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This supplementary material contains some proofs of the lemmas given in

Appendices A.1 and A.2.

Proof of Lemma 2. Let T, = n° with 1/ (2 4+ 1) < § < 1/3 which together
with Assumption (A5) implies that T,n~"/2h=1/2log"*n — 0,7, """ «

n~Y2p2 5 T ®™ < 50. We truncate the random error as follows:

€ = &1t &2+ Wiy, (S.1)
gin = &l (les| >T) €2 =il (|ei| £T0) — g

o = B{al (el <T,) |},

where I (-) is an indicator function. Firstly, note that

)

X}‘ - ]E{giz(\@-\ >T,)

X1) < T,:(””)Mn,

il = [E{eil (=il < )

;0 g (lal“”

IN

where M, is defined in Assumption (A2). It together with Lemma 3 implies
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that
1 & 51 l
sup |n — Ky (X; —2) (Xi — ) 1y,
xe[ao,bo] i=1 Ur’
ht <= 6;
< sup _Z_Kh (XZ —ZE) |lum|
.’L‘E[(lo,bo} n i=1 7

= 0, (T, ""h') = o, (n~12nI71/2) . (S.2)

Next, notice that

iP{]enl >T,} < MniTn(ZM) < 00.
n=1 n—1
The Borel-Cantelli Lemma implies that
P{w: there exists N (w) > 0 such that |e, (w)| < T, for n>N (w)} = 1.
Thus,
P{w: there exists Ny (w) such that |&; (w)| < T, for 1<i<n, n> Ny (w)}
=1,

which concludes that
P {w: there exists Ny (w) such that ¢;; =0 for 1<i<n, n>N;(w)} = 1.

Therefore, for large n,
Ty 2K, (X —2) (X —2) e, =0 as. (S.3)
T
i=1
Finally, we apply Lemma 1 to deal with n=! " %Kh (X —x) (X; — x)l Ei2-

k3

i=1

Notice that E (g,2]|X;) = 0 a.s. and

X;) = B{ (=l < T) X} — ()
= B (5?‘ X;) —E{e1 (] > Tn)| X} - (Hin)”
= o (Xy) + U, (T," + T,72) .

var (81"2
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For k > 3,

B (el [X:) = B (2l ol | %) < QT B (Jesal | 3)
Let &, (v) = n_l%Kh (X; — z) (X; — 2) €;5. Then one has E& ., (7) =
0,

2
B, (@) € 7' E (Kn (X — 2) (X; = 7)' &3

= B K (X = @) (0 = o) {0 (X)) + U, (177 + 120)
= ¢ 'n7?h 0% (2) fx (2) / K2 () v?dv {14+ u (1)},

and
k —170—1 -1 k—2 2
E’fi,l,n (:U>‘ S (2n h Cr HKHooTn) E}gi,l,n ($)|
Therefore, &;,, (z) satisfies Cramér’s Conditions in Lemma 1 with ¢ =
2n A te | K|, T Thus, for any fixed @ € [ag, b, large enough v > 0,
and large enough n,

{5

zln

> yn_l/th 1/2 log }

(
2, —1p21—1
< 2exp {—— v*n~h* " logn
43 EE, () + dn thi e || K| Toyn1/2ht=1/21og!?
=1
;
~v%logn
= 2exp
ania Z B, (2) + 4ozt || K| o yTon~1/2h=12 log!? n
\ i=1
<2n7°

which holds since nh!'~% Z EfZ . (%) is bounded and T,,n~'/2p =1/ log/?

1=

— 0. To further bound Zlen( ) uniformly, we discretize [ag, by] by



4 LI CAI, LIJIE GU, QIHUA WANG, AND SUOJIN WANG

equally spaced points ug = ag < 11 < -+ < x4, = by with d,, = n3 — 1.

Thus, for large n,

P {mx D it ()
i=1
dn n
“S°p { S 6 (1)
§=0 i=1

<> P =2(d,+1)n " =2n""

> ,Yn—l/Zhl—l/Q 10g1/2 n}

> Ap~L2pi1/2 log1/2 n}

Then one has

S

n=1

Zgzln x])
i=1

The Borel-Cantelli Lemma implies that

Z&zln x]

> yn Y2pl2 pgh/? n} < 400.

max — < _1/2hl_1/2log1/2n> a.s.

Notice that

up Z Eitm
CEG ao, bo i=1
n n
dn, dn—1
< m_aé{ Z gi,l,n (xj + ma8< sup Z éi,l,n (.T) - Z éi,l,n ($])
=0 1= I aelrj il |55 i=1

n m 5’L
— niAx Z Eian (25)] + ijnax sup |n 7t Z — X

J=0 z€[z;,2541] =1 T

{Kh (X; — ) (Xi — 2) — Kp (Xi — ;) (X; — ;) }gi,g

Zgzln x]

=0 (n_l/th_l/Q log'/? n) a.s. (S.4)

< max

+ (21T, 72 (|| ¢ H + 1K) dyt (bo — ao)
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By (S.1)—(S.4]), one obtains that

sup n- Z Kh (Xz- — x)l gl = Op (n’l/th”/? 10g1/2 n> ,
ZCE[(IO b()]
completing the proof. -

Proof of Lemma 3. Clearly, for [ = 0,1,2 and uniformly for all x €

[(10, bO]a

E{Lni (1)} = / K (u g ) (u—2)' fx (u)du
_ / K (0) B! f (2 + ho) do = B fx () g () {1+ ()}

Let 1, (z) = n S (Xi—2) (X;— 2)' = E{n 12K, (X;—2) (Xi—2)'}.

Then L, () — E{Ly; ()} = > Niin (). It is clear that En,,, () =0
i=1

and

IN

B{na @} < nE {%Kh (X — ) (X; - xfl}
n"2c flE{Kh (X — ) (X —x)2l}

= n%c ' fx () th_l/K2 (v) v¥dv {1 +u(1)}.

IN

Therefore,

SCE (Mm@} < nter f (2) B2 / K2 (v)?do {1+ u (1)}
=1
Next, note that

‘ni,ln | -
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Hence, for k& > 3,

¥ = B @) 0 (@)]
< @Kl R T R 0, ()]

< K6 K om0 R P (@)

E |77i,l,n (z)

2

A\

which implies that n;,,, (z),7 =1,2,...,n, satisfy the Cramér’s Conditions
in Lemma 1 with ¢ = 2¢;! ||K||, n~'h!~'. Therefore, using the inequality
in Lemma 1 and the discretization method as in the proof of Lemma 2, one
can obtain that

Z ni,l,n (Z’)

i=1

sup
[L’E[ao,bo]

=0 (n_l/th_l/z log!/? n) a.s.

Therefore,

Loy () = E{Lng(x)} + Z Nitm (T)

= W fx (@) p (K) +u, (B + U, (n’l/th’l/Q log!/? n) :

The proof is completed. [l

Proof of Lemma 4. It is clear that

n-t ; W_iKh (X; —x) {m (X;) —m(z) — m® (x) (X; — :13)}
=n! il %Kh (X; — ) {2’1m(2) (x) (X; — x)2 + u, (h2)}

=27'm® () Ly 5 + u, (1?)
=27'm® (2) I fx () py (K) + u, (n?),
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which concludes that

M, (z) =n"" i 5—th (X; — ) g+ 27 'm® () B2 fx () py (K) +uy, (B2 .

1

Similarly, when [ = 1, one has

S5 2 (X — ) (X — ) {m (X)) — m (2) — m® (2) (X, — 2))

i=1 T

=n ! gn; éKh (X; —2) (X; —2) {27'm@ (2) (X, — 2)* +u, (D)}

which together with Lemma 2 establishes
M, (z) =U, (h3 4 2R g2 n) — U, <n’1/2h1/2 log/? n) .

The proof is completed. U

Proof of Lemma 5. Since 7 (y) is assumed to follow a parametric model
7 (y, &) and has bounded first order partial derivative with respect to «, it
is easy to show that sup,cg |7 (y) — 7 (y)| = sup,er |7 (y, @) — 7 (y, &)| =
O, (nfl/ 2), where & is a root-n consistent estimator of a. This together

with Lemma 3 implies that there exists some constant d > 0 such that

2 n(0i 0
sup |Lyy (z)— Ly (x)‘ = sup n_lz (——A—> Ky (X;—x) (Xi—m)l
z€lao,bo] z€[ao,bo] =1 \7; T

< dhn sup |m; — | sup  [Lno (7)]

1<i<n IE[aU,bo]

= 0, (n"2H) = 0, (n"1/2).

Next, using Lemma 1 and a method similar to that in the proof of Lemma

2, one can verify that

15~ 01 ._ 1 .
n ;mKh(Xl x){|€z! E<|€z|

Xl)} ‘ =0, (n’l/thl/Q log1/2n> .

sup
$E[007b0]

=T

= 0,(n"'/?) and that

Meanwhile, it is readily seen that max;<;<,

sup {n_l > W_Kh (X;—2)E <|€Z|
i—1 T

x€lao,bo] i=

X)} —0,(1).
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Therefore,
sup | My, (z) — M, (I)‘
x€|ag,bo]
1 e 51 57,
< sup n Yy (= — )| Kn(Xi—2)(Xi—2) &
w€fao,bo] =1 \Ti T
-1 n 57, 61 l
+ sup |nT Y| — — = | K (Xi —2) (X —2)
x€lag,bo] =1 \Ti T
x {m (X;) = m (z) = m® () (X; = )}
- T, — T liéK( ){’€| E(|€|X)}
max u i N
T 1<i<n U xe[aol,)bo] N =1 "
FY— ht 1, 5;
! ! —K ( i Xz)
+ 112%); T zes[blopbo} { n 12 Ti " ( ) |€ | }
o [0 ST G x,—) (X —a
xe[ao,bo] =1 it
x {2 m® (z) (X; — 2)* +u, ()} ’
=0, (n_l/Q) :

The proof is completed.

Proof of Lemma 6(a) By integration by parts, one has

CQno ( ) C3no
B2 (s, ( }”2 Kh ) g ()BT (1))}

le|<wn® )

= s ”7/ /
le|<kn

d{Z,, (x + hv,e)— By, (T (v + hv,€))}

m(m (x—l—hv £)

s
le|<kn
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K (v)e

{Zno (ZL’ + hU, E)_Bn()(T ($ + hv7€))} dﬂ_ (m (.I' + hU) + 5)

I (s @) [

{Zny (& + hv, k) — By, (T (x + hv, ky)) } d

P (s ()72 [

{Zny (& + hv, —Ky)— By, (T (x + hv, —ky,)) } d

K (v) Ky,
7 (m (x4 hv) + k)

1

K (v) Ky,
7 (m(z+hv)—k,)

For the first term, by (13) and (16), one has

sup
xE[ao,bo]

s, —1/2 x +hv x +hv
{ //| Ty (& +h0,€) — By (T (2 +hv, )}

K (v)e
7 (m(x + hv)+¢)

=0, (K%H_I/Qh_lﬂ log? n) =0, <log_1/2 n) .

Similarly,
sup |h~1/2 {sn ( 1/2/ {Zo (x + hv, k) — By (T (x + hv, K5,))}
x€lao,bo)
K (v) kp

— O, (k0221082 n) = (1 ~1/2 )
7w (m(x + hv) + k) p(ﬁn 08 n) o108 ")

and
sup h~1/2 {sn ( 1/2/ {Zny (& + hv,—Ky) — By (T (x 4+ hv, —ky)) }
xE[ao,bo]
K (v) Ky

zOp( “12p 12082 n) =0, <log 1/2 >,

m(m(z+ hv) — Ky)
completing the proof. O

Proof of Lemma 6(b) It is clear that the Jacobian of the transformation
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T is fxes=1(z,€). Then one has

|Cang (2) = Capy (@)| = W2 {5, (2)} V2 x
‘/ /< m[ﬁ (u—x)ed{Bp, (T (u,e)) =Wy, (T (U,S))}‘

) 'hm o)™ [ rrra® (“5) eficims .9

X Wy (1,1)]
1
= |n/2 {s, 1/2/ - - oo (2, 8) de {1+ 1‘
(e @[ e (2 (5 u()
X W, (1,1)]
=U, (hl/z) = Uy (10g_1/2 n) .
The proof is completed. O

Proof of Lemma 6(c) Note that conditional on A,, = ny,

‘<5n0 (l‘) - Cﬁno ([L’)|
_ w2 / [ ()} {50 (0} — 1] Koy (u—2) dW ()

= |p1/? /1 [{sn (z + ho) Y {s, (2)} /% = 1] K (v) dW (z + hv)

1

= —h_l/Q/IW(ijhv)%{(s}/Q (x +hv)s,"? (z) — 1) K (v)} dv

IN

1
h—1/2/ W (z + ho) {sV/? (x + hv) s,/ (m)—l}%ff@dv
1

i ’h_l/Q/jlW (14 h0) K (6) S-{s3/% (2 4 hu) 57772 (@) = 1} (5.5)

By the definition of s(z) and Assumptions (A1), (A2), and (A4), it is easy

to see that s(z), s~'(x), and s()(z) are uniformly bounded. Meanwhile,
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note that
(2)] J = (z,¢)
swp [s(@) = su (@ = s [ frae (a6) de
xE[ao,bo] {L‘E[ao bo] 6|> n7-‘-2( (II?) + 5) ‘
<c? sup f - ?fxelo (x,€) de
IE[aO bo]
:C;z S[upb f€|>ﬁ € fa|X§ 1( |I) fx\cs 1( )d€
xE|ap
< c %k sup ‘fxwzl ‘ w/ = :O(hzlogfln), (S.6)
:ﬂe[ao,bo}

which holds due to (16) and Assumptions (A1), (A2), and (A4). Hence one

obtains that s, (), s; (), and s (x) are uniformly bounded which implies

sup ‘{31/2 T+ hv)s 1/2 1}}
z€lag,bol,ve[—1,1]

and

sup g {31/2 (x + hv) s 1/Q(x)—l}’:O(h).
—1,1]

xe[a07b0]7ve -

These equations together with (S.5) conclude

S [Cony (@) = Cony (2)] = Op (0172) =0, (tog™/2n)

TE [a() ,bo]

completing the proof. O

Proof of Lemma 7 Clearly, conditional on A,, = ng, (4,, () is a Gaussian

process satisfying E {(4n0 (x) ’An = no} =0 and
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E{Cano (%) Cans (') | Ay = 10} =E {h{sn (@)} {sn (:v’>}_1/2//|€|<nn

S W ) [ [ eE ?e)dW’“( o)

= h{s, (2)} {5, (2’ 1/2//||< )Kh (u—x) Kp (u—21")
X fX,€|5:1 (u,e) dude
= h{s, ()} {s, ()} / Ky (u—x) Ky (u—21') s, (u) du.

Next, notice that conditional on A,, = ng, (5,, () is also a Gaussian process
} equal

with mean 0 and covariance function E {C 50 () Csng (77)

to
B ()} Lo, (a)} 712
<B | [ @) (=) (@) [ (50 0} K =) W ()]
= o (@)} 50 ()7 [ K () Ko =) s, ()
= E{Cuny () Cang (&) [ A0 = 10}

Thus, (4,, (z) and (s, () have the same asymptotic distribution, complet-

ing the proof. 0



