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Abstract

Kernel density estimation is a nonparametric procedure making use of the smooth-
ing power of the convolution operation. Yet, it performs poorly when the density
of a positive variable is estimated, due to boundary issues. So, various extensions
of the kernel estimator allegedly suitable for R*-supported densities, such as those
using asymmetric kernels, abound in the literature. Those, however, are not based on
any valid smoothing operation. By contrast, in this paper a kernel density estimator
is defined through the Mellin convolution, the natural analogue on R* of the usual
convolution. From there, a class of asymmetric kernels related to Meijer G-functions
is suggested, and asymptotic properties of this ‘Mellin—-Meijer kernel density esti-
mator’ are presented. In particular, its pointwise- and L,-consistency (with optimal
rate of convergence) are established for a large class of densities, including densities
unbounded at 0 and showing power-law decay in their right tail.

Keywords Kernel density estimator - Boundary issues - Asymmetric kernels -
Mellin transform - Meijer G-functions

1 Introduction

Kernel density estimation is a very popular nonparametric method which simply
makes use of the smoothing power of the convolution operation for estimating an
unknown probability density function. Let {X,,k=1,...,n} be a sample drawn
from a distribution F admitting a density f with respect to the Lebesgue measure,
and P, = i h 6x, be its empirical measure. The conventional kernel density esti-
mator of f1s just
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Fo = (K, * P,) () = ’11 D Kx = X)), )
k=1

where K is a unit-variance probability density symmetric around O and
K, (-) = K(-/h)/h is the rescaled version of K with standard deviation & > 0. The
properties of f are well understood (Wand and Jones 1995). A major downside of
(1) is that it suffers from boundary bias when the support of f is not the whole real
line: the terms K, (x — X;)’s corresponding to X;’s close to a boundary overflow
beyond it in the forbidden area, preventing consistency of the estimator (Wand and
Jones 1995, Section 2.11). Hence boundary corrections for (1) abound in the litera-
ture, such as the ‘cut-and-normalised” method and its variants based on ‘boundary
kernels’ (Cheng et al. 1997; Dai and Sperlich 2010; Jones 1993; Jones and Foster
1996; Miiller 1991; Zhang et al. 1999) or the reflection method (Karunamuni and
Alberts 2005; Schuster 1985). Those are essentially ad hoc manual surgeries on (1)
at the boundary, though.

In the important particular case where the density fis supported on R* = [0, +c0),!
a more global approach has been to construct an estimator in the form

Fo =1 D KX, )
nia

where /C,(-;x) is an asymmetric R*-supported density whose parameters are func-
tions of x > 0 and a smoothing parameter 4 > 0. Using asymmetric kernels suppos-
edly enables the estimator to take the constrained nature of the support of f into
account. In his pioneering work, Chen (2000) studied the ‘first’ gamma kernel den-
sity estimator?

1 % X oKl

f& = n ; W22 (x /12 + 1)

corresponding to (2) with /C,(-;x) the gamma density with shape parameter
a =1+ x/h* and rate f = 1/h%. Other asymmetric kernels were investigated, e.g.,
log-normal (Igarashi 2016; Jin and Kawczak 2003), Birnbaum-Saunders (Igar-
ashi and Kakizawa 2014; Jin and Kawczak 2003; Marchant et al. 2013), or inverse
Gaussian (Igarashi and Kakizawa 2014; Scaillet 2004), while Hirukawa and Sakudo
(2015), Igarashi and Kakizawa (2018) and Kakizawa (2018) described families of
‘generalised gamma’ and ‘mixture inverse Gaussian’ kernels in an attempt to stand-
ardise those results for a variety of asymmetric kernels.

Yet, such asymmetric kernel estimators do not entirely fix boundary issues, and
they need another manual correction around O for performing satisfyingly (‘second’
or ‘modified” gamma kernel estimator in Chen (2000); see also Hirukawa and Sakudo

! Estimation of a density supported on [a, o) or (—o0,b], a,b € R, is achieved in the exact same way
through a straightforward change of origin and/or reflection.

2 We use h2 instead of Chen’s original b for the smoothing parameter.
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Mellin—-Meijer kernel density estimation on R* 955

(2015, Conditions 1 and 2) or Kakizawa (2018, Section 3))—note that even these cor-
rected versions may show disappointing boundary behaviour (Malec and Schienle
2014; Zhang 2010). Those problems originate in that estimators like (2) are not induced
by any valid smoothing operation on R*. Among unpleasant consequences, this implies
that (2) does not automatically integrate to one, hence is not a bona fide density. Note
that Jones and Henderson (2007) and Jeon and Kim (2013) obtained bona fide asym-
metric kernel density estimators by swapping around the roles of x and X, in (2), that is,
estimators of the form

B = 3K X)), 3)
A

where /C, is this time a proper density in x whose parameters depend on X;.

In this paper, we revisit the idea of ‘asymmetric kernel density estimation’ on R*
from a novel perspective, by defining an estimator based on the natural smoothing
operation on R*. The convolution of two probability densities g, * g, is known to be
the density of the sum of two independent random variables having respective densities
g, and g,. Hence, smoothing is achieved in (1) through ‘diluting’ each observation X
by adding to it some continuous random noise € with density K. Indeed it is incoher-
ent if fis R*-supported: as X, + € may be negative, it produces estimates f which “spill
over’, which implies the boundary issues. In algebraic terms, the conventional estimator
(1) is justified on R but not on R* because (R, +) is a group but not (R*, +). By con-
trast, (R*, X) is a group, which motivates an estimator realising smoothing by multiply-
ing each X by a positive random disturbance &.

If X, and X, are two independent positive random variables with respective densities
g and g,, then the density of their product is

® d
= [ a(H)an @

This operation, hereafter denoted by g, *,, g, is called Mellin convolution, as it is
strongly associated with the Mellin transform, the natural analytical tool for study-
ing products of independent random variables (Epstein 1948). Consequently, for
estimating a density f supported on R*, this paper proposes and fully investigates a
‘Mellin version’ of the kernel estimator, whose basic definition is

2 1 1 X

oo =@, ey PY@ == kzl, XkL”< Xk> )
for an R*-supported density L, whose ‘spread’ (to make precise later) is driven by a
smoothing parameter # > 0. In particular, it will be seen that kernel functions L, that
fit naturally in this framework belong to a family of distributions strongly related
to Meijer G-functions (Meijer 1936)—the duality between the Mellin transform
and Meijer G-functions in statistics was already elucidated in Kabe (1958). Hence
we call the whole methodology Mellin—Meijer kernel density estimation. We will
mainly study the case where L, is a scaled-powered F-density, as well as a refined
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956 G. Geenens

‘sample-smoothing’ version of (5) allowing the parameters of that kernel to vary
with X,—see details in Sect. 4.

Clearly (5) is just the multiplicative analogue of (1), and assesses which observa-
tions X, are local to x through the ratios x/X,. Note that (5) shares similarities with
expression (2) in Comte and Genon-Catalot (2012) and expression (2.4) in Mnat-
sakanov and Sarkisian (2012), although they are different. In particular, neither of
those two estimators integrates to one, whereas fo always defines a bona fide density.
Indeed (5) is an asymmetric kernel density estimator of type (3).

After reviewing the main properties of the Mellin transform useful here (Sect. 2),
this paper lays the foundations of Mellin—Meijer kernel density estimation by defin-
ing the class of Meijer distributions, natural kernels in this framework (Sect. 3),
and the estimator (Sect. 4). Asymptotic results are obtained in Sect. 5, while Sect. 6
explores a novel way of selecting the smoothing parameter # in practice, again tak-
ing advantage of the ‘Mellin’ perspective. Sections 7 and 8 investigate the perfor-
mance of the estimator in practice through simulations and real data examples. Sec-
tion 9 concludes.

2 Mellin transform

The Mellin transform of any locally integrable R*-supported function f is the func-
tion defined on the complex plane C = {z : z=c + iw;c,w € R} as

M(fi2) = / X0 dx, (6)

0
when the integral exists. If, for some 6 > 0 and a < b, f(x) = O(x~“ ) as x —» 0F
and f(x) = O(x~+9) as x — +o0, then (6) converges absolutely on the vertical strip
of the complex plane Sy = {z € C : a < R(z) < b}. It can be shown that M(f-) is
holomorphic on S—therefore known as the strip of holomorphy of M(f;-}—and
uniformly bounded on any closed vertical strip contained in ;. There is a one-to-
one correspondence between f and the couple (M(f-), Sf), in the sense that two
different functions may have the same Mellin transform, but defined on two non-
overlapping vertical strips of C. It is thus equivalent to know f or M(f;-) in a given
vertical strip of C. In particular, f can be recovered from M(f;-) by the inverse Mel-
lin transform:

f) = 2i / M) dz 7
R(2)=c

Tl

for any real ¢ € S;. Cauchy’s residue theorem allows the integration path (a vertical
line in C) to be displaced sideways inside S, without affecting the value of integral,
which is independent of ¢ € ;. In addition, for any ¢ € S,

3 Mnatsakanov and Ruymgaart (2012) and Mnatsakanov and Sarkisian (2012) briefly mentioned estima-
tor (5) as such, but gave up the idea and focused on a modified version.
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/ x2c—lf2(x)dx — i / |M(f;z)|2 dz, )
0 27 Jr@=

which is the Mellin version of Parseval’s identity. See Paris and Kaminski
(2001, Chapter 3) for a comprehensive treatment of the Mellin transform.

Now, if f is the probability density of a positive random variable X, then
M(f;1) = fooof(x)dx = 1. Hence, the line {z € C : R(z) = 1} is always part of S,
which allows fto be unequivocally represented by its Mellin transform M(f’;-). From
(6), one has M(f;z) = E(X*"1). Thus M(f;-) actually defines all real, complex, inte-
gral and fractional moments of X, and Sf is determined by the existence (finiteness)
of the real moments of f: z € S; if and only if EX*@!) < 0. So, b = o for light-
tailed densities whose all positive moments exist, while Sf is bounded from the right
(1 < b < ) for fat-tailed densities with only a certain number of finite positive
moments.* Similarly, « = —oo for densities whose all negative moments exist—let us
call such densities ‘light-headed’, while S; is bounded from the left (—c0 < a < 1)
for ‘fat-headed’ densities, for which some negative moments are infinite.

Let X, X, be two independent positive random variables with respective densities
g and g,, and let g be the density of their product (4). Then

M(g:2) = E((X, X)) = EXTHEXS) = M(g,:0)M(gy:2) ©)

for z € Sg1 nng. Note that g = (g, *, &) <= Ml(g:) = M(g;;)M(g,;), so
Mellin transform/Mellin convolution play the same role for products of independent
variables as Fourier transform/convolution for sums. From the operational proper-
ties of the Mellin transform (Geenens 2020, Section A), one can show:

Lemma 1 Let X be a positive random variable whose density fy has Mellin trans-
Jorm M(fy;z) on Sy = {z € C 1 a <R(z) < b} for some a < 1 < b. Then, forv >0
and & € R, the random variable Y = vX¢ has density f, whose Mellin transform is
My = v M(fal +E@=1) on S ={z€C:1- 2 <R@ <1+ 77)
(§>0)orSfy={z€C -2 < R@) <1+ =23 E<0).

4] [&]
For illustration, let fg,,(x) = %x"‘le‘ﬂx be the Gamma(e, f)-density (a, § > 0).
By definition, M(e™;z) = I'(z) (R(z) > 0), from which it follows
1 Datz-1)
M(fgam32) = = T’ R@)>1-a, (10)

with (A.2)-(A.4) in Geenens (2020). Now, consider the inverse gamma (a, f)-density
figam» 1-€., the density of 1/X when X ~ Gamma(e, f). By Lemma 1 with £ = —1,
M(figam:2) = M(fgam:2 — 2), that is,

4 The qualifiers “fat’, ‘heavy’ or ‘long’ sometimes find different meanings in the literature when describ-
ing the tails of a distribution. In this paper, by ‘fat-tailed’ distribution we mean explicitly a distribution
whose not all positive power moments are finite. Hence here the log-normal is ‘light-tailed’, although it
is regarded as ‘heavy-tailed’ in many references.
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1 I'le+1-2)

Mo = 5 iy

R <1+a. (11)
3 Meijer densities

Forallv,y,& > 0and 6 € (0, z/2), consider the R*-supported function L, , . o whose
Mellin transform is

E(z—1)
ML, , :p:2) = V!
v.y:6.0 tan2 9

r(=i5+é@-0)r(i +e0-2) (12)

& &
r(yzcoszﬂ)r(yzsin29>

X

on

SLV.MS:{ZEC : 1—L<§R(Z)<1+ > é } (13)

y?cos? 0 y2 sin® 0
The following result establishes that L, , . , is a scaled-powered-F-density:

Proposition 1 For all v,y,E>0 and 6 € (0,7/2), the Rt-supported function
L,,:o whose Mellin transform is (12) on S, (13) is the density of the random

varlable Y = vX¢, where X follows the Flsher—Snedecor F-distribution with
an d

72 (:os2 0

degrees of freedom.

Proof This follows from the characterisation of the F-distribution as a (scaled) ratio
of two independent gamma random variables, (9), (10), (11) and Lemma 1; see
Geenens (2020, Section C) for details. O

By taking the limit @ — 0 or § — x/2, we can define

vol 2\ e 14
ML, £ 032) = T‘?) <?> < +&(z — 1)> Ri)>1- ﬁ’ (14)
},2

va-l 2\ ¢(1-2) 52 £
MLy ¢rp237) = — <_> < +&(1 - Z)) R <1+ 3.
r(s ) v

(15)
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Then L, , ., is the density of vX¢ for X ~ Gamma(f—i, f—j) and L, . ., that of vX¢

for X ~ InvGamma(f—z, %), in agreement with the usual interpretation of the F-dis-
tribution with infinite degrees of freedom.

The strip of holomorphy (13) clarifies how the parameters y, £ and 6 act on the
lightness/fatness of the head and the tail of the density L, , ;. Playing on y, £ and
6, one can produce a wide variety of different head and tail behaviours for L, , . 4.
Those include exponential behaviours (6 =0 or § = z /2, or £ - o), and positive-
ness/unboundedness at x = 0, for & < y2 cos? 6.

We call a probability density whose Mellin transform is (12) (or (14)/(15)) a
Meijer density, as it is strongly related to Meijer G-functions. These are very gen-
eral functions, conveniently defined by their Mellin transforms (Prudnikov et al.
1990, Section 8.2), whose particular cases cover most of the common, useful or spe-
cial functions on R* (Beals and Szmigielski 2013). In particular, for a,b € R such
that a — b < 1, the G-function G}: has Mellin transform

m(a(-

on {z€C : -b <R(z) <1—a}. All probability densities L, ., whose Mellin
transforms (12) are rescaled products of two gamma functions, are thus rescaled ver-
sions of GH

Most of the R*-supported probability distributions of practical interest are actu-
ally Meijer distributions; see Geenens (2020, Section B). These include gamma and
inverse gamma,’ as well as the generalised F-distribution (Cox 2008). They also
admit the log-normal as limiting case as £ — oo. All these distributions have a trac-
table Mellin transform (12), whereas most of them do not admit an explicit charac-
teristic function (Fourier transform).

The following results establish that the parameter y is asymptotically equivalent
to the coefficient of variation of L, , . 5, say y, and provide asymptotic expansions of
M(L,,, £ 9:z) and M(L? Yasy — O.

a

b >;z> =I'b+)I'l—a-2)

pE =

Proposition 2 Let v,& > 0 and 0 € [0, z /2] be fixed. The coefficient of variation y
Of L, ¢gis suchthat y ~y,asy — 0.

Proposition 3 Let £ > 0 and 0 € [0,7/2] be fixed. Let v=1+ %;,2(1 + _005&29 )
Then, asy — 0,

(i) the Mellin transform (12) ofLW,:,g on SLV%G (13) is such that

5 Tt appears from (12) and Lemma 1 that the class of Meijer distributions is closed under the ‘inverse’
operation.
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density

Fig. 1 Construction of the basic estimator (5) (left panel) and its refined version (19) with (18) (right
panel) for an artificial sample of size n = 15. The observations X, (big dots) and the associated ‘bumps’
A;k) (dashed lines) are shown. The final estimator (thick line) is the sum of those bumps. In both cases,
the smoothing parameter is # = 0.5 and the kernel is a Meijer density with & = 1/2 and 6 = 0: in (5),

L, =Ly 1205 and in (19), Lff) is the Meijer kernel Lvilky’y;hvl/zyo, as described below (21) and (22)

2
MLy 92 = 14 5 2= D + (.2, (16)

where |p(y,2)| = O(*(1 + |z = 1])?), provided |z — 1| = o(y™).
(ii) the Mellin transform ofLay, gon SLE,,,;.@ = {z eC:z/2¢ SLM%O} is such
that

¢

M ye0°0) = #(1 + o(y,2)), (17)

v, Ty
where|w(y,2)| = O(*(1 + |z = 2|)), provided |z — 2| = o(y ™).

Proof See Geenens (2020, Section C). O

A notable observation is that, with the suggested value of v =1 + %yz (1 + % >,
expansions (16) and (17) do not depend on 6 or &, but only on y.

4 Mellin-Meijer kernel density estimation

Like the conventional estimator (Hérdle et al. 2004, Section 3.1.5), estimator (5)

s Iy, (x
w1 4u(3)

k=1
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Mellin—-Meijer kernel density estimation on R* 961

is constructed as a sum of ‘bumps’ A;k)(x) = XLLﬂ<xi>’ as illustrated by Fig. 1 (left
k k

panel) for an artificial sample of size n = 15. Unlike in the conventional case,
though, here the ‘bumps’ do not have the same width: if o, is the standard deviation
of L,, then A% has standard deviation o\ = X, o,, obv10usly different for each k.
The bumps A,b‘)’s corresponding to the Xk S close to the boundary O are high and
narrow, while those in the right tail are wide and flat. More smoothing is thus auto-
matically applied in the tail than close to the boundary, and this is essentially how
the boundary issue is addressed by (5). What is common to all the Aff)’ s is actually
their coefficient of variation ;((") X, that of the ‘canonical bump’ L,. This points
out the natural role of the coefﬁment of variation of the kernel L, In th1s framework,
suggesting to defining it as the global smoothing parameter #.

Unfortunately, estimator (5) shows very disappointing performance, though,
which can be related to what Geenens and Wang (2018, Sections 2.2 and 3.1, Fig-
ure 1) described about the ‘log-transformed’ kernel density estimator. Specifically,
that estimator first sends the observations onto the whole R through the log-trans-
form, performs smoothing by adding to them some random disturbance, and takes
everything back to R* by exponentiation. So, on R*, smoothing is realised by mul-
tiplying each X, by a positive random disturbance €, exactly as (5), and is thus a
particular case thereof. Geenens and Wang (2018) explained how and why this leads
to severe undersmoothing at the boundary and oversmoothing in the tail. Here, given
that a(") =X, 6, ~ 0 for X; ~ 0, the effective amount of smoothing applied in the
boundary area is virtually nil, while it is very high in the tail area, as af]k) gets huge.
A natural fix is to operate some smoothing transfer: make the estimator use some of
the amount of smoothing in excess in the tail for filling the shortage of smoothing at
the boundary. This transfer is achieved by making the coefficient of variation )((k) of
A(k) a decreasing function of X, instead of keeping it constant. Set

®) _ n
X, = ,
n /—Xk o (18)

a choice driven by theoretical considerations (Sect. 5). Figure 1 (right panel) shows,
for the same sample and with the same smoothing parameter # as in the left panel,
how the bumps at the boundary are no more as narrow, and the bumps in the tail no
more as flat, as in the initial case. On this empirical illustration, the final estimate of
f seems rightly smooth all over R*. It highlights another major benefit of allowing
;(,gk) to depend on X,. In the basic case (5), all bumps A®(x)’s are rescaled versions
of L, and have the same shape. In particular, if L, (0) = 0, then f,(0) = 0 automati-
cally (Fig. 1, left).® This is no more the case when A% may have different coeffi-
cients of variation: in Fig. 1 (right), the bumps associated to the data close to O are
no more tied down to 0. As their coefficient of variation increases, they are forced to
climb along the y-axis, allowing f(0) # 0. This justifies to define a ‘refined” version
of (5) as

© This problem of ‘f(0) = 0’ is shared by many other kernel estimators, e.g., Jin and Kawczak (2003);
Marchant et al. (2013); Mnatsakanov and Sarkisian (2012); Scaillet (2004).
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0=0,£205 0=0, £=1 0=0,2=2

0=n/4, £=0.5 0=n/4,g=1 0=n/4, =2

0=n/2, £=2

Fig.2 Meijer kernels Lﬁl") =Lw,w,,for0=0,r/4x/2andé=1/2,1,2for X; = 1
Ty o6

YN B S P Iy L x
Jx) = . ;(L,, g Oy )(X) = " Z‘XkL” <Xk> (19)

where each L% has a coefficient of variation ){f’k) given by (18). From (4) and (9),
admits the Mellin transform

z 1 % i}
M(f2) = = 3 MLPX! (20)
k=1

n
onS; = ﬂk:l SL;k).

Remark 1 In some sense, (19) is a ‘sample-smoothing’ kernel estimator (Terrell and
Scott 1992), as the smoothing parameter )((k) associated with the particular bump
A® varies with X,. However, conventlonal ‘sample-smoothing’ typically requires
pilot estimation of f, which is not without causing further issues (Hall et al. 1995).
Here, it is deterministically articulated around (18).

The connection between the Mellin transform and Meijer densities (Sect. 3)
suggests to take for L® in (19) a Meijer density L, . 4. Fix the parameters & > 0
and 6 € [0, 7 /2]. Those determine more specifically the type of kernels that will
be used. For instance, with # =0 and ¢ = 1, then the L{"’s are gamma densi-
ties; with = 7/2 and & = 1, then the L®)’s are inverse gamma densities; refer to
Geenens (2020, Section B) for other choices of kernels. Motivated by (18) and
Propositions 2 and 3, set
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R S — —
o @

for some smoothing parameter # > 0, and

1 2 cos 20
= ) — =,
V= —1+27/,7 <1+ : > (22)
This ensures through (16) that, asymptotically, the behaviour of Lw,w., is inde-

pendent of € and &, which allows an integrated theory, not specific to a particular
choice of kernel, to be developed. We call kernels Lf{‘) = L,o . o With this parame-
terisation, Meijer kernels. Figure 2 shows examples of Meijer kernels for
£e{1/2,1,2} and 0 € {0,7/4,7/2}, for X, = 1. As n approaches 0, the kernels
concentrate around 1 with a fading effect of the values of 8 and £ on their shape, as
suggested by expansion (16).

We call the estimator (19) with Meijer kernel Lﬁlk) = Lo, ; o the Mellin-Meijer

kernel density estimator. Explicitly, following Proposition 1, it is

e 1 v
~ _1 X
fo==% ( >

k k
= evPx, \ W x,

(23)

’

1/¢
7 x 28+ X)) 28 + X))
F vilk)Xk n*cos?d n? sin® 0

where vf’k) =1+ "%fk(l + %) and fi(-;df},df,) is the density of the F-distribu-

tion with df; and df, degrees of freedom.

5 Asymptotic properties
Let us assume the following.

Assumption 1 The sample {X,,k = 1, ...,n} consists of i.i.d. replications of a posi-
tive random variable X whose distribution F' admits a density f twice continuously
differentiable on (0, c0);

Assumption 2 There exist a, # € (0, +o0], with 2« + f > 5/2, such that E(X~%) < o0
and E(X?) < oo;

Assumption3 Forally > Oand k € {1,...,n}, LEI") is a Meijer kernel L v . , with
£>0and @ € [0,7/2]suchthat—=— > 1 — Zand 5 > 1 —¢;

cos2 0 4 2 sin? @

Assumption 4 The smoothing parameter # = 7, is such that # = 0 and nn — oo as
n — 0.
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964 G. Geenens

Assumption 1 fixes the set-up. The requirement that f has two continuous deriva-
tives is classical in kernel density estimation. Assumption 2 is a condition on the exist-
ence of some negative and positive moments of f. It excludes densities with both very
fat head and tail, but it is very mild. In particular, fis allowed to be positive and even
unbounded at the boundary x = 0 (a < 1), and/or to have power law decay in its tail
(P < ), provided that it does not show extreme versions of those behaviours simulta-
neously. Assumption 3 requires that the parameters & and 6 of the Meijer kernels enable
the estimator to properly reconstruct the head and tail behaviour of f. For instance, for
a ~ 0 (fhas a very fat head), it would not work to take & ‘small’ and 6 ~ /2 (lightest
head for the kernel, see Fig. 2). The imposed conditions leave much freedom about the
choice of £ and 0, though, and are restrictive only in extreme cases. For instance, only
for B < 1/2 (extremely fat tail for f) would the condition > + = £ not be trivially
satisfied. Assumption 4 is standard.

First we study the pointwise bias and variance of estimator (23).

cos2 6

Theorem 1 Under Assumptions 1-4, the Mellin—Meijer kernel density estimator
(23) at any fixed x € (0, 00) is such that, as n — oo,

E(0) = /00 + 37" @) + 00, (24)

Jx)

Var (f(x)) = Zﬁnn\/)_c

+o((nm)™h. (25)

Proof From (19), we have directly

TR
B(x)—[E<XkL” <Xk>> [,

o () (e ()

where B(x) and V(x) denote the pointwise bias and variance of the estimator, respec-
tively. It also holds

M([E(%Q“(X;»;z) = E(M@LP:9X;™ ), and
k k

V), )= 2.2+ 1,252
M([E(X]%Ln <Xk>),z>—[E<M(Ln 25100, .

Hence, by the inverse Mellin transform (7), we can write

(26)

S |
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1
B — 1 -2(E L® . xz=1) _ .
) 2mi /sx(z>:cx ( (M( n DX ) M(f,z)) &
n | 2xi R(2)=2c— k ne ( )

2
(L 2 ®. yyz-I
<27Ti ./wz):cx [E<M(L" D >dz> }

for any ¢ € [1 — min(a, £/ cos? 0), 1 + min(B, £/ sin” 0)] C S ;=8 N S;. Indeed
{z€C:1-a <R <1+p}CS; by Assumption 2, S; = ﬂk . L(k) by (20),

where (13) and (21) imply

P+X 24X
S;w = ZEC:l—M<§R(Z)<1+M
" n?cos? 0 12 sin® 0
2492z€C:1- S SR@=<1+ ¢ for all k.
cos? 0 sin2 0

Making use of the expansion (16) with (21) and (22), the dominant term in B(x) as
n— ois
15 l .
B(x) ~ 1" 5— X2z = DM(frz— 1)dz
27 2mi R(2)=c
_1 L 1
2 27i R()=c

. (28)
XM (x);z) dz = EnZXf"(X),

from (A.4) and (A.7) in Geenens (2020), provided z — | € &, thatis,c — 1 € ;.
Likewise, making use of expansion (17) with (21) and (22), one finds that
asymptotically,

E(X MYz 4+ 1)) ~ =M+ 172,
( ) 2\/;;7 sz /

which, plugged in V(x), yields the following dominant term:

vy ~ ——L L / KD M(fiz+ 1/2) dz
R(2)=2c-1

2\/_ nn 2rwi

1 11 1 1 f&)

L1l L XEM(f)dz = ,
2\/_”’1\/_27”/91@) 2%—1/2 o 24/ ny/x

(29)

pr0V1ded 2c—1/2 € ;. So, (28) and (29) are the asymptotic bias and varlance of
f(x) provided that there exists c € [1 — min(a, &/ cos? 0), 1 + min(p, &/ sin 0)]
suchthatl —a <c—1<1+pfandl —a <2c—1/2 < 1+ f. Assumptions 2 and 3
ensure there is such a c. O
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Expressions (24) and (25) are identical to the ‘away-from-boundary’ bias
and variance of Chen (2000)’s modified gamma kernel estimator. Now, define
a ‘boundary point’ x, = x# for some constant ¥ > 0, and assume that f(x,) and
f"(x,) are bounded. Then (24) and (25) show that the bias of the estimator at x,
is of order O(5*), while the variance at x, is of order O((nn*/?)™!) as n — co. Bal-
ancing squared bias and variance yields the rate of convergence O(n*/°), as for
interior points.

Next the weighted mean integrated squared error (WMISE) of the estimator
(23) is investigated.

Theorem 2 Under Assumptions 1-4, the Mellin—Meijer kernel density estimator
(23) is such that

[E</ 2 (Fo) —f<x>)2dx> =00+ 0™ asn— oo, (30)
0

) 3-2a ¢ . [(3+2p8 4
1fce<max<2—a, 1 ,1—00820>,m1n< 1 ’1+sin26>)' 31)

Proof (outline) (A detailed proof is given in Geenens (2020, Section C)). Write the
usual bias-variance decomposition of the MSE of f(x) to obtain

[E< / " (f - f(x))zdx> = B2 +1V,,
0

where

IB? = / KB (x)dx  and IV, = / V() dx
0 0

are the (weighted) integrated squared-bias and integrated variance, respectively.
From (27), we see that M(B;z) = [E(M(L;b;z)Xi_lg) — M(f;z). By (8) and the
expansion (16) with (21) and (22), we have

1

IB? = —
27 JR()=c

1 n* 2
~ —lz(z = DM(fiz — D[ dz
27[ R(2)=c 4

2
dz

E(MIP:X) = M(f2)

'74 1 1" 2 ’74 ® 2e+1 4112
=Ll Mg de =T [ 32120 d
4 2r R(z)=c 4 0

if z— 1 € S, which is the case here as R(z) = ¢ > 2 — a by (31). Also, by (26) and
the expansion (17) with (21), we can directly write
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[ )

1 ® 21 1 ;2 _1 [ ®2. 2c—2:|
nE[ /0 X L0 | = LM 20x

IV, <

c

S =

1 E(X22),

- 2\/;;111

This is O((ny) V) if2c = 1/2 € Sy, which is the case under condition (31). O

Assumptions 2 and 3 ensure that (31) is a non-empty interval. This establishes the
convergence to 0 of the WMISE of the estimator (23), where the range of weighting
x*~! assuring convergence essentially depends on the assumed negative and positive
moments of f. The L,-consistency of the estimator follows.

Corollary 1 Suppose a > 3/2 in Assumption 2 and &/ cos® 0 > 1/2 in Assumption
3. Then, ¢ = 1/2 belongs to (31), and estimator (23) is such that

[E</ (F&) —f(x))zdx> = 0"+ O0((nn)™") - 0 asn — co. (32)
0

The fastest rate of convergence in (32) is achieved for  ~ n~1/5, which is

[E( / (Fe) —f(x>)2dx> = 0(n™),
0

the optimal rate of convergence for nonparametric density estimation under
Assumption 1. Corollary 1 establishes this when a > 3/2, that is, E(X~3/?) < co.
This requires f(x) = o( \/)_C) as x — 0, and in particular, f(0) = 0. By contrast, Chen
(2000) showed the MISE-consistency of the ‘modified’ gamma kernel estimator
under the weaker condition / (xf" (x))*> dx < oo. Indeed there exist distributions with
[ Gf"(x))? dx < oo but with E(X~3/2) = oo, like the exponential distribution to cite
only one.

It is worth noting that the proof of Theorem 2 is exclusively based on the properties
of M(f;2) inside its strip of holomorphy. As such, (30) has been proved under condi-
tions on the existence of moments of X only, as those define S. In particular, the proof
uses the general identity

MOf"(@):2) = 2= DM(fiz = 1)  forz—1€ 8, 33)

and the condition ‘z—1 € Sf’, i.e., R(z) = ¢ > 2 — a, requires a > 3/2 if one wants
¢ = 1/2. Now, this condition may be relaxed if we look at the analytic continua-
tion of M(f;z) outside S; (Paris and Kaminski 2001, p. 86). If f(x) ~ 2;10 a;x%!
as x — 0 with & <y <ay <ay < ... then for | — | <R@) <1 -, M(f2)
is actually the Mellin transform of f. = f(x) — Z:ZO ax% ! = o(f(x)) as x = 0.
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Thus, if =1/2 € (1 = &y, 1 — ag), then z(z — 1)M(f;z — 1) is the Mellin trans-
form of xf!/(x). If this is well-behaved, the proof of Theorem 2 would carry over
without the condition ¢ > 2 — a. For instance, the exponential dens1ty (x) =e™ 5
has Mellin transform M(f;z) = I'(z) for R(z) > 0. Ase™ Zk -0 _k’f) we have that,
for R(z) € (—1,0), I'(z) is the Mellin transform of f;(x) =™ — 1. By inversion,
xf) (x) = 2% fm(z):cx_ZZ(Z - DI (z—1Ddzforc € (0,1). As f" =f”, (33) holds true
for R(z) = 1/2 even with a < 3/2. Geenens (2020, Proposition C.1) establishes (32)
under the condition /™ (xf” (x))? dx < oo, as in Chen (2000).

6 Smoothing parameter selection

Here we propose a data-driven way of selecting # in (23). Although cross-validation
could be used, Mellin transform ideas provide an easy plug-in selector. From (24)
and (25), the asymptotlcally dominant terms in the WMISE (30) are
4 [ detlem ®©  2c-3/2
11 f 7 (x)dx + 2\/_ = fo f(x)dx, for any ¢ in (31). Balancing the

two terms, the asymptotically optimal value of # is

((2\/2)—1 IS x%‘”zf(x)dx)” s
Mopte = n- / :

= (34)
/0 2+ lf//z ) dx

Plug-in methods attempt to estimate the unknown factors in (34) for approximating
Nopt.c- Estimating fooo x273/2f(x) dx = E(X?**73/?) is straightforward, but estimating
the denominator involving f” is less obvious. Usually this step requires estimating
higher derivatives of f, which in turn requires selecting pilot smoothing parameters
and/or resorting to a ‘reference distribution’ (Sheather and Jones 1991). Here, com-
bining (8) and (33) yields, forc — 1 € S,

/ 2 e e = L / 2z = DM(fiz = DI dz. (35)
0 27 Jn=c

M(f:z—1) can be naturally estimated by M(P,:;z—1)=n""'3_| X,f_z. Now, if
z=c+iw, |2z - D* = (c(c = 1) — ®*)* + 2c — 1)*@?, and

n 2 n n
Z X]i_z = z X;_2 X z X572 (+* denotes complex conjugation)
k=1 k=1 =1
= 2 Z(kak,)‘ -2 Z Z(kak, wlog X)),
Xk/

This suggests to approximate (35) by
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Im(M(E2)
0

Re(M(2))

212

M(E2)]
falz- 1Mt

00 05 10 15 20 25 30
P S|

im(z) Im(z)

Fig.3 RM(f:2)), S(IM(f:2)), IM(f32)| and |z(z — 1)M(f;z — 1)|? along the vertical line R(z) = 1/2
for f the standard log-normal density (plain line). Dashed lines show the empirical approximations
RM(P,;2), SIM(P,;2)), IM(P,;2)| and |z(z — 1)M(P,;;z — 1)|? from a typical sample of size n = 500.
Dotted lines show the truncated versions of the last 2 when M(P,;z) is set to 0 outside (=7}, 7)), where
T, is the location of the first local minimum of | M(PP,;z)| away from J(z) =

1(T) =

e T T
kK

T
/ ((c(c - —w?)+Q2c— 1)2w2) cos <w10g %) dw

T k'

(36)

for some value 7. Note that ((c(c — 1) — @*)? + (2c — 1)*®?) cos (a)log ;:—‘) has
k/

closed-form antiderivative, which makes evaluating the integral very easy. However,
(36) actually diverges for T — oo, as it would essentially reflect the integrated
squared ‘second derivative’ of P, =n~' Y, 6, It is, therefore, paramount to select
an appropriate value of 7.

Note from (6) that, for a fixed R(z) =c, |M(f;z)| is symmetric around
S(z) =0, i.e., the real axis, and always reaches its maximum at 3(z) = 0. In addi-
tion, | M(f32)| typically tends to O quickly as one moves away from the real axis.
In particular, | I'(z)| is known to be O(e” 2”|Z|) as J(z) » oo (Paris and Kaminski
2001, Lemma 3.2), implying a similar exponential behaviour for the modulus of
(12). It turns out that M([P,;z) is remarkably accurate at reconstructing M(f;z)
over a substantial set of values of (z) around the real axis, that is, where it mat-
ters. The approximation badly deteriorates as (z) grows, but there we know that
|M(f;z)| ~ 0 anyway. This is illustrated in Fig. 3 for the case of the log-normal
distribution.

Therefore, it is sensible to truncate the integral in (36) at some T for which
|IM(P,;2)| is already ‘small” but before the empirical oscillations start. A reason-
able choice is Ty, the location of the first local minimum in |[M(P,;z)| away from
S(z) = 0; see Fig. 3. This suggests to take, finally,
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Fig.4 Densities used in the simulation study
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for some c in (31) (which guarantees that all involved quantities are finite). The the-
ory establishes that the exact value of ¢ inside (31) has little importance. This is
confirmed by simulation in the next section.

7 Simulation study

Inspired by Bouezmarni and Scaillet (2005), we consider the following 10 test
densities, as shown in Fig. 4: [1] standard log-normal; [2] chi-squared with k =1
degree of freedom; [3] Nakagami with m = 1 and 2 = 2; [4] gamma with @ = 2 and
p =1/2; [5] gamma with « = 0.7 and g = 1/2; [6] standard exponential; [7] gener-
alised Pareto with ¢ = 2/3 and { = 2/3; [8] inverse Weibull with y = 1 and n = 2;
[9] mixture of gammas: 2/3 X I'(0.7,1/2) + 1/3 x I'(20,5); [10] mixture of log-
normals: 2/3 x log-M0, 1) + 1/3 x log-N(1.5,0.1).

These 10 densities exhibit various behaviours at 0 (light head: [1], [8], [10]; fat
head (E(X~3/?) < o0): [3], [4]; very fat head (E(X~3/?) = o0): [6], [7] (bounded),
[2], [5], [9] (unbounded)) and in the tail (light tail: [1]-[6], [9], [10]; fat tail: [7],
[8]). From each of these distributions, independent samples of size n = 100 and
n = 500 were generated, with M = 1,000 Monte-Carlo replications for each sample
size. On each of them, the density was estimated by the estimator (23), where the

@ Springer



971

Mellin—-Meijer kernel density estimation on R*

9LLY'T T0S0'T ¥£0S°0 90LT'T €19%°1 8686°0 99%8°0 20780 SL6V0 LS00°T CININ
SELO'] SLST'I Y0ES0 1810°T LEOS'T 6901°T 1198°0 91180 YLTS0 2961°1 ¢ TINN
6£0S°1 180T 75050 LISTT 6LV T $066°0 01€8°0 £€978°0 £E61°0 L9T0'T I-IWIN
T6E0'] 06LL'T 8¥8Y°0 SOvs'1 88LL' S€90°¢ 8€L8°0 Pr16°0 81009 $986°0 NN
€P01°1 OLIL'T 15870 orrs1 €699'T 1L86'C 0266°0 P6€0°'T S86'S 8090'T 1 TINN
SEVO'l 6L9L'1 8€8H°0 SIP8'l 66vL'1 6670°€ Y0L8'0 w60 10009 67660 -
SEEL0 1TPS 01 8LIS0 POET'L vesI'L 102€91 71880 $€T8°0 07€5°09 6SP1'T €-ININ
YEELO 8€15°01 PPIS0 €IEI'L TTSO'L 616291 L0S8°0 TIL80 9v£S09 SOET'T i TINN
8TEL0 98€5°01 L9150 LOST'L 9€91°L S91€91 8998°0 15180 LTES09 €Tl I-ININ
$0'8 049 80°€ 200 6£6 LES 651 68°LC FO'ST s
0000'1 0000°T 0000'1 0000°T 0000°T 00001 0000'T 0000'T 0000'1 0000 T pwwen
[o1] [6] [8] [L] [9] [s] [v] (€] [7] [1] 2 Aysuaq

(paurpIopun are sanjea JUAIYIp Apueoyrugis-uou) Aysuap Jurpuods

-91109 9} J0J SN WNWIUTW JY) MOYS SIN[EA P[og ‘00 = ¥ ‘(MOI PUOIIS) IOJLWNSS [QUISY LWIIeS payIpout oY) Jo gSTIN Y3 03 dATe[aI FSTIA (parewrxoxdde) | ajqep

pringer

As



972 G. Geenens
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Fig.5 ‘Suicide’ data set: Mellin—Meijer kernel density estimator with 8 = 0, & = 1/2 and n = 4.74 (left
panel); modified gamma kernel estimator and ‘boundary-corrected’ conventional kernel estimator (right
panel)

basic parameters (&, 8) of the Meijer kernel were set to (1, z/4), (1/2, 0) and (2, 7 /2)
(‘MM-1’, ‘MM-2’ and ‘MM-3’ in Table 1). For each case, the smoothing parameter
n was selected according to (37), where three values ¢ were used: c =1/2, c =1
and ¢ = 3/2. For comparison, the ‘modified’ gamma kernel estimator (‘Gamma’ in
Table 1), with bandwidth chosen as in Hirukawa and Sakudo (2014), was included
in the study as well.”

The densities were estimated on a fine grid of N = 1,000 points between
do.9999/ 1000 and g 9999, Where g g9q9 is the quantile of level 0.9999 of the relevant
density. The MISE of a given estimator f was then approximated by

— . . 2
MISE(7) = & 2oL, & 2, (g (222) ﬁ(%)) , where M = 1,000 is the
number of Monte-Carlo replications and f,, is the estimate obtained from the gth
replicated sample. The results are reported in Table 1 for n = 100. The results for
n = 500 show a very similar pattern and are omitted. For ease of reading, all the val-
ues in Table 1 are relative to the MISE of the gamma kernel estimator, which is
taken as benchmark owing to its reference role among the asymmetric kernel density
estimators. Its effective MISE (x10%) is reported in italics in the second row of the
table.

Table 1 confirms the potential of Mellin—-Meijer kernel estimation. There is a
Mellin—Meijer kernel estimator which outperforms (Dens. [2], [3], [4], [8], [10]),
sometimes by a large extent (half MISE for [2] and [8]), or is on par with (Dens. [1],
[51, [7], [9]) the modified gamma kernel estimator. An exception is the exponen-
tial [6], for which the modified gamma kernel estimator does better. The modified
gamma kernel estimator is actually so designed for staying bounded at x = 0 in finite
samples (Chen 2000, p. 473).% So it is especially good at estimating densities f such

7 This estimator was computed using the dockden function in the R package evmi x.

8 That estimator remains consistent for unbounded densities, though; see Bouezmarni and Scaillet
(2005).
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World Income Distribution data
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Fig.6 ‘World Distribution of Income’ data set: Mellin—-Meijer kernel density estimator with 6 = r /4,
& = 1 and 5 = 28.54(plain line), maximum likelihood log-normal parametric fit (dashed thin line), modi-
fied gamma kernel estimator (dashed thick line)

that 0 < f(0) < o0, such as the exponential. This may sometimes be counter-pro-
ductive, though, see next Section. Nota that the Mellin—Meijer estimates are always
bona fide densities, which is not the case for the modified gamma estimates.

The values of & and @ have little influence on the MISE of the estimator, as
expected from the theory. The results evidence as well that the selector (37) is good
at picking a right value of #. Of course, we get huge MISE’s for Densities [2], [5],
[6], [7] and [9] if (37) is computed with ¢ = 1/2, in agreement with the theory: those
are the densities such that E(X~3/?) = oo, hence ¢ = 1/2 does not belong to (31). For
those densities, the selector is doing very good with ¢ = 3/2. For the other densities,
the value of c is less important. In practice, the choice of § and £ may be driven by
a basic visual analysis of the sample, in particular a qualitative appreciation of the
likely head and tail behaviour of the density f. As an example, if ‘many’ observa-
tions fall close to the boundary, suggesting a fat-headed density f, then it may be
meaningful to take & = 0 and & = 1/2 (kernel with the fattest head, see Fig. 2). If no
clear indication of that type may be drawn, then it seems reasonable to take § = x /4
and & = 1 (‘balanced’ kernel) as default choice. Likewise, for bandwidth selection,
it seems wise to take ¢ = 3/2, as it always belongs to (31) under the mild moment
conditions @ > 1/2 and # > 3/2 (and &€ > 1/2), so we avoid the above problem and
the returned bandwidth is always meaningful.

8 Real data analyses
In this section, the Mellin—-Meijer kernel estimator (23) is applied on two real data

sets. The first is the ‘suicide’ data set, which gives the lengths (in days) of n = 86
spells of psychiatric treatment undergone by patients in a study of suicide risks.
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Among others, it was studied in Silverman (1986) and Chen (2000) in relation to
boundary issues. Visual inspection (raw data at the bottom of the graph, histogram)
reveals that the density should be positive, if not unbounded, at x = 0. Hence, we
take & = 0 and & = 1/2 for the Meijer kernels. The smoothing parameter returned by
(37) with ¢ = 3/2 is 5 = 4.74. Figure 5 (left panel) shows the estimated density. The
estimate shows a spike at the 0 boundary: there are 3 observations exactly equal to
1 in the data set, and at this scale, this is pretty much ‘on the boundary’. Hence, the
estimator attempts to put a positive probability mass atom there, producing a mean-
ingful spike. Away from the boundary, the estimate decays readily and smoothly.

For comparison, the modified gamma kernel estimator, with bandwidth chosen
by reference rule (Hirukawa and Sakudo 2014), as well as the ‘boundary-corrected’
conventional estimator (Jones and Foster 1996) with ‘SJ-bandwidth’ (Sheather and
Jones 1991), are shown in the right panel. While the modified gamma kernel esti-
mator behaves very similarly to the Mellin—-Meijer kernel estimator in the tail, its
behaviour at the boundary is not satisfactory as it seems to underestimate f there,
compared to the other estimates and the histogram. This is typical of the modified
gamma kernel estimator, as discussed in Zhang (2010) and Malec and Schienle
(2014). The boundary-corrected kernel estimate may do better at x = 0, but exhibits
numerous ‘spurious bumps’ in the right tail.

In the second example, we estimate the World Distribution of Income from data
giving the GDP per capita (in constant 2000 international dollars) of n = 182 coun-
tries in 2003 obtained from the World Bank Database. This is important as various
measures of poverty rates, income inequality or welfare at the scale of the world are
based on this distribution (a). Raw data are shown in Fig. 6 with an histogram and
the estimated density by the Mellin—-Meijer kernel estimator. We set 0 = /4 and
& =1, and the value returned by (37) with ¢ = 3/2 was n = 28.54.

A log-normal parametric density, fitted by Maximum Likelihood (/i = 8.58,
6 = 1.20), is also shown in Fig. 6. (a) strongly advocated in favour of the log-nor-
mal model for these data. However, the (mostly) unconstrained Mellin—-Meijer esti-
mate reveals that the peak close to 0 is actually narrower than the ‘log-normal peak’,
whereas there are much more countries with GDP in the range 15,000 - 40,000 than
what the log-normal distribution prescribes. In other words, analysis through the
log-normal model is likely to underestimate poverty and income inequality at the
world level. Chen (2000)’s modified gamma kernel estimator is also shown. Here
that estimator largely overestimates f at x = 0: it is so designed to take a finite, non-
zero value at x = 0, whereas here it seems clear from the raw data that f(0) = 0. The
peak at around x = 1000 is also largely oversmoothed.

9 Concluding remarks

Within his seminal works on compositional data (data on the simplex), Aitchison
(2001, Section 4.1) noted: “For every sample space there are basic group opera-
tions which, when recognised, dominate clear thinking about data analysis.” He
continued: “In R¢the two operations, translation and scalar multiplication are so
familiar that their fundamental role is often overlooked”, implying that, when not in
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R, there is no reason to blindly stick to those operations. The methodology devel-
oped in this paper perfectly aligns with this stance. It has apparently been largely
overlooked in earlier literature that the ‘boundary issues’ of the conventional kernel
density estimator find their very origin in that R* equipped with the addition + is not
a group. Noting that the natural group operation on R* is the multiplication X, we
have investigated a new kind of kernel estimation for R*-supported probability den-
sities which achieves smoothing through ‘multiplicative dilution’. The construction
gives rise to an asymmetric kernel density estimator, although of different nature to
the other estimators known under that name, such as the gamma kernel estimator
(Chen 2000). Unlike those, our estimator is based on a valid smoothing operation on
R*, the Mellin convolution, which avoids any inconsistency in the definition and the
behaviour of the estimator. We have defined a huge class of distributions supported
on R* which, defined in terms of Meijer G-functions, perfectly fit within the ‘Mel-
lin’ framework. Using those ‘Meijer densities’ as kernels produces an integrated the-
ory with general features no more specific to a particular choice of kernel.

Interestingly, Aitchison (2001, Section 6.3) already introduced the Mellin trans-
form as the suitable analytical tool for simplicial distributions. More generally, the
Mellin transform of a density f ought to be a fundamental function in statistics and
probability, as it explicitly returns all the moments (real, complex, integral and frac-
tional) of f. It is, therefore, rather surprising that it has stayed this inconspicuous in
the statistical literature so far. Historically, one can find statistical applications of the
Mellin transform only intermittently over decades (Dolan 1964; Epstein 1948; Kabe
1958; Lomnicki 1967; Subrahmaniam 1970). Only recently has the Mellin transform
made a (discreet) resurgence in the statistical literature, e.g., in Balakrishnan and
Stepanov (2014); Belomestny and Schoenmakers (2016). Those papers testify of the
appropriateness of the Mellin transform and Mellin convolution in any multiplica-
tive framework, such as problems of multiplicative censoring.
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