [fy(A)(—w)_l ®fy(4)(a))_l]vsfy(m(w, 190)(150

=2 [Zoplh

and hence, Xy, =2 - [Zy,]~" is the inverse of the Fisher information matrix
and corresponds to ZyARMA as in the previously mentioned discrete-time
VARMA setting.

(b) Let d=m=N and C¥) =1,. Then, the state space model is a mul-
tivariate Ornstein—Uhlenbeck process (MCAR(1l) process). In
this example, Xyy =2-[Zyp]”! holds as well. Because of
D(z,9) = Zfio ADH = (1 — AD47)~1 = [T71(z, 9), the arguments are very
similar to the arguments for VARMA models in Remark 5.

4 The adjusted Whittle estimator

In the following, we solely consider state space models where Y and L are one-
dimensional, i.e., A € RMV, B e RN¥l and C € RN, This includes, in par-
ticular, univariate CARMA processes, see, e.g., Brockwell and Lindner (2009)
and Brockwell (2014) for the explicit definition and existence criteria. Further,
we assume that the variance parameter az of the driving Lévy process does not
depend on J and has not to be estimated. In this context, we consider an adjusted
Whittle estimator which takes into account that we do not have to estimate the
variance. Such adjusted Whittle estimators are useful for the estimation of heavy
tailed CARMA models with infinite variance. For example, Mikosch et al. (1995)
estimate the parameters of ARMA models in discrete time whose noise has a
symmetric stable distribution. In some future work we will investigate such an
adjusted Whittle estimator for heavy tailed models as well.

Now, the Whittle function is adapted in a way which makes it independent of
the variance of the driving Lévy process. Therefore, we use the representation of
the spectral density in (10). Although the variance ¢? goes linearly in 24 (9) and
VA (9), both K™ (9) and I1(z, 9) do not depend on alz anymore. The second sum-
mand of the Whittle function W, is removed and the first term is adjusted so that
we obtain the adjusted Whittle function

v

n ) )19 n
W9 =2 N (e, 9)*1,(w) = 2’5) Y fro(@, 91 (w).

Jj=—n+1 j=—n+1
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The corresponding minimizer
9A@A = arg min WA (9)
n Je@

is the adjusted Whittle estimator.

4.1 Consistency of the adjusted Whittle estimator

Since the estimation procedure is different to that of the previous sections, we have
to adjust Assumption A.

Assumption A Let Assumptions (A1)—(AS5) and (A7) hold. Furthermore, assume
(A6) For any 9, 9, € @, 9, # 9,, there exists some z € C with |z] =1 and
I (z,9,) # (z,9,).

It is needless to say that conditions as those for the function 9 — az are ful-
filled naturallx. In addition to Remark 1, which is still valid, we stress that, under
Assumption A, IT~! as defined in (9) exists for all 9 € @ and that the mapping
(w,9) — IT1(e®, 9) is continuous.

Theorem 3 Let Assumption A hold. Then, as n - o,
g g o

The proof follows the same steps as the proof for the consistency of the Whittle
estimator in Theorem 1.

4.2 Asymptotic normality of the adjusted Whittle estimator

For the asymptotic normality of the adjusted Whittle estimator we have to adapt
Assumption B.

AssuNmption B Let Assumptions (B1)—(B3) hold. Furthermore, assume
(B4) Forany ¢ € C" there exists an * € [—x, z]such that V4| IT(e", 9,)|~%c # 0.

Remark 7 Under Assumption A and Assumption B the mapping 9 — IT (€, 9) is

three times continuously differentiable. Similarly to Lemma 2, (B4) guarantees the
invertibility of
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ya e : T : _
e i= o Vglog ([IT(e,9y)|7%) Vylog ([IT(e, 9¢)|7*)dw. (15)

—7T

Theorem 4 Let Assumption A and B hold. Further, let X2y be defined as in (15)
and

V(A)z " iw 2\ T iw -2
ZVW<A)=T Vylog (111(e, 9¢)|7%) Vglog ([IT(€,89y)|7*)dw
+ L v e, 9P [®(c) ® D(e™)]dw

4n? | J_,

(4) A /(HT (4) A 7T (4) (4)
[E[VENOT @ NEONOT] <35 @ 51|
x T
) [ / V‘9|H(e‘“’,190)|2T[CD(e_’“’)®(D(e‘“’)]da)] )
Then, as n - o,
VA D
n( 94 -9, ) — MO, Zyw),
where Xy, has the representation Xy = [szwm)]_l Zywm [szwm]_l.

Remark 8 For the one-dimensional CAR(1) (Ornstein—Uhlenbeck) process, for
which m =d = N =1 and C(9) = B(9) = 1 holds, the limit covariance matrix Xy
of Theorem 4 reduces due to Remark 9 in the Supplementary Material and Theo-
rem 3°”°, Chapter 3, of Hannan (2009) to

e -1
Sy = 4n [/ Vo log ([T (™, 90)7%) Vglog (| (e, 80)|‘2)dw]

b2
=4z [ / Vo log(fyw (@, 90)) "V log(fyw (@, 9y))dw

Fa T . .
_% </ V,9 log(fym) (CU, 190))dw> (/ V@ log(fy(A) (C(), 190))d60>]

Due to Remark 6(b)

ra

-1
ZW =2. [szw]_l =4z [/ V& log(fY(A) (60, 190))TV19 log(fym)(a), 190))d0):|

and hence, Xyu > Xy. Thus, the adjusted Whittle estimator has a higher vari-
ance than the Whittle estimator. Let 9, < O be the zero of the AR polynomial in
the CAR(1) model, i.e., A(9,) = 9. Simple calculations show that X, = e 2% — |
which is equal to the asymptotic variance of the maximum likelihood estimator of
Brockwell and Lindner (2019). However, it is not possible to make this conclu-
sion for general CARMA processes. There exist CARMA processes for which the
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adjusted Whittle estimator has a different asymptotic variance than the maximum
likelihood estimator of Brockwell and Lindner (2019).

5 Simulation

In this section, we show the practical applicability of the Whittle and the adjusted
Whittle estimator. We simulate continuous-time state space models with an Euler-
Maruyama scheme for differential equations with initial value X(0) = Y(0) = 0 and
step size 0.01. Using A = 1 and the interval [0, 500], we therefore get n; = 500 dis-
crete observations. Furthermore, we investigate how the results change qualitatively
when we consider the intervals [0, 2000] and [0, 5000], which imply n, = 2000 and
ny = 5000 observations, respectively. In each sample, we use 500 replicates. We
investigate the estimation procedure based on two different driving Lévy processes.
Since the Brownian motion is the most common Lévy process, we examine Whit-
tle‘s estimation based on a Brownian motion. As a second case, we analyze the per-
formance based on a bivariate normal-inverse Gaussian (NIG) Lévy process, which
is often used in modeling stochastic volatility or stock returns, see Barndorff-Nielsen
(1997). The resulting increments of this process are characterized by the density

St (1 + ag(x))
£ e, B i Aic) = S g(—x)i exp(dyigk + fTx — ag(x), x € R,

with

g(x) = \/613116 + <~x —H ANIG(x - ,Ll)>, K2 = a2 - <ﬁ’ ANIGﬂ> > 0.

Thereby, f € R? is a symmetry parameter, Sy, > 0 is a scale parameter and the
positive definite matrix Ay;; models the dependency between the two components
of the bivariate Lévy process (L,),cg. We set u = —(Sxig4nigP)/k to guarantee that
the resulting Lévy process is centered, see, e.g., @igard et al. (2005) or Barndorft-
Nielsen (1997) for more details. For better comparability of the Brownian motion
case and the NIG Lévy process case, we choose the parameters of the NIG Lévy
process in a way that the resulting covariance matrices of the Lévy processes are the
same.

The performances of the Whittle and the adjusted Whittle estimator are compared
with the well known quasi maximum likelihood estimator (QMLE) presented in
Schlemm and Stelzer (2012a). The assumptions concerning the QMLE of Schlemm
and Stelzer (2012a) are the same as ours. Therefore, the Echelon canonical form
given in Schlemm and Stelzer (2012a), Section 4, is used as parametrization (cf.
Guidorzi 1975) which is standard for state space and VARMA models (cf. Han-
nan and Deistler 1988). In particular, Assumptions (A1)-(A7) and (B1)—(B3) are
satisfied.

In the multivariate setting, we consider bivariate MCARMA(2,1) processes of the
form
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dX,(9) = A®)X,(9)dt + B@)AL,9) and Y,(9) = C9X,S), >0,

with
9,9, 0 9, 9,
A@ =10 0 1 | B9) = I 9, ,
(100 9
C(19)—<010>, ZL(8)—<89 191())'

This parametrization is given in Table 1 of Schlemm and Stelzer (2012a) and the
representations of the corresponding AR polynomial P and MA polynomial Q are
given in Table 2 of that paper. Furthermore, we get the order (2,1) of the MCARMA
process from there as well. In our example, the true parameter value is

9\ = (=1,-2,1,-2,-3,1,2,0.4751,-0.1622,0.3708).

To generate a NIG Lévy process with the same covariance matrix, we rely on the
parameters

n _ M _ a _ T m _ [ 5/4 —1)2
s0 =1, a® =3, pO=q,17, AMG_<_1/2 U7

The estimation results are summarized in Tables 1 and 2 for the Brownian motion
driven model and the NIG driven model, respectively. The consistency can be
observed in all simulations, namely the bias and the standard deviations are decreas-
ing for increasing sample size for both the Whittle estimator and the quasi maximum
likelihood estimator. The performance of the estimators is very similar.

Since we introduced an alternative estimator for the univariate setting, we per-
form an additional simulation study concerning one dimensional CARMA pro-
cesses. In accordance with Assumption A, the variance parameter o-i of the Lévy
process is fixed in this study and has not to be estimated. We consider a CARMA(2,
1) model where

01 9
A = <81 9, >, B() = <81 +392193> and C(9) =(10).

Since the output process Y(J9) of this minimal state space model is of dimension
one, the order of the AR polynomial p is equal to N =2 and the order of the MA
polynomial is ¢ = p — 1 = 1. This means we have a CARMA(2,1) process. For more
details on CARMA processes we refer to Brockwell and Lindner (2009) and Brock-
well (2014). In our simulation study the true parameter is

9 = (=2,-2,-1).
The simulation results for the Brownian motion driven and the NIG driven

CARMA(2,1) process are given in Tables 3 and 4, respectively. For all sample sizes,
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Table 1 Esti.mation.result.s Whittle QMLE

for a Brownian motion driven

bivariate MCARMA(2,1) 9, Mean Bias Std. Mean Bias  Std.

process with parameter 198)
n, =500
! —0.9969  0.0031 0.0325 —1.0012  0.0012 0.0572
-2 —2.0218  0.0218 0.0582 —2.0128  0.0128 0.0689
1 0.9980 0.0020 0.0520 1.0075  0.0075 0.0722
-2 —2.0498  0.0498 0.1060 —1.9797  0.0203 0.0758
-3 —2.9840  0.0160 0.0498 —2.9913  0.0087 0.0907
1 1.0062  0.0062 0.1309 0.8034  0.1966 0.3896
2 1.9983  0.0017 0.0532 2.0036  0.0036 0.0768
0.4751 04746  0.0005 0.0407 0.4693  0.0048 0.0691
—0.1622 —0.1629  0.0007 0.0134 —0.1624  0.0002 0.0405
0.3708 0.3706  0.0002 0.0064 0.3712  0.0004 0.0328
ny, = 2000
-1 —0.9970  0.0030 0.0155 —0.9957  0.0043 0.0260
-2 —2.0062  0.0062 0.0252 —2.0047  0.0047 0.0350
1 0.9909  0.0091 0.0266 1.0038  0.0038 0.0399
-2 —2.0394  0.0394 0.0501 —2.0122  0.0122 0.0481
-3 —2.9857  0.0143 0.0371 —3.0350  0.0350 0.0583
1 1.0775  0.0775 0.1030 0.9572  0.0428 0.2583
2 2.0033  0.0033 0.0205 2.0452  0.0452 0.0463
0.4751 0.4731  0.0020 0.0092 0.4719  0.0032 0.0321
—0.1622 —0.1620  0.0002 0.0059 —0.1632  0.0010 0.0197
0.3708 0.3708 0 0.0037 0.3731  0.0023 0.0167
nsy = 5000
! —1.0028  0.0028 0.0172 —0.9960  0.0040 0.0174
-2 —1.9954  0.0146 0.0041 —2.0059  0.0059 0.0196
1 0.9972  0.0028 0.0133 1.0052  0.0052 0.0268
-2 —2.0202  0.0202 0.0210 —2.0043  0.0043 0.0284
-3 —3.0091  0.0091 0.0441 —3.0013  0.0013 0.0261
1 1.0585  0.0585 0.0409 1.0253  0.0253 0.1249
2 2.0109  0.0109 0.0318 2.0479  0.0479 0.0346
0.4751 04759  0.0008 0.0100 0.4735 0.0016 0.0200
—0.1622 —0.1652  0.0030 0.0088 —0.1634  0.0012 0.0135
0.3708  0.3904  0.0196 0.0079 0.3727  0.0019 0.0109

the Whittle estimator and the QMLE behave very similar and give excellent esti-
mation results. Whereas for small sample sizes the adjusted Whittle estimator is
remarkably worse, for increasing sample sizes it performs much better and seems
to converge. Further simulations for a bivariate MCAR(1) process and an univariate
CAR(3) process showing a similar pattern as the simulations of this section are pre-
sented in Section 9 in the Supplementary Material.
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Table 2 Estimation results
for a NIG driven bivariate
MCARMA(2,1) process with
parameter 195)1)

Whittle QMLE

R Mean Bias Std. Mean Bias  Std.
ny =500

-1 —0.9555  0.0445 0.1559 —0.9651  0.0349 0.1854
-2 —1.8822  0.1178 0.2653 —1.6978  0.3022 0.3452
1 0.8746  0.1254 0.1888 1.1479  0.1479 0.2526
-2 —2.0981  0.0981 0.2273 —2.0066  0.0066 0.2962
-3 —3.1833  0.1833 0.2517 —3.0578  0.0578 0.4076
1 1.0533  0.0533 0.3614 1.0272  0.0272 1.2301
2 2.0461  0.0461 0.5710 2.0490  0.0490 1.6673
04751  0.4992  0.0241 0.1061 0.4645 0.0106 0.8220
—0.1622 —0.1520  0.0102 0.1130 —0.1669  0.0047 0.3317
0.3708  0.4100  0.0392 0.1081 0.3748  0.0040 0.6100
n, = 2000

-1 —1.0351  0.0351 0.1224 —0.9673  0.0327 0.0243
-2 —1.8779  0.1221 0.1894 —1.0564  0.0426 0.0713
1 0.9457  0.0543 0.2620 1.1331  0.1331 0.1214
-2 —1.9586  0.0414 0.2573 —1.9494  0.0506 0.0827
-3 —3.1682  0.1682 0.2238 —3.1990  0.1990 0.4911
1 1.1234  0.1234 0.3120 1.1720  0.1720 0.5933
2 2.0842  0.0842 0.4842 2.0432  0.0432 0.1817
0.4751 05010  0.0259 0.1000 0.5237  0.0486 0.2726
—0.1622 —0.1740  0.0118 0.0992 —0.0856  0.0766 0.1413
0.3708  0.3908  0.0200 0.0758 0.3220  0.0488 0.0049
n; = 5000

-1 —1.0238  0.0238 0.1182 —0.9844  0.0156 0.0194
-2 —1.9954  0.0046 0.2048 —2.0139  0.0139 0.0246
1 0.9942  0.0058 0.1517 1.0102  0.0102 0.0299
-2 —2.2202  0.2202 0.2210 —2.0043  0.0043 0.0284
-3 —3.0104  0.0104 0.2463 —3.0015  0.0015 0.2291
1 1.0585  0.0585 0.2409 1.0655  0.0655 0.1347
2 2.1169  0.1169 0.0866 2.0400  0.0400 0.0355
04751  0.4855  0.0104 0.1180 0.4737  0.0018 0.0206
—0.1622 —0.1682  0.0060 0.0408 —0.1634  0.0012 0.0145
0.3708  0.3908  0.0200 0.0842 0.3730  0.0022 0.0139

6 Proofs for the Whittle estimator in Sect. 3

6.1 Proofs of Sect. 3.1

Proof of Proposition 2 We divide W, in two parts and investigate them separately.

Therefore, define
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Table 3 Estimation results for a Brownian motion driven CARMA(2,1) process with parameter 1982)
Whittle Adjusted Whittle QMLE
9 Mean Std. Mean Bias Std. Mean Bias Std.
ny =500
-2 —2.0951 0.0951 0.7766  —3.1063  1.1063  3.4195  —2.0880 0.0880  0.7628
-2 —2.0482  0.0482 0.6500 —2.9233  0.9233  2.9957  —2.0449 0.0449  0.5889
-1 —0.9731 0.0269 0.1186  —0.9028 0.0972 0.3710  —0.9729 0.0271  0.1779
ny, = 2000
-2 —2.0204 0.0204 0.0755 —2.0816 0.0816 1.0399  —2.0015 0.0015 0.1926
-2 —1.9975 0.0025 0.0637 —2.0732 0.0732 09199  —1.9948 0.0052  0.1466
-1 —0.9933  0.0067 0.0547 —0.9965 0.0035 0.1267  —0.9993  0.0007  0.0674
nsy = 5000
-2 —2.0046  0.0046 0.0117 —1.9854 0.0146 0.0860  —2.0068  0.0068  0.0997
-2 —1.9914 0.0086 0.0149 —1.9840 0.0160 0.0821 —1.9942 0.0058 0.0772
-1 —1.0004 0.0004 0.0153 —1.0070 0.0070  0.0488 ~ —1.0009  0.0009  0.0408
Table 4 Estimation results for a NIG driven CARMA(2,1) process with parameter 19;2)
Whittle adjusted Whittle QMLE
9 Mean Std. Mean Bias Std. Mean Bias Std.
n; =500
-2 —2.3278 03278 1.7598 —3.0174 1.0174 3.2090 —2.3175 0.3175 1.0862
-2 —2.2612 02612 14892 —2.8550 0.8550 2.8684 —2.2047 0.2047  0.8023
-1 —0.9855 0.0145 0.1652 —0.9445 0.0555 0.3376 —0.9243  0.0757  0.2938
ny, = 2000
-2 —2.0261 0.0261 0.1038 —1.9996 0.0004 0.5351 —2.0122 0.0122  0.2526
-2 —1.9977 0.0023 0.0784 —1.9988 0.0012 0.4552 —2.0034  0.0034  0.1845
-1 —0.9968 0.0032 0.0607 —1.0153 0.0153 0.0961 —1.0037 0.0037 0.0848
ns = 5000
-2 —2.0138  0.0138  0.0575 —1.9842 0.0158 0.0902 —1.9938 0.0062  0.1093
-2 —1.9948  0.0052 0.0466 —1.9866 0.0134 0.0825 —1.9917 0.0083  0.0906
-1 —0.9991 0.0009 0.0339 —1.0097 0.0097 0.0508 —1.0059 0.0059 0.0415
1 n
1 . -1
W®) 1= 0= Y wlfyw(@;, )7, (@)

and

Jj=—n+1

W) = 2= Y, log (det (frua(@; 9)).

Jj=—n+1
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such that W,(9) = WV(9) + W2(9). By Assumption (A1) and (A4) and the repre-
sentation (8), we can apply Lemma 7 of the Supplementary Material, which gives
the uniform convergence

sup
9eo

W) - / log(det(fy(m(a),&)))dw‘7250. (16)

It remains to prove the appropriate convergence of W,(ll). Therefore, it is sufficient to
show that

Z Jyw(@; 19)_1In(wj)— %/ Jyw (o, «9)_1fy(A>(w)dw 250 17

/——n+l

sup
9e6

holds. We approximate fyw (®;, 9)~! by the Cesaro sum of its Fourier series of size
M for M sufficiently large. Define

qu(@,9) 1= = Z <Z b(9)e —’kw> =) <1 - m>bk(19) “ko  with
|k|<) |k|<M

b(9) := > / frw(@, 9 e*dw.

The inverse fyw (o, 9)~!exists, is continuous and 2z-periodic in the first component.
Thus, it follows from Féjer’s Theorem (see, e.g., Theorem 2.11.1 of Brockwell and
Davis 1991) that for any € > 0 there exists an M,(¢) € N such that for M > M,,(¢)

sup sup
w€|[—r,x] 9€O

Vym)(w, 19)_1 — qy(o, 19)” <e. (18)

Let € > 0. In view of (18), we get

2 Fro(@, 971 (co)—— Z Iu(@;, I, (@)
Jj=—n+l ]——n+1

< éi }E

Jj=—n+l

1
2n

(19)

Since all matrix norms are equivalent, using the 1-norm yields

X Z ZZU (@)lk,2])]. 20)

j=—n+1 +1 k=1 /=1

Trivially, /,(w;) is positive semidefinite and Hermitian. Therefore, for
keell,....m},je{-n+1,...,n},

L@k K] ©(@)[k 7]
det <1n(a)j)[f, K L7, f]) 20,
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which implies

< L@k KL @I, €1 < L@k K + L@)[£.£). (21)

Combining (19), (20), (21) and Lemma 4 of the Supplementary Material gives for
M > My(e)

= 3 Sy 9 () - Z il O, (@)
Jj=—n+1 j——n+1

<S¢ v ¥y k, k £,

<5 X 2 2 L@k K+ @iz, 4]

j=—n+l k=1 £=1

<Em S S ik A

Jj=—n+1 k=1

<2c6m Y T (O)[k.K].
k=1

Since ka=1 fiA)(O)[k, k] 2 kazl T'™®(0)[k, k] < oo due to Lemma 5 in the Supple-
mentary Material, we obtain for M > M (e) and n large

= Y (@07 (@) - Z 4@y, O, (@)

J=—n+1 J——"+1

sup <eC

9€06

almost surely. Consequently, for the proof of (17) it is sufficient to show that

a.s.
sup — 0. (22)

d€0

Z e 19)1,1(%)-% / Frw(@, 9 fyw(@)do

j——n+l

On the one hand, Lemma 4 of the Supplementary Material yields

Z Qi (@;. O, (@)

j——n+1

-lyy <<1 - M)17,((19)?‘”(;1)( 3 e_i(k+h)w/>)
27 S i 2n ;A 23)
k
=1 Z < _U>bk(l9)F(A)( )

|k|<M
=1ly (1—m>bk(8)1“(“)( )
2z
k<M
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uniformly in 9, since b, (9) is uniformly bounded in 9 for all k. The reason is that
fyw(w,d)~'is continuous on the compact set [—r, 7] X © and

sup 6, (DIl = sup

kEZ

€0 we[-x

/ Jrw(w,9)” e”“”dw” < max max |[fy(A)(a) 7.

On the other hand, due to (5), we get

2

1 h 1 /7 _
— VEM (1 ~ 'M—')b,ho%r“)(h) -5 / ”fy(m(ah 9 fyw (@)dw

h
% Z <1 |A4|> _h(lg)/ fy(m(w)elh‘”dw ——/ fy(A)(CO 19) fY(A)(w)de
|h|<M

= ” L / (qM(w’ 9) — frw (o, 19)_] )fy(m (w)de

<5 |qM(a) 9 = fya (@, 97 Iy (@] do < €6,
(24)
where we used (18) and the continuity of fyu (w) for the last inequality. Combining
(23) and (24) gives (22). O

Proof of Lemma 1 In view of Proposition 1, we express the linear innovations as
e(9) =B, HY VW), keN,
and define the pseudo-innovations as
£99) =B, 9HY VI, keN.

An application of Theorem 11.8.3 of Brockwell and Davis (1991) leads to the spec-
tral densities of (€ (9));en and (£1”(9)) ey as

foo(@,8) = (e, 9)fyw(w, NI, 9T, o € [-x, 7],
fra(@,9) = M€, Nfyw(@) (e, 9", we[-x,x],

respectively. Consequently,
1 [ _
> / tr(fyn (@, 9™ fyw(®))do

- 2itr< / " 2701, )T VAW T (™, 9)fyw (w)dw)

T n

=tr ( V@ (9)! /ﬂfg(m (@, ,9)dco>

= E[u(£20) VO e )|
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holds. Finally,
ZL / log (det (fym) (o, 19)) )da) = ZL / log (det (ZElem(w, 19)) )da) — mlog(2x),
T J_, T J -z

and an application of Theorem 3”*” of Chapter 3 of Hannan (2009) results in

2i / log (det (27fys (@, 9)) )dw — mlog(2) = log(det VW(9)) — mlog(2x),
T -

(25)
which completes the proof. O

Proof of Proposition 3 Considering Lemma 1 we get W(9) = £L(8). Schlemm and
Stelzer (2012a), Lemma 2.10, proved that £ has a unique global minimum in §,
under conditions which are fulfilled in our setting (see Lemma 2.3 and Lemma 3.14
of Schlemm and Stelzer 2012a). O

Proof of Theorem 1 Note that by Proposition 3 W has a unique global minimum in
9y. By Proposition 2, W, converges almost surely to W. Since fyu is continuous
under Assumption A and therefore W as well, the assertion follows directly from
Theorem 2.1 of Newey and McFadden (1994) and the discussion below. O

6.2 Proofs of Sect. 3.2

Proof of Proposition 4 Under the Assumptions (A1)-(A4) and (B3) the spectral den-
sity fyw(w, d) and its inverse fyw (o, 9)~! are three times continuously differentiable
in 9 (see Remarks 1 and 2). Furthermore,

62

tr(fy (@, 9 (@) = tr<m(fym>(w, 19)“)1n(co)>,

02

k., € {1,...,r}. Therefore, the proof of

sup
9e6

|V§Wn(19) _ V§W(,9)” 20

goes in the same way as the proof of Proposition 2. It remains to show that
Vf) W8y = Zyay.-
First, note that
2 1 "o -1 2
VaW(9y) = > / Vtr(fyw (@, 99) ™ fyw (@) + V3 log (det (fyw(w, 9y)) ) d.
(26)
On the one hand,
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a’9k019, fY(A)(w 90)” )f y<A>(CO)>da)

1 _
= 2— / tr<2fym)(a)) (agkfy(A) (a) '90)>fy(A) (a)) ! <£fy(ﬁ) (a), '90)> dw

_ 0
_/_”fyw(a)) 1<a19k—a19ffym>(w,19o)>>dw

holds. On the other hand, Jacobi’s formula leads to

L
27

27)

62
09,09,

_ tr<—fym> @) (ifym (@, %))M (@) <£fym> (@, %))) (28)
14

+tr <fy(A) (CU)_I <a19k619ffym) (CU 190)>)

Combining (26), (27), (28) and the property

10g(det(fy(A) (CO, 190)))

vec(AT)" (BT ® C)vec(D) = tr(BACD) (29)

for appropriate matrices A, B, C, D (see Brewer 1978, properties T2.4, T3.4 and
T3.8) give

1 [ _ _
V?gw(go) = E/ V&fyu)(_w’ 19())T [fy(A)(—CO) 1®fy(4>(60) I]V&fym(a}, 19())(1(0
= ZVZW‘
O

Proof of Lemma 2 Let ¢ € C" be fixed and w* as in (B4). The continuity of fyw (w)
and its regularity imply for any w in a neighborhood of @w* that

| (s ()72 @ s (@)™ 72) V fyaa (@, Bye |, > 0

where || - ||, is the Euclidean norm. Consequently,

1 " - -
CTZV2WC = Z/ CTV,qum)(ws 19())H [fyu)(_w) ! ®fy<A)(w) I]V&fYW(C‘)’ ’90)de

2
2@ frw (@) )V ofya (o, 190)c”2da) > 0.

Therefore, Xy.yy is positive definite. O
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For the proof of Proposition 5 we require some auxiliary result. Therefore, we
denote the periodogram and the sample covariance corresponding to N9 . ,NflA)
as defined in (7) as I, y and I",,N, respectively.

Lemma 3 Let Assumptions (A2)—(A4) hold and n . [—=r, ] — C™™ be a matrix-
valued continuous function with n(w) = n(w)?, w € [—r, x|, and Fourier coefficients

(F)uez satisfying 3 |If, |l < oo. Then,

n

Y w(n@)l,(@) = n@)®e ), y(@)D()T)| =0

24/n Jj=—n+1

lim E

n—oo

Proof Define R, (w) = I,(w) — ®(e™)],, \(w0)@(e)" for w € [—x, 7]. We get

n [e4) T
1 —i(k=)w
R(@) = 2<220¢N )(22@“ > o

1 =0

1 n [o0] n 00 .
- d N, DN,@ | ritkts=t=nw;
2””(1(:1; 5Tk ><f L& Ve >
1 © © n 0 n 0 0 0
=%<ZZ¢A<<Z 2 2 Z +Z +Z Z
k=1 /=11 k=1 f=n—1+1 k=l-s¢

53 55 353 5 )

k=1-s £=n—t+1 k=n—s+1¢=1 k=n—s+1¢=1—-t k=n—s
DT —j —f—Dw;
Nk(A) N; T pmilhkets—¢ t)wl>(p;l'>

8

=: ) ROw)).

i=1
Thus,

n

8
1
E tr(n(w;)R,(w;))]| < E
2\/;/_=_2n+1 ( ! ! ) ;

We have to show that these 8 components converge to zero. Since we can treat each
component similarly, we only give the detailed proof for the convergence of the first
term.

Due to tr(A) < ||A||; for all quadratic matrices A, we get an upper bound for the
trace of any quadratic matrix. Once again, the equivalence of all matrix norms and

nw) = Yow_, f.e™ " yield

n

2 tr(n(@)R(w)))|.

N j=—n+1
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n

= Y u(RO @)

24/n Jj=—n+1

E

n © ® n 0 o0
11 Zilkts—t—
<GE Z -2 ZZ@S Z NONDTT Z f emitrs—t=rrun,
=1 VRV S20 120 k=l A=l P
n
4
<6 Z | Z EIN 2,
s=0 r=0 k=1 ¢=1-
1 n
—i(k+s—C—t+u)w;
>y Il ettt
U=—o0 j=—n+1

Due to (A2), [EllNiA) |> < c0. Furthermore, by Assumption (A3) the coefficients of @
are exponentially decreasing which implies )™ #||®,|| < co. Along with an applica-
tion of Lemma 4 of the Supplementary Material, it follows

<@72u¢ ||Zr||a>|| Z il = .

s=0 U=—o00

n

LY u(RO@pn@))

24/n Jj=—n+1

E

O

This lemma helps to deduce Proposition 5, which can be seen as the main part of
the proof of the asymptotic normality of the Whittle estimator.

Proof of Proposition 5 Due to Lemma 3, we get

n

1
ﬁj=_n+l tr(’?(wj)ln(wj) - ﬂ(wj)fym)(a)j))

n

1
24/n 125

We define

(1n (@)@ () D(e™))) — tr(n(w)fys (@) } + 0p(1).

q(@) := D) ()P(e™), o€ [-z,x],

and approximate ¢ by its Fourier series of degree M, namely,

. 1 T
(w) = b.e*®  where b, = — / ek g(wydw, ke Z.
u “E,M A (=55 ] < (30)

The coefficients b, satisfy
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[+

> bkl = ”— / () (@)Dl o 1
k=—00 —
_ - 1 - T i —i(k—j+u+t)w 1/2
_k_z %ZZngjfuqsf[”e j do)||k|
=—o0 Jj=0 £=0 u=—oco
DI IIN AN A TEIEI RS
Jj=0 =0 u=—o00

Gchb,n(max{l lilH'”? Z I, ll(max(1, |u|})‘/22||¢f||<max (L1z1n'”?
J=

U=—00

(31)
and therefore Z:i_oo [1D4l] < o0 as well. It follows from Korner (1989), Theo-
rem 3.1, that

M—oo
qy(®) — q(w) uniformly in w € [—x, 7].

Step 1: We show

lim lim sup lP’(
M n

-0 poco

Z tr(l, y(@0;)(q(@;) = g (®;))

j=—n+1

>€>=0 Ve>0.

(32)
Consider

n

Y el y@)g@) = gy(@))

N j=—n+1

:ﬁ Z ( Z FnN(h)bk( zn: e—i(h—k)wj>>.
Tl = =

We investigate the terms with 42 = 0 and & # O separately. For 4 =0 and n > M we
get

(33)

Z tr F T o O 3,627 (0) k) >
K> M

‘ v

(34)
<CVHIT, Ol Y, bl == 0 P-as.,

[k|>2n

since Remark 10 in the Supplementary Material and the continuous mapping theo-
()
rem imply [T, (0)[| = [P I¥
Now, we investigate the terms with & # 0. The independence of the sequence
(N;(A))kGNO leads to
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[E[f,w,(h)] =0 for h#0

and therefore,

n—1
[El\/’; 2 tr((anN(h)+ Z FnN(h)>bk1{Elz€Z h= k+2nz})] =0. (35)

k|>M h=1 h=—n-+1

Due to (33)—(35) and the Tschebycheff inequality, for the proof of (32) it is sufficient
to show that

n—1 -1
A}ng}igVar(ﬁ 2 tr<<21’ N+ Z T, N(h)>bk (3zeZ:h= k+2nz}>> =0.

|k|>M h= h=—n+1
(36)

First, property (29) and E

VCC( nN(h))VeC( nN(h)) ” gresultln

n—1 -1
Var<\/ﬁ 2 tr((an,N(h)+ 2 Fn,N(h)>bk1{azez:h=k+2nz}>>

|k|>M h=1 h=—n+1

i
= Var| 2\/_ZVCC< Z bi3.e7: e k+2nz}> (Iy ®IN)VCC< nN(h)>

k|>M
2

v n|

n—1

§4n2

h=1

E [vec <fn!N(h))vec (fn’N(h))T] ”

2

-
vec( Z bk 1{3zeZ:h:k+2nz}>

k|>M

n—1

< @ Z b (3.7 hek+2nz)

|k|>M

<Z ||bk||> — 0.
|k|>M

Step 2: We show

n

Y (L (@)qu(@) = tr(n(@)fyw (@)

N j=—n+1

M
- #u( 3 (f,,,N(h) - FN(h)>bh) +o(l).

h=—M

37

Let M > n. Then, due to Lemma 8 of the Supplementary Material and Parseval’s
equality, we receive
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n

1

Vi =S
M 2

= ﬁtr( fn’N(h)bh> - 4 / tr(n(o)fyw(®))dw
h=—M -

T n

(tr(In,N(a)j)qM(a)j)) - tr(n(a)j)fym)(a)j)))

i o (38)
+—/ tf(’?(w)fym)(w))dw—tf(T Z ﬂ(@;)fyw(@;))

d N j=—n+1

M b4
= ﬁtr( Z me(h)bh> - 4 / tr(n(@)fyw (@) )dw + o(1).
h=—M -

E3
Taking I'y(h) = Oy, for i # 0 into account, we receive

M b3
gn( 2 fn,N(h)bh) - # /_7r tr(n(a))fym(w))dw

h=-M
M
- ﬁtr( 3 (FH,N(h) _ FN(h)>bh> (39)
7 h=M

+ 4 <tr(FN(0)b()) - / tr(n(a))fym)(w))dw)

Using the representation Sro(@) = i@(e"’“’)zj(f '@ (eiv)T and
g(w) = D) n(w)P(e™™®) for w € [—x, x], yield

gtr(FN(O)bo) - tr< / n(w)fyu)(w)dw>

= 4 /_ ) tr(é 2](\]“>q(w)> - tr(n(@)fyw (@) do w0

= g / tr(ﬂ(w)éd’(e‘i“’)zz(f D)’ — n(@)f Y“‘)(w))dw
=0.

Then, (38)—(40) result in (37).
Step 3: Next, we prove the asymptotic normality

Vi (< (= D
el Y (FH’N(h)—FN(h))bh — MO, Z,(M)), @41)

2z h=—M

where z, (M) is defined as
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M
=1 @)} H 5(d)
00 = = Y (0, 500 =)
h=1
+ #vec(bbT([E[NiA)NiA)T ® NiA) NiA)T] _ Z,(VA) Q Z,(f)>vec(bg).

Therefore, we consider

ey
27| 2 (Fonth = 1t o

=M

= % g \/Ztr( (fn,N(h) - FN(h))bh> + ;/—jtr«Fn,N(O) - FN(0)>b0>.

(42)
Writing

\/Ztr< <F,1,N(h) - FN(h)>bh> = \/nvec(b))Tvec (fn,N(h) - FN(h)),
an application of Lemma 6 of the Supplementary Material leads to
— D
Vite (T, = T )b, ) — N,

where (J\/h)heNO is an independent centered normally distributed sequence of random
vectors with covariance matrix

2y, 1= vee))T (25 ® 2 et = (b, ZbI £ forh#0
and
2y, = veelb) (E[MONOT @ NONDT| - 5 @ S )vec(tlh.

Finally,

M M
Vn = D 1 @)} H 5(4)
gtr<h;M <F,1,N(h) - FN(h)>bh> = A/<o, = }; tr<thN bl 5 )

+ #vec(bg)T([E [Ni“)NiA)T ® N}‘”Ni“] -3V ® 2};‘)>vec(bg’ )).

Step 4: We show
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M
1 () H 5(4)
= Su(bze )
h=1
+ 4]—2vec(bg)T<[E [VONOT @ NONT| -5 @ £ vee(tt)
T
M- ] 4
— / tr(”l(w)fyw(w)ﬂ(w)fym)(w))dw
+ # [ ) vee(®(e™) (@) @) do

(E[MONET @ NONT] - 32 @ 5) / vee(®(e™) n(@)(e”)) do

-7

(43)
Therefore, note that
1 M
(A pH 5(4)
;;u(thN b
=1
1 T\T (4) A (AT (4) A (AT (4) (4) H
+ veeb))T (E[VONDT @ NPONOT| -2 @ 5 vecst)
M- o
TS LY (b0 =)
72 ~ h N
1 T\T (4) A (AT (4) A (AT (4) (4) H
+ veeb))T (E[VINOT @ NN | - 5 @ X vecsi.
But
IS @), 1 5(4) @ s\ [ -t
5hz_wtr<b,,zN ps) = v Zw; (b, =0 =) e

1
- / tr(q(a))Z](\,A)q(a))HZI(VA)>da)

= / tr(n(@)fyw (@)n(@) fye (@) do

where we plugged in the definition of ¢ in the last equality. Eventually, due to the
representation of b, we receive
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RS (@) H 5(4)
= > (b z0n =)
h=1
+ #Vec(bg)TOE [VONOT @ NONT| - 50 @ 5 )vee(bf)

= ]1—[ / tI’(”I(CO)fym) (a))n(a))fym) (a)))da)

T

+
1674

(E[MONAT @ NONT| 350 @ =)

/” vec (cD(e_i“’)Tn(a))TQ(ei‘”))wa

/ vec(@(eiw)Tn(a))¢(e_i“’))da).
Finally, Step 3, Step 4 and a multivariate version of Problem 6.16 of Brockwell and
Davis (1991) give

M
ﬁtr( Y (Tont- FN<h))bh> P2 MO, 5,00) T Mo, 3.

2w p=

Along with Step 1, Step 2 and Proposition 6.3.9 of Brockwell and Davis (1991), the
statement follows. O

Proof of Proposition 6 The proof is based on the Cramér Wold Theorem and Proposi-
tion 5. Therefore, let A = (4, ..., Ar)T € R’. We obtain

V[ VW, (99)] 4 = L Vo [tr(fyn (@5, 90) "I, (@,)) +log(det(fyw(@;, 9,)))] 4
2\/zj=—n+l
B 1 n r ~ B 9 B
= 2\/;#;“ [; tr( /I‘fy(m(a)j) <—019tfy(4)(a)j, 190))fym) (w/) In(wj))]

L Y Vyltr(og(fyw (@, 9p)1A.

24/n Jj=—n+l1

We define the matrix function#, : [-z,z] - C™" as
r B 9 .
n,(w) = — 2 Ay (@) (ﬁfym) (o, 190)>fy<m ()™, we€l[-nx]. (44)
=1 t

Furthermore,

0 f 0
tr<a—19r log (fy(A) (w, 80))> =tr (fy(A) ()" <a_19tfy(4> (w, 80)> > .

Then,
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n

Y w(n @) (L) = frw(@))).

N j=—n+1

1

V[V W,80)] 4 = 5

Apparently, #, is two times continuously differentiable by Remark 2 and 2z peri-
odic. Moreover, every component of the Fourier coefficients (f,,),cz of #, sat-
isfies Y0 |fulk E1l|ul'? < 00k, £ €{1,...,m} (see Brockwell and
Davis 1991, Exercise 2.22 applied to #, and its derivative n;), and therefore,
> o faulllul'/? < oo follows. Then, due to Proposition 5, we get as n — oo,

V[V W, (80)] 4 — MO, Ty ),

where

Zy,wi= % [ tr (1, (@)fy (@)1, (@)fyw (@) ) do

+ ﬁ /_7r Vec((D(e_i“’)TnA(a))Té(ei“’))Tda)
D) DT o A(A) AT @) o 5@
(E[MONOT @ NONOT| - 350 @ )
. / vec (@) n,(@)P(e™))dw

= Zl,l +ZL2 + 21,3.

We investigate the three terms separately. With (29), the first term fulfills the
representation

5, = % / ) tr<<; A,a%fm (@, 80>> Frn(@)™! (Z}, A, %fym) (@, so>)/ym (@) )dw

=4 [ﬁ / (Vafyo(=0,90) " (Fro (=0 & fyw(@) ™) Vafyea (@, 9] 1.
Similarly, we get the representation

T T T X X
= 127[ / / E[Vafyw (=0,90)T (fro (~0) ' @) @fyw (@) (™)) NONAT
NN (@) frn (-1) ™' @ (™) fyw ()") Vafya (7. 8p)]dwdr] 2

for the second term, and analogously
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s o= 34 /ﬂ/ﬂvaf (~w,9)"
23 16t |/ ). Y@ )

- (oo D)z P D (=0

B (fya (@) D) ZP D) frua(r) ™)
- Vafya(t, 9)dwdr| A

for the third term. O

Proof of Theorem 2 Since 9% =%, 9, (see Theorem 1) and Zya,, is positive definite
(see Theorem 2) the conclusion follows from (12), Propositions 4 and 6. O

Sketch of the proof of Remark 5 Let @, be the polynomial of the (existing) VAR(o0)
of the VARMA(p, ¢) process. Proposition 5 can be formulated for VARMA pro-

cesses. As in the proof of Theorem 2 we have to plug in there for # the function #, as
given in (44). Then, b in (30) has for the VARMA process (Z,),cy the form

by = / " on Z 27D (e ) <—fz(a) &0)>q> @)z dw

=-z! 2,1,019 log (®,(e7, 9,))dw

- =1

T
—[” <Z /1’()19 log (®,(e™ 80))) do Ze_l.

If @, is two times differentiable, the Leibniz rule yield

o=-2" 2/1’019 / log (@,(e7, 9,))dw
.
lz'lfas / log (@ (e 190))da)] =

Similarly to the proof of Theorem 5.8.1 of Brockwell and Davis (1991), one can
show that the integrals are constant and therefore, that b, = 0. For a more detailed
approach, we refer to Dunsmuir and Hannan (1976).

Supplementary Information The online version supplementary material is available at https://doi.org/10.
1007/s10463-021-00802-6.
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