Supplementary material for Empirical likelihood meta
analysis with publication bias correction under Copas-like
selection model

Mengke Li - Yukun Liu - Pengfei Li - Jing Qin

Abstract This supplementary material is divided into ten sections. Section 1 reviews
Lemma 1, Theorems 1 and 2, and Proposition 1 in the main paper. Section 2 proves
Lemma 1 of the main paper. Section 3 proves Theorem 1 of the main paper. The
proof in Section 3 is built on two lemmas, Lemmas 2 and 3, whose proofs are given
in Sections 4-7. Sections 8 and 9 contain proofs of Theorem 2 and Proposition 1 of
the main paper. Some tedious technical derivations are postponed to Section 10.

1 Notation and main results in the main paper

Recall that ¥ = (y1,72,p0,7,0)". Hereafter we use y,, and y,5 to denote (y;,7y2) and
(1, 0), respectively. Define

fi(6:, si3y) = pr(Z; > 016 = 6;, 57 = 5;) = Plvi(y)},

5 % 1 (gl - 9)2
SO, 5i5745) = pr(6; = 6ils; = 5)) = exP{ ,

\[27(T2 + 57) 2+ s7)

fGsisv12) = pr(Z; > Ofs] = 5;) = Dy + y2/5),
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where @(t) is the standard normal distribution function and

Y1+ (2l s0) + psi6 — 0)/(7* + s7)

vi(y) = v(0;, si;7) = (D
\/l —pzsiz/(‘r2 + s?)
The full log-likelihood is
N n
(N, a,y) = log(n) + (N -n)log(l —a) - Z log[1 + A f3(si3712) — @]
i=1
+ ) 10g fi(6, 57) + ), 10g (6, 513 Vas),
i=1 i=1
= fc(‘}’) + Zm(N» a, 712)a
where
le(y) = Z {log f1(8;. si:¥) +10g f2(0:. 513 745) — 10g fa(sizy 1)} @

i=1

is a conditional likelihood and

N n
buN, @, 712) = log (n) + (N =m)log(l - @)= )" log[1 + M f(s5:712) - )]

i=1

+ " log fy(si 710) (3)
i=1

is a marginal likelihood.

Let (No, o, y,) be the truth of (N, a,y) with ¥y = (¥, ¥20- L0, To, 6). Through-
out the paper, we use ¥, and y,s, to denote the truths of y,, and y,s. Define
A®2 = AA" and AeB2 = A + A7 for a matrix A, E12 = (Iz, 02X3)T, and E45 = (02X3, Iz)T
with I; the k X k identity matrix. We use Vy to denote the differentiation operator

with respect to 7. Let @1 = E[{f3(5]37120)}"'] and my = E{Vy_log f3(5}:7120)} -
Define

V.=E

(Vy O, 53570} +E[E45f{vy“f2(t’ S5 Va5 )N
S1067, 55570) Fo(t, 553 V450)

o2
+E[ f Vy fit, si570)Vyr ot 575 y45’0)thj‘5]

{V712f3(5?2 712,0)}®2

A} y)diE )

~E[E;» . Ep|.
B Y120
@ 1
o Toa 0
< 1 1—¢; my;
Vi = | Tag Taoi-aopn  T-ooer |
0 my, _ ooy

l—ll(](p] 1_(10‘,51
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and
Vyy 187, s75v) Vy f1(6;, 575 7)
w*—ak,fl(@,-,si;yo)—(y*—*.
f](el’?si’y) fl(ei’SiJ’)
Vy v 20,575 745) B <V745f2(9f,s?;)’45))®2}ET F 5t 70)
O, 555 745) 00,55 745) .

®2
V) = (-DE| ) £ 57570)

+E45{

Vy vy 30655712) Vy f30555712) 2
Y7 i 12 Y i 12 *
-E : - : Ej f3(s:37120) |- “4)
of H(5571) ( H(571) ) B 7120
Furthermore, define
Q =F,V.F, +F|V,F, &)

where F; = (I4, 0453) and Fp = (0540, Is).

Lemma 1 Ifp # O, the parameter y = (y1,7%2,p0, T, 0) is identifiable.

Condition 1 The matrix V.(y) in (4) is finite and continuous in a neighborhood of
Yo

Condition 2 Suppose the Hessian matrix of the function H,, defined in the supple-

mentary material is finite and continuous in a neighborhood of the origin.

Theorem 1 Assume Conditions 1 and 2, and that the matrix Q defined in (5) is pos-
itive definite. As Ny — oo, the following results hold.

(1) Né/z(N/No— 1, a—ay, 67—70)7)1>N(0, Q, where R stands for convergence
in distribution. ., ,

(2) Ny*(N/No = )=—=N(O, ), and N)*@7 - y9)—N(O, V), where o is the
(1, 1) element of Q=" and V=" is the down-right 5 x 5 submatrix of Q7.

—~ _ d
(3) The likelihood ratio R(Ny, &, y) = 2{{(N,@,y) — €(No, ao, 7’0)}_’/\?%-
Theorem 2 Assume Condition 1, and that V. is positive definite. Then as Ny — oo,

(1) NP2 =) -5 N, V21, and (2) NP N = 1)-5N(0, 02), where 02 = ¢y -
1+ mt,OEEnV;lEbmgOz.

Proposition 1 With the symbols used in Theorem I and Theorem 2 in the main paper,
c?=crandV =V.,.

2 Proof of Lemma 1
Denote 6; by y;. We note that the observations (y;, s;) has the same distribution as
(@7, s7) given Z; > 0, and its density function is
_ [i0 5960, 53745)
05 8712)
o-0)>
1 CXP{ B m}

- \/277(7'2 + sz) D(y1 +7v2/$)

8w, s;v)

{71 +(72/5) + ps(y — 0)/(7* + Sz)}
\/1 —p2s2/(7% + 52) .
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To prove this lemma, it suffices to show that when p # 0, the fact the equality
g, s;v,) = g, s;y,,) for all (y, s) satisfying s > O implies y, = y,, where y, =
(Y1as Y2a> Pas Ta> 0a) and vy, = (Y1p, Y2b, P> Tis Op)-

We consider the following special cases: Case 1. For fixed y, letting s — 0+, we
have

—0)?
exp| - (szz) W1+ o(1)).

1
V272
The limit distribution belongs to the normal distribution family, where it is well
known that the mean and variance parameters 6 and 7 (7 > 0) are identifiable. In
other words, the equation g(y, s;¥,) = g(v, s; ;) for all (y, s) such that s > 0 implies
(96, = 91,) and Tg = Tp.

Case II. Because 6 is identifiable, we assume 6, = 6, = 6. For y = 8 + &5 and any
fixed &, when s is large, we have

gy, s;y) =

| e fn .
QO+E5,57) = = p( L

: s Y.
et e R v AR

It follows that

. gO+&s,sy,) P
1 = lim =

s—o0 g(@ + Es, s T . Yw+éos\’
o 80 +85.517)) o) q§( )

which means

D(y1p) _ . <%)

D) ()

holds for any fixed &. When p, # 0 and p, # 0, the left-hand side of the above
equation does not depend on &, while the right-hand side does, this indicates that
Pa = pp and y1, = 1, must hold simultaneously.

Case III. Because all parameters except y, are identifiable, we assume that y, =
(Y1as Pas Tas 0a) = (Y16, Pbs To, Op) = (¥1,0, 7, 6). Because

1 . 45{ 71+(72a/S)+PAV()7*9)/(T2+.Y2)}

808 Y, D1 +Y24/5) N o
- LS5 Yp) B 1 . Y1+ 26/ ) +ps—0)/ T 4sH) |’
80257 DP(y1+y21/5) q§{ 252 /(2 es?) }

1

we have

@{ Y1+ /) +ps(y—0)/ (T2 +5%) }

PO +y2/9) _ V1-p252 /(2 +52)

D(y| + Y24/ 5) B @{ '}’1+(72a/5)+ps(y—6)/(7-2+s2)} .
VI_PZSZ/(T2+32)

When p # 0, the left-hand side is independent of y, while the right-hand side is a
function of y, indicating that y,, = 2, must hold. This proves Lemma 1.
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3 Proof of Theorem 1

With similar arguments to the proof of Lemma 1 of Qin and Lawless (1994), it can
be proved that the maximum likelihood estimators(MLE) (ﬁ ,@,y) satisfies (]V /No —
La-ay,y-yy) =0, (N, Y 2) and that the maximum conditional likelihood estimators
satisfies ¥ — 7o = O,(N, 12y To prove Theorems 1 and 2, and Proposition 1 in the
main paper, we begin by studying the behaviors of (N, @, y), [.(¥), and £,,(N, @, ¥ 5)
for (N, @, y) satisfying (N/No — L@ — ao,7 = ¥,) = O,(N, /).

Define
_1n e (Vyfi6isisyvo) Yy, J2(6:, 505V 450) Vy [(i5712)
u, = NOI/ZZ{ yh Y0 Eus Yis s0) g Y0 12 }

pary S1(0i, 5i370) 12(6:, 53V 450) S(si3712)

The following lemma discloses the asymptotical behaviors of the conditional likeli-
hood £.(y). The results in this lemma are proved in Sections 4 and 5, respectively.

Lemma 2 Assume Condition 1. Let £, = N)/*(y — yo). () For y =y, + O,(N; /%),

1
L) = Cvo) + uide = 5V Lo+ 0p(IEIP).
D Var(u,) = V..

Define u,,, = (U, U2, u;134)T’ where

n
121/No — ap _1p2No—n —12 1
Ui =N0/ —, U =-N, 2 + N, / Z— U3 =0
1 - 1-a i f3(si3Y120)
and
_12 o @0l 50815 120) — o}
Umb = _NO Z N
P BGi57120)
Define
et 1
TE’(’ e 0 g 3 4
Vmaa = T—ay T-ag @1 m@; P Vmab =1 @ | Vmbb =y — P
0 my; 0 a?)mgoz

The next lemma, which are proved in Sections 6 and 7, studies the asymptotical
behaviors of the marginal likelihood ¢,,(N, @, ¥ 5).

Lemma 3 Assume Condition 2. Let {,, = Ny/*((N/No = 1), (@ — @), (13 = ¥120))"-
(D) If (N, @, yy,) satisfies (N/No = 1,@ = @0, 715 = ¥120) = Op(N, "), then

~T 1 T \/
€m(N’ a, 712) = gm(N(h @, 712,0) + umé’m - E{mvmé’m + 0p(||€m||2)

where Wy = Wy, _VmabV,;},bumb and vm = Vinaa _Vmabv;,}jbvmba- (D) Var(a,,) = Vm-
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It can be found that

(4] 1
1—0/() 1—(1/() OT
& -1 _ 1 1-¢1 my,
Vm = Vmaa - Vmamebembu | -y (l-ap)(l-aop1) l—app;
me, ao Mg’
0 2 —
[ 1—aop1

We note that the matrix V,,, is singular and its rank is at most 3. Hence it is infeasible
to obtain a reasonable estimator for N by directly maximizing £,,.

To study the behavior of the full log-likelihood ¢(N, @, y), we need to merge the
approximates of £, and ¢,,. Let { = Né/z((N/No -, (@—ap),y —yy)),and F| =
(14, 04x3) and F = (0542, I5). Clearly {. = F»4 and £, = F1{. Since

1
te(y) = Lelyg) + wFof = STF VRl + o, (Ig1P),

ST 1 T\
bn(Ns @,712) = €n(Nos @0, ¥ 120) + 0, F18 = SEFV,FIL + o, (IZIP),

it follows that
~T 1 T
(N, a,y) = t(Ny, ao, 7o) + (u;Fa + 1, F1)§ - 55 Q¢ +0,(IKI7).

Because Efu.|(s7,Z; > 0) : i = 1,2,... No} = 0 and u,, depends only on {(s},Z; >
0):i=1,2,...Np}, we have

Cov(u., ;) = E(u.ti,,) =0
and
Var(u F, + a,F,) = F,Var(u,)F, + FVar(i,,)F, = F,V.F, + F}VmFl =Q,

wilere we have used Lemmas 2 and 3. Therefore the maximum likelihood estimators
(N, @,7) satisfies

NYP(NINg =1, @— a0, @ —7¢)) = Q7'[F +1,F)) +o0,(1)
L N, @),

since € is positive definite. Accordingly the likelihood ratio

— d
R(No, @0, 7) = 2{6(N, @, %) — €(No, @, ¥o)}—x3-

This proves results (1) and (3) in Theorem 1 of the main paper. Result (2) is implied
by Result (1) of Theorem 1. This finishes proving Theorem 1.
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4 Proof of Lemma 2: Result (I)
4.1 Preparations

Rewrite the conditional log-likelihood as

l(y) = Z{logfl(gi, si3y) +1og f2(0;, 515 745) — log f3(si5712)}- (6)
P

A second-order Taylor expansion of /.(y) at y gives

1
le() = le(yo) + (Vy Lyl (r = ¥0) + 5 = 70) Vyy be(yo)(y = ¥0) + OWNoll(y — 7oll>)

Direct calculations give

o Vy /i sisy) Vy . J26;, 555 745) Vo f(si:712)
\v lc = E _E ,
yl(¥) Z{ A7) +Eys 7G5 700 Y }
z”: [Vnyfl 6, si57) ~ (Vyfl(Gi, i y))®2
~t [0 siy) f1(6:, si37)

i=1

Vy'yT le(y) =

+E45{V’}’45?’Isz(9i’ Sii¥as) (Vy45f2(9i, Si;)’45))®z} .
J2(0:, 503V 45) J2(0i, 513V 45)
_Eu{Vy,zyl;fa(Si;Yu) ~ (V712f3(si;712))®2}E12]‘
HGsiy) (537 12)

To simply the above expressions we need to discuss properties of the data.
Suppose the results of the total N study are (67, s7) (i = 1,2, ..., N), each accom-
panied with a random indicator Z;. The results (67, s7)’s with Z; > 0 are denoted by

(0;, s;)’s. Hence (6;, s;) 4 {67, s)|Z; > 0}, where 4 means “having the same distribu-

[}

tion as”. Thus for any function g,

n No
D8 s) = )2, SHIZ > 0),
i=1 i=1

which implies

n Ny
E(D | 8, sl 50,0 = 1., Noh = > 80}, s)f1(6] 575 70), )
i=1 i=1
n Ny
ELY 8@ solsi i =1,....No} = Y g6}, (877 120) (8)
i=1 i=1

B 80, 5)) = NoBIg(E], sDAG1 7100 )
i=1
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Another important key equality is E{f1(67, s7; ¥))Is;} = f3(s];¥1,) or

0=ff1(9, S0, 573 745)d0 = f3(s7:712)s (10)

which holds for any parameter value in the parameter space and for any s > 0.
Taking derivatives on both sides of (10) once gives

0= fvyfl(Q, 5737120, 573 745)d6 + Eys ffl (0, 5757 Vy, 26, 575 ¥45)dO
—“EnVy (573 712)- (n
Similarly, taking derivatives on both sides twice gives

¥ * * " - 182
0= nyyTﬁ(H, 573 ¥)12(6, si;745)d9+{nyf1(9, 5737)Vy1. /6, s,»;y45)d9E45}

+Eys f A0, 557V, o0, 573 745)d6E)s — BV ot fi(s371)ED,.  (12)

4.2 Matrix V.

It can be verified that the leading term of —(1/No)Vyy7{c(y) is equal to V.(y), which
is defined in (4).
When y = y,, by Equations (10) and (12), we have

V.= Vc('y())

®2
~ Ef (Vy file. st:70))
- £t s5 7o)

fa(t, 575745 0)dt

®2
(V'yﬁofz(l, S?; 745,0)) . i
+EasE fi(t, s ;70)d1E45

J2(t, 873 V4s0)
. ®2
(Vylzfs(si ; 712,0))

-EE E]
P AL YR 2

HE [ Ty 057700V 0,570y OE )

Denote

u. = Ny 2V Le(yp)

L1 e (Vo il sisyo) Vy  J2(6:, 83V 45 0) Vy [365i712)
=N, Z{ - + Eys - -Ep - }
b fi0: s 7o) 120i, 5i3¥45,0) [Gsiv12)
_ N2 i {Vyﬁ(@i, 5i370) Vo J2(6:, 503V 4s50)
O LU [0 si570) B A6 siiv450)
Vy  f30i:7120)
— IZM}I(Zi > 0).

SGi7120)
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Then we have

1
Le(y) = 1(yo) + {Vyle(yo)t (¥ — o) + 5(7’ =70 Vyy te(yo)) ¥ = 70)
+OWNoli(y = ¥o)II°)
1
= Le(yo) + Wide + ¢V b + oMol IP),

where u, = N, 1 2Vy56(70) and V. = Ny lVnyfc(yo). This proves Result (I) of
Lemma 2.

5 Proof of Lemma 2: Result (I)

It follows directly from Equation (10) that E(u,.) = 0. The variance of u, is

1
Var(u,) = FOE{(V)/Q()’O))W}

= E[{_Vyf‘ (*H:'F’j;;"O) By V745f2*(9;(; $i37450) Ep V712f3*(sf;712,o) }®2
S 55 70) J2(6;5 573 74s5,0) S(8737120)

Vy [1(87, 575 70) Vy  Jo0:. 55 7450) @2
[{ S1(8:, 55570) S0, 575 ¥450) }
V712,0f3(sj§712,0)}®2 - 0)]

B 7120) '

E[{Vyﬁ(@f,s;‘;yo) 45V7’45,0f2(97’5f§745,o)

N1, 57:70) So(0;, 875 ¥450)
_ [{VYfl(gj’st’o) lzvylzﬁ(sf;)’lz,o)
J1(07, 573 70) (5557120
—E[{E45 V7’45f2*(9;"; .s;‘; Y4s50) b Vy,zfz*(.szf; Y120)
267,875V as0) S5 Y120)

1z > 0)]

}®21(Z,» > 0)] + E[{Ess 1z, > 0)]

+E[{E12

liz > 0|”

1z >0)|”

1z >0)|”

[(Vy, o0, 57745001
208, 5757450)

AV A sy o) .
NICARE7Y!
{(Vy (8571201
5055 Y120)

2
+E[E45 fV'yfl(Q, 573Y0)Vy, 200, Sf;745,0)d9]

B[Eqs F1(6. 53 70)dOESs |

+E[E12 El2]

Vy 305557 120) }]®2
B Y120

Vy,2f3(S}‘;7’1z,o)}ET ]@2
flsiirng TP

E[En [ V5057705057 s

Bl [y h0.57 7150505 5700
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Then by Eq (11), we have

{Vy f1(6:, 553 70)1 [ J1Vy ., f2(0, 57574501
45

Var(u,) = E A0, 573 70)dOE s

10, 57370) 120, 5757450)
(Vo F3(s5: 7 120} @2
-E|E 2 . - E,|+E fV 0, s7;79)Vyr (0, s} )dOE,;
[ 2 7o) 12] [ y 1100, 57370)Vy 1 200, 5737450 45]

=V,

which is exactly Result (I) of Lemma 2.

6 Proof of Lemma 3: Result (I)
6.1 Re-expression of £,

Re-express

(N, @, y1,72) = m}n hp(N, @, 715, ),
where
N n
hy(N, a,y,, 1) = log (n) + (N -n)log(1 —a) - Z log[1 + A f3(sis712) — @]
i=1

+log f3(si;¥12)-

Let Ay = 1/ay. We further rewrite
hn(N, @, 715, ) = H(L,,)
with
Hy(&,) = huNo + Ny Gt a0 + Ny P, v100 + Ny 8 izas Ao + Ny P Ens).(13)

We approximate h,,(N, @, ¥1,, 4) by first approximating H,,({,,). A second-order
Taylor expansion of H({,,) at 0 gives

1
H(G) = Hu0) + Vg HuOY' Sy + 58V Hn(ON,, + oI ulIP).

Below we need to derive specific expressions for V bg H,,(0) and V ¢

m
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6.2 Preparation

The partial derivatives of H,, involves derivatives of the Gamma function. We first
study some properties of I'(s), the Gamma function. For any positive integer c, define

d°logI'(N+1) dlogI'(N—n+1)

N
I
_ 3 — (=1l 1) —
SeNm) dN® dN* e 1)';(:;;”1"6'

The fact that x~! and x~2 are monotone decreasing function implies that
log{(N+ 1)/(N+1—-n)} <S(N,n) <log{N/(N -n)} and
—n/{N(N —n)} < S2(N,n) < —n/{(N + )(N + 1 — n)}.

Since n follows B(Ny, ay), by central limit theorem, we have n/Ny = ap + Op(N,, 1 2)

N _
Si1(N,n) = log(NOEn) +0,(N;")

= —log(l — ap) + /0— +0,(N;"
and
So(Nom) = ———— 4 0,(N-2)
SR VYO VRS SR
@ )
- L0,WND.
No(1 - ayp) + 0p(No™)

6.3 Approximation of H,,

Specific expressions of the first-two-order derivatives of H,, are derived in the Ap-
pendix. Let u,, = V{ H(0). Using the properties of the Gamma function, it can be
found that

n/No —
um1=Nl/2/O 0

_12No —
i - _N 1/24Y0 —
0 1—0’0 "

N-1/2
O 1-a @o Z f%(suﬂzo)

Z": ol f3(si3 7120) — @o}

-1/2
W34 =0,  ups =-N, / AT
12l |

i=1

Let V,, = V,u(No, @0, ¥ 12,0, 1/ o) be the leading term of — V; ¢ H(0). It follows from

m

the second order partial derivatives of H,, that

el 0 0
o™ . 2
V, =| T—a0 T-ao — Y1 myp, —ayp1 — Vmaa Vmab
" 0  myp, 0 Zmy; Viva Vimbo

2 20 T 03 4
0 —app1 agme] ay — e
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_ .3 4
where Vipp = ap — a1,

@ 1
1—1(1/() 1 —Q 0
Vinaa =

l-ayp 1-ag — ¢ m‘p; and Vmah =
0 my; 0

0
—aggol .
aém«pz

1
H(§,) = Hp(0) + 0,4, = S8,V + oI, IP).

In summary we have

6.4 Approximation of £,
Partition £, = ({},,- &mp)" and w,, = (u;,,,, uyp)". It can be seen that
1
Hy(§) = Hn(0) + 05,8, = 58V, + 0511, 11%)

1
= H(O) + u;naé‘ma + umbgmb - E{Inavmua ma {;navmabgmb

5 & Vi + 051,11
Setting V, , H,,({,,) = 0 gives

0= Umb — {Inavmab - gmbvmbb + Op(llgm”)s
which implies

b = V,;},b(umb - Vmba{ma) + Op(”gma”)-
Putting this ¢, back into H,,({,,), we have

. 1 1, _
by = min Hy(§,,) = HO) + V00 = 5800 Vinaa = Vias Vi, Vi
Smb

-1 2
+§:na(uma - Vmabvmbbumb) + 0[7(||§ma|| )

7 Proof of Lemma 3: Result (I)

Denote X = Var(u,,). We have derived in the Appendix that

@ 1

1 ml 0 0
Y = | T-ao $1+ T—ag 0 0(2)901 — Qo Yoo Xab
0 0o 0 0 Tpa b )

2 4 3
0 ager —ao 0 ager —

We first calculate

—1 -1 —1
Var(Wng — Vinap Vmbb”mb) =20~ Viuap Vmbbzba —Xap Vmbbvmha

-1 -1
+Vmab Vmbbzbb Vmbb Vmba .
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It follows from 2y, = =V,pp = aggol - af) that

0 o 0 o
Vina Vb Zba = —— 2| —age1 [0, 0501 — 20,00 =0 @1 0
Fp¥1 — & agmgoz 0-mp, 0
and
0
Vi Vs Z66 Voy Vinba = VinavZy Vmba = Ziyy | —5601 (0’ —05901@3”’905)
0’(2)’"472
0 0 0
:Zb_bla/g 0 ¢ —mpyp

0 —mprp1  my3?

With these equalities, we finally arrive at

@p 1 0
1 1-ag 1-ag |
Var(Wug = Vinas Vippttms) = oy 1t T2 my,
my) 0
0 0 0
-1 4 P .
2,000 @ —mpye

In the meantime, it can be seen that

-1
Vmaa - Vmab Vmbbvmha

[ 1
e o OT -1 2 2 2 -
=| ey —1 t 15, P} +2, | —aper (0, —a0¢1,a0m¢2)
mp; 0 agmp,
% 1—10/0 1 OT -1.4 0 02 OT
=| Toag —01 F Ty M |+ 2, 0 ¢ —mpyp
me; 0 0 —mprp1 mys’

This proves
Var(Wug — Vinan V,;;s us) = Viaa = Vinab V,;515Vmba'
8 Proof of Theorem 2

Denote Z, = N,/*(#~y,). Lemma 2 implies £, = N}/*(7-y,) = V- lu+o,(1)-5N(0, V31,
where

W] i{Vyfl(ﬁf,s;‘;yo) . Yy P26 81 a50)
c = N * ok 45 ok
0 NO i=1 fl(gi,sié'}’o) fZ(gi’Si;yéliO)
v (s75712)
_ uw}[(zi > 0).

S Y1)
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By the first-order Taylor expansion and the weak law of large numbers, we have
NJ2(N/No = 1) = t = mpE], - N> (7 = v9) + 0p(1) = t = mp3E[, Vo 'ue + 0,(1)

with r = N1/2-L 32 {M 1}. Direct calculations give

0 Ny “i=l | AV )
1(Z; >0 2 I1Z; >0
Var(t)zE{¥—1} ZEZ(*—)_I:‘,OI _1.
S5 7120) 505 7120)
Similarly
1Z;>0) [V 0, s, \Y 7, st )
COV(Z,HC)ZE[ (*.> ) { 7f1£’ *.1 70) + Eys 745f2* l*'l Y450
K6y A ST 7o) SO, 55 V450)
V712f3(s?;712)
~Ep—2 =]
S 712)
_ g WA SO0y SO S s)
F(05737120) £6;, 55 ¥45.0 (5557 12.0)
. S5 712)

=0,
where we have used (11). Therefore

o-f = Var(t — mtp;Ele;'uC)
= Var(f) + Var(mgiE,V,'u,)
= ¢ — 1 +mp}EnV,'E],my,.

9 Proof of Proposition 1 of the main paper

To prove this proposition, we need to derive specific forms of o> and V~!, which both
are part of Q. We shall re-express Q by an easy-going form and then derive o> and
V-1, respectively.

Denote a = /(1 — ape1), b = mgo;Ele;lEbmgoz, D = (0, aaalEIzmcpz) and

@ 1
— lfﬂ(n l—ao
C= ( 1 1-¢) )

l=ap (1-ap)(1-aopr)

Then we can write

o-(C D"
“\D Vc - aEIzmt,DzngEEu )

Denote the left-up block and the right-down block of Q! by Q! and Q??, respec-
tively. Then V™! = ©?? and ¢ is the (1, 1)-element of Q!



Title Suppressed Due to Excessive Length 15

By the inverse formula of 2 X 2 matrix, we have

V—l — 922 — (VL _ A)_l,
Q' = (C-D'(V, - aE},mpymp;E5)"' D),

where A = aE,mp,mp K + DC'D".

Proof  We first prove V = V., which is equivalent to showing A = 0. It is easy to
see that

1 N /S U
Cc!= (I-—ao)(1-app1)  1-ap
ao(1-¢1) _ 1 __1 %
(I-a)(I-aopr)  (I-ap)?

I o N B
= —(1-aop)(1 - CV0<,01)( “’”_“xiw‘) b_’oa" )
1*&0 1*(10
__[ =& —(Il-aop)
—(1 = app1) ao(1 —appr) )

1—a -

Consequently we have

I—¢1 —(1—app1)
=1 = app1) ao(1 — aopr)
= aE},mpmgiE > — a*oy*El,mprmeiE s X ao(1 — aopr)
=0,

A = adE,mp;mp;E |, — (O,aaalEIzmcpz)( )(O,aQEIEbmgaz)T

where the last equation holds because a = @ /(1 — @p¢;). This proves V = V.
Next we prove o> = 2. Since

VZIEIthpzmtp;EnV;l

(Ve —aEl,mpympiEp) ™" = V' + “—b ’

we further have

DTVL‘.IEbmgozm(p;Ele;lD

al-b

Because DTVC‘IEIngoz = aaalbez with e; = (0,1)" and DTVC‘ID = a2a/52be2e£, it
follows that

2,272, o7
a,-“ab eye
@' = C-dlag’bere; - ———2
al-»b
aa/azb
=C-——ese,
al-b
o7 1
_ l—(l/(J 1—(1/0
1 1-¢; acy®h |-

I-ag (I-—ag)(1-aop1) al-b
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After some algebra, we find that the (2,2)-element of the above matrix can be re-
written as

_ )
1 - aay’b 1-¢ 17(;3‘;71 ay°b

(I-ap)(1—agp)) a'=b  (1-ap)l-aopr) Coer

1
_ 1 - _ 1—00<P1b
(I —ao)(I —aop1) 1 —aopr —aob
_ 1- @1 _ b
(I = @)1 —app1) (1 = aop1)* = (1 — appr)aoh
1- b1 b

T U —aoe)(I—ag) (1 —aop){l — aoler + b))
_ (L=l = ag(pr + b)) = b(1 ~ o)
(1 — o)1 — o)1 — ao(pr +b)}

Thus

TN 1 @ 1
@) =12 1 Uzenli-ao(e+h)-b(—ay) |-
@0 (I=ageD{T-ao(p1 +b))

Since 0'% is the (1, 1)-element of Q!', we have

A—pDil-ao(p1+b)}—b(1-ap)
(1—appi){1-ao(p1 +b)}

(-gDll-ao@i+hl-b(-ay) , ~_
(T—aop)){I-ao(p1 +b)} 0

(I — {1 — aolpr + b)} — b(1 — ap)
(1 = eD{1 = ap(e1 + b)lap — b(1 — ap)ay — (1 — appi){1 — ao(er + b))
— (- ao)(l = o1 — aglpr + b)) — b(1 — ap)
(1 = ag)(aopr — 1)
_ (=il — aoler + b)} = b(1 — ao)

o3 = (1 -a)

= (1 —aop)

appr — 1
_ (=) = aopr) = (A = p1)aob — b(1 ~ o)
Qotpl —1
1- 1-
=¢1_1_( poa +d-a0)
aopr — 1

=g -1+b=0cl

2

This proves o> = o2 and hence also proves Proposition 1.
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10 Other technical derivations
10.1 Derivatives of H,,
The first-order partial derivatives of H,, are
Ve Hn(E,) = 1/2Vth =N, /2Sl(N n) + Ny/* log(1 - @),

N-n A
\% m = l/szhm = _1/2 + N_1/2 s
oo Fn&) = No l-a 0 Z 1+ A fs(s55710) — @)

n

AVy [ Y1)
vV, H, =N,V h, = -N;'? 4
£, &) = No Ny 4 T+ A fs(sisy) —al
VR Z": Vy , 3(55712)
¢ & fs(Si;7’12)

vV, H, = N_1/2V By = N—]/2 Sy -
Ims (gm) 0 A . 1+ /l fS(s“yn) — }

Similarly, its second-order partial derivatives are

1
Vet Hn(Gp) = NoSo(Nom), Vi, 00 Hu(E) = -7 —

V{ml§m34Hm(§m) = 0, V{ml{msHM({m) =0

n

N-n A2
V m26m! Hm( m N_ +N—1 )
Gt ) = =MNo 7=y *+ Mo ;[Ham(si;m)—a}ﬁ

¢ PVy fi(sii71)
v, Hm — _N—l Y ,
bl M) = =N Dy - ol

n

1
_ a7l
Vectsntn) =" 2 iy — el

\v} H (g ) = _N—l Y /lv‘}/lz‘}/lzﬁ(si;‘yu) +N—lZn: /lz{v‘}/uﬁ(si;‘ylz)}(&z
ConsbEmT = TR0 LT A fisi710) - @) [+ (s y1) = P

+N61 Zn: Vy]2712f3(s,-;712) Z V)’lzf3(su7’12)}
iy — Byl

& Vy f(si712)
1 Z 7

\vJ HW! m) = —N- 5
4l (&) 0 4 [1 + U fs(sizyn) — all?

a1 - {BGsisyi) — 01}2
Vot = M0' 2 T sy ) —all
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10.2 Variance of u,,

We now calculate the elements of X = Var(u,,). Direct calculations give

N —
o1 =Var(1\’é/2n/l > a(lo)z l(loa ,
- -
/No—a’o —1 2 Nl 2No—n
12 = B[N R 20 o P2
" [ O 1-a Z f3(st,7120) No 1-a }]
:E[H/N()—(Io Z _N()—I/l}]
l-—ay "4 f3(5i;712,0) 1= ao

_E[I(Z,>O)—a/0{ I(Z,>O) _I(Z,<O)}]
1 - BGHYR 11—
1(Z; > 0) aol(Z; < 0)
=B |+ BT
f3(5, "}’12,0) ( aop)
_ Qo _ 1
_1+1—a’()_1—(1’0,
o134 =0,
No — @0 . 15 o @l f3(5:5Y120) — @0}
S ENl/zn/ 0= @012 J
s =B[N —ap O Zl £(557120) ]
3 _E[n/No - z": aol f3(si3Y120) — Cl’o}]
-y 4 S3(5i3Y120)
_ _E[I(Z,- > 0) — a @0l f3(s; ,*)’12,0) - aO}I(Zi S O)]
1-ap S5 Y120)
l7 s%; —a
_ —E[ ol f3(s; *7’12,0) O}I(Z,' S 0)]
B Y120)
=0,

{ IZ,>0) [(Z < 0)}2
0y = E " -
B Y120) I -ap

2 2
]E{ 1(Z; > 0) } +E{I(Zi < O)}
f3(5f§’}’12,0) I-a

1 1
E{ " }+
B Y120) 1-ap
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0234 =0,
pN-n N 1 10 o @l f3(8i3 7 100) — 2o}
b =E N1/2 _N1/2 -Nl/z ,
» [{ O l-ap ° ; SGi7120) 0 ; fGsivY120) ]
3 [{I(Zi <0) 1Z>0 } I(Z; > O)aol{ f3(5]5 7 120) — ao}]
l—a0  f3(5]57120) ST 7120)
I(Z; > 0) aolfz(s737120) — CYO}]

f3(~9?;712,0) f3(S}k;712,0)
2

- E{fS(S:f;‘}’n,o)} @

2
= Q'O‘p] - o,

= —E[

03434 = 0345 =0,

Z": aolf3(si;¥120) — 00}]2

P S3(si37120)
aol(Z; > O){f3(s];¥120) — @0} 2

=g |

BHGH Y120

55 = E[ _ N(;I/Z

_ E[“S{f3(sf§71z,o) - ao}z]
5(05737120)
= aggol - ag.

In summary we have
1
lfgg 1—(1()1 0 2 0
yo| e 91t 1 0ape — a0
0 0 0 0
0 oz%gol —ap 0 aggal - a/g
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