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1. DESCRIPTION OF SUPPLEMENTARY MATERIAL

In this Supplementary material we give all technical details of proofs and more illustrations.
In order to facilitate using the Supplementary material, we include in it the main text of the article and keep
the same numbering.

2. PRELIMINARIES

We begin this paper with recalling the definition of the empirical eigenvalue distribution of a symmetric matrix.
Let Sym(n,R) be the space of symmetric matrices of size n and Sym(n,R)™ the open convex cone of positive
definite symmetric matrices in Sym(n,R). Let A;(X) > -+ > A, (X) be the ordered eigenvalues of X € Sym(n,R)
with counting multiplicities. Denote by J, the Dirac measure at a. Then, the empirical eigenvalue distribution
Hnx of X is defined by Ux = %Z?:l 5>\1.(X).

If {X,}52, (X, € Sym(n, R)) is a sequence of Gaussian, Wigner or Wishart matrices, then it is well known
that there exists a limit p of px, as n — oo, and the sequence of random measures px, converges almost surely
weakly to the semi-circle law or the Marchenko-Pastur law, respectively (see for example Bai and Silverstein (2010);
Bordenave (2019)). The limits p of px, , in the almost sure weak sense, are said to be the “limiting eigenvalue
distributions p of X,,.” For simplicity, we will say “i.i.d. matrices” instead of “matrices with independent and
identically distributed non-null terms”.

2.1. Generalized dual Vinberg cones and Vinberg matrices. Let {a,}5%; and {b,}32; be non-decreasing
sequences of positive integers such that a,, + b, = n and the ratio a,,/n converges to ¢ € [0, 1]. Then, we introduce
the matrix space U,, as a subspace of Sym(n,R) defined by

u —dp—(% vy, ¢ Sym(a,,R), y € Mat(a, x b,,R),
" ~ \y' d)’ dis a diagonal matrix of size b, '

where Mat(a,, x b,; R) denotes the space of a,, X b,, matrices. Set
P, :=U, N Sym(n,R)™".

Then, P, is an open convex cone in U,,. Moreover, the cone P, admits a transitive group action, i.e. P, is a
homogeneous cone, since the following triangular group

L hi € GL(an,R) is upper triangular,
Hy,=h=("""Y) e GL(n,R); y € Mat(a, x by; R),
0 d . .
d: diagonal of size b,

acts on P, transitively by the quadratic action p(h)U := hUh'" for h € H,, and U € P,. This is easily verified
by using the Cholesky decomposition (cf. Ishi (2016, p. 3)). For definition and basic properties of homogeneous
cones, see Vinberg (1963); Ishi (2014).

If n =3 and (an,b,) = (1,2), then P5 is the dual Vinberg cone (see Example 1) so that, in this paper, we call
P, a generalized dual Vinberg cone and elements U € U,, Vinberg matrices. On the other hand, if we set a,, = n—1
and b,, = 1, then U, is the space Sym(n,R) of symmetric matrices of size n, and hence our discussion covers the
classical results. In what follows, we introduce two kinds of random matrices related to the homogeneous cones
P, that is, Gaussian and Wigner matrices and Wishart quadratic (covariance) matrices.

2.2. Gaussian and Wigner matrices in U,,. Analogously to the classical Wigner matrices, we say that U,, =
(uij) € Uy, is a Wigner random matrix if

o the diagonal terms (u;;) are independent of the off-diagonal terms (u;;)i<;,

e the diagonal u;;’s are centered i.i.d. variables with variance v and fourth moment M},

o the non-nul off-diagonal u;;’s, ¢ < j, are centered i.i.d. variables with variance v and fourth
moment My,

(1)

where v,v’, My, M} are fixed positive real numbers. If the non-nul terms u;; are Gaussian, with v =1 and v’ = 2,
the matrices U, form a Gaussian Orthogonal Ensemble of Vinberg matrices. In Section 3, we consider empirical
eigenvalue distributions of rescaled Wigner matrices U, /\/n € U,.
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2.3. Quadratic construction of Wishart (covariance) matrices in U,,. Recall that sample covariance ma-
trices, essential in multivariate statistical analysis, are defined as a quadratic map %VVT of the observed centered
sample vector V. Consequently, Wishart matrices are constructed quadratically both in Random Matrix Theory
and in statistics. In this section we define, by a quadratic construction, Wishart (covariance) matrices in U, .

We first recall the notion of a direct sum of quadratic maps. Let @Q;: R™ — R™ (i = 1,...,k) be quadratic
maps. Then, the direct sum Q1 & - - P @ is an R™-valued quadratic map on R™* & - .- § R™* given by

Q) :=Q1(x1) + -+ Qr(zx) where z=wx1+ - +z, (z; € R™).

If Q1 = -+ = Qg, then the direct sum @ is denoted by Q?k. As showed in Graczyk and Ishi (2014), any
homogeneous cone 2 admits a canonical family of the so-called basic quadratic maps g; (j = 1,...,r) defined for
each j on a suitable finite dimensional vector space E; and with values in the closure Q of Q. The number 7 is
called the rank of Q2 and r = n for the cones U,. Using the basic quadratic maps ¢;, one constructs quadratic
maps Qi for k € ZL, by

Qui=ai™ & ® g™

defined on Ej, := E?kl @ - @ EPF . The maps Qj, are Q-positive, i.e. if £ € Ey, \ {0}, then Qﬁ(g) \ {0}.
In our case 2 = P,, the basic quadratic maps are given as follows (cf. Graczyk and Ishi (2014)). Forj =1, ...

define F/; C R™ by
Ej = {(g) €R™; EGRj} (J < an),

E; = {(g) +&e; eR™ E€R, & € R} (j > an),
where e; (i = 1,...,n) is the vector in R™ having 1 on the 4-th position and zeros elsewhere. We note that each E;
corresponds to the j-th column of the Lie algebra b,, of H,, that is, we have b, = {H =(&,..,&,); & € Ej}.
Then, the basic quadratic maps ¢;: E; — U, of the cone P, are defined by
4;(€;) = €;€] €U (§; € Ey).
Let k € Z%,. Then, Ej can be viewed as a subspace of Mat(n x (k1 + -+ + ky); R) of the form

’n7

k‘l knfl kn 5(2) e E
P . s

= (e, e el D ) Ti<n, s
1<i<k

and then Qg(n) = nn' for n € Ei. In order to simplify formulas when we apply the so-called variance profile
method in §4, we do not multiply 3 in definition of Q(n).

When 1 € Ej is an i.i.d. random matrix whose non-null terms have the normal law N(0,v), the law of Q% () is
a Wishart law vg, 1/(2v)1d,, on the cone P,. For the definition of all Wishart laws on the cone P,, see Graczyk and
Ishi (2014). More generally, in this paper, we consider eigenvalue distributions of rescaled matrix Qy(n)/n under
the assumption that n € Fj is a centered rectangular i.i.d. matrix whose non-null terms have variance v and finite
fourth moments My.

We consider two-dimensional multiparameters k = k(n) € ZZ, of the form

An 2%
——
k=mq(1,...,1) +ma(0,...,0,1,...,1) (m1,ma € Z>g). (2)
Example 1. Let n =3, ag = 1 and b3 = 2. In this case, Ps is the dual Vinberg cone (cf. Vinberg (1963, p. 397),
Ishi (2001, §5.2)):

11 Ti12 T13
Ps=<qx=|x12 x22 0 |; xis positive definite
13 0 o33

Consider m; =my =1, s0 k = (1,2,2). Then Ey = E(; 5 9) can be written as
T Y11 Y2 211 212
Eqeoy=9n=10 y21 y2 0 0 |;2,y2z; €R,,
0 0 0 za1 220
and Q(1,2,2) (n) = 7777T is given as

224yt Yl 4 2l 2y Yy + Yi2yee  Z11221 + 212222
Q2,2 () = Y11Y21 + Y12Y22 Y3, + Y3, 0
211221 + 212222 0 251 + 25
If 2,4, z;; are N(0,v) i.i.d. Gaussian variables, the random matrix @ 2,2)(7) has a Wishart law on Ps.

The form (2) of the Wishart multiparameter k englobes and generalizes the following cases. In both cases, with
rescaling 1/n, the limiting eigenvalue distribution is known.
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(i) The classical Wishart Ensemble M MT on Sym(n,R)*, where M = M, is an i.i.d. matrix with finite
fourth moment My, with parameter C' := lim, & > 0 (see Anderson et.al. (2010); Faraut (2014)) for
(an,bn) = (n—1,1), m; =0 and my ~ Cn. The limiting eigenvalue distribution is the Marchenko-Pastur
law pc with parameter C, i.e. denoting a = (v/C — 1)2, b= (VC+ 1)2 and [z]4 := max(z,0) (z € R),

W X[a,b) (t)dL.

(ii) The Wishart Ensemble related to the Triangular Gaussian Ensemble
(Dykema and Haagerup (2004); Cheliotis (2018)) for (an,b,) = (n —1,1), m; = 1 and mo = 0. When
v = 1, the limiting eigenvalue distribution, which we call the Dykema-Haagerup measure x1, is absolutely
continuous with respect to Lebesgue measure and has support equal to the interval [0,e]. Its density

function ¢ is defined on the interval (0, €] by the implicit formula (Dykema and Haagerup (2004, Theorem
8.9))

pe =[1—Clydo +

< 1
0] (512x exp(z cot x)) = —sinx exp(—x cot ) 0<z<m), (3)
T

with ¢(0+) = oo and ¢(e) = 0. For v # 1, the limiting measure y, has density ¢(y/v)/v on the segment
(0, ve].

2.4. Resolvent method for Wigner ensembles with a variance profile o. Let CT denote the upper half
plane in C. In this paper, the Stieltjes transform S(z) = S, (z) of a finite measure or a non-negative L'-function
1 on R is defined to be
S(z) = / G
R t—z
In the sequel, we will need the following properties of the Stieltjes transform, which are not difficult to prove.

Proposition 2. 1. Suppose that S(z) is the Stieltjes transform of a finite measure v on R. If for all x € R it
holds

lim I iy) =

Jm, mS(z+iy) =0

then S(z) =0 and v is a null measure (v(B) =0 for any Borel set B).
2. Suppose f >0 and f € L'(R). Let S(2) be the Sticltjes transform of f. If f is continuous at x then
1
lim —Im S(z + iy) = f(x). (4)

y—0+

If f is continuous on an interval [a,b], a < b, the convergence (4) is uniform for x € [a, b].

Recall that if p is a probabilistic measure on R, with Stieltjes transform S(z) and the absolutely continuous
part of u has density f, then (4) holds for almost all z (Lemma 3.2 (iii) of Bordenave (2019)).

We present now the following, slightly strengthened result from the Lecture Notes of Bordenave (2019, §3.2),
that will be a main tool of proofs in this paper.

Let o: [0,1] x [0,1] — [0,00) be a bounded Borel measurable symmetric function. For each integer n, we
partition the interval [0, 1] into n equal intervals J;, i = 1,...,n. Put Q;; := J; x J;, which is a partition of
[0,1] x [0,1]. We assume that Y;; (¢ < j) are independent centered real variables, defined on a common probability

space, with variance
1
]E}/li = — (/ a(a:,y) dx dy + 5”(71)) , (5)
Q

n i 1Qijl
for a sequence d;;(n). We note that the law of Y;; depends on n. We set Y}; :=Y;; and we consider the symmetric
matrix Y, := (Yi;)1<i j<n. We note that, if o is continuous, then, up to a perturbation §;;(n), the variance of

v/nY;j is approximatively o(i/n, j/n), and hence we call o a variance profile in this paper.

1
Theorem 3. Let dp(n) == — Z 10;(n)|. Assume (5) and suppose that

ns =
,j<n

limdg(n) =0 and max

=o(1) (Yi; #0). (6)

Let py, be the empirical eigenvalue distribution of Y,. Then, there exists a probability measure p, depending on

o such that py, converges weakly to p, almost surely. The Stieltjes transform S, of pe is given as follows.

(a) For each z with Im z > \/Supo, there exists a unique CT-valued L'-solution n, : [0,1] — C*, of the equation
-1

1
n.(z) = — <z —l—/o o(z,y)n:(y) dy> (for almost all x € [0,1]), (7)

and the function z — n,(x) extends to an analytic C*-valued function on Ct, for almost all xz € [0,1]. Then,

1
Se(2) :/ n.(z) dx.
0
(b) The function x — n.(x) is also a solution of (7) for 0 <Imz < ,/supo.
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Proof. The proof is the same as the proof of Bordenave (2019, Theorem 3.1), where a stronger assumption |J;;(n)| <
d(n) is required for some sequence 6(n) going to 0. It is replaced by the first condition of (6). Detailed analysis of
the proof of the approximate fixed point equation in Bordenave (2019, page 42) shows that the second condition of
(6) is the weakest assumption on the fourth moments ]EYZ-‘J‘- ensuring the concentration of the conditional variance
related to the Schur complement of the Stieltjes transform of the approximating matrix of Y,,. The property (b)
is observed in Bordenave (2019, page 39) by analiticity. | O

Since now we assume that o: [0,1]> — [0, +0cc) is bounded (not obligatorily by 1 as in Bordenave (2019)).
Consequently, the condition on z should be Im z > \/sup &, not Im z > 1. In fact, if M? = supo > 0, we have for

o(x,y) = o(x,y)/M?

o) ===+ [ i) i)
-M (Mz+/01 o(z, y)ﬁzj\(j) dy)1
= W:—(Mz—l—/ol (x,y) J\(4) y) h

Note that the last equation has a unique solution when Im z > 1 by Bordenave (2019). On the other hand, with
respect to o, we have

-1

N (z) = — (w + /01 o(x,y)nw(y) dy) ;

and thus if we set w = Mz, then we see that 7, (z) = 47, m (%) is a unique solution when Imw/M > 1, ie.,
Imw > M = /supo.

Theorem 3 shows that, to each variance profile function o, one associates uniquely a Stieltjes transform S, (z)
of a probability measure. For the correspondence between o and S, the conditions (6) are not needed. We define
S, (z) as the Stieltjes transform associated to o.

Remark 4. A prototype of the variance profile method for Wigner ensembles was given by Anderson and Zeitouni
(2006, Theorem 3.2). Theorem 3.1 of Bordenave (2019) and Theorem 3 provide a simple general approach. Special
cases of variance profile convergence results for Wigner matrices were studied before, as discussed below in (i) and
(ii).

(i) If we set o(z,y) = 1 for all ,y, then \/nY is a Wigner ensemble with v = v/ = 1. Let Sy.(z) be the Stieltjes
transform of the semi-circle law on [—2,2]. Then, the functions  — 7, (z) do not depend on z (but do on z)
and the functional equation (7) gives the equation Ss.(z) = —(2z + Ssc(2)) ™!, which is well known from the
detailed study of resolvent matrices (see Tao (2012, §2.4.3)).

(ii) The paper Anderson and Zeitouni (2006) deals primarily with a variance profile o such that [ o(z,y)dy =1
for any z, corresponding to a band matrix model. For band matrix ensembles, see also Erdos et al. (2012a,b);
Nica et al. (2002); Shlyakhtenko (1996).

2.4.1. Proofs of Proposition 2 and Theorem 3.
Proof of Proposition 2

1. The zero limit means that the Stieltjes transform s(z) has no discontinuity on R, so s(z) is holomorphic on
C and has decay 1/z when |z| — o0, so is bounded. By Liouville theorem, this implies that s(z) = const = 0 and,
by unicity of the Stieltjes transform, v = 0.

2. is given in the following lemma.

Lemma S1. Let f be an L'-function on R: [|f(z)|dz = F < 400 and let S be its Stieltjes transform.
(a) If f is continuous at x = xg, then we have

lim —ImS(wo—i—yz) f(zo)- (S.1)

y——+0 71

(b) If f is continuous on an interval [a,b], a < b, then the convergence in (S.1) is uniform for x € [a,b].

Proof. Since S(z) = S(z), we have

Im S(z + yi) = % (/R t_];(?y,-df—/w—];(tiyidt)

_ [ _ [ fletyu)
=y Rmdt— Ay du.

In the third equality, we change variable t — x = yu.
(a) Let y > 0. We consider

1
fIrn S(xo + yi)
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Let us take an enough small € > 0. Then, there exists § > 0 such that if |z — x| < 6 then |f(x) — f(zo)| <
e. We divide the integral into two parts: Iy = {u; |(xo+ yu) — zo| = |yu| < 6} and its complement I, =
{u; (o +yu) — $0\ = [yu| = 6}:

fxo+yu _ f($0+yu)d + f($0+yu)du::J1—|—J2.
IREEE o ur+l 5, ur+l1

Let us consider Jy. Since |yu| < § for u € I, we have f(xg) —e < f(xo+ yu) < f(xo) + € so that

f(xo)—s/ du <J1<f(330)+6/ du
| [ul<

T u‘<§1+u2_ - T %1+u2'

Set

1 2
A=A, / du 5 = —Arctan§ <1.
|u|< 1+U i Yy

Then, the above inequality means
|J1 — f(l’())A| < eA <e
Next we consider J5. By changing variable v = yu, we have

y/ f(;:0+g)dv Sy~/ |f(;:0+g)‘dv§y-/ |f(;170+;1)|dv
wlzs V2t Y pl=s vty s 02ty
Yy Fy F

< — _—J <
—52+y2 52+y2_§2
Since we can choose yp > 0 such that if 0 < y < yp then

|Jo| =

/ | (o + v)|dv = .
R

F
7y§€

ol 1A-1<e, 3

(Note that As, — 1 as y — +0 when ¢ is fixed), we see that
[J1+ Ja = f(xo)| < |J1 = fwo)| + [o < [Ty = fo) Al + | f(wo)| - [A = 1[ + [ o] Se+e+e=3e.

1
Since € is arbitrary, we conclude that — f(xgiifu)du — f(zo) as y — 0.
u
(b) The proof is the same, using the uniform continuity of f on [a,b]. We choose the same ¢ for all = € [a,b] and
yo such that || f1p)[lec|A — 1] < € for 0 <y < yo. O
flatyu) _

Note that the proof of 2. is shorter when f is bounded continuous. Since f(z) is continuous, lim, o4 = TuZ

1f _5?2 and all these functions are bounded by M‘Jg integrable, we can change the limit and the integral by the
dominated convergence theorem so that

lim ImS(eryz = lim /f eryu —/ lim Mdu: @) du=mwf(x). O

Y=+ y—+0 1+ u? ry—+0 1+ u2 r 1+ u?

Proof of Theorem 3
To give a proof of Theorem 3, we first prepare some basic lemmas on matrices. For Hermitian symmetric matrix
A, we set

|A$|
Al = tr(A%), [|A] = sup
|z|=1
Note that ||A||r is called the Frobenius norm of A. For X,Y € C", we set (X|Y) = XY, which is a complex
bilinear form.
Lemma S2. Let A be a Hermitian symmetric matriz of size n and R = (A — zI,,) ™! its resolvent. Then, for any
2z € CT, one has
n
) |R)||% < —
(Z) H (Z)HF = (Imz)2
(ii) Rig(2) € C* for any i, j,
(iii) (X |R(2)X) € CT for any X € R™.

and ||R(2)||* <

1
= (Im 2)2 ;

Proof. Since A is symmetric, there exists an orthogonal matrix O = (vy,...,v,) € O(n) such that
A=0AOT, A=diag(\i,...,\n), ) €R.
Then, we have

R(z) = (OAO" — 2I,)) ' = O(A — 2I,)7*O" = Z A ~ v ty;,

and thus

n n
R(z
IRG)IE = Z \)\ ; Imz Imz)
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Moreover, since vjv;r are real matrices and
1 A—2Z c
A—z A=z

each R;;(z) has positive imaginary parts. We have

Cct,

(X|R(x)X)=X"O(A—2I,) ' O"X =Y (A - 2L,)Y = > g
where we set Y = (y;) = OT X. O

Lemma S3. Let n > 2. Let A be a symmetric matriz of size n and R its resolvent.
(i) (Resolvent complement formula) For i =1,...,n, one has

Rii = — (== Au+ (X ROXO >)71,

where X = (Aji)ji and RY s the resolvent of the matriz A® obtained from A removing the i-th row and
column.

(ii) Moreover,

1

R;* < .
[Rail” < (Im 2)?

Proof. Note that there exists a permutation matrix P such that

A@  x (@)
A=P( .7 P,
X0 Ay
and thus it is enough to consider the case i = n. Set A’ = A X' = X" We have

(o ) = (ansir D (6t ormeayx) (78 0),
whence

A=zl X N (L (A = 2Ly )XY (A= 2Da1)"t 0 Iy 0
X" Apm—2) L0 1 0 a) \((A' - zI,_)'x)" 1)’

where
= (Apn—2— (X)) (A = 2L, 1) "X = = (2= Ay + (X' [(A' = 21, 1) ' X")) 7.
By Lemma S2(iii), we have
w=a+bi:=—Ap, +{(X'|(A —z2I,_1)7'X") eC".

A/ - ZI”_l X

, -1
Then, the (n,n) entry of R = ( ) is given by a = —ﬁ. Therefore, by setting z = x + yi,
z

(X/)T A'rm -
1 1 1 1
Ril? = = < < —
Bl = o = Grar v G b = o = P
since b > 0. Thus we obtain the lemma. O

Theorem 3 is a slightly strengthened version of Theorem 3.1 in Bordenave (2019). Our assumptions (6) are
different from the assumptions of Theorem 3.1 in Bordenave (2019). The proof is similar to the proof of Theorem 3.1
in Bordenave (2019). Below we point out the places where our assumptions intervene and justify their sufficiency.
In this proof, we use the notation o2 of Bordenave (2019) for variance profile (to simplify, in our paper we use o
for variance profile).

Since now we assume that o: [0,1]> — [0,400) is bounded (not obligatorily by 1 as in Bordenave (2019)).
Consequently, the condition on z should be Imz > ,/sup o, not Imz > 1.

Bordenave (2019, P.41, line 11): an upper estimate of

E [ Xduy < 0%+ 6aln) = O(1)
Bordenave (2019, P.42, line 5): Estimation of

1 i j
=Y IPEL) — avar(vy) (5.2)
4,

Here p is a function depending on L, i.e. p = pr and is constant on squares Py of size 1/L?.
(1) The first idea is to replace each p?(%, L) by m fQi]_ 02 (x,y)dzdy.

n’n



Suppose n > L. Note that if QQ;; C Py then

p*(—,

7 1
n

1Qi;l Jaq.,
The difference between the last terms may be not zero only if @;; intersects Pkl, but is not included in Pj;. This
happens on squares @Q;; of size 1/n along 2(L — 1) segments = = % andy = +,7=1,...,L —1 in the unit square.

Denote the union of such error-generating rectangles @;; by E. There are less than 2nL error-generating
rectangles in . In order to control the error we perform the following estimations.

Recall that py; = L? I} Pl odxdy and that 0 < ¢ is bounded. We will suppose without loss of generality that

p*(z,y)dzdy.

J
n

o < 1. Thus maxy pil <1.
Suppose n > L2. We have

, i 1 oL 2
= > =)< Seml =<5
n QocE n n L
1 1
~ ol /., 2(93 y)dedy = / pz(%y)dzdy—/ P (x, y)dady
Qi cE U QijcE”Rij
2L 2
< \ME)< — < —.
(B) n — L
Finally, when n > L2,
1 4 1
dedy — 2 (L, D) < 2 = 0(2).
o, (@, y)dedy — p°(—, ~)| < 7 = O(7)

(2) One replaces

2
nVar(Y;,) = / ”Tg’?”') dx dy + 6;;(n)
ij ()

(3) one uses triangular inequality to get

2 S ) = v ar(ri)

%Z ’Qll / () — oty £ 30(m) +O()

Z/ () — o(a,9)?lddy + dolm) + O(7)

IN

1
= [ )~ aegPldsdy + o) + O(7)
[0,1]2
The hypothesis dp(n) — 0 allows to conclude like in Bordenave (2019, p.42, 1.5).

Bordenave (2019, Page 42, lines -3 / -1): For two vectors X,Y, we set
(X|Y) ZX Y.

Take z € CT. Set
Yij i
———L——p( Var(Y;;) #0
Lz, 7, TR (i) £0
0 (Var(¥y;) = 0)
and
R= (Rij)lgi,jgn = (Z — ZIn)71
Note that
2 .
Yij p(L 1) =p(L 1)2 E|Yy;|? _ Pl %)2
nVar(Yi;) """ n’ s nVar(Y;;) n
Fix an integer ¢ such that 1 < i < n. Let X® = (Zji)j# € R" ! and Z® be the matrix obtained from Z where

E|Z;* =E [

the i-th row and i-th column have been removed. Setting R(") = (Rﬁ))%k = (ZW — 2I,_1)~ ", we have by Lemma
S3

Ri=— (2= Zi+ (XD |ROXD))
For three complex numbers z, w, w’ € C* with positive imaginary parts, we have

1 1

z+w z4+w

B lw" — w| |w —w'|
Clz4w||z+w| T (Imz)?’
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By Lemma S2, we obtain —Z;; + <X(i) | R x () > € Ct and R € CT, and hence

-1
Jséz
-1
- _<z_Z”Z’JF<X|R(1V)X>)71 z4+ = ZP 1)2R\)
J;ﬁz
J#i
= I : 2 | Zii| + <X(i)‘R(i)X(i)> Z,O R(l
" J#z
J#i
@ m(IZuHKXmR(z z)> <X(i)|R(")X(i>>D,

Here, E; = E(-|R™) is the conditional expectation with respect to R . We use E|Z;;|2 = Lp(%, L)% in the

equality (1), and in the equality (2) we use (S.3) below.
The objective, stated by Bordenave (2019) in the last two lines of p.42, is to show that, for fixed z and 4,

E(LHS)?> -0 when n — co.
By the last inequality, it is sufficient to show that

EZ% -0 and E ’<X<l’> |R<i>X<i>> ~E, <X(i> | RO XD >‘2 —0  whenn— oo.

The convergence EZ% — 0 follows from EZ2 < 1
Let Var; be the variance with respect to R("). We note that

E ‘<X(i) ‘R(i)X(i) > —E; <X(i) |R(i)X(i)>‘2
- E(E: <X<i> \R<i>X<i>> <X<z | RO x® >‘ )

= E(Var; <X<i> | RO X >).

We will apply (the proof of) the concentration inequality in Bordenave (2019, Lemma 3.6) in order to estimate
Var; <X(i) |R(i)X(i)> and next the E of it.
Let us consider Var; (X @ [R®X® ). We have

<X<i> | RO x ) > =Y RUX;X;.
7.k

Here, the sum taken over all j, k different from ¢, and we use this notation in the sequel. By definition, the vector
X is independent of R because there is no variables of X in R®. Then,

i i i)\ _ (%) _ (1) 2 _ 2\ p(i)
E, <X( )| R X )> =E Y RYX;x, = RUE X2 = Y (EZ2)RY. (S.3)
J:k J

J
Similarly as in the proof of Bordenave (2019, Lemma 3.6), we have

Var; <X(i) | RO X ) >

2
=K Z RJ1k1R§2kz Xy X jo Xy EZR§,€XX;€
J1,J2,k1,k2 gk
= Y R RGLE(X X XX ) - ZR“ OB LX) (B X [2).
Ji.j2.k1,k2

The first sum is non zero only if
(1) j1 =Ja =k =ko, (ii) (j1, k1) = (J2, k2),
(ii) (J1, k1) = (k2. 52), (V) (J1,d2) = (k1. k2)



so that, noting that by independence of R and X we have Ei(X}) = E(X}), Var; X7 = VarX? etc.

. . . 2
Var; ( X0 ROXO) Z’R” E(X Z ’R]?kl E(X} X7,)
J1#£k1
(iii) ( (iv) )
? 2 2 7 2 2
+ Z lek?lelJl X X Z J1J1 JszEX X )
J17#k1 ) Jﬁé]z
—Z‘ RO (EX?)® - 3" RV RY)(EX?)(EX?)
J#k
_ Z’R” (E ~ (EX?) ) ) * (EX?)(EXD)
- Z’R(’) Var(X2) +22‘R EX?)(EXk).

(In the first line, the numbers (i)—(iv) on the summation mean the correspondence to the case of ji, jo, k1, ko.)
Recall that X; = Z;;. Note that max; pjr < 1. Then,

1 . 1
EX? =B = 2p(3, 17 < -

n’ = ’
n

which implies, using the estimate of the Frobenius matrix norm and by Lemma S2 (i), [|[R®||Z < (n—1)||R®|]? <

(17111721)2
223 * (EX?)(EXD) ZR” 2 g0 < 2.1
ik &) ik n? ~ (Imz2)2 n’
Here, for real Symmetrlc matrices H we set |[H|* = ter2 =ik |H |
: 2 2 n
Using zk: |Rek|” < [|R[|7 < (Tm 2)? we get
Ol NP 2
; ’Rjj (X5) < {Tm 2)? mjaxVar(Xj).

In the last estimates the dependence on R(") vanishes, so they provide desired upper bounds for E(Var; <X () | RO X (@) >)
We have
2 4 2\2 4 ,0(%, %)4

Z ‘RJJ

We see that the Weakest sufficient condition on the 4th moments is:

(]EY2) =o0(1), equivalently: max (]EYz)Q

n
— Var(X?) < .
(Im 2)? e ar(Xj) = n(Im z)?2 e (EY2)2

(X7) <

m a.X
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2.5. Properties of the Stieltjes transform.

Lemma S4. 1. Assume that f(z) has a pole at x = o, and is continuous elsewhere. Then lim,_,o4 Im s(zo+iy) =
00.

2. Let u be a finite positive measure on R with Stieltjes transform s(z). Suppose that p has no atoms different
from 0. If limy, o4 Ims(z +iy) = 0 for all  # 0 uniformly on compact intervals of R*, then p = céy for a c >0
or p=0.

3. Let p be a finite positive measure on R with Stieltjes transform s(z). Suppose that F is a finite subset of R
and that p has no atoms different from elements of F. If limy o1 Ims(z +iy) = 0 for all x ¢ F, uniformly on

compact intervals of R\ F, then 1 =7 pcadq for some ¢, > 0,a € F (this includes the case = 0).

Proof. Proof of 1. Assume that f(x) has a pole at = z, and is continuous elsewhere. We consider

/f$o+yu
14+ u?

(f(z) has a pole at © = xo: for any L > 0 there exists € > 0 such that if 0 < |y — x¢| < ¢ then f(y) > L.) Take
large L > 0 and the corresponding € > 0. Set y =¢ > 0. T hen since the integrand is non-negative,

fI0+€u fﬁCo‘i’é‘u o
I 1—i—u2 _2 f$0+6u fxo—|—v

In the second 1nequahty, we use the fact 1 + —_ > % on [71, 1]. In the last equahty, we change variable v = cu.

Then, since [(zg + v) — zg| < € for —e < v < g, we have f(xg+v) > L in the same interval so that
fa:o—|—eu 1 [ 1 /5
u > — dv > — Ldv=1L
Tre W2y 7€f(xo+v) v o B v

Since we can take L arbitrary large enough, we conclude that the integral diverges.
Proof of 2. and 3. Let [a, b] be a segment included in R\ F. By the assumption, u({a}) = p({b}) = 0. By Theorem
2.4.3 in Anderson et.al. (2010) and by dominated convergence, we have

b b
w([a, b)) = 1 lim s(x + iy)dx = l/ lim s(x + iy)dz =0,

T y—=0+ /, ™ y—0+
so that u(R\ F) = 0. If i1 # 0 then p is purely atomic with atoms in F. O

Lemma S5. If S(z) is odd, then Im S(—z + yi) = Im S(z + yi) and Sim(x) = lim,_, o Im S(x + yi) is even.
Proof. We know that S(z) = S(z) so that

Sim(—x) = yl_nno ImS(—x +yi) = — yl_nno ImS(x —yi) = — yl_l)rn#_0 Im S(x +yi) = — (—Sim(;v)) = Sim(2).
In the second equality, we use the assumption that S(z) is odd. g
Lemma S6.

Let p be a probability measure and S its Stieltjes transform. Then, for any x € R, one has p({z}) =
lim+0 yIm S(z + yi).
Yy—r



11

3. WIGNER ENSEMBLES OF VINBERG MATRICES

In this section, we give explicitly the limiting eigenvalue distributions u for the Wigner matrices U,, € U,, defined
by (1). Let x denote the indicator function of a subset I C R. For a real number a, its cubic root is denoted by
¥a € R and set [a]+ = max(a,0). We introduce two real numbers a., 3. depending on ¢ € [0,1) by

N _ 8+4c—13c¢% — /(8 —Tc)3 3 _ 8+4c—13¢% + /(8 —Tc)3 (8)
c 8(1—c) rre 8(1—c) '

It is clear that ag = By = 1, a. < B and 3. > 0 for all ¢ € (0,1). We note that a2 = 0, ac < 0 when ¢ > 1/2,
limey1- @, = —o0, lim.,1 (1 — ¢)a. = —1/4 and lim.1— 8. = 4, so that we set f; = 4. It can be shown that
¢ — a, is strictly decreasing and ¢ — . is strictly increasing on [0, 1] (see Figure 1).

Theorem 5. Let U, be a Wigner matriz on U, defined by (1). Assume that lim,_, o an/n =c € (0,1). Then,
the limiting eigenvalue distribution u of the rescaled matrices U, /\/n exists and is given for ¢ € (0,1) as

p= fu(t) dt + 1 - 2645

with

3 v c) — 3 B v 2
1) e VBN 9 VRGNS (2).

where, for ¥? € [ae, Bel,
Ri(w; ¢) i=a® = 3(c+ 1)zt + 2(5¢% — 2¢ + 2)x? + (2¢ — 1)3
+3¢v/3 =3¢ 2/ (22 — ) (Be — 22).

The support of u is given as

[—VvBe, —ywae | U{0} U [ oae, voBe]  (if c€(0,3))
supp p = (10)
[ —V/vBe, VvBe | (if cel3,1)).

If ¢ =0, then p=0d¢. If c =1, then p is the semicircle law on [—2y/v, 24/v].

Remark 6. The formula (9) is valid for the extreme cases ¢ = 0 or ¢ = 1. If ¢ = 0 then there is no density and
p = 6. If ¢ =1, then it can be checked that /Ry (x; 1) — ¢/R_(z; 1) = V32 v/4 — 22 so that, for v = 1 we get
the semicircle law p(dt) = (1/2m)v4 — t2x[_2,9)(t)dt of Wigner (1955).

Remark 7. Note that the limiting measure 1 does not depend on the diagonal variance v’. This phenomenon
already holds for the classical Wigner ensemble. In terms of the variance profile method, it may be explained by
the fact that the variance profile (11) does not depend on v’ because the difference |[v — v'| on the diagonal is
absorbed by the perturbation terms d;.

Remark 8. An intuitive explanation of the fact that if ¢ < 1 then y has an atom at 0 and u((0, /var)) = 0 is
that small eigenvalues are strongly attracted by the zero eigenvalue and asymptotically vanish. Note that if ¢ = 0,
the model is asymptotically diagonal. For the diagonal Wigner matrices, the empirical eigenvalue distribution
converges to 0 by the Strong Law of Large Numbers.

3.1. Properties of functions ¢ — «., B.. The limit lim._,; 8. is computed easily by the De I’'Hospital rule.

In order to prove that 8. > 0, we write 8. = R(c) — S(c) with R(c) = 1/c(8 — 7c)? an S(c) = 13¢?> — 4c — 8 and we
show that R(c) > S(c) on [0,1). The function R(c) > 0, whereas S(c) changes the sign from negative to positive
at cs = (2 +6+/3)/13, and grows on [cs, 1] from 0 to 1. On the interval [cg, 1] the function R(c) is decreasing, so
R(c) > R(1) =1 and R(c) — S(c) > 0.

In order to show that ¢ — «, is strictly decreasing and ¢ — f. is strictly increasing on [0, 1], we compute the
derivatives of these functions. Set

S(c) =8+4c—13¢%, T(c)=+/c(8—Tc)3, f.(c):= 8 +dc— 138(:(21—‘,—_50) (8 —7¢)3

(e =2).

Of course we have a. = f_(c¢) and 8. = f1(c). Then we have

_ 3 . — 2. (= _
S'(c) = 4 26¢, T’(c):(8 7¢)° +c¢-3(8 —Tc) (7):4 14c e

24/c(8 — Tc)? Ve
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so that
o) = (S"+eTY(1—-¢)— (S+eT)-(-1)
c 8(1—¢)?
(4 — 26c + etk /B - 7c> (1—c) +8+4c— 1362 + £ /(8 — Te)v/8 — Te
- 8(1 — ¢)?
(4—26c)(1—c) +8+4c—13c2 +¢ 8*776((4 ~146)(1—¢) +e(8 — 7c))
- 8(1 —¢)?
13¢? — 26¢ 4 12 + £/ 5= (7¢* — 10c + 4)
- 8(1—c)2 '
Put
A=13c¢% —26c+ 12, B =T7c*—10c + 4.
Notice that B > 0 because B = 7(c — %)2 + % What we want to show is that
8§87 87
8(1—c)? fi(c)=A+ CCBzo, 8(1—c)2f (c)=A— CCBgo.

Let us consider
cA%? — (8 — Tc)B?
cB? '

(5)-*

Cc

By using a calculator, we can factorize the numerator cA? — (8 — 7c) B2 so that we obtain the following inequality

(1—¢)3(2c—1)2 -

_8—7c_cA2—(8—7c)B2__

c cB?

(5)

Since % > 0 for ¢ € (0, 1), this shows the following inequality
8- Tc < 4 < 8 —Tc
c ~— B~ c
and since B > 0 we obtain
B 8_7C§A§B 8—70’
c c

whence we obtain f) (¢c) > 0 and f’ (c) <0 for c € [0,1).

In the Figures 2-6 we present graphical comparison between simulations for n = 4000 and the limiting densities,

when ¢ =1/5,2/5,1/2,3/5,4/5.

Wigner Ensemble (n=4000, c=1/5)
FiGure 1. Graphs FIGURE
of a. and . 2. Simulation  for
c=1/5
‘Wigner Ensemble (n=4000, c=1/2) Wigner Ensemble (n=4000, c=3/5)

FIGURE FIGURE

4. Simulation 5. Simulation

for c=1/2 for ¢ =3/5

Wigner Ensemble (n=4000, c=2/5)

ppppppppppp

FIGURE
3. Simulation
c=2/5

Wigner Ensemble (n=4000, c=4/5)

for

eeeeeeeeee

FIGURE

6. Simulation
for c=4/5
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3.2. Proof of Theorem 5. We first derive the Stieltjes transform of the limiting eigenvalue distribution by
applying Theorem2.3 to Y,, = U, /y/n. Let U, = (U;j)1<i j<n, so that ¥;; = (1/y/n)U;;. The variance profile is
given as

o(z,y) = { 8 i)ftlglivr\:gz)isi,cy C:={(z,y) €0, 1]%; min(z,y) < c}. (11)
Note that
1;; ::/ o(z,9) dzdy:vLinjl.
Qi Qi Qi
The perturbation term equals d;;(n) = nEYg I = EU — I;; and we have §;;(n) = 0 unless ¢ = j or ¢,j are

such that @ # C' N Q;; # Qi; . There are at most 3n perturbation terms 6;;(n) # 0, and they are all bounded by
M := max{|v — v'|,v',v}. Tt follows that the first condition lim,, dp(n) = 0 of the consition (2.6) is satisfied:

- Z 5is(n 3M n

The second condition in (2.6) is evident since, by (11),
E(Y !
max ( ”2) < maf{{/@,ﬁ} =o(1).
i n(EY;2)? ~ nmin{v,v'}

Assume that Im z > 0. The functional equation (2.7) becomes
—1

mm:—G+g[m@m@1 @sd @ =-(s+0 [ na)  @>o.

Note that the right-hand sides are independent of . We integrate both sides of these equations to obtain
-1

/Ocnz(x)dxz—c(z—i—v/olﬁz(y)dy)_l, /Clnz(a:)dx:—(l—c)(z+v/ocnz(y)dy> ,

so that by setting A = fo n.(z)dx and B = fo 1. () dx, we obtain the following simultaneous equations

—c c—1
B= @, A-B=‘""1 (b (12)

z+vA
Note that A is the desired Stieltjes transform S(z).

If ¢ = 0, then we have A = —1/z so that the limiting measure is pt = §p. If ¢ = 1 then the equation (12) reduces
to the equation A = —(z +vA)~!, which corresponds to the Stieltjes transform of the semi-circular law (cf. Tao
(2012, p.178)). Thus we assume 0 < ¢ < 1 in what follows.

Let us eliminate B from these equations. Substituting (a) into (b), we obtain
-c  c—1
z+vA z4usy
(z4+vA)A+c  (c—1)(z+vA)
z+vA  z2(z+vA) -
& ((z4+vA)A+c)(2(z +vA) — cv) = (c — 1)(2 + vA)?,

and hence
022 A% + (202° + (1 — 20)0?) A* + (2% + 20(1 — ¢))zA + 2> — v = 0. (13)
If we set

then we have
v(szi + (223 +(1- 2c))A12, + (zg +2(1- c))szv + (zi — 02)) =0,

A\ 1—2c\ (A2 21— )\ Ay 22— 2
(%) <) () + (02 20
Zv z5 Zy z Zy 2z

v

or

We now use the Cardano method. The last equation (13) is reduced to

Y2 +p(20)Y +q(2) =0, (14)
where we set z, 1= 2/4/v,
vA 2 (2¢—1)w
Y=Y()= 22 Y 1
e T (15)

Here, the coefficients p, ¢ are given by the following analytical rational functions on C*:= C\ {0}

21—c)\ 1 1-2¢\> 1 6 — 6¢ 4—8c (1—2¢)?
)= (1 — (2 == —4- -
e e ) e e e 1 (e

v v
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and
22— 1 2(1—-c 1—-2¢
q(z0) = ——; —3 (1 ( 3 )>(2+ > (+ >
1 1 5—6¢c 2-— 66—|—4C 2 4c 6(1—4C—|—4C2) (1-2¢)3
=(5-=)-=(2+ + = +
22 3 22 24 27 23 28
_ 2,646, 15 +6e—6 2 (1 %)
2T 2722 2724 27 25
_ 2, 8c43  3(5¢—2+2) (1—2¢)
27 22 224 28 ’

Define, for z # 0,
25 —3(c+ 1)zt + 2(5c? — 2¢ 4+ 2)22 + (2¢ — 1)

F.(z) = g
Then, we have
vA 2 (2¢—1)w 1 2(c+1)  (2c—1)? 2F.(z) z
Y = e = — = 1 — = — = —
R | (i Rt B ORI

with
Y34 p(20)Y +q(20) =0.

Cardano’s method tells us that the solutions of the equation have the form Y (z) = Uy (z,) + U—(z,) where UL(2)

satisfy
2 3
Us(e)t = -1 ¢ (q;)) n (pg>) UL V() = (), (5.4)

and accordingly, A is described as

= 2Y (2) _27z+2c—1'
v v 3z

2 3
Let us calculate (q(z)) + (p(z)) . By a simple but little bit cumbersome computation, we have

<q(z)>2 1 176(c+1)+1502760+6+9(c+1)2 2(1 - 2¢)% +9(c + 1)(5¢2 — 2¢ + 2)

2 272 22 24 26

9(5¢2 —2c+2)2 +24(c+1)(1 —2¢)3  3(5c® —2c+2)(1 —2¢)® (1 —2¢)8

+ 8 - 10 + 12
4z z z
and

p()\ 1 L 6let D) 32e-1)7 +12(c+1)°  12(c+1)(2c—1)* +8(c+1)°

3 e 22 24 P
32c— 1) +12(c+1)2(2c — 1)2  6(c+1)(2c—1)*  (2¢—1)°
+ 8 B 10 + 12 :

z z z

Put 51> in factor. The coefficients of 1/2" (k = 0,2,12) are zero. Since the coefficients of 1/z% (k = 4,6,8,10) are

L. 2 2 2 2
%. (15¢* —6c+6+9(c+1)°) — (3(2c — 1)* + 12(c + 1)7) =0,
e —(2(1 = 2¢)> + 9(c+1)(5¢* —2¢+2)) +12(c+1)(2c — 1)* +8(c + 1)3 =27c%(c — 1),
%: (9(5¢* = 2¢+2)? + 24(c + 1)(1 — 2¢)3) /4 — (3(2c — 1)* +12(c + 1)?(2¢ — 1)?) = —27c*(13¢? — 4c — 8) /4
1
10 —3(5¢2 —2¢+2)(1 — 2¢)® + 6(c+ 1)(2¢ — 1)* =27c¢%(2c — 1)3,
so that
2 3 2 2 _fe— —1)3
q(2) N p(z) _c 1 (13¢* — 4c —8) N (2¢—1)
2 3 2726 422 z4 [
_ 702(1 —c) A 13¢% — 4c — 822 (2 1)3 .
27210 41—-¢) l1-c¢
The last formula implies that
2c—1)3
aofe = — 2= (5.6)

1—c¢c



15

Here, since
13¢2 —de—8\* o (2= 1 _ (13¢* —de—8)? + 43(1 — ¢)(2c — 1)°
4(1 —¢) l—c ) (4(1 —¢))?
~(169¢* — 104¢ — 192¢? + 64c + 64) + 64(—8c* + 20¢® — 18¢? + Tc — 1)
a (4(1—-¢))?
_ —343c¢? +1176¢% — 1344¢2 4+ 512¢  o(—T3c*+3-7%-8c2 —3-7- 8%+ 8%)
(4(1—¢))? a (4(1—¢))?
(8 —Tc)?
TR
we have
2 3 2 2
q(2) p(z)\"  c*(l—c), 4 9 ~ D.(2)
<2> * ( 3 ) T o T an)E may) = m—o
where

_ (1B —de—8  [e8-Tc) ) _8+4e-13C £ o8B T)
T\ T a0 a1—-o)z) 8(1—c) (= ac or fc).

Hence we have

1
To7
Since A is the Stieltjes transform S(z) of a probability measure, by (S.5) we have, with uy(z) = 3U4(z),

2(ug(2) +u—(z)) 2z N 2c—1

Us(z)? (Fo(2) £iD.(2)) .

1
= = (Fe(zv) 21 De(20)) 3, 1
5(:) 2 2L ui(e) = (R(a) £ D(=) (16)
where convenient branches of the cube root are chosen for u4 (z) to be such that S(z) is holomorphic on C* and
uy(2)-u_(z) = =3p(z), and ImS(z) >0 (z€Ch). (17)

are satisfied on CT. Let £ = {z € C; z =0 or Disc(z) = 0} be the set of exceptional points.

Lemma S7. One has € = {0, +\/a., +v/B.}. More precisely,

{0,£vac, £VB.}  (0<c<y),
€=4{0, £vB.} (c=3),
{0, +i/]ac|, £VB.} (5 <c<1).
Set J:={z €eR; z &€&} and
JCtu{z+iy; x g€ -1 <y <0} (0<c< i),
S CtUf{ztiy; 2 € €, —1 <y <0} (iy/]ae] +iRs0) (1 <c<).

Then, D is a connected and simply connected domain containing no exceptional points of (14), and J C D.

Lemma S8. [Palka (1991, Theorem X.3.7)] Let zo € D and Xy € C a solution of (14) at zg. Then there exists
a function s(z) holomorphic on D such that s(z) is a solution of (14) on D and s(z9) = Xo. Such function s is
unique.

Proof. This is because D is a connected and simply connected domain containing no exceptional points £ of (14),
and hence we can use Palka (1991, Theorem X.3.7). O

Proposition 9. For each x € R*, there exists the limit S(x) = hrﬁo S(x +yi). The function S is continuous on
Yy—

R* and S(z) is a solution of (13) on R*.

Proof. 1t is sufficient to prove it for a solution U(z) of the reduced equation (14) on CT, such that U(z) is
holomorphic on C*. We apply (Palka, 1991, Theorem X.3.7) to a convenient connected and simply connected
domain D avoiding the set £. By the discussion of (Ahlfors, 1979, p.304), U has at most an ordinary algebraic
singularity at a non-zero exceptional point, so U(z) is continuous on R*. O

Note that the branches of the cube root in u,(z) may be different on different subregions of C*. This is because
the functions u4(z)3 in the cubic roots may pass through the slit R~ so that the cubic root functions need to
change branches in order that S(z) is analytic. We also note that the definition of square root is not essential. In
fact, in the above solution, two square roots £D.(z) of D.(z)? appear symmetrically so that changing definition
of square roots induces at most switching a role of v (z) and u_(2).
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Without loss of generality, we suppose v = 1. We first assume that = 0. The detailed local analysis of (16)
and (17) that is presented below, shows that

(Z1) if 0<e< %, lir{&oyImS(yi) =1—2¢, so p has an atom at 0 with the mass 1 — 2¢ < 1,
y—r

(Z2) if c=12

lim I ) = li 1 ) = h
> Jm, m S(yi) = +oo, Jm v m S(yi) = 0 so u does not have an atom at 0,

(Z3) if 3<e<]1, liIEOIm S(yi) = ¢(2¢ — 1)"Y? = 7£,(0), so p does not have an atom at 0.
Yy—

Next we consider the case x # 0. Combining the fact that S(z) is an odd function as a function on C \ R by
(16) and the property S(Z) = S(z) of the Stieltjes transform, we obtain Im S(—x + iy) = Im S(z + iy) so that
Im S(—z) =Im S(z) (cf. Lemma S5). Thus we can assume that z > 0.

Suppose Disc(z) > 0. Since the coefficients p, ¢ of (14) are real on R*, the equation (14) has only real solutions
(cf. Ronald (2004)). Therefore, S(z) is real so that the density of y vanishes at such points.

Next we assume that Disc(xz) < 0. By Proposition 9, S(z) is a solution of the cubic equation (13) and
U(z) = (uy(x) + u_(x))/3 is a solution of the reduced equation (14). In particular, the formulas (16) and (17)
hold for S(x), with convenient choices of branches of cubic roots and square roots. Consequently, we have

{Fe(w) +iDc(x), Fe(z) = iDe(w)} = {R! (), R_(x)}

as a set, where R/, (z) := Ry (x; ¢)/2°% € R. Let w = 62”/3 denote the cube root of 1 with positive imaginary part.
Then, (16) yields that the sum uy (z) + u_(z) has the following form

uy () +u_(z) = W §/ R, (z) + W J/R (z) with Ky, k- € {0,1,2}.

By the first condition in (17), as p(z) € R, we need to have k. + k_ = 0 mod 3, that is, (k4+,k_) = (0,0), (1,2)
and (2,1). Using the fact that R/ (z) > R’ () when x > 0 and Disc(z) < 0, we see that the imaginary part of
uy(z) + u—(x) and of lim, o4 S(x + ty) is, respectively, nul, positive and negative in these three cases. Since
Im S(z) > 0, the last case is impossible. Set h(z) := Im(w3/R’ (z) + w?{/R"(z)). Notice that h is a strictly
positive continuous function on the set {z € R; Disc(x) < 0} and that 2h(t) = f.(t), the density part of p in the
formula (9). Since the function Im S is continuous on R* by Proposition 9, we have Im.S = h or Im S = 0 on the
set {x € R*; Disc(z) < 0}.

We now show that the latter case Im S = 0 is impossible. Note that p has no atoms different from zero because
S(z) is continuous on C*+ \ {0}. By Anderson et.al. (2010, Theorem 2.4.3) and by the dominated convergence, we
have for closed intervals [a, b] C R*

1 b I
b)) =— 1 S jy) de = — lim S dx =0 18
plat) = = tim [ S rinde =< [ i St ig)de =0, (18)
so that 1(0,00) = 0 and, symmetrically, u(—o0,0) = 0. Since p is a probability measure, we get p = dg. This
contradicts properties (Z1-3) proven in the case © = 0. Thus, we have Im .S = h on the set {x € R*; Disc(z) < 0}

1 1
and, for z € R*, li%l+ —ImS(x +iy) = —h(z) = fc(fzz). Note that f. has a compact support {Disc(xz) < 0}. For
y—0+ T 7r

c # %, the function f. is continuous on R. For ¢ = 2, a detailed analysis shows that lim,_,¢ f.(0) = oo, with
fe(z) ~ |2|7Y? at 2 = 0 and f, is continuous on R*. By property (Z3), if ¢ > & then lim, o1 Im S(iy) = 7f.(0).
When ¢ # 1/2, Proposition 2.1 implies that u = f.(t) dt +[1 — 2¢]+Jp. Actually, if s(z) is the Stieltjes transform of
p— fe(t) dt —[1—2c|1 0o, then, using Proposition 2.2, we get lim,_,o4 Im s(z+1iy) = 0 for all z € R. When ¢ =1/2,
by Proposition 2.2, we get limy,_,o; Im s(z + iy) = 0 for all z € R*, uniformly on compact intervals [a,b] C R*.
Like in (18), we conclude by Theorem 2.4.3 in Anderson et.al. (2010) that u = f.(t) dt. The support formula (10)
follows by supp f. = {Disc(x) < 0}. O

Detailed analysis of the case z = 0.

1—2¢)3
(Z1) the case 0 < ¢ < % In this case, ag, 8. > 0. Note that by (S.6), a.S8. = Q

D.(z) =

_ 3ev3=3c (1-20)2 1_ 1_7;: 3\/§c1—2c)% i 2
D V¢ Be pe’

and hence around z =0

3cv/3 — 3¢ 3c\/3 3c 22 22
T\/ZQ—O[C\/Z2— V=ac/ B 1——

On the other hand,

OJ

PF,(2) = (2c— 1%+ Z(5¢* —2¢+2)22 = 3(c+1)2* + 2°

5c —2c+2) 3(c+1) 26
(2c—1)* (1 2 4
¢ ( om0 7T @e—1p” T ey
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and hence, around z =0
2F,(2) = (2¢ — 1)3(1 + 0(2)). (S.7)

Combining those, we obtain

Wl
|

c—1)°—ei- c(1-2¢)2z oz%
(Fe(2) + €iDc(2)) _<(2 1% —ei-3v3c(1—2¢)52 + ()>

26
2 — 1 ’
= 02 1+¢i- 5 CSZJro(z)
z (1-2¢)2
2 1 3
= 02 ke (14 &6 Ve 72+ 0(z)
z (1-2¢)2

around z = 0. Here, ¢ = 1 and k(e) € {0,1,2}. Let us consider the first condition in (17). Recall that

22 —2(c+1)22 4+ (2¢— 1) (2c—1)?

—3p(z) = o = por (1+ 0(2)).

Therefore, since
(2c —1)?
1

Wl

(Fe(2) +iDe(2))} - (Fulz) — i)} = S0 (14 0(2))

kE(+) + k(=) = 0 mod 3. Next, let us consider the latter condition in (17). By (16), we have (recall that v = 1)

2 ((Feo) + Do) + (Fu(e) = iDe())F) = 2 4 22

2c—1 3 3 2 2c—-1
¢ WwFE) 1—&—2’-%2 + k=) 1_1'.L32 + 0(2) _72_5_ ¢
3z (1—2¢)2 (1—2c)2 3 3z

- 263; Lk 4 oh ) 11y 4

z

S(z)

Here, since k(4) + k(—) = 0 mod 3, we have Im i(w**) — w*(=)) = 0 for any choice. Now we assume that = = 0,
we can set z = yi and then

1-2 2
Im S(yi) = i ( 5 C@FH) LK) 1) - gy) .

If (k(+),k(=)) = (1,2) or (2,1), then w**) + W*(=) 41 = 0 so that Im S(z) = —2y < 0, which is not suitable.
Therefore (k(+),k(—)) = (0,0) and

1
li Im S(yi) = (1 — 2¢) li —=1-2
Jm yIm S(yi) = (1 - 2¢) lim v " ¢
and hence p has an atomic component (1 — 2¢)dy by Lemma S6.
2c—1)3
(Z2) the case % < ¢ < 1. In this case, we have a. < 0 and . > 0. Note that —a.(. = (57) Then we have

\/3 — 2 2 /2 _ 2_1§ 2 2
DC(Z):M'/—O%\/TB@ 12 1—2—22'-303 30.(c )2 12 W=
25 Q¢ ﬂc 25 m Q¢ ﬂc

C3V3Be(2c—1)2 1 22 1 22
=7 — —_—— - —,
25 Qe /BC

and hence around z = 0
25D,(2) =i-3v3¢(2c — 1) (2 + o(2)).
By (S.7), we obtain

wl=
|
W=

c—1)3+¢ei-i- (2 — 1324 oz
(Fe(2) +€iD.(2)) _<(2 "+ 3v3c(2c—1)32 + ()>

26
V3 3
2¢—1 3V 3¢ ’
= l—e-——z2+o0(z
22 ( (2c—1)3 (>>
2c—1 k(e) \/gc
= —wY¥ 1 - ——2z+o0(z
22 ( (2c—1)2 )

around z = 0. Here, e = £1 and k(e) € {0,1,2}. Let us consider the first condition in (17). Since

Wl

(Fl2) = iDu(e)) b = LI 40 (14 o).

(F.(2) 4 iD.(2))
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k(+) + k(—) = 0 mod 3. Next, let us consider the latter condition in (17). By (16), we have

z ) 1 . 1 2z  2c—1
S(2) = 5 ((Fele) +iDe(2)! + (Fulz) = iDe(2)* ) = 5+ =
_ 21 Wk 1—7\@03,2 + k) 1+7\/§c3z + 0(2) —%4—2671
3z (2c—1)2 (2c—1)2 3 3z
2c—1 k(+) k(=) 2c—1 \/gc k(-) k(+) 2z
== 1 : - —Z o).
% (w +w +1)+ 3 (20_1)%@1 W) 3 +o(1)

Let z = yi with y > 0. Then, since

2c—1 2c—1,
=— i
3z 3y
and —(2¢ — 1) < 0, we need to have w*(*) + wK(=) + 1 =0, that is, (k(+),k(—)) = (1,2) or (2,1). In this case,
the second term above can be described as
2c—1  V3c (M) gk = C
3 (2c—1)2 V3v2e—1
and hence we obtain (k(+),k(—)) = (2,1). Thus,

e'V3i (¢ =+1),

. 2y c
lim —= =

C
¢  3- )
V32 —1 y=>+0 3 /2c—1

We note that the density f. of p in (9) satisfies

y1—1>r£0 Im S(yi) =

C
lim f.(z) = ———.
Sy Iel) = et

(Z3) the case ¢ = % In this case, we have a3 =0, 3 := f1/2 = % = (%)3 Moreover, since
B—222 424 1 9
F(Z) 11'7‘1/2(2’):2/274:Zf4 6*52’2+Z4
and
VB . B 2 B z z
D(z) ::Dl/g(z):ZT\/ZQfﬁ:rZ—‘l 175:%? 1— = — = +o(zh
around z = 0, we obtain

F(z)+iD(z) = zi‘l (ﬁ— gZQ +24 -3 (1 - 222 - ;;2 —1—0(24)>> = 2—14 (—4z2 + (1 + 815) 2 +0(z4)>

—4 8 1 4 7
== <1 — g;; 22+ 0(22)> =—= (1 - 2—722 + 0(22)>

and
. 1 9 2 4 1 1
F(z)—1iD(z) = o (ﬁ— 522—&—24—1—6 (1— ;—ﬁ - 82ﬁ2+0(24)>) = <2ﬂ—522+ (1— w) z4—|—0(z4))
= z—f <1 - %22 + 8156%21 2+ 0(24)> = % ( - ;—(7)22 + 1;)7.2824 + 0(24)> .
Thus,
(F(2) +iD(2)} = —whs VA ( Ty 0(22)> (F(2) — iD(2))} = wh-—> (1 Wy 0(22))
e 81 ’ Az 81 ’

where ki, k_ € {0,1,2}. Let us consider the first condition in (17). Since

A(F(2) —iD(2))5 = —wh++k- % (1 - ? - 0(22)> = Wh+Th- (—; +1+ 0(1)>

wl=

(F(2) +iD(z))

and
3
we have k; + k_ =0 mod 3. Next, let us consider the latter condition in (17). By (16), we have

S(z) =~ <—wk+ v (1 Ty 0(z2)) bk S (1 W2y 0(22))> _2 275 +0(29)

2
3

3 2 81 NIPE 81 3 4
Now z = yi with y > 0, 278 = (1/%/2?)6_Wi/6 so that k_ must be equal to 1. In fact, in this case, w*- 27% = i)y
and thus

1 1
Im S(z) = Vi +O(y3) >0 (if y enough small)

and

[N

. . . 3 y2
= lim I = lim {/Z 5)=0.
p({0}) = lim ImyS(z +yi) = lim {/ - +O0(y?) =0
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By Lemma S6, this formula also yields that
lirEO Im S(yi) = 400 and p does not have an atom at x = 0. (S.8)
y—r

3.3. Supplement for Remark 6 (the case of ¢ = 1). If we take ¢ — 1 — 0, then we have

CEEO?)C\/S —3caz/ (22 —a.) (B, — 22) = lim 3\[090\/ 1—c)z2 — (1 — c)o)(Be — 22) = 3V/3z 2(4 —z2),

c—1-0

and hence
1
Ro(z; 1) = 2® — 62t + 25 2+1i@\/4ﬂ:2.

Since Ry (x; 1) can be factored as

3
1 3
Ri(z; 1) = ( +1j:x\/4—x2> ,

2 2
we obtain
YR 1) — YR_(x; 1) = (—217 +1+— —x2> ( +1—% —:172> V3z /4 — 22,
and hence
ey = VBUVOIVA= BP0y L T ),

2V/3nt 27w

Remark 10. The Wigner case may be considered in a framework of operator-valued free probability theory by
methods of the rectangular free probability (cf. Mingo and Speicher (2017, Chapter 9), Benaych-Georges (2009)).
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4. WISHART ENSEMBLES OF VINBERG MATRICES

In this section, we shall consider the quadratic Wishart (covariance) matrices introduced in §2.3. We first
prepare some special functions which we need later. They generalize the Lambert W function appearing (see
Cheliotis (2018)) in the case P, = Sym(n,R)" and m = (1,...,1).

4.1. Lambert—Tsallis W function and Lambert—Tsallis function W, ,. For a non-zero real number x, we

set
K

K -1
exp,(2) == (1 + %) (1+ g € C\Reo), logi(z):=2 —  (:€C\Rx),

where we take the main branch of the power function when x is not integer. If k = 1%(1, then it is exactly the

so-called Tsallis g-exponential function and g-logarithm, respectively (cf. Amari and Ohara (2011); Zhang et al.
(2018)). We have the following relationship between these two functions:

log'/" oexp,(2) = 2 (— < rArg (1 n z) <. (19)

Since 1i_>m exp,.(2) = €7, we regard exp__(z) = €7 and log'? (2) = log(z).

For two real numbers x,y such that v < % <1 and v < 1, we introduce a holomorphic function f ,(z), which
we call generalized Tsallis function, by

frer() expy(z) (14 € C\Reo).

T 149z

ze”®

We note that k € (—00,0) U [1,400). Analogously to Tsallis g-exponential, we also consider fo (2) = =

(z € C). In particular, f 0(z) = ze*.

In our work it is crucial to consider an inverse function to fy .. A multivariate inverse function of fo o(2) = ze*
is called the Lambert W function and studied in Corless et al. (1996). Hence, we call an inverse function to f .
the Lambert—Tsallis W function.

The function fy -(z) has the inverse function w, - in a neighborhood of z = 0, because we have f;. _(0) =1# 0
by

224+ (1+1/k)z+1 z\ k1
[ P e VL) (1+2) .
’ (1+72) K
The condition on k and 7 comes from the variance profile ¢ of the form

P q
P 0

: +g=1,pq>0

oo with PTa=Lpa

Ogtanﬁzagg

Then, we are going to deal with the function f, ,(z) for the parameters

1 p—q 2p-—1

1o P D
By definition of k and v and by the range of tan#, we have

1 1—p 2p—1
1>-=1—tanf>1—-—2_ 2P
’ P P

=~ and —oco<y<L1l.
Thus the condition we consider is
1 1 1
y<land 1> — >+, orequivalently y<1, ——y>0and — <1
K K K

(see Figure 7). If a € [0,1), or equivalently 0 < o < 1, then s € [1,00) and xky < 1. If & > 1, or equivalently
a > 1, then k € (—00,0), and by setting k' = —x > 0 and 7' = v — 1/k, they satisfy

Ky =—k(y—1/k)=1—ky <0

so that this case is reduced to the case k > 0 (see §6.5). In the case of @ = 1, we consider foo 5 = Ti57¢"- In this
case we have v < 0.
Let us present some properties of fi 4. When & # 1, the function f.  has a pole at x = —%. By the condition

on k and 7, the function v22 + (1 + 1/k)z + 1 has two real roots, say a; < ag when « # 0. If v = 0, there is only

one real root, that we denote ag = _ﬁr
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ky=1

FIGURE 7. Region of xk and ~y

%~(2) = 0 implies z = a; (i = 1,2), or z = —k if K > 1. For the case k < 0, it is convenient to change the
variable by a homographic action 2’ = 7 fi. Then
1
fony(2) = far 4 (2)) where k' =-k>0, ' =7-— -~

Since a homographic action by element in SL(2,R) leaves C* invariant, the analysis of the case xk < 0 reduces to
the case k" > 0 and 4" < 0. Then, the set S :=R\ f. ,(R) has the following possibilities.

Theorem S9. The set S :=R\ fx ,(R) is expressed by following formulas.
(S1) S = (fry(a2), fey(n)), where fi () < fuy(c1) < 0. It occurs when & € [1,+00] and v < 0, and when
k<0andvy =v-1<0.
(82) S = (=00, fry(a2)), where fi (a2) < 0. It occurs when £ > 1 and v > 0 and when (x,v) = (1,0).
(S3) S = (—00, fr(a1)), where f,. ,(a1) < 0. It occurs when £ < 0 and / =~ — = 0.
(84) S = (fry(a1), fuy(a2)), where fi ,(a1) < fr(a2) < 0. It occurs when £ =1 and v > 0.
We study in detail the cases (S1,52,S3). The case (S4) appears in the well known Wishart Ensemble case.

Theorem 11. Let S be an interval or half-line given by (S1)-(S4) above, and S C (—o0,0) its closure. Then,
there exists a complex domain @ C C, symmetric with respect to the real azxis and containing 0, such that fy
maps § bijectively to C\ S. Consequently, the function w, -, can be continued in a unique way to a holomorphic
function W, ., defined on C\'S. The codomain of W, ., is Q, that is, W, ,(C\ S) = Q.

Definition 12. The unique holomorphic extension W, ., of wy  to C\ S is called the main branch of Lambert-
Tsallis W function. In this paper, we only study and use W, , among other branches so that we call W, - the
Lambert-Tsallis function for short. Note that in our terminology the Lambert-Tsallis W function is multivalued
and the Lambert-Tsallis function W . is single-valued.

We summarize the basic properties of the Lambert-Tsallis function that we need later.

Proposition 13. (i) Let D = QN C*. The function f ., is continuous and injective on the closure D. Conse-
quently, W, ~ extends continuously from C* to CT UR, and one has f, ,(0QNC*T) =S.
(it) The Lambert-Tsallis function W, ., has the following properties.

(a) Suppose that k > 1 andy <0, ork <0 and~y' < 0. In these cases, the set D = QNC™T is bounded. If k > 1

then we have D C {z € C*; Arg (1 + ﬁ) € (0, KL_H)} and z € D satisfies Rez > —k. If kK = 0o, then one

has ImW,, (z) € (0,7) for z € C. If K <0 then we have D C {Z e CT; Arg((l + é)il) € (0, IHI%)}
Moreover, lim| ;| 4o Wi 4(2) = —% (recall that —% is a pole of fr ).

(b) Suppose k € [1,+00] and v = 0. The set D = QN C* is unbounded and f, (o) = co. If k € [1,+00)
then D C {Z e CT; Arg (1 + 2 € (0, KLH))} If k = o0, then Weo 0(2) is the classical Lambert function,
and one has Im Wy o(z) € (0,7) for z € CT.

(c) Suppose v > 0. In this case we have k € [1, %] The set D = QN C*T is unbounded and f, (c0) = co.
Moreover, one has D = {z € C*; Arg (1 + ﬁ) € (0, %)}

The proofs of Theorem S9, Theorem 11 and Proposition 13 will be given in Appendix (see page 34).
Remark 14. It is worth underlying that we consider the main branch of the complex power function in the Tsallis

g-exponential exp, (z) appearing inside the generalized Tsallis function f . Consequently, the main branch W, ,
is the unique one such that W(0) = 0. A complete study of all branches of the Lambert-Tsallis W function will
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be interesting to do. The study of the Lambert-Tsallis function W, - in the full range of parameters &, is also
an interesting open problem. We exclude the case ky > 1 with k > 0 because we do not need it later. We note
that, when kv > 1 and x > 1 with a condition (1 + x)? — 4yx? > 0, then f, ., maps a subregion of C* onto C*.

Applying the Lagrange inversion theorem, we see that the Taylor series of the function W), , near z = 0 is

) 23+ 0(2®). (S.9)

3k+1
Win(2) =2+ (y = 1)2% + (72 =37+ —

4.2. Quadratic Wishart matrices. We will now study eigenvalues of Wishart (covariance) matrices in P, C Uy,
defined in Section 2.3. We apply the approach of Bordenave (2019, Cor.3.5), based on the variance profile method
(Theorem 3).

In this subsection, we first consider the case of a, = n — 1 and b, = 1, that is, P, is the symmetric cone
Sym(n,R)* of positive definite symmetric matrices of size n. Let &, = (&;) be a rectangular matrix of size
n X N, where the entries §;; are centered i.i.d. variables with variance v and fourth moment M,. In order to study
eigenvalue distributions of X,, = £,&,!, we equivalently consider Wigner matrices of the form

Y, = ( 0 5") € Sym(n + N, R). (20)
& O
If X,, has eigenvalues A; > 0 (j = 1,...,n), then those of Y,, are exactly :I:\/)Tj (j =1,...,n) and zeros with
multiplicity |N — n|.
This is because, by the singular value decomposition, there exist orthogonal matrices U,V € O(n) and non-
negative 1, ..., i, > 0 such that

&n :U(DnO)V, Dn:diag(ﬂla-~-aﬂn)~
Here we assume that N > n for simplicity. Since

Dy

Xn =66, =U(D,0)VVT ( 0

) U =UD2UT,
we see that A; is one of ,ui for some k, and we can assume that \; = u? because we can arrange the ordering of
eigenvalues by the action of O(n). Since

Y_(o §n>_ 19 U(Dn o)V _(U 0> DO %" 8 (UT 0)
n = T - T n T - T "
& 0 1% ( 0 ) U 0 0o Vv 0 0 0 0o Vv
(in the right hand side, the matrix in the center is a block matrix with partition n, n and N —n), the characteristic
polynomial g(t) of Y,, is given as

n

g(t) =tV H(t2 —p?), so that eigenvalues of Y;, are  + y; = ++/\; and 0.
i=1
Let T, denote the Stieltjes transform of the empirical eigenvalue distribution of rescaled X,/n and S, the

Stieltjes transform of rescaled Y,,/v/n + N. Then, it is easy to see that these Stieltjes transforms satisfy

T, (;:) = (l_jp" + s,,(z)> , (21)

— _ N
where p,, := an and g, = N

In fact, we have for n < N

1 N-n <« 1 1
Sn(z) =
@=17n5 0= +Z_}ﬁ Y
J= n+Niz —m—z
7 1L n+N-22 1 SN 22
- _ . -
n+ N z n+Nj:122_n+aN
1—2p, n 1 & —2z
== + 2 X
z n+ N nj:122,n+N.#
1-2p, 2p,z 1
- z n Z Aj 2
J—1pn' -z

I
|
—_
)
=
3
+
[N
53
7N\
‘t\z
[\v]
"
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and for n < N

5.(2) = - i 1 1 +n—N
" leﬁ/\/n+N—z —VAj/Vn+N—-z 0-2z

_ 1 f: —2z n—N 1_1§: 22 P — Gn

= _|-Nj:1z2 /\/(n+N) n+ N zinj:1ﬁ_ﬂ22 P

_ al n—N 1 n—N Pn — Gn

B Z)‘J Z2+O—ﬁ Tno-2( z
JZI? pin Pn Pn

=22 (T, zj)+ n—n %)—p”_q”_2zTn<z2>+2(P —dn)  Pn—n
pn Pn z z " P P
2

= 2:T, (Z) L Pa
Pn z

In order to study eigenvalue distributions of covariance matrices from Section 2.3, with parameters k£ as in
(2), we introduce a trapezoidal variance profile o as follows. Let p,« be real numbers such that 0 < p < 1 and
0 < a < (1—p)/p. Then, o is defined by

o(z,y) :=v if (x,y) €C, o(z,y):=0 (otherwise), (22)
where C is given as
_ 5. (i) z<pandy>p+axz,
C{(x,y)e[(),l] " (i) z>pand 0 <y <min{(x—p)/a,p} }
The perturbation term &;;(n) in (5) equals d;;(n) = EU — ‘C@Q” Graphically, C is of the form
p 4q -
P 0
: +q=1, pq>0
C= with P9~ P4 (23)

O§tan9:a§%

If lim,, p, = p, by Theorem 3, this variance profile determines the limiting distribution of empirical eigenvalue
distributions of the Wigner matrices Y,, in (20). Recall that, to a variance profile o, Theorem 3 associates the
Stieltjes transform S,(z). It will be determined in Theorem 15. Analogously, to a variance profile o of &,, we
associate the “covariance Stieltjes transform” T, (z) of the corresponding covariance matrices Qg (&,) =£,&,0 . The
covariance Stieltjes transform T, (z) is related to S, (z) by the formula (21). It will be determined in Proposition
17.

Theorem 15. Let o be a variance profile given in (22), and set k:=1/(1 —«) and v:=(2p—1)/p=1— (q/p).
Then, the Stieltjes transform S,(z) associated to o is given as

2p 1-2p 2z
ZW K,y ( z2) z
where W, 4 is the Lambert-Tsallis function defined in Section 4.1.

Se(z) = (zeCh), (S.10)

Proof. We use Theorem 3. Take z € C* such that Im z is large enough. By definition of o and 7., we have
-1

_(z+v/piwnz(y)dy> (0<z<p),

o™ (z—p) -
n:(z) = ¢ — <z+v/ 1. (y) dy (p<zxz<p+ap), (S.11)
0

—<z+v/0p77z(y)dy>1 (p+tap<ax<l).

For z fixed, we set
a(t) =n:(t), te€[0,p],  b(t):=n.(p+at), te(0,p].
By differentiating both sides in the above equations, we obtain a differential equation

a'(t) = —vaal(t)?b(t),
{ V(1) = va(t)b(t)?, (24)
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with initial data
-1

a(p)——(Hv/pl nz(y)dy) : b(0+):—§

+ap

Note that the third line of definition of 7, ensures that 7, is constant on the interval [p + ap, 1] so that we have

-1
a(p) = — (2 +v(1 = p— ap)b(»)) . (25)
In what follows, we shall show that, if @ # 1 then
1
a(t) = —zw(2) X ()™, bt)=—--X(t)7",
z
where w(2) i= — - W, (—25) and X (t) := 1~ LH(Z) t satisfy (24). Here, we choose the main branches for complex

power functions. If & = 1 then

1
a(t) = —zw(2)e "W p(t) = - Cevw (@)t

We omit the proof for & = 1 because it can be done by a similar argument. Recall that we can take z € C™ such
that —vp/2z? is in a neighbourhood of 0. By (S.9), we obtain

at) = —% + W +o(1/2%), b(t) = —% - g 1 o(1/2). (S.12)

In fact, by (S.9), we have

w(z) = —%Wn,v(—g) = —% (—Z‘f F-n (-2 4 o(1/z4)> - - 1};9(174—1) +o(1/2"),

—zw(z) = —% - w +0(1/2%).

On the other hand, by the Taylor expansion of the complex power function we have

X(1)or = (1 _ ”“’t)m _ (1 _ %(}2 + 0(1/z2>))w _1- O‘Z—Zt +o(1/22)

so that
a(t) = —zwX (1) = (_i _ w + o(l/zg)> (1 — %Zt + 0(1/Z2)> = —% + W +0(1/2?).

Similarly, we obtain

b(t) = —» (1 - ”“’(Z)t>ﬁ _ ! (1 _ o ;—2 +0(1/z2))n = —% (1 + g—ﬁ +0(1/z2)> = —% - Z—ﬁ +o(1/2°).

z K z K

Since 7, (z) is independent of  when = € [p + ap, 1], we see that n,(z) = b(p) for x € (p + ap,1]. We deduce
from (S.12) that when Im z is large enough, then 7,(z) € C* for all z € [0,1]. Actually, we have Im — 1/2z > 0 if
z € Ct. If Im 2 is large enough, then Im(o(1/z2)) is small compared with —1/z so that Im(—1/z 4 o(1/2)) > 0.

Since W, - is holomorphic around z = 0 and W, (0) = 0, we can choose z € C* such that

sup |pArg X (t)| < for all pu=2ar,—2k,akx —1,—k —1,2ak — Kk, aKk — 2k.
¢
This means that we are able to calculate X (£)*X (¢)* = X (£)**t#" for yu,i/ being any of numbers in the above list.
By differentiating a(t) and b(t), we obtain

vakw(z)

a'(t) = —zw(z) - (— X(t)‘m_l) = vazw(z)2X (t)*" 1,

1 —v/iw?z) e vw(z) e
Vit)=—— (———Z X (t)" 1):—7)(75 el
)= (———2x0 X
On the other hand, since we take the main branch of complex power functions, we have by axk =k — 1
—vaa(t)?b(t) = —vazw(z)2X ()L and  va(t)b(t)? = —”“’Z(Z) X(#)F 1,

Therefore, we confirm that a’(t) = —vaa(t)?b(t) and V' (t) = va(t)b(t)2. Next we consider the initial conditions. It
is obvious that b(0) = —1. Since f, ,(—vpw(z)) = —*&, we have, setting w = w(z) and X = X(p) for simplicity,
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wX" 9
1+v(1—-2pw 22 e + p)w
1
= wrX" 17w7(p+ap71) ('_'n: )
K l-«a
—= X =wX"+(p+ap— 1w ('_'X:lf@)
K
= 1:sz“_1<z—|—(p+ozp—1) - X7 )
—1
-1
= e = (o HEER )
z
Since a(p) = —2w X = —2wX"" ! by ak = k — 1, we see that
~1
_ ptrap—1
a(p) = (z—l—v X~ ) .

On the other hand, since 7, (x) is independent of x when = € [p + ap, 1], we have
1
p+ap—1
/ n:(y)dy = (1 =p—ap)n:(p+ap) = (1 —p—ap)b(p) = —~7—
ptap 4

Thus we conclude that a(t) satisfies the initial condition, and hence a(t) and b(t) give indeed a solution of (24)
and of (S.11). The property n.(xz) € CT and the unicity part of Theorem 3 imply that a(t ) and b(t) give the

C*-valued solution 7, () of (S.11) such that the desired Stieltjes transform equals S, ( fo 7. (2)dx. Then, we
have
1 P ptap 1 P P 1
Se(z) = / n. () de = (/ —I—/ —I—/ ) n.(z) dex = / a(t) dt—l—a/ b(t) dt+/ 0. (z) d.
0 0 p pt+ap 0 0 pt+ap
By formulas f, ,(—vpw(z)) = =% and a(p) = —zwX "', we obtain

/opa(t)dt=i(X“—1):i(wlz2+(lz2p > /b Uozzw( _Xlﬁ)zmlzw<1+:(11;)’
)

and by the initial data of a(¢
1
1 1
/ N:(z)de = —— (—i—z)
pt+ap v a(p)
1-2p 2z

P 1 ! 2p
Sy(z)=2(X"—1)+ — (1 - X" —I—/ L(x)de = — + - —. S.13
()= 2 -1+ )+, mede = -y 2 (5.13)
Since the image of CT with respect to the map z — —vp/z? is C \ R<q, we see that —% (z € C*) is included
in C\ S, the domain of W, ., because S C (—00,0) by Theorem 11. Therefore, the formula (S.13) is valid for all
z € C*, and hence S,(z) can be analytically continued to a holomorphic function on C*. We conclude that S, (z)
is given as (S.10). O

Thus, we have

Remark 16. We call the parameter x of Lambert-Tsallis functions the angle parameter since it depends only on
the angle of the trapeze in (23). If k = 1, then we have o = 0 so that the trapeze reduces to a rectangle. If
o = q/p, i.e. K = p/(p — q) = 1/, then the trapeze reduces to a triangle. On the other hand, the parameter

¥ = 2”1.%1 = 1 — C depends directly on the shape parameter C = q/p. We call v the shape parameter of the

Lambert-Tsallis function. Note that the geometric condition 0 < o < g is equivalent to the condition % > ~. The

formula v = 1 — % shows that v € (—o0,1). We have

KE[L%] if0<~y<1, and /@E[l,oo}u(—oo,%] if vy <0.

Now we give the covariance Stieltjes transform T, (z) for the profile c.  We note that, corresponding to a
probability measure p, there exists the so-called R-transform R(z) which plays an important role in the field of
free probability (cf. Mingo and Speicher (2017, Chapter 3)). It satisfies a relation R(z) = S71(—2) — 1/z where
S(z) is the Stieltjes transform of u. We also give the corresponding R-transform R, related to o in a view of
future studies.

Proposition 17. Let o be a variance profile defined in (22) with parameters p and «. Set k = ﬁ and
v = 21’;1 =1- %. Then, the covariance Stieltjes transform T,(z) corresponding to the profile o is described as
1 1 v exp,(Weny(—v/2)) —
To(2)=Ter(2) =—— ———F—— — = = a ze€CT), 26
() =Tunl) =~ = 3y~ 2 . (zeCh) (26)
and its R-transform R(z) is given as
1
R(z)=—>— " v (1 - vz € C\ Rey).

2 1—vz  (1—0v2)log!/" (1 —vz)
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Proof. Let z € CT and set W (z) = W, (2). If p, — p as n — +o0, the formula (21) converges as n — oo to
2

T(%) - % (1 ;2]’ +S(z)> .
2

z 1—-2p 1 2p 1-2p 2z
(3= A (- .
D 222 * 2z ( 2W (—vp/z2) + z v )

By Theorem 15, we obtain

_1-2p P 1-2p 1
222 22W (—vp/2?) 222 v
_1=-2p p p 1

p 2 22 W(-w(p/?) v
Let 2’ = 22 /p. Then we have

1-2p 1 1 1
T(Z') = -—= = - =
(=) D 2 ZW(—v/2') v
Since 2’ runs through all elements in C* and since v = 21;%1, we obtain the first equation. For the second equality,
let us put W = W(—v/z) for simplicity. By definition of the Lambert-Tsallis function, we have
v w exp, (W) 1 z
—— = W)= —"="——= d h — = —— Ww).
L= g W) = SR and hence 3+ 4 = = exp, (1)

This yields that

whence we obtain the second equality.

Recall the relation between the R-transform R(z) and the Stieltjes transform S(z), that is, R(z) = S7(—2)—1/z
(cf. Mingo and Speicher (2017, Chapter 3)).

Let us assume that x # co. Since we have W, ,(z) € D for z € C*, Proposition 13 (ii) tells us that —7 <

KkArg (1 + W(Z)) < 7 for any z € C* so that we obtain by using (19)

1) =141 (10 L) s ) 41 = e, (W(-/2)
W (—v/z) = log"t* (vT(2) + 1)

2 = Funllog™V (T(2) + 1))
B v
Fr Qg™ (0T (2) + 1))

P 1

Thus, we see that

T71(2) = - Y ,
) f,.;,ny(logu/”> (vz+1))
and hence
-1
1 logt/™ (1 — 1
R(z) =T Y(~2)—=-=—v %8 1( vz) X expn(logu/”)(l —vz2)) - =
z 1+'ylog< /”)(1702) z

1+~1logM™ (1 — v2) 1

' (1—vz)log® (1 —vz) =
1 vy v

z 1-wvz (1 —vz)log!™ (1 — vz)

By this expression, R(z) can be defined on a domain such that 1 — vz € C\ R<g. If kK = 0o, then we can argue
similarly since Proposition 13 (ii) states that Im W, (z) € (0,7) for z € C*. O

Recall that €2 denotes the codomain of W,, . By Proposition 13, for each x € &, there are exactly two solutions of
fr(2) = in z € 012, which are conjugate complex numbers, denoted by K (), K_(z), such that Im K (z) > 0.
Recall that a; < ag are zeros of the function yz2 + (1 + 1/k)z + 1. Then, we have the following theorem.

Theorem 18. Let o be a trapezoidal variance profile defined by (22). Let p, be the probability measure corre-
sponding to the associated covariance Stieltjes transform T, given by (26). Then, the density function d, of i,
18 given as

1 1 1 o
dy(z) = < 2mxe (K_(—”) B K+(_;)> (if =3 €9), (27)

x

0 (if =2 eR\S).

x
Moreover, one has the following possibilities.
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(1) In the case p < q and % #a (i.e. k>1and v <0, or k <0 and v < 0), the measure p, is absolutely
continuous and its density d,(x) is continuous on R. In particular, i, has no atoms. Its support is given

as
_ v v _ i % 1—k i ﬂ 1—k
SUPP Ho = [‘fﬂ,waz)"fﬁ,fy(al)] = {a% 1+ = 0+3) } (28)

(2) In the casep=q =73 or % =« (ie.k>1andvy=0, or k <0 and v =0), the measure u, is absolutely

continuous. Its density d, is continuous on R* and lim,_, ¢ dy(x) = +00. In particular, uy has no atoms.
Let ag := a9 if k > 1 and ag := a1 = —1 if kK < 0. The support of us is given as

v v ag\l—x

SUpp fhg = {0, _fK,,’y(O‘O):| = {0, 073 (1 + ?) } . (29)
When k = oo, the measure i, is the Dykema-Haagerup measure x, with support [0,ve].

(3) In the case p > q (i.e. K > 1 and 0 < v < 1), we have p, = do(x)dx + (1—%)50. The measure
lo has an atom at x = 0 with mass 1 — %. Recall that k € [1,1/v]. When k > 1, the support of i,
is given by (29). The function d, is continuous on R* and lim,_,¢dy(x) = +o0o. For K = 1 and
—00 < v < 1, the measure i, is the Marchenko-Pastur law pc with parameter C = % =1-~v€(0,1) and

suppd, = [1}(1 — VO, v(1+V0O)?|.

Proof. We use the formula of T,(z) from Proposition 17. Let z = x + yi. By Proposition 13 (i) and the fact that
Wi.~(2) = 0 only if z = 0, we see that [(z) := lim,_, o ImT,(x + iy) exists when x # 0 and that {(z) = 0 when
—v/z &S.

Assume that z # 0 and —v/z € S. Let us set a(x) + ib(x) := limy_,o4 Wy 4(—v/2). Since the function f - is
continuous and injective on the closure D C C+, the function a + b is continuous. By Proposition 13 (i), we have
b(z) > 0 and a(z) + ib(z) = K4 (—2) . Since § C (—00,0) by Theorem 11, we have —v/z < 0, that is, z > 0.

Thus, we obtain for —v/x € S with z # 0

1 1
y—0+ (30)

1 1 1 B b(x) .
T o <K+<—;;> ) K(—;)) " afa@? (@)
and thus {(z) is a continuous function on R*. Therefore, z € R* is included in the support of p, if and only if
—v/x € 8. By (4), we have d,(x) = £I(x), so that we obtain (27).
Let us consider the case (S1). In this case, since S = (fu ~(a2), fu~r(a1)) and fr ,(a1) < 0, we see that the
condition x € supp p is equivalent to

v v v
fn,'y(OZQ) S _; S fn,'y(al) <0 <~ _fn,'y(OQ) 2 2 _frc,'y(al) >0 «— ——F——<z<

fN,’Y(OQ) o _fm,’Y(al).

Recall that a;, i = 1,2 are the real solutions of the equation v22 + (1 + 1/k)z + 1 = 0. For a solution « of this
equation, we have by 1 4+ a/k = —a(1 + ya)

o a\k a\ k-1
o= T (48 = (02
Frn(@) 1+’ya(+n @ +/<;

so that we arrive at the assertion 1. of the theorem. The argument for other two cases is similar, and hence we
omit it.
Next we consider the case x = 0. We separate cases according to ~y. First, let us assume that x > 1 and v < 0,

8|

or £ < 0 and 7" < 0. In this case, we know that lim ;| o Wi 4(2) = —% (see Proposition 13 (ii-a)), and hence
Wli - ) -1 ,1 _ 1
im T (yi) = tim SR Wea 0/ WD) —1 o1y 1
y—+0 y—+0 v .

Note that since v < 0, we have 1 — ,Tl,y > 0, so that the condition 1+ £ ¢ R_ is satisfied for z = —%. Thus, in this
case, we have {(0) = lim,_, ;o ImT(yi) = 0 and the function [ is continuous at « = 0.

Next, let v = 0. In this case, we have k € [1,00) or kK = oo. Consider first x € [1,00). For z € C*, let us
set re? =1+ M (r >0, 6 € (0,m)). By Proposition 13 (ii-b), the set D = QN C* is unbounded and
fr.0(00) = co. Consequently, if z — 0 in CT, or equivalently —v/z — oo in CT, then we have W, o(—v/z) — oo

and 7 — +o00. Again by Proposition 13 (ii-b), we see that 6 € (0, F7) so that sinxf > 0 when z = —v/(iy) € C*,
and thus
exp, (WH’O(—’U/Z)) -1 i0ys _ |
Im7T,(z) = Im =Im ey =1
v . .U
rfcoskf — 1 +ir*sinkfd 7" sinkf
= Im = — +o0o  (y — +0).
v v
On the other hand, p, does not have an atom at = 0 because we have by W, o(—v/z) — oo and by v =0
1
Y/ FE P S—— QN )}
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In the case (k,7) = (00,0), W(z) = Wa,0(2) is the classical Lambert function. If z is in the image of iR™ by W,
then Reze®* =0, i.e.
e“(xcosy —ysiny) =0 < x =ytany.

s

We have W (e® (z siny+y cos y)i) = x+iy = z so Im W (e¥ tanyﬁi) = y. This means that lim,_, , o Im W (iy) = 5.
Since W(oo) = oo by Proposition 13 (ii-b), we see that W(—v/(iy)) = a(y) + ib(y) satisfies lim,_, ¢ a(y) = +o0
and limy_, 1o b(y) = 5 so that

eW(=v/(yi) _ 1 e®W) cosb(y) — 1 + ie®™) sin b(y) et

lim ImT(yi) = lim Im—— = lim Im = lim
y—+0 y—+0 v y——+0 v y—+0 v

On the other hand, we see that p does not have an atom at z = 0 since

, 1 1 y i a(y)
ImyT (iy :Imy(——“):Im(——l— - ): -0 (y—0+).
() v W=/ oV raw ) T @mrem 0 @70
Let us consider the case kK < 0 and v/ = v — % = 0. In this case, we know that lim|,|_ Wy (2) = —% = —K

by Proposition 13 (ii-a). Since k < 0, it is easy to verify that lim,,_,_. |exp,(w)| = oo so that by continuity of
exp,, and W,
exp, (We~(—v/(yi))) — 1 —1
lim T'(yi) = lim P (W (/(42))) = lim exp,(w) = 1 =
y——+0 y—+0 v wW——K v

Q.

On the other hand, p, does not have an atom at = 0 because we have by W, (—v/z) — —%

) = — ¥ — ! S AN S
N L A T R A A

Last, we assume that 0 < v < 1. If K > 1, we apply Proposition 13 (ii-c). When z — 0, we have —v/z — o0
and Wy (—%) — oo, so that we obtain

yloliy) = =3 = Wer(—v/()) % =i (y = +0),

whence p, has an atom at x = 0 with mass y=1— % > 0. We omit the proof in the case k = 1, as it corresponds
to the classical Wishart matrices with parameter C' = % < 1. Note that k = co does not occur because k < %
The absolute continuity of p, follows from Proposition 2, by considering po := py — do(2)dx, or, in the case

with atom at @ = 0, of g := pe — dy(z)dz — vy and using the fact that the Stieltjes transform Sp(z) of pg satisfies
lim,,_,o4 Im Sp(x + iy) = 0 for all z € R. The argument is similar as in the proof of Theorem 5. O

In the following Corollary, we give a real implicit equation for the density d, analogous to the Dykema-Haagerup
equation (3). To do so, we introduce the following notation

ex(2) == lexp,(2)] >0, 04(z) = kArg (1 + %) (z € Ch).
If k = oo, we set e, (z) := e®°% and 0,(z) := Im z. Then, we have exp,(z) = e, (2)(cos(0,(2)) + isin(0,(2))).

Corollary 19. (i) Suppose v = 1 for simplicity. For two real numbers k,7y such that v < % <1 andy <1, the
density d, of the limiting law u, satisfies the equation

in(6, _
i (Sln(b@)(l 70— b cot (B(2)) ) (ex(2)) 1) =1 e(m)sin(6u(z)) (z=a+bicaDNChH). (31
i
In particular, when (k,7) = (00,0), the density d, satisfies the equation (3) with b = x and a = —xzcotx

(x €[0,m)).
(i) If k € [1,00] and v < 0, then the correspondence a — b = b(a) is unique for each z = a+bi € 9D NCT. Then,
a € [a1, as]. The same is true for Kk = co and v =0 with a € [-1,+00).

Proof. (i) Let z=a+ bi € 9D NCT. Then, it satisfies f, ,(z) € S. Suppose f. ~(z) = —21, and set
X =a+ya +9b°, Y =[1+72* = (L+7a)” + (vb)*.
Notice that X2 + b? = (a? + b?)Y. The equation f.(z) = —1 means that

e,.;(/z) (X cos(0,(2)) — bsin(&,&z))) = —é, (32)
X sin(6,(2)) + beos(0.(2)) = 0. (33)

The latter one (33) yields that cos(f,(z)) = wa so that

I ex(2) sin (6, (2))
o= ; (X% 4+?) =

1 b
x  a?+ b2

= ex(2)sin(6,(2)).
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On the other hand, (33) can be written as X = —bcot(6.(z)), and using this expression together with (32), we
obtain

—% = eNT(Z)(—bcot(Qﬁ(z)) cos (0, (2)) — bsin(@K(z))) =

b ex(2) sin(6,(2))
_sin(ﬁ,@(z)) Ty T b .

It is easy to check that we have Y =1+ vya+~X. By (30), the density can be described as d,(z) =
that we obtain the formula (31).
(ii) Assume first that x = co so that v < 0. Set z = a + bi. Since S C R, foo 4(2) € S means Im f ,(z) = 0, that
is, a + va% + vb? + beot b = 0. This equation can be rewritten as g(b) = —a — va?, where g(b) := vb* + bcot b. It
is easy to show that ¢'(b) < 0 for b € (0,7), so the function ¢g(b) is monotonic decreasing for b € (0, 7). We have
limy_,04 g(b) = 1 and limy_,,_ g(b) = —oo. Thus, the equation g(b) = —a — va? has a solution if —a — ya® < 1,
or equivalently, in case v < 0, @; < a < ap. Since g is monotonic, for each a € [a1, as] we can find the unique
solution of the equation, which is denoted by b(a). In the case v = 0 the argument is the same with a € [—1, 00).
Assume that £ € (1,00). Since z = z+yi € D = QNCT satisfies Arg(1 + ) € (0, 1) (see Proposition 13(a)),

and by the assumption £ > 1, we see that Re(l + i) =1+ % > 0. Thus, 0,(z,y) = rArctan*-. Note that

%Hﬁ(x,y) = kK- % For given = such that 1+ 2 > 0, set g(y) = ycot(fx(x,y)). We need to study the
function g(y) on RT. Set 6 = 6(x,y) := Arg(l + %) then 0(z,y) = Arctan#- so that tant = - since

K+x
0 € (0,%). Note that 0.(z) = kf(z,y) if z = x + yi. Then, since

b
C e SO

y .
P tan 6 sin 26
(H+;U)y 5 = e = an 5 = sinfcosf = = )
(k+2x)2+y 1+(y) 1+ tan® 6 2
K+x

we compute and estimate the derivative ¢’(y) as follows

i b(z,y) sin(f) cos(0) — y 450 (2,9) sin(2k0) — Kk sin(26)
’ _ _dy _ dy —
9(y) = cot(Be) +y ( sin?(6,.) ) N sin?(6,.) B 25sin%(k0) =0

In the last inequality we prove and use the fact that the function Hy(20) := sin(2k6) — k sin(20) is negative when
0 <60 < 75 (see (44)). Thus, we proved that g is monotonic decreasing on R*. Since, when y is near to 0, then

Arctan 2= = - + o(y), we see that
. . Yy . Yy . K’fT K+ x
lim g(y) = lim — o - cos(kArctan )= lim ——0- = lim ———- =1+=. (S.14)
y—+0 y—+0 sin(rkArctan4—) k4o y—+0sin L T ytosin AL gk p

Our objective now is to study the function h(y) = h(y; x) := x + v2? + yy? + g(y) for a fixed x > —k. Recall
that h(y; ) = 0 if and only if 2 =z + iy € 3D NCT. We will show that:
(a) there is exactly one solution of h(y; x) = 0 when x € (a1, a2).
(b) if & (a1, a2) then the equation h(y; ¥) = 0 does not have a solution such that 0(z,y) € (0, 77)-

As v < 0, we see that the function h(y) := x + v2? + vy + g(y) is decreasing on y € (0,yo) for each fixed
x > —k. As k > 1, there exists yo > 0 such that 6(z, yg) = Arg(l—l—%) = 5. We shall show that A (yo; z) < 0.

Since 0, (z,y) = kf(z,y) and since ;7 = 7 — 75, we have
cos &% —cos O+ 1 K4z
+1 1 . Yo
COt(GK(I’ yo)) = — ’Zﬂ = - :+ = —t 0 = — ( . tan@(x, yo) = )7
sin 775 sin 7 anf(x,yo) Yo K+

and hence
K+
h(yo; ©) = = +~v2* + Y3 + vo (—y) s+’ s —r—z =2 +w5 —k <0 (y<O0andrk>1).
0

By (S.14), we have limy_, 1o h(y) =22+ (1 4+ L)z +1=~(z — a1)(z — a2).

(a) Suppose that € (a1, 2), ie. limy gh(y) > 0. Since h is monotonic decreasing, by the intermediate
value theorem, there exists a unique solution h(y; z) = 0in y € (0,yp) for each = € (a1, as).

(b) If limy 1o h(y; z) < 0 then there is no solution of h(y) = 0 such that 0 < 6(z,y) <
no z = x +yi € 9D NCY such that h(0+; z) < 0.

If kK = 1, we have the classical Wishart case and we do not need to deal with it. O

. and hence there is
rk+1

Remark 20. Corollary 19 (ii) enables us to write the density d, with one real parameter in a way similar to
Dykema—Haagerup (Dykema and Haagerup, 2004, Theorem 8.9), see formula (3). In particular, in the case (a),
we obtain the formula

sinb(a

L (s
b(a)

A natural conjecture that we always have a 1-1 correspondence a — b or b — a is not confirmed by numerical

generation of the domain Q. For k = —1/3 and v = —4 the domain  is illustrated in the Figure 8. We do not
have unicity of a — b nor b — a.

(1 + va — yb(a) cot b(a)) e_“) = % -e%sinb(a) (a € (o, a2]).
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4.3. Applications to Wishart Ensembles of Vinberg matrices. Now we apply Theorem 18 to the covariance
matrix X,, = Qx(&.) € P, in two situations. The first (Corollary 21) is the case when P, is the symmetric cone
Sym(n,R)* with k of the form (34) below. The second situation (Theorem 24) is the general case when P, C U,
is a dual Vinberg cone with k of the form (2). This case contains the first one, that we present separately because
of the importance of the symmetric cone Sym(n, R)™.

Let us assume that k = k(n)= (k1,...,k,) in (2) is of the form

k=mi(1,...,1,1) + ma(n)(0,...,0,1), lim ma(n) _ m, (34)
n n

where my € Z>¢ is a fixed non-negative integer and m € R>( is a non-negative real such that m; +m > 0. Set

N =k +- - +k, =min+ma(n). We note that the case m; = 0 corresponds to the classical Wishart ensembles,

and if m; > 1 then we have N > n.

Corollary 21. Let k be as in (34). Suppose that &, € Ey is an i.i.d. matriz with finite fourth moments. Let
X, = &&T and p,, the empirical eigenvalue distribution of X, /n. Then, there exists a limiting eigenvalue
distribution p = lim,, p,,. The Stieltjes transform T'(z) of wu is given by formula (26)

exp, (Wi (—0/2)) ~ 1

1
T(2) = T (2) = ithk=—— v=1—m—m,.
(2) (%) ” with k= 7— - ~ m—my

The measure p is absolutely continuous and has no atoms. If my = 0 then the measure u is the Marchenko-
Pastur law with parameter C = m. The case (m1,m) = (1,0) corresponds to the Dykema—Haagerup measure
Xv- If m = 0 then the density d is continuous on R* and lim,_, 1o d(x) = +00. When my > 2 then the support
of 1 is [O,UmTl/(ml_l)]. Otherwise, for mi,m > 0, the density d(x) of p is continuous on R, and its support
equals [A(az), A(ay)] where A(a;) = va; 2(1 + (1 — mq)oy)™/ ™= and a1 < ag are roots of the function
(1—my —m)a?+(2—my)z + 1.

Proof. We use Theorem 3. It is enough to show that the matrix Y;, in (20) has the variance profile ¢ in (22) and
that the conditions (6) are satisfied. Since we have for n large enough
1 2 1
6o(n)| < - - 2u(my +m 4 n=20EMED g o)
n n
and if E|Y;;]? # 0 then
E(Yz}i) My

(N EYZ?E ~ o(ntN) (n = o),

we can easily check the conditions (6). Thus, we can apply Theorem 18. Consider m; > 2. Then k < 0. When

m = 0, then we have o/ = v — % = 0 so that we apply Theorem 18.2. We have a = —1, 1 — 1 = m; and

= [O,val/(ml_l) . When m > 0,

we have v/ < 0 so that we apply Theorem 18.1. The support of p is given by the formula (28), where oy < ay are
roots of the function vo? + (1 + 1/k)x + 1. O

11—k
mi

1—k= pres

By (29), the support is given by supp u = [0, -z (1 + %)

Remark 22. If m = 0, our results contain those of Claeys and Romano (2014, Section 4.5.1) and Cheliotis
(2018, Th. 4 and (12)). The result on the limiting densities of biorthogonal ensembles in Cheliotis (2018) can be
reproduced from Corollary 21. In fact, our random matrices Qg (&) essentially correspond to those considered in
Cheliotis (2018) through adjusting parameters m; = 8 — 1 and ma(n) = b — 1 (not depending on n), where 6 and
b are parameters used in that paper.

Let = be an i.i.d. Gaussian random row vector in R™ (x; ~ N(0,1)). Then, there exists an orthogonal matrix
P such that zP = (0,...,0,|x|), and || = \/2? + - -- + 22 is a random variable of chi-square distribution Xi/Q of
parameter n/2.

Let us consider Ej, (recall that N = min + mq(n)) with each entry obeying N(0,1). Each element £ € Ej, can

&

be written as { = | : |, where &, € RV is a row vector of the form &, = (0,...,0,n;) where n, € RN-(k=Dm1 —

&n

R(r=k+1)mitm2(n)  Note that the number of zeros in the k-th row is (k — 1)my. Let us write

[n—1]
e=(gol 571) €1 € Mat((n — 1) x (0 — Dmy); R), A, € Mat((n — 1) x (my +ma(n)); R).

For 7,,, there exists an orthogonal matrix P), such that n, P, = (0,...,0,|n,|), and one has

2 2
|| ~ X(N—=(n—1)ym1)/2 = X(mi+ma(n))/2"

_ E[(n—l)] ArLP7/l _ I(nfl)ml 0
§P—< 0 0. - 0fm| where P = 0 P )

‘We have
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FIGURE 8.
Domain {2 for (k,v) = (—

Since P} is orthogonal, each element in A}, = A,, P}, obeys N(0,1). We can then apply the same argument to the
matrix

¢ = (e AT)
where A” is an (n —1) x (m1 +ma(n) — 1) matrix obtained from A/ removing the last column, and repeating this
argument, we see that that for each £ € Ej, there exists an orthogonal matrix P such that {P has the form

A1tz ety
- : N2 _
fP = (OnX(N—n); T), T = 0 )\2 ’ : ; /\j X((”—k‘i‘l)(ﬂh—1)+m2(n)+1)/2 (.] %a .. -' 5 Tl),
D b tij ~ N(0,1) (1<i<j<n).
0 -~ 0 A,

Here, Oy« (n—n) is the zero matrix of size n x (N —n). Thus, in the notation 6, in Cheliotis (2018) we have
6 =my —1 and b = ma(n) + 1. Note that we take T upper triangular whereas Cheliotis (2018) lower triangular.

Remark 23. Until now, we assumed that m; € Z>( and hence the parameter a of the variance profile o needs
to be also an integer. However, we can take a sequence {k(n)}S2; so that the corresponding « is an arbitrary
given positive real number. In fact, when o« > 0 is given, we consider a right triangle with lengths 1 and «.
For an arbitrary n, we cover the triangle by 1/n x 1/n squares as in the figure. To each j = 1,...,n, we
associate an integer k;(n) such that # <lac W7 or equivalently k;(n) < ja < kj(n) + 1, and we set
k(n) = (k1(n),...,ky(n)). Note that this condition is independent of n so that k;j(m) = k;(n) when m > n > j,
and hence {Ej(,)}n is a sequence of vector spaces such that Ej(,) C Ejg(nt1)-
In the Figure 9, we set « = 1.8, n =11 and k(n) = (1,2,2,1,2,2,1,2,2,1,2).

3 )

Let us return to the quadratic Wishart case for general P,, with parameter k as in (2) such that mq,mg € Z>g
are fixed. Note that msy(n) in the previous discussion is now ms(n) = mab,. Set N, := min + mab,. We have

n = (ni;) € Mat(a, x N, R), ¢ = ((i;) € Mat(b, x N, R)
E,={¢= (Z) € Mat(n x N, R); n;; = 0if j < (mq — 1)i,
Cij :Olf]—mlan — (m1+m2)(i— ].) ¢{1,2,‘..,m1—|—m2}

Theorem 24. Let {P,}, be a sequence of generalized dual Vinberg cones such that lim, o a,/n = ¢ € (0,1].
Let k be a vector as in (2) such that my,ms are fived. Set k :=1/(1 —mq) and v :=1— (m1 + ma(1 — ¢))/c.
Then, the Stieltjes transform T'(z) of the limiting eigenvalue distribution of Qi (&,)/n with i.4i.d. matrices &, € Ej,
18 given as

1 c ey+l—c epo(W,iy,y(fvc/z)) -1 1-c¢

T(z) =—— — - . (zeCh)

v Wiy (=) z v z

The properties of absolute continuity and support of the limiting measure can be derived analogously to those
obtained in Theorem 18 for ¢ = 1.

Proof. We construct a variance profile o from Ej, likely to (22). We embed the rectangular matrix &, € Ej in a
1

square matrix Y (§,) = (;T‘)Lr %), and set V,, = {Y(&,); & € Ex}. Set p’ = nh_{rgo - _:LNn Rl =0
Let o be a function [0,1] x [0, 1] — R>( defined by o(x,y) = v if (i) x < ¢p’ and y > p’ + myz, or if (ii) z > p’ and
0 <y <min{(x —p')/m1,cp'}, and o(x,y) = 0 otherwise.

Then, we can show that o is the variance profile of V,,. On the other hand, let us consider a subspace
Ep = {¢= () € Ex; ¢ =0} of Ey, and let V;, = {Y(fn); &n € El&} Then, o is also the variance profile of V.
Thus, we consider equivalently the limiting eigenvalue distribution of V;, and that of covariance matrices on E/& .

If &, = (g ) € B, then %QE (&) =1 ( 77"0771 8), and thus it is enough to study the limiting eigenvalue distribution

n

of %nnng . The variance profile of covariance matrix innn;{ , rescaled by size of 7,,m,] , has a trapezoidal form (22)
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Wishart(alpha=1/2, Nin=2) Wishart (alpha=1, N/n=2) Wishart(alpha=2, N/n=2)

5 z 7 . ©
8 3 3

° T T T T T T 1 g T T g T T

o 1 2 3 4 5 6 0 1 2 3 4 5 6 0 1 2 3 4 5 6
eigenvalues eigenvalues eigenvalues
FI1GURE 10. FIGURE 11. FIGURE 12.
Simulation for o = 1/2 Simulation for oo = 1 Simulation for o = 2

(illustrated by (23)) with parameters o = m; and p = lim,, ‘rN = Applying Proposition 17, we

C
c+mi+mao(l—c)”
see that the corresponding Stieltjes transform T3 (z) is given by

1 -1 c—my—mo(l—
Ti(z) =Tk (2) with k= = S ma(l =)

1—my’ P c
In general, for two symmetric matrices A; (i = 1, 2) of size n;, the Stieltjes transform S(z) of diag(A;, Az2)/(n1+n2)
can be described by using the Stieltjes transforms S;(z) of 4;/n; (i =1,2) as

S(z) = 8, (”1”‘22) + S5 ("1 o z) (z € CH). (35)
ny %)
In our situation, we have (ni,n3) = (an,bn) and (A1, A2) = (9.7, ,0). Hence, we have Sy(z) = —1 and S(2)

is the Stieltjes transform of 1,71} /a, so that lim, o, S1(z) = T1(z). Thus, taking the limit n — oo, we get the
limiting Stieltjes transform 7'(z) corresponding to Ej, and hence to Ej by using (35) with Sy(z) = Ti(z) and
Sa(z) = —%, which proves the corollary. O
Remark 25. In the Figures 10-12 we present simulations of k-indexed Wishart ensembles X,, = Q(&,) on the
symmetric cone Sym™ (n,R) (i.e. ¢ = 1), for n = 4000 and N = |k| = 2n with parameters o = m; = 1/2, 1
and 2, respectively. We have v = —1 and x = 2,00, —1 respectively. The red line is the graph of d(z) generated
by the R program from its Stieltjes transform given in Corollary 21. In two first cases, the limiting density d(z)
is continuous on R with compact support contained in (0,00). The last case (xk,7) = (—1,—1) corresponds to
(x',7") = (1,0) which is the classical Wishart case with C' = 1. Thus its density explodes to co at 0.

Remark 26. Let Y, be a rectangular n x p i.i.d. matrix with variance profile o%(z, y), and assume that lim p/n =
n—oo

c. In papers Hachem et al. (2005, 2006, 2008) a functional equation

1 1
7(u,z) = (—z+/0 o?(u,v)(1 Jrc/o GQ(x,v)T(x,z)dzv)ildv)i

is given to get the limiting Stieltjes transform f(z) for the rescaled random matrices Y, Y,*, as the integral

1

fol 7(u, z)du. This equation appears in Girko (1990) in the setting of Gram matrices based on Gaussian fields, cf.
(Hachem et al., 2006, Remark 3.1).

However, thanks to symmetry, solving the equations (24) resulting from Theorem 3 is easier than solving the
last functional-integral equation for 7(u,z). Therefore we opted for variance profile method for Gaussian and
Wigner ensembles as the main tool of studying Wishart ensembles of Vinberg matrices.
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5. COMPLEMENTARY REMARKS

Remark 27 (Modified Vinberg matrices). Observe that the variance profiles (11) and (22) remain the same
when we consider the following two cases (a) and (b) of modified Vinberg matrices. This is due to the fact that
different forms of d in the lower right block of the matrix U can be absorbed by the perturbation terms d;; in (5).
Accordingly, we obtain Theorem 5 for the Wigner Ensembles and Theorems 18 and 24 and Corollaries 19 and 21
for the Wishart Ensembles on the corresponding matrix spaces.

(a) For s =0 or s € 2N + 1, let U be the subspace of Sym(n,R) defined by

w=lu=(% v). =€ Sym(an,R), y € Mat(a, X by, R),
" y'" d)’ dis a s-diagonal matrix of size b, '

Here, 0-diagonal matrix means the zero matrix. From the statistical point of view of Gaussian covariance models
(Lauritzen (1996)), the space U does not apply, because covariance matrices have non-zero diagonal terms and
non-zero determinant.

(b) Take k € Z~ and assume that each b, is a multiple of k, say b,, = kc,,. Let Ll,gk) be a subspace of Sym(a,,+by,, R)
consisting of matrices U of the form above with d being a block diagonal matrix d = diag(dy, ..., d., ), where each
d; is a square matrix of size k.

Remark 28 (Matrix Ensembles related to dual cones of P,). In this remark, we consider the dual cone Qg, of
P, which is realized as a minimal matrix form in the sense of Yamasaki and Nomura (2015) as follows. Let V,
be a subspace of Sym(a, (b, + 1), R) defined by

- - x € Sym(ay, R),
Vp = diag((—r fll)""’(T Zb">>; Yis--sYp, € RIS (36)
i@ Yoo Pon dy,....dy, €R

Then, the dual cone Qg is described as Qg, := V, N Sym(a, (b, + 1), R)™.

We consider Wigner Ensembles V,, € V,, and quadratic Wishart Ensembles X,, € Q¢, as those in the sense of
Sym(an (b, + 1), R). Assume that lim, . a, = co. By the theory of lower rank perturbation (see Tao (2012,
82.4.1), for example), the study of eigenvalue distributions of these ensembles boils down to the study of the
eigenvalue distributions of z and, after suitable normalization, the limiting eigenvalue distributions of V,, and X,
are the same as for x € Sym(a,, R).

This essential difference in the Random Matrix Theory for the cones Q¢, and P, may be explained by a
substantial difference between the cones Q¢, and P, in terms of numbers of sources in the sense of Yamasaki and
Nomura (2015). In the case P, there is only one source so that P, can be realized in a usual matrix form. On
the other hand, ()¢, has b, sources so that b, copies of a usual matrix form appear.

Remark 29 (Relation of Vinberg cones to graphical models). Let G be a graph with vertices V = {1,2,...,n} and
edges E. We say that a statistical character X = (X1, ..., X,,) has the dependence graph G when each conditional
independence of marginals X; and X; with respect to remaining variables corresponds to the absence of the edge
{i,7} in E. Thus the dependence graph G is a tool of encoding of the conditional independence of marginals of
X. We say that X belongs to the graphical model governed by G.

Let U be the subspace of Sym(n,R) containing matrices with u;; = 0 if the edge {i,j} ¢ E. Cones Pg =
Sym(n,R)* N Ug and their dual cones Q¢ are basic objects of graphical model theory. Actually, a Gaussian
n-dimensional model N(m,X) is governed by the graph G if and only if the inverse covariance matrix ¥~ € Pg
(cf. Lauritzen (1996)).

An important class of graphical models, called daisy graphs, is defined as follows. Let a +b = n and let D(a,b)
be a graph with vertices V' = {1,...,n}, such that the first a elements form a complete graph and the latter b
elements are satellites(petals) of the complete graph, that is, each satellite connects to all elements in the complete
graph and does not connect to the other satellites (see Figure 13 below). The double circle around the vertex a,,
in Figure 13 indicates the complete graph with a,, vertices.

In high dimensional statistics, it is essential to let the number of observed characters n tend to infinity. From the
graphical model theory point of view, the pattern of the growing graphs G,, and of the corresponding cones Pg,,
should remain the same. This requirement is met by growing daisy graphs D(ay, b,) for non-decreasing sequences
of positive integers {a,}52; and {b,}52; such that a, + b, = n.

The position of zeros in Wigner and Wishart Vinberg matrices in U, considered in this paper is encoded by
daisy graphs D(a,, b,) by setting u;; = 0 whenever ¢ and j are not connected by an edge in D(a,, b,). We can also
consider the class of generalized daisy graphs D(a,b, k), with b complete satellites of k vertices, so that there are
N = a + kb vertices. If all three sequences ay, by, ky, are non-decreasing, the graphs D(ay, by, k) form a growing
sequence of graphical models. The case when k,, = k is fixed for n large enough corresponds to Remark 27(b).

Mathematical bases of Wishart distributions on matrix cones related to decomposable and homogeneous graphs
considered in this paper were laid down by Lauritzen (1996); Letac and Massam (2007); Ishi (2014); Graczyk and
Ishi (2014). This paper is a first step towards studying RMT related to growing Gaussian graphical models.

Note that statistical Gaussian graphical models is a different notion from Erdés-Rényi random graphs, which
are deeply studied in the RMT (cf. the book of Durrett (2006)).
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O 3
FicUure 13. Daisy Graph

6. APPENDIX
In this Appendix, we give proofs of Theorem S9, Theorem 11 and Proposition 13.

6.1. Proofs. By definition, f. (%) has a pole at z = —1/~ when y # %, and z = —k may be a branch point of f.
We first assume that £ > 0. Although the condition on « is k > 1 when & is positive, we also deal with the case
0 < kK < 1 in order to apply it to the case k < 0. We have

kY22 + (1 + H)Z + K (1 z)ﬁfl

f/(Z): K(1+A/Z2 "

)
Let oy, gy be the two solutions of g(z) := ky2% 4+ (1 + k)z + £ = 0. Then, f'(z) = 0 implies z = o; (i = 1,2) or
z=—rif K> 1
Set z =z + yi. We have

2 _2(1+97) _ (@2’ +?) Hily +yry —qey) (@4 +yy?) +iy
1+vz  [1+72 (1+72)? + 72y (1+72)? + 7%y
and K
K 2 2\ 2 .
(1 + E) = exp (Fc (log ‘1 + i‘ + iArg (1 + E))) = ((1 + f) + y2> (@)
K K K K K
z\2  y?\ 2
= ((1 + 7> + 2) (Cos(m&(m,y)) +isin(/i9(x,y))),
K K
where

O(x,y) = Arg(l + i).
K
Here Arg(w) stands for the principal argument of w; —7m < Arg(w) < m. Note that we now take the main branch
of power function. Thus,

) ((1+x//<;)2+(y//<;)2)2( NERREE Y )< (k0. ) + i sin(wb( ))>
z) = T+ vz + vy +1y)| cos(kO(x,y 1sin(kO(x,y
(1 + ’7,’L‘)2 + vy? . (37)
2 2\ 2
_ (422 + W/0)2) " 1 (0 4 19) conubia. ) — ysin(sd(a. )
(14 yz)2 + 7292 +i{(z +va2? 4+ yy?) sin(kb(z, y)) + y cos(kb(z, y)) }
We want to know the inverse image of the real axis, that is, f~(R).
To do so, we consider the implicit function

(z +~2* + yy*) sin(k0(x, y)) + y cos(kb(z,y)) = 0.

If sin(k6(z,y)) = 0, then cos(kf(x,y)) does not vanish so that y needs to be zero. Moreover, in this case we also
have x > —k if k is not integer; otherwise, if x < —k then 0(x,y) — 7 as y — +0, but then sin(km) # 0 whenever

" ¢A%s.ume that sin(kf(z,y)) # 0. Then the equation can be rewritten as
(z + y2® + yy?) + ycot(kb(z,y)) = 0. (38)
If we change variables by
ret? =1+ Z, or equivalently = = k(rcosf —1), y = krsiné, (39)

then the equation (38) can be written as

k(rcosf — 1) + y{(k(rcos0 — 1))* + (krsin6)*} + xr sin 6 cot(kf) = 0
2,2 Con g2 : 2 )
< r*r?+ {kcosd — 2yK? cosf + ksinf cot(kb) }r + (vx* — k) =0
sin((k + 1)0)

2
= e Jr{ sin(k0)

727ncosﬂ}r+fynf 1=0.

In the last, we use

. cos B sin(kb) + sin 6 cos(k0 sin((k + 1)8
cos 0 + sin 6 cot(kh) = ( si)n(/ie) (+6) = ii(n(ne)) )
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- (s + 10)
sin((x +
= -2 5 6. 4
b(0) sin(s0) vk cos 6 (40)
We have )
lim b(0) = " 2k = b(0),
0—0

and the solution in r of the equation in the case 8 =0
1 1 1
Oz’ylﬂ”2+(%*2’yl€)r+’7ﬁ71:’yli(r2*27”+1)+(1+;)7”*1:’}/H(Tf1)2+(1+;)(7"71)+7
is given as
—(14+1/k) £ /(A +1/k)%2 -4y
29K '

Note that these two 7 = 71 correspond in (x,y) coordinates to a1, as because 1+ £ = r and because the equation
defining r4 can be rewritten as

r=1+

x? T 1 k2 4+ (k+ Dz + &
0=ar(r =12+ 1+ Hr-D+t=yn- S+0+HT+ =1 (52 Jrt s (41)

We also note that, if we set (x,y) = (0,0), or equivalently (r,6) = (1,0) then
x + y2? + yy? + ycot(kb(x, y)) = n(’ym*Q +b(0)r + vk — 1>: 1>0.

Let ©Q be the connected component of {z € C; (2 +v22 + vy?) + y cot(kb(z,y)) > 0} including z = 0. Let
D =QnNC™*. For § > 0, the equation

yEr? +b(0)r + vk —1 =0 (42)
has a (formal) solution
= (0) = 0) £+ /b(0) 4’yl<;’y/<;fl)
27/£
We want r to be positive real. Set D(6) = b(0)? — 4a(a — 1). We have for e = +1
/ —eb’ —b(6 D(0
0 L () 5 DOV _ =H(O) b+ ) n(0) )
2a 2./D(6) 2a D(0) D(9)

We shall show that f, ., maps D — C™ bijectively, and its main tool is the following Argument Principle (see
Ahlfors (1979, Theorem 18, p.152), for example).

Theorem 30 (Ahlfors (1979, Theorem 18, p.152)). The argument principle. If f(z) is meromorphic in a
domain ) with the zeros a; and the poles by, then

L&) g, >_nlra5) = 3 n(yby)

2 J, 1) k

for every cycle v which is homologous to zero in  and does not pass through any of the zeros or poles. Here,
n(v, a) is the winding number of v with respect to a.

We also use the following lemma.

Lemma 31. Let f(z) = u(z,y) + iv(x,y) be a holomorphic function. The implicit function v(x,y) = 0 has an
intersection point at z = x + yi only if f'(2) =0.
Proof. Let p(t) = (z(t),y(t)) be a continuous path in C = R? satisfying v(p(t)) = 0 for all ¢ € [0,1]. We assume
that (z'(t),y'(t)) # (0,0). Set

g9(t) := u(p(t)) = u(z(t),y(t), h(t) :=v(p(t)) = v(z(t),y(t)).

Obviously, we have h/(t) = 0 for any ¢, and

W (t) = va2' (t) + vyy'(t) = (vz,0y) - (' (2), 4/ (1))
Assume that ¢'(t9) = 0 for some point ¢ € [0,1]. Then

9'(t) = uz@'(t) + uyy'(t) = (uz,uy) - (2'(1),y'(t))
= (Ux,vy) ((1) ()1) ’ (x/(t),y’(t)) = (’Uwvy) : (—y’(t),x’(t)),

the condition ¢'(to) = 0 implies that the vector (v,,v,) is orthogonal both to (z’(to),y'(to)) and (—y'(to), 2’ (to)),
which are non-zero vectors and mutually orthogonal. Such vector is only zero vector in R?, that is, (v, vy) =
(0,0), and hence (uy,u,) = (0,0) by Cauchy-Riemann equations. Thus, if ¢’(¢¢o) = 0 then p(ty) needs to satisfy
f'(p(to)) = 0. O

Recall that we now assume x > 0. Set a := k7. We will consider the cases (i) a <0, (i) 0 <a <1 and k > 1,
and some other exceptional cases. It is usually sufficient to consider D because {2 has a symmetry with respect to
the real axis. For brevity, we set 6y := % and 60, := KLH Note that 6y > 6.
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6.2. The case of a = rky < 0, £ > 0. In this case, a1 < az because (1 + £)? — 4arx > 0. Since a < 0 we have
v <0and g(0) =k >0, g(—k) = (a — 1)k* <0, g(—1/v) = k — 1/ > 0. This means that

1
k<o <0< —— < as.
Y

Note that D(0) = (1 + 1/k)? — 4a/k > 0 and

D(6,) = (—2acos6;)? — 4a(a — 1) = 4a® cos® 0, — 4a® + 4a
= 4a — 4a®sin® 0, = 4a(1 — asin®6,) < 0.

This implies that there exists a 8 € (0,60;) such that D(#) = 0. We denote by 0, € (0,6;) the smallest positive
real such that D(6,) = 0.

We show now that D is bounded and D C {z € CH; Arg(1+ 2) € (0, 7)
We shall show that D(#) is monotonic decreasing in the interval (0, 6.). We have

(k+1) cos((k + 1)0) sin kO — ksin((k+1))6 cos kb
sin? k6

_ ok sin @ + CO.S(z("i + 1)6) sin w8 + 2asin @
sin“ k6
_ —Ksind + %(sir'l((ffi +1)8) —sinb) +2asinf
sin” k6

sin( (2 1)0) — (2 1) si
_ sin((2k + )9) 2( K+ 1)sind 4 9a5in 6.
2sin” k6

Note that 2k + 1 > 1 since now we assume that £ > 0. Let us consider the function

b(9) = + 2asin 6

H,(0) :=sinal — asinf for a>1. (44)
For a small enough 6 we have
3 3 2 1
H,(0) = af (O‘Te) —a(f - %) +o(03) = —aS— 263 + 0(6%) < 0
and by
1 -1
H!(0) = acos(af) — acos = —2asin 2T 0 sin aT@,

we see that H,, is decreasing in the interval (0, 27/(«+1)), and in particular is negative. Therefore, since asiné < 0,
b'(0) is also negative in the interval (0, 6;). This means that b(6) is decreasing. Note that b(0) =1+ 1/k—2a >0
and the sign s of b(6) = —2a cos 6y depends on k.

If s > 0 then we see that D'(8) = 2b(0)b'(0) < 0 so that D is monotonic decreasing. Let us assume that s < 0.
In this case, since b is monotonic decreasing, there is a unique ¢ such that b(p) = 0. Since D'(8) = 2b(6)¥'(6),
we need to have 0, < ¢. In fact, if not so, then we have D(¢) > 0 by definition of 6,. Since b(f) is monotonic
b(8) < 0 for any 6 € (p,61), we see that D'(6) = 2b(0)b'(¢) > 0 in the same interval. But it contradicts the fact
that D(Gl) < 0.

Set ¢ = 01 when s > 0. Therefore, we obtain that D is monotonic decreasing in the interval (0, ¢) containing 0.
In particular, D is monotonic decreasing in the interval (0,6,) in both cases, and D(f, + J) < 0 for small enough
4 > 0; more precisely, 6, + 6 < ¢. Therefore, ry are defined on (0, 6,] and r1 are not defined for 6 € (6., ). Since
r+(60.) = r—_(0,) by the fact D(0,) = 0, the curves r(6), 6 € (0,6,] followed by r_(0. — 6), 0 € (0,6.], form a
continuous curve going from as to a; in the upper half-plane. Denote it by 7 _.

Since 4 -r— =1 -1 >0and —(ry +r_) :@ < 0 for 0 € (0,0.), Vieta’s formulas tell us that two solutions
of (42) are both positive. Consequently, r;(0) is increasing while r_ is decreasing by (43).
In order to study the set S, let us consider f(z) for the real x € [a1, ao]. By differentiating, we have

f,;,Y(CC) _ yr? + (1 + 1//€)$+ 1 (1 N E)m—l _ y(x — a1)(x — ag) (1 N E)K/—l.

(1+7yz)? (1+7yz)? K
Since v < 0, we have
e| o [ O] = a2
I’ + X + 0
Flfl@)] 710 Aoo| x | =00 7] flaz)

where

i _1 — i _1 —
hl—l>n—10f( 7 Hh) =+oo, hl—lglof( 7 +h) o

Here, x means that f and f’ is not defined at that point. See Figure 18.

Claim. One has 0 > f(a1) > f(aq).
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Proof of the claim. 0 > f(aq) is obvious by the above table. We shall show f(a;) > f(az2). By the fact that
a0 = %, we have

flag) . as(1 4+ ~yaq) _ <1+O¢2/H>R _az+1 . (1—|—()¢2//Q>"i
flaa) (1+~yaz)a; 1+a1/k ap+1 1+ai/k)
Since 1 + vyas < 0 and ay < 0, we have ag + 1 = (1 4+ yaz)a; > 0. Moreover, the facts that 1 4+ a3/k> 0 and

ag > o yield that

1 1
2tloy g AE0EL
ap +1 l+a1/k
whence we obtain ﬁcmi > 1. Since f(as) < 0 because ay > —% and v < 0, we conclude that 0 > f(ay) >
ai
f(ag). O

Thus, for the case £ > 0 and v < 0 we have (S1) § = (fx 4 (2), fr~(c1)), where fi 5(a2) < fr (1) <O0.

Now we show that f. ,: D — C% is bijective.

We take a path C = C(t) (t € [0,1]) in such a way that by starting from z = —%, it goes to z = ap along
the real axis, next goes to z = ay along the curve r;_ defined by (38) and connecting as and a; in the upper
half plane, and then it goes to z = —21 along the real axis (see Figure 15). Here, we can assume that C’(t) # 0
whenever C(t) # «;, i = 1,2. Actually, the curve v(z,y) = 0 has a tangent line unless f’ vanishes. If we take an
arc-length parameter t, then C’(t) represents the direction of the tangent line at (x,y) = C(t). We note that C(t)
describes the boundary of D.

We first show that f. - maps the boundary of D to R bijectively. We take ¢;, i = 1,2 as C(¢;) = a;. Note
that the sub-curve C(t), t € (t2,t1) describes the curve r;_(t), and f, , does not have a pole or singular point
on C(t), t € (ta,t1). Set f(z) = u(z,y) + iv(z,y). By Lemma 31, the implicit function v(x,y) = 0 may have
an intersection point only if f'(z +dy) = 0, i.e. at x+iy = o; (i = 1,2) or at  + iy = —k if kK > 1. Then,
the function ¢(¢) = u(C(t)), t € [t2,?1] attains maximum and minimum in the interval because it is a continuous
function on a compact set. Moreover, ¢’ never vanishes in (t2,¢1) by the above argument and by the fact that
f(C(t)) # 0 for t € (to,t1). Therefore, g is monotone and hence it takes maximal and minimal values at the
endpoints t = ta,t1. Now we have f(a1) > f(ag) by the last claim so that the image of g is [f(a2), f(a1)], and
the function g is bijective.

We shall show that for any wy € C* there exists one and only one zg € D such that f(z9) = wo. Let us take an
R > 0 such that |wg| < R. For § > 0, let C' =Cs be a path obtained from C in such a way that the pole z = —1/~
is avoided by a semi-circle f% +6e?, 0 € (0,7) of radius § (see Figure 16). Denote by D’ the domain surrounded
by the curve C".

Then, we can choose § > 0 such that

‘f(_% + 53“’)’ > R (for all € (0,7)).

In fact, ifz:—%—i—éew, then we have
i 1 :
’1+'yz’:|7|(5, |Z|:’—%+(569’>ﬂ (1f(5<ﬁ),
and
z| 1 8.6 ky—1 . 5 1
so that
; 1 /ry—1\® 1
1 0
T C=o
7(=5 +6e) S\ 2my ) 5
Thus it is enough to take
_ . 1 ry—1\~R 1 K 1
0= mln(2\7|2R( 2’Y/<;'y ) ) 207 5‘ o HD

Since f is non-singular on the semi-circle f% +6e?, 0 € [0, 7], the curve 0 f(f% +6€?) does not have a singular
angular point, so that it is homotopic to a large semicircle (with radius larger than R) in the upper half-plane (see
Figure 17).

Note that

(NIE

(U +a/8) + (y/x)?)
(1 +72)? + 7%y

By changing variables as in (39), we have

Im f(z + yi) = (x4 v2® 4+ vy?) sin(kb(z,y)) + y cos(k0(z, y)) }.

Im f(re'?) = positive factor x sin(x6) - (ar? + b(0)r +a — 1)
= positive factor x sin(x0) - a(r — r_(0))(r — r(9)).
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Note that the inside of the path C' can be written as {re’; 6 € (0,6,), r € (r_(6),74(6))} in (r,6) coordinates.
Since a < 0 and sin(x6) > 0 when 6 € (0, 6.), we see that Im f(z) > 0 if z is inside of the path C. In particular,
the inside set of the curve f(C”) is a bounded domain in C* including wp.
Since the winding number of the path f(C’) with respect to w = wyq is exactly one, we see that
1 1(2) 1 dw
211 c’ f(Z) — Wo o 211 f(cn w — Wo

=1.

By definition of f, we see that f(z) — wp does not have a pole in D’. Therefore, by the argument principle,
the function f(z) — wg has only one zero point, say zo€ D’ C D. Thus, we obtain f(z9) = wo, and such z€ D is
unique. We conclude that the map f is a bijection from D to the upper half-plane C*.

Y <0 k>0
Ky <0
- a0l 1 0 e
= —K 1 as
=y
FIGURE 14. The case of (i) FIGURE 15. The case of (i)
x>0
k>0 3 1 0
<0 < -1+
Ky <0 et f( = e )

FIGURE 16. Curve C’ in case (i) FIGURE 17. Curve f(C") in case (i)
£ >0
Ky <0
e P

FIGURE 18. f(x) for x > —k, case (i)
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6.3. The case of 0 < a = ky < 1. In this case, we have (1 + k)% — 4ak = (1 + k — 2a)? + 4a(1 — a) > 0 so that
a1 < ag are real. Since 0 < a < 1 we have v > 0 and —1/v < —k. Since g(0) = &k > 0, g(—k) = (a — 1)x% < 0 and
g(—=1/v) = —1/v+ k < 0, we have

1
< ——< —Kk<ay<0.
Y

Let us prove that D is unbounded and D C {z € C*; Arg(1+ 2) € (0, Z)}.

'K
a

Since D(0) = b(#)?+4a(1—a) > 0, we always have two real solutions for the equation (42). By r-r_ = <1 <0,

a

only one of r4, r_ is a positive solution. Since |b(0)| < 1/ D(0), we see that
v D(0) — b0
r=r+(9):7( o0 )

is the only positive real solution of (42). In the same way as in (41) we see that limg_, 1o 7+ (0) = aa. Recall that
k> 1.

We use a calculation from Section 5.2. Now we show that b'(6) is negative on the interval (61,600) (6o = 7/k
and 01 = 7/(k+1)). Recall that

b(0) = cosf + sin 0 cot(kf) — 2acos = (1 — 2a) cos O + sin 8 cot(kH).
Using this expression, we have
V(0) = (2a — 1) sin 6 + cos 0 cot(k6) + (sin 0) (—(1 + cot?(kh)) - k)
= (2a — 1 — k) sin 6 + cos 0 cot(kf) — K sin 6 cot? (k)
= (2a — 1 — k) sin 6 + {cos 6 cot(k0) — sin @ cot?(kh)} — (k — 1) sin @ cot?(k0)

cos 0 sin(x0) — sin  cos(kb)

=(2a—1—k)sinf + ot(k0) — (k — 1) sin @ cot?(x0)

sin(k#)
i —-1)0
=(2a—1—k)sinf + W -cot(kh) — (k — 1) sin @ cot?(x6).
Let us assume that 6 € (61,00). Then, since the assumption x > 1 yields that
-1 -1
0<L<0<z<7r, E< il < KO <, O<u<(ﬁ—1)9<u<w,
K+1 K 2 k+1 K+1 K

we see that for 6 € (61,00)
sind >0, sin((k—1)0) >0, sin(kf) >0, cos(kf) <0, cot(kf) <0
Since 2a —1—k <0and k —1>0by a<1andk > 1, we arrive at
V(O)(= (=) x (1) + () x (=) = () x () x (+)) <0 (8 € (61,6)).
Thus b(#) is decreasing on the interval (61, 60y) and since sin@ > 0 for 6 € (01, 6p), we have

lim b(f) = —oc.
0—+00—0
Recall that D'(6) = 2b(0)b'(0). Since we have b(f;) = —2acos 6y < 0 and b is decreasing, we see that b < 0 on the
interval (01, 6p). Accordingly, D(0) and r4(6) are increasing when 0 € (61,60) by (43). Since limg_,9,_o7r4(0) =
+00, the solution of (42) has an asymptotic line with gradient § = 6 = T in (r,6) coordinates. It corresponds to
the line xsinfy — ycosfs = A with a suitable constant A. Let us determine A. Since x = x(r(f) cosf — 1) and
y = kr()sind, we have

zsinfy — ycosy = r{sinfy(r(#) cosd — 1) — cos byr(6) sin 6}
= k{r(6)(cosOsin by — sin b cosy) — sin by }
—k{r(6) sin(d — 6) + sin b }.
Next, we estimate 7(#) as § — 0y — 0. Since sinkf — +0 as 0 — 6y — 0 (i.e. sin(kf) = o(6 — 6y)), we have

(sin(k6))b(0) = sin((k + 1)8) + esin((k + 1)0) + ¢

and
(k 9) b(6))? + 4a(1 — a)(sin(xh))?
(sin((k + 1)8) + €)% + 4a(1 — a)(sin(x0))?
= (sin((k +1)0))* +¢,
where € = 0( — 6p). Therefore, since sin((x + 1)0) < 0 when 6; < 6 < 6y, we obtain
sin(x0) r(0) — (sin(/ﬁ@))QD(;a) — sin(k0) b(0) _ |sin((k + 1)8)] ;sin((m +1)0) +¢ _ - sin((z +1)0) e
Moreover, if 6 < 6 is enough close to 6y, then

(sin(x6))2D(0)

(sin

sin((k 4+ 1)0) =sin((k + 1)0p) + ¢ = sin(ﬂ' + z) +e=—sinfy +e.
K
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This tells us that

sin(f — 0y) . (sint%

xsin90—ycosﬁoz—m{ —l—s)—l—sin@o}.

sin k6 a
Since sin(kf) = sin(r — k) = —sin(k(0 — b)), we see that
sin(G — 00) . Sil’l(9 — 90) . 0 — 90
— = 1 -~ = m ———=——)
6—60—0  sin k0 0—00—0 51n(/<;(0 - 00)) 6-60—0 k(0 —0p) K

and hence

i _ . 1 -3 1
lim —m{bm(e o) . (sm90 +5) +sin90} = —K (— - sin 0 +sin90) = (f — /i) sin 0.
a a a

60—60—0 sin k0 K

This means that A = % —
ory=tanby(z +r — 1).

If 1 < k < 2, then the asymptotic line is in the second quadrant. If Kk > 2, the asymptotic line enters the
first quadrant. This is a reason why we need the assumption £ > 1. In fact, if kK < 1 then its asymptotic line is

in the third quadrant (if we extend f by analytic continuation) and so we cannot conclude that f maps C* onto C*.

1

+ and hence the solution of (42) has an asymptotic line 2 sin 6y —y cos 6y = (5 — ) sin 0,

In order to determine the set S, let us consider f(z) for real & € [aa,+00). Note that v > 0. In this case, we
have
v| ay |- |0] | 400
1 0 + lim f(x)=4o0.
Flf) [ T0 A 40 7777
See Figure 23. Thus, if £ > 1 and v > 0 then we have (S2) § = (—o09, fu,(a2)), where f. ,(a2) <O0.

Now we show that f. ,: D — C* is bijective.

We take a path C = C(t), t € (0,1] in such a way that by starting from z = oo, it goes to z = ag along the
curve 74 defined by (38) in the upper half plane, and then goes to z = oo along the real axis (see Figure 20). Here,
we can assume that C’(t) # 0 whenever C(t) # «y, ¢ = 1,2. Actually, the curve v(x,y) = 0 has a tangent line
unless f’ vanishes. If we take an arc-length parameter ¢, then C’(t) represents the direction of the tangent line at
(xz,y) = C(t). We note that C(t) describes the boundary of D.

We first show that f,. , maps the boundary of D onto R bijectively. We take to such that C(t2) = ap. Then,
the subcurve C(t), t € (0,t2) describes the curve r = r;(0), 8 € (0,6p). Let us see that f(z) (z € C) diverges
when |z| = +oo. In fact, let 1+ 2 = Le” with L > 1. Since L= |1+ 2| <1+ =l we have

K

%‘ > L —1, and hence % < /{(Ll— 3 < - i : (because £ > 1).
If we take L big enough so that ﬁ < 7y, then
Do < mtvS i rsoy o o>
z |2 L-1 [(1/2) +~] — 2y
and hence .
|f(z)]:’(1/z§+7.‘ Zﬁza—)—f—oo (as L — +00) (45)

Therefore, f(z) diverges when |z| — +00. We now consider the limit |z| — oo along to the path C(t) as ¢ — +0.
Recall that C(t) has an asymptotic line y = (tanp)(z + £ — ). If z with 1+ £ = Le® is on the curve C(t),
t € (0,tz), and goes to oo under the condition 8 — 6y — 0 (that is, we consider the limit along the curve C(t)),

then we have ) )
<1+E) =L". e — —o0, S — -,
K 1+vz (1/2)+7~ o

and thus the function g(¢t) := f(C(t)) satisfies
tgrn{log(t) - tgr—lklof(c(t)) -

This shows that if 0 < ¢ < to (recall that C(t2) = ag), then g(t) < f(az2) and g(t) = f(C(t)) is monotonic
increasing. If not so, it leads to a contradiction by Lemma 31, using the fact that C' does not include a singular
point except for z = ay. Finally we see that g(t) = f(C(t)), t € (0,1) is monotonic from —oo to +oo.

We shall show that for any wg € C* there exists one and only one 29 € D such that f(z9) = wo. Let us take
an R > 0 such that |wy| < R. For L > 0, let 'y, be the the circle —x + Le'? of origin z = —x with radius L. Let
L — k and zp, be two distinct intersection points of C' and I'y,. Let C’ := Cf, be a closed path obtained from C by
connecting L — k and zp, via the arc A of ', included in the upper half plane, see Figure 21.

Since f is non-singular on the arc A, the curve f(A) does not have a singular point so that it is homotopic to a
large semi-circle (whose radius is larger than R) in the upper half plane. Note that the domain D that we consider
is given in (r,6) coordinates as {(r,0); 6 € (0,6p), r > r(0)}. Since

Im f(re'?) = positive factor x sin(x6) - (ar? + b(0)r +a — 1)
= positive factor x sin(x8) - a(r —r_(8))(r — r+(0))
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and since a > 0 and sin(xf) > 0 for 8 € (0,6), we see that Im f(re'®) is positive on the domain D. (see Figure

22). In particular, the inside set f(D’) of the curve f(C") is a bounded domain including wy € C*. Since the

winding number of the path f(C’) about w = wy is exactly one, we see that
1 (2) 1 dw

_— = — =1
27t Jor f(2) —wo 2mi Jpcry w — wo

We know by definition of f that f does not have a pole on D’. Therefore, by the argument principle, the function
f(2) — wp has the only one zero point, say zp€ D’. Then, we obtain f(zg) = wp, and such zy is unique. We
conclude that the map f is bijection from the interior set D of C' to the upper half plane.

K>1
Kk>1 0<kry<l1
O<ry<l1 /
Ak
a; -1 —k
£
(651 —
Lk
it ’
FIGURE 19. The case of (ii),when x > 2 F1GURE 20. The case of (ii), when x > 2
K> 1
TS
O<ry<l1
ap -1 —k
¥
11,
FIGURE 21. Curve C’ in case (ii) FIGUuRE 22. Curve f(C’) in case (ii)

Kk>1
O0<kry<l1

FIGURE 23. f(z) for x > —k, case (ii)
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6.4. Extremal cases (k = +00, v =0, ky=1).
6.4.1. Case v =0, k > 0. In this case, we have by (37)

f(z) = z(l + Z)K = ((1 + %)2 + ZZ) : (x +1y) (cos(m&(x,y)) +isin(/<;0(x,y)))
_ x\?2 2\ 2 x cos(kO(x,y)) — ysin(kO(x,y))
= ((HJ +i2) ( il sin(nB(r, ) + 5 coswB(z ) )
and
fie) = Dzt s 122 Rl (1+ %)Hfl .
Note that if f/(z) =0 then z = —k/(k+ 1) (set ag = —k/(k+ 1)) or z = —k if K > 1, and

K
k< — < 0.
K41

We show that D is unbounded and D C {z e C*; Arg(1+2) € (0, NLH)}
Let us consider the curve Im f(z) = 0, that is,
xsin(kf(x,y)) + y cos(kO(x,y)) = 0.

If sin(kf(x,y)) = 0, then cos(kf(x,y)) does not vanish so that y needs to be zero, and in this case we also have
x > —k (if k is not integer). This is because if z < —k then 0(x,y) — 7 as y — +0, but then sin(x7) # 0 whenever
% is not integer. Assume that sin(xf(z,y)) # 0, and change variables by re?’ = 14 z/k. Then, we have

0 = r(rcos@ —1)-sin(kh) + krsin @ - cos(kh) = r(cos O sin(kf) + sin O cos(kb)) — sin(kf) = rsin((k +1)8) — sin(x0),

whence
sin(k#)

r=r0= S+ 0oy

Since sin(x0) and sin((x + 1)¢) are both positive in the interval (0, 77), and since _}h%_ sin((k +1)8) = 0, we
see that
lim  r(0) = 400,
050
thus it has an asymptotic line with slope tan KL_H Let 0, = RL_H Note that k; = m—#6; so that cot(k8;) = — cot 6;.
Let y = (tan ;77)z + A. Then, A needs to satisfy

x+ ((tanby)z + A) cot(kby) =0 <= = — (x + Acot ;) =0,
so that A = 0. Thus, there is an asymptotic line y = (tan 6, )z.

In order to study the set S, we consider f(x) for real (z € (o, +00). In this case, we have
c] a | ]0] | +oo
10 + lim f(z)=4o0.
FTT@ [ 7T0] A THee 7777
Thus in this case we have (S2) § = (—o0, fu~(a2)), where f. (a2) < 0.

We can confirm it directly. Since we have = —y cot(kf), we have by the change of variables 1 + z/k = re®
2 g2\ 2 '
Re f(2) = ((1 + E) + K2> (z cos(kfB(x,y)) — ysin(kb(z,y)))
= 7(0)"(—y cot(k0) cos(kl) — ysin(kh)) = —M
sin(x6)
= —S’fns(lzg) r()~t! (because y = k() sin(6)).
Thus, when 6 € (0, KLH), we have S’frf(igg) > 0 so that

In order to show that f,o: D — CT is bijective, note that r(#) = 1/b(#) (where b(f) is as in (40) for v = 0) and
b(6) is monotonic decreasing, so that () is an increasing function. The discussion of bijectivity of f.o: D — CT
is similar to the case (ii) in Section 6.3.

6.4.2. Case ky =1, kK > 1. In this case, we have

k—1
z Z\* A K k—1 =z K k—1
w1 /n(2) = ten) =e(1e D) = 1+ =g Fe(2).
f’l/ (2) 1+§( +/1 o +/£ k—1 K Z( +Hl) k—1 Ja10 K *

and hence we can use the result in the case v = 0 (since k — 1 > 0).
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6.4.3. Case k = 4+o00. In this case, we have

RPN (0 e Lot e (i ok -
2) = ——e* = -e”(cosy + 1S
1) 149z (14 yz)? + v2y? (cosy v)
B e* (v +v2% + yy?) cosy — ysiny
T (T+yx)2+ 922 | Hi((z+ a2 +yy?)siny +ycosy) [

If v = 0 then f(z) = ze* and we are in the well-known Lambert case (see next subsection). So we assume that

v #0.
We will show that D is bounded and D C {z € C*; Imz € (0,7)}. We have

2
, vz4+z+1
Z)= —
and f’(z) = 0 implies
1T
27 ’

Note that k = co means a = 1 so that v = pp =1- 5 < 0 by the assumption a < ]%. Thus we consider only the
case v < 0. Let us consider the curve Im f(z) = 0, that is,
(z +yz® 4+ vy?)siny + ycosy = 0.
If siny = 0, then y = 0. Assume that siny # 0. Then
z+ 2 +yy* + ycoty =0,

and this equation can be solved in z in such a way that

x cot 1\2 1 cot 1\2 1 cot
12+7+y2+u:0 — (:EJr ) fj:nyfy Y (ach ) :—nyzfy Y.

v ¥ 2y 4y gl 2y 4y gl
Let us consider the function

. 2
h(y) = 1 2 yeoty 1 ( coty)2+cot2y_ 1 ( +coty)2_1—(2'yysmy+cosy)
y) = 42 4 v 42 2 492 4y2sin?y 4 2~y B 472 sin? y '
Note that
1 1 1—-4
h(0) = lim h(y) ——lim 2 =T >

y—0 vi= 4772 v y—0 siny 42
In order to solve the equation in z, the function h(y) needs to be non-negative, and it is equivalent to the condition
that the absolute value of the function g(y) := cosy + 2yysiny is less than or equal to 1. We will show that g(y)
is monotonic decreasing in some interval. At first, we observe that g(0) = 1 and for y small enough
2 4 3
Y'Y Y -4y 1-8y
9(y) = (1**+ 4,> +2vy(yfg) to(y') =1-——y"+ ——v" +olu")

If 1 — 4y > 0, g takes a maximal value at y = 0 (if v = 1/4 then 1 — 8y = —1 < 0). Its derivative is

g (y) = —siny + 2y(siny + ycosy) = —(1 — 2v)siny + 2yycosy = —(1 — 27)( y—i—tany) cosy.

v
2y —1

Here we have —1 < c¢:=

1-4v>0 <= 1—-2y>2y and 2y—-1<29.

If cosy = 0 then we have ¢'(y) # 0 so that ¢’(y) = 0 implies cy + tany = 0. Since —1 < ¢ < 1, it follows (by
derivation) that cy + tany is increasing. Thus, we have a unique solution y. of cy + tany = 0 in the interval
Y. € (m/2, 7). Note that since 1 —2y > 0, we have ¢'(y) < 0 for y € (0,7/2). Moreover, since for 2 <y <y, < 37
we have cosy < 0 and cy + tany < 0 (limy_, /240 tany = —oo and cy + tany is increasing), we see that g'(y) is
also negative for y € (7/2, y.).

Since we now assume that v < 0, we have

= < -1
COS Y« COS Y«

1-2 24, + (1 —29)sin?y, 1—2vysiny,
g(y*):cosy*+2’ysiny*-< ’ytany*) _ cos’y + ( ) sin® y ~sin” y

9

so that there exists one and only one yo in (0,y.) such that g(yo) = —1 and g(yo +¢) < —1 for € € (0,9« — yo)-
We have proved that h(y) is non-negative on y € [0, yo], and h(yo + ) < 0 for any € € (0, y« — yo). Therefore, in
this interval, we can take a square root of h(y), and we can solve the equation in = as

x=x1(y) :——i\/ (y € [0, y0])-

Since h(yo) = 0, these two paths (z4(y),y) form a continuous curve connecting x4 (0) and 2_(0). By construction,
it is obvious that the curve (z+(y),y) is in C*.
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Now we study the set S Let us consider f(x) for real x. Since v < 0 and 7(—%)2 + (—%) +1=1> 0, we have the
following variation table of f(x):

v |—oo| | @ |- |0 | -2 az |- | +oo
f — 0 + X |+ 0 —
F1 o IN|Fle)] ~J0] /A x| /] flag)| (] —o0
Since vai—&—l:—o%,we see that f(a;) = —a?e® < 0. By ajas = l , we have

flaz)  ao(l+vay) o, 2+l

(
flan)  ar(l+vyag) Cap+1

whence f(a2) < f(aq) < 0. Thus, we have (S2) S = (fx 4 (a2), fr,y(1)), where fi ,(a2) < fr (1) <O.
The discussion of bijectivity of f: D — C¥ is similar to the case (ii) in Section 6.3.

e > 1,

6.4.4. Case (k,7vy) = (00,0). This case corresponds to the classical Lambert function. Although the detailed
analysis of the classical Lambert W function is found in Corless et al. (1996), we give it here for the completeness.
Let f(z) = ze*. Set z = x + yi and compute Re f and Im f.

f(2) = (z +yi)e* ¥ = e (x + yi)(cosy + isiny)
= e"{(xcosy — ysiny) +i(xsiny + y cosy)}.
Assume that Im f(z) = 0. Then, we have
rsiny + ycosy = 0.
Obviously, real numbers z = x + 0i¢ satisfy this equation. Assume that y # 0. Then, we see that siny # 0.
Otherwise, cosy needs to be equal to zero but it is impossible. Thus we have
cosy
Tr=—Y— = —ycoty.
siny

We show that D is unbounded and D C {z € C*; Imz € (0,7)}.
Set g(y) = —ycoty. It is defined on R\ {nm; n € Z}. Note that

lim g(y) = —1.

We have
cosy Y —sinycosy +vy 2y —sin2y
g/(y):—coty—l—y(l—&—coto):— . + === ) = ) .
siny  sin“y sin” y 2sin“y
Thus
gy)=0 = y=0, J>0 = y>0, gFH<0 = y<0
and
lim g(nm+h) = — (n>0) lim g(nm+h) = oo (n>0)
nto? 4+ (n<0) — |- (n<0)

Thus we have D = {z =2 +yi € CT; 0 <y <7, z > —ycoty}. The graph of z = —ycoty is as follows.

A
x r = fy coty

Now we describe the set S. We shall consider the value f(z) for z being on the path p(y) = g(y) + iy (y € [0,7)).
We have
yedv)

f(p(y)) = €*(z cosy — ysiny) = 9 (—ycoty cosy — ysiny) = — oy
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Since lim, 0 g(y) = —1, we have lim,_, . f(p(y)) = —e~! = —1. By differentiating both sides in y, we see that

siny — y cosy

9y / Y
L o) = — <>( ) )

B g(y)( ycosy 1 COS Y y? )
=€ v ——
siny sin’y  sin?y  sin’y

_ ed) 1 2ycosy y y?

~ siny siny Sin2 y
e9(¥) y 2 )

= —— ( fcosy> —cos“y+1
siny sin y

e9(W) 2 )
= —— (( —cosy) + sin y) < 0.
siny \ \siny

Thus, f(p(y)) is decreasing for y € [0, ). Moreover, we have

1
1 - _ .. 1 — d 1 frnd .
Jm fp(y)) =—co (- lim g(y)=+occand lim Sy +00)
Thus, we have (S2) S = (—o0,—1) C Re.

The discussion of bijectivity of fy o : D — C* is similar to the case (ii) in Section 6.3.

6.5. The case of x < 0. Recall the homographic (linear fractional) action of SL(2,R) on C. For <Oct Z) €
SL(2,R) and z € CT, we set

a b , o 2 +0b

c d T ez+d

Let x = —~x’ with positive k¥’ > 0. Consider the transformation

k4 z\ 1
1+—,=(1+7) .
K K

Then, it can be written as

2 = L0 i — 2 e L= ! 0 z’—zil
T \1/k 1 T 1+z/k S \-1/k 1 11—k

Note that since (1}/{ (1)> € SL(2,R), it maps C* to C* bijectively. Then, since
z

(L 0N (LN 0y (1 0y
1+~vz \7v 1 T\ 1/\-1/sk 1 T \v—1/k 1
!/ /

z z

14+ (v —1/k)2 14 (v + 1)K

and
A

(02 = (002)) -0

(recall that we are taking the main branch so that log z = —log(z~ 1)), we obtain

fone) = (142) = (14 2) = ()
TR bz k) 14+ (y+1/K)2 W) T IAYRL R

Set 7/ =~ + 1/k/. Since we now assume that + — v > 0, we have

1
S>>0 = 1<Ky = YK <0,
K

and hence by the homographic action, the case k < 0 reduces to the case k' > 0 and x'+" < 0.

We will show that D is bounded and D C {z € C; Arg(1+2)~ € (0, KLH)} Let p denote the inverse transfor-

7575 that is, p(z') = Hji,//n, We know by Section 6.2 that D’ = p~!(D) is bounded and included

in the domain {z € C*; Arg(1+ %l,) € (0
mapped by p to the line

mation of 2’ =

,KL_H)} (see Figure 24). The line p(t) = —&' + te'?* = K + te'? is

K + teil- K + teif K2
t — - = - =—K——e " .
p(p(t)) 1—(k+te®)/k  —tei¥/k R ¢

By p, the point z = k = —' transforms to z = oo, and this point is not included in D. Consequently, Q = p(Q')
is bounded and included in {z € C; Arg(1+2)~! € (0, KLH)} (see Figure 25).

Now we determine the set S.
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If " < 0, then o transform to «; for each i = 1,2, and we have S = (fur 4/ (0%), frr v (1)) = (fiy(2), fry(01)).

’
K

Next we consider the case 4" = 0. In this case, the intersection point ¢ of Im f,/ ,» = 0 is given as o/ = —

K'+1°
Let p(t), t € [0,1) be the path of @D N C* such that p(0) = «o'. Since p(c0) = —k, we see that p(r(t)),
t € [0,1) is a path connecting a« = p(a¢/) = —1 and —k. In particular, D is bounded. Then, we have

S = (fury (=), fuy(a)) = (frury(00), fury(a)) = (=00, frr(a’)). We note that the solution of the equa-
tion y22 4+ (14+1/k)z+1 = 0 with the condition v = 1/x is given as z = —1, —x. Since —1 < —x, we have a; = —1
so that (S3) & = (=00, fx,y(1)), where fy (1) < 0.

The fact that f.,: D — C* is bijective comes from the result for s > 0 and from the fact that homographic
transformations are bijective.

Ky <0
Kk<0 ™

1 ’ (65—
v Il

plat)

2=

FIGURE 24 FIGURE 25

6.6. The domain ) of definition of W, . In the previous section, we showed that the function W - is well
defined on C*. Recall that § is defined on p.35 before (42). We have Q = {z =z +yi€C; z€ Dorz€ D} U
(CI(D) NR). Then, € is a symmetric domain Q =  (here the bar means complex conjugate). Let O+ = D.
By the Schwarz reflection principle (Ahlfors (1979, Theorem 24, p. 172)), we see that f = f, , is analytically
continued to the domain  and f(z) = f(z) (2 € Q). Hence, f = f, . maps D onto C~, and moreover, if we set
S =R\ f(R), then f maps 2 onto C\ & and this correspondence is one-to-one (D is mapped one-to-one to C¥,
and so D is mapped onto one-to-one C~. We have verified that QN R is mapped one-to-one onto f(R) in Sections
6.2 and 6.3). Thus, W, is well defined on C\ S. We can also verify it directly from (38).

Ky <0 K>1
0<kry<l1

FIGURE
26. Case

(i)

FIGURE
27. Case

(i)
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