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Abstract

We consider the problem of identification of the position of some source by obser-
vations of K detectors receiving signals from this source. The time of arriving of
the signal to the k-th detector depends of the distance between this detector and the
source. The signals are observed in the presence of small Gaussian noise. The prop-
erties of the MLE and Bayesian estimators are studied in the asymptotic of small
noise.

Keywords Partially observed linear system - Parameter estimation - Hidden
process - Small noise - MLE - BE

1 Introduction

Consider the problem of estimation of the position 9, = (xo, yO)T of the source S, by
the observations of the signals from this source received by K detectors D, ..., Dy
(see Fig. 1).

If we denote 9, = (xk, yk)T € R? the position of D, and suppose that the source
starts emission at the moment ¢ = 0, then the signal arrives at this detector at the
moment 7. (9y) = v [|9; — 9||- Here v > 0 is the rate of propagation of the signals
and ||-|| is Euclidean distance in R*. The set ® ¢ R? is supposed to be open, convex
and bounded.

The k-th detector receives the signal ¥, = (Yk(t),O <t< T) from the source S
and additive Gaussian noise according to equation

dX, (1) = a, (O (1 — 7,(9) ) Ve(D)dt + 0, (AW, (), X, (0) = 0. (1)
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Fig. 1 Model of observations.
S, is position of the source and
Dy, k=1, ...,5 are positions of
the sensors

Here a,(-), 04(-) and ¥ (-) are known functions and W,(-),k =1, ..., K are independ-
ent Wiener processes. The parameter € > O controls the level of noise. In this work
we study the properties of estimators of J,, in the asymptotic of small noise, i.e., as
€ — 0. This is equivalent to the situation with large signal, which is rather reasona-
ble in many real situations. This problem is quite close to the inverse problem, where
we have K sources Dy, ..., Dy of signals with known positions and known moments
of emission and one detector S,,. The detector receives K signals XX and has to
estimate its own position. This is typical situation in the global positioning system
(GPS/INS). The algorithms calculating the positions of different objects (cars, jets,
ships et cet.) used in GPS/ISN are based essentially on the adaptive Kalman filtering
theory, see, e.g., Almagbile et al. (2010), Gustaffson (2000), Hutchinson (1984), Luo
(2013), Wang et al. (2006) and references therein. The same time it seems that the
mathematical theory of statistical estimation of the position was not yet sufficiently
well developed. This work is continuation of the study initiated in the papers Cher-
noyarov and Kutoyants (2020), Chernoyarov et al. (2020), Farinetto et al. (2020),
where the observed processes are inhomogeneous Poisson.

The function y(#) = 0 for r < 0 and reflects the form of the signal at the moment
of its arriving. We  consider three different cases:  smooth
ws() = 167" a5y + Timsys charfcge-point type w(t) =T and cusp type
Ws (D) = 5 ( 1+ sgn(2t — 5)
of such functions are given in Fig. 2.

The parameter 6 > 0 is known and small. In the cusp case k¥ € (0, %).

The signals Y,(-),k = 1, ..., K satisfy the linear stochastic differential equations

dY, (1) = ~f,(OY,()dt + b (NAV,(D),  Yi(0) = y, 0 #O. ?)

% - 1’ )1] (0<i<sy T V=5 respectively. The examples

The functions f,(-) and b,(-) are known and the Wiener processes V,(:), k=1, ..., K
are independent. The Wiener processes W,(-),k=1,...,K and V,(:),k=1,...,K
are supposed to be independent too.

In this work we consider the problem of estimation J, by the observations
X" = (X,....Xg), where X; = (X(t),0 <t < T). The processes Y,(-) are non-
observable and can be called hidden. The processes (2) are Markov, therefore we
have the problem of parameter estimation for continuous time hidden Markov
processes. Note that similar problems for discrete time models were intensively
studied by many authors, see, e.g., Bickel et al. (1998), Cappé et al. (2005), Elliott
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(a) (b) ()

Fig.2 Examples: a y;;(-), b ;s (-) and ¢) y(-)

et al. (1995), Ephraim and Mehrav (2002) and references therein. For continu-
ous time models of partially observed linear stochastic differential equations see,
e.g., Kutoyants (1984), Konecny (1990), Kallianpur and Selukar (1991), Kutoy-
ants (1994). The problem of parameter estimation for hidden telegraph process
observed in white Gaussian noise was studied in Chigansky (2009), Khasminskii
and Kutoyants (2018).

We suppose that the following conditions are always satisfied in this work.

Conditions % .

1. The functions a,(+), o,(-).k = 1, ..., K are bounded and separated from 0 and the
Sfunctions , f,(-), b;(-),k = 1,...,K are bounded.

2. The set @ C R? is open, convex, bounded and such that all arrival times
7,(9),k=1,...,K belong to [0, T].

3. There are at least three detectors which are not on the same line.

Under the made assumptions the measures corresponding to the observations
XT for different values of 9 € @ are equivalent and the likelihood ratio function
L(9,XX)is given by the formula (see Liptser and Shiryayev 2001)

K T G
InL(9,x%) = Z/ (t) ka(t)—Z/ AL T"’ ‘. 3)

Here we denoted 7, = 7,(9), Gy (11, 1) = ay(OM, (7(9),1) 0, (D7,
M (7. t) = (1 — 7 )m (7. t), where my(7,,-) are conditional expectations
mk(rk, ) E,9(Yk(t)|Xk(s) 0<s< t) The maximum likelihood estimator (MLE)
19 and Bayesian estimator (BE) J, for quadratic loss function are defined by the
relatlons
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Ip(L(9,X¥)d9
XK) _ supL(S,XK), '§s _ /@ p(9) ( ) )
96 Jo POL(I, XK )d

L(d @)

£

Here p(9),9d € © is prior density which is supposed to be known, continuous and
positive function on 6.
The goal of this work is to study the asymptotic (¢ — 0) behav1or of the MLE 9,

190” ~ Ce” where

y > 0 depends on the type of regularity of the model of observatlons We show that

and BE d,. It is shown that the mean squared error Ey,

the rates are: in smooth case Eg 190“ ~ Ce2, in in cusp type case
E, [|9 &0|| ~ Ce*.

The proofs in all three cases are based on two general results by Ibragimov and
Khasminskii (1981). Note that the Theorems 1.10.1 and 1.10.3 in Ibragimov and
Khasminskii (1981) describe the asymptotic behavior of the MLE and BE in quite
general situation. The conditions of these theorems are given in terms of normalized

likelihood ratio random fields. Therefore the proofs of our results consist in the veri-
fication of the properties of the corresponding likelihood ratio random fields.

4
190‘ ~ Cex+,and in in change-pomt case Eg (|9

2 Notation and auxiliary results

AS Tk(lgo) = V_l ||19k - 190” and 19k = (xk, yk)T, 190 = (.xO,yo)T we can erte,

ox,  vp v’ M vV
P = |8 = So- He = ('“kx’”k,y)T’ el = 1. ®
(1 -
=22 B = (v Gyew)>0) B = (wi (uew) <0).

o)’
Here a' means transposition of the vector a and (a, b) is scalar product. We have
7 (9 +vow) =7 (9)) — @ (W) + O(0?), we R, @, - 0.

The random processes mk(fk, -), where 7, = 7,(9), satisfy Kalman-Bucy filtration
equations (see Kalman and Bucy 1961; Liptser and Shiryayev 2001; Arato 1983)

my (T, 1) = y(0), 0<t<7(9),
dmy (7,,1) = — [fk(t) + 1 (2 ) (02 (£ - Tk)z]mk(fk, £)dr

V(7 1) W (1 = 7.
o (D)

(6)

dX, (1, 7@ <Lt<LT.

Here we denoted y, () solution of Eq. (2) ase =0
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t
Yi(®) = Yo €Xp {—/ fk(s)ds}, 0<t<T.
0
We have the representation
dX, = a, (O (1 — 7, (8¢) )my (9o, 1)dt + 0, (NAW, (1), X, =0, (7

where W, (-) is innovation Wiener process defined by Eq. (7) (see Theorem 7.12 in
Liptser and Shiryayev (2001)). The function

ve(7o1) = € 2By (my(701) = V()
is solution of the Ricatti equation

e(Tt) = /0 exp{—Z / fk(r)dr}bk(s)st, 0<t<(9),

()]/k (Tk’ t)
ot

= 26,07 (T 1) + b1’ ®)

2 _ 2
— 7t t) O W (t—7)", T <t<T.
Note that the functions y, (Tk, -), k=1,...,K are bounded and do not depend on €.

We denote x; (-, 9), the limit (¢ = 0) deterministic function of the random pro-
cess (1). Then we obtain the following expression

xk(t’ 190) = ﬂ{t>‘l’k(lgu)} /(9 )ak(S)yk(S)l[_/(S - Tk(go))ds'

Let us study the random process my (. t) as function of ;. Consider the dif-

ference Amy(z, 1) = my(t, 1) — m (. 1), Ay(T, ) =y (7, 1) — yk(ro, 1)

where 7 =1,(9), 7, =1 (80). We take the worst (discontinuous) function

w(t—71) =y —1) =15, We omit for instant the index k in other functions too.
Recall that for # € [0, T] we have the equality

dm(7g.t) = =f(O)m(zo, t)dt + €y (7, 1) (D)1 {25} AW (D), )

with initial value y, # 0.

Lemma 1 Let the conditions Z be fulfilled and © < 7, then

2
Ey |Am(z, 0> < Ci|tg = 7|V rgzr) + €Ot = 0| Vpaerys  (10)

|7(T’t)_7/(70)‘ < Clrg = 7|1 150 (11)

where the constants C; > 0 and C, > 0 do not depend one.
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Proof Suppose that 7 < 7. The case 7 > 7, can be considered by a similar way.
From (6) and (9) we obtain

Am(z, 1) = [m(z,1) = y(0)] 1 {rei<n)> 0<t<1,
dAm(t,t) = =S(r, t)Am(z, )dt + eh(t)Ay(z,1) AW(), 1, <t<T,

where we put S(z, 1) = f(r) + y(z, Hh(1)*.
Then we obtain the representation

Am(r, 1) = [m(r, 1) = y(1)] 1 {ri<s,)
1y (7. 70) = (x)J ™o ™ (12)

t
+el(ng) / e I SEY Ry Ay (2, 5) AW(s),
%o

where Ay(z, 1) = y(z,1) — y(zo, t). For the first term and ¢ € [z, 7] we have
m(z,1) = y(1) = y(2)e™ S S (1)

t
+e / el SEndvy (7 $Yh(s)dW(s)
t
= 6/ e_/rxs(f’v)dvy('r, )A(s)AW(s).

Let us write the corresponding equation for Ay(z, ¢). Denote

t
g(t)=/ e_zfxf(v)dvb(sfds.
0

Then we have (see 8) y(ro, t) =g(1),0 <t <1,

ay(ro,t)

= =2 O (v0.1) + by —h@)y (rg, ), T <t<T
andy(r,1) = g(#),0 <t < 7,

0_7;’ D = 2f (et + bOP — Py (et T<1<T.

As 7, > 7 we obtain: Ay(z,1) = 0,0 <t < 7, Ay(7,t) = y(7,1) — g(t), 7 <t < 7,

()A(():’ ) = =2f(HA(z,1) — h(l)2 [)/(T, 1+ y(fo, l)]AY(T, 0, 10 <t<T

with initial value Ay(r, TO) =y (T, ’L'O) - g(fo). Hence fort € [10, T] we have
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Localization of source by hidden Gaussian processes 677

Ay(z,t) = Ay(r, TO) exp {—/ [2f(s) + h(s)? [y(r, fH+ y(ro, t)”ds}

and |Ay(z, 0| < |y (7. 7) - ¢(m)]
Recall that the function y(z, t) is bounded. On the interval [r, 10] we have

PIED — 2fAr(e.0 — r(e, 00, Ar(r,0)=0
and
Ay(r, TO) =— /TO e_zfvlf(v)dvy(r,s)zh(s)zds.
Therefore |Ay(f, TO)| < Clr — 1), |Ay(z,0)| < C|t — 7).
This estimate and (12) allows us to write (10). O

3 Smooth case

Consider the model of observations (D), where
lif(t - Tk) =y (t - rk) = (t - Tk)zS‘l]]{OS,_Tkg} + 1]{t25+1k} and the processes
Y,(-),k=1,...,K satisfy Eq. (2). Recall that we have to estimate 9, = (xo,yo)T by
observations XX = (X, ..., Xg), where X, = (X,(,0 <t < T).

We write 7, = 7,(9), 0 = (x,y)" and for the derivative rit (7, 1) = omy(z;.1) /97,
we obtain equations: iy, (7, 1) = 0,0 < 1 < 7,(9),

iy (7. 1) = = [ + T (7 1) (0w (1 = 7 ) | ing (7, 1) it
— [Fe(ze t)ws(t = 7) = Tt 1) 67 [ (0> my (7, 1) dt
I (7 1) 1y (1)
ox (1)

dX

1

7,(9) <t L 1, (9) + 6, (13)

71 (7 1) Iy ()
o)
— 7(Te ) @ my (7, 1)ty T (9 +8 <t < T,

iy (i, 1) = =[f® + 7 (7o 1) (O] ity (7, 1) dt +

1

where we denoted I' (7, ) = (74, 1) ws (1 — 7;,) and used the equality

oy (1 = 7) /97, = =67 {oyr <5}

The solution of Eq. (13) at point £ = 0,9 = 9, we denote z;(2,9,),0 <t <T.
The function z; (1, 9,) satisfies equations
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678 Y. A. Kutoyants

0z, (1,9
k(at o) 051 (5),
0z (1,9 —z. (9
Zk(att ! - fk(t)+Fk(7k('9o)’f)hk(t)2(tTgJ] z(2.9)

+ T (7 (80 ). ) (876~ v, (D), 7 (8y) <t <7 (9) +6.
0z, (1,9,)

—— = =@ + 7 (7 (80). 1) (0] 2 (. 96) 7(8) +6 <t < T.

Of course the solutions of this linear equations can be written explicitly.
Introduce two deterministic functions

_ a[mk(fk(’g)s t)‘l’a (’ - Tk('g))]

12, (80).) = )

0x

aTk

9=9,,6=0
= [5_1)%(?)“ {7(90) i< (90)+6} ~ (1, 90 )ws (1 = Tk(lgo))]/’lk,x’
o[my (to(9), 1) w5 (1 — 7(9) ] o7 (9)

07 9=9,,6=0 9

M} (z(9).1) = v

= [5_1)’k(f)ﬂ {m(90)=<t<z(8p)+8} — A 190>W6(t - Tk<190))]/4k,y'

and 2 X 2 Fisher information matrix 1(190) = (I(&O) . m)

K T
L, (8) =Y / BRI (5 (80), 1)l
k=1 Tk('g(])
K T ) 5
La(8) =Y / B P2 (1,(80). 1)k,
k=1 Tk('90)

K T
La(80) =L (9) = 3 / . )hk(t)zMZ’x(Tk(SO),t)M,‘{”y(Tk(SO),t)dt.
k=1 Y Tk \Yo

The family of measures which corresponds to the solutions of Eq. (1) with different
9 € O is locally asymptotically normal (LAN) (see Lemma 2 below). Therefore we
have the Hajek-Le Cam’s lower minimax bound on the risks of all estimators 8,:

lim lim sup e E||3, - 9 2 Ey il ¢ ~N(0.1(80)7) (g
320220 ||9-9||<s

(see, e.g., Ibragimov and Khasminskii (1981)). As usual, we call the estimator 97

asymptotically efficient if for this estimator and all 9, € © we have equality in (14).

The properties of the estimators are given in the following theorem.
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Localization of source by hidden Gaussian processes 679

Theorem 1 Let the conditions % be fulfilled and the Fisher information matrix is
uniformly non-degenerate

K = inf inf eTI(80)e > 0.
9EO R le|l=1

Then the MLE 16)(E and BE 8, are uniformly consistent on compacts K € 0, asymp-
totically normal

Ve (8, - 80) = M(0.1(80) ) €7 (8, - 80) = M(0.1(8) ),
we have the convergence of moments: for any p > 0

-p
e E80|

A P _ ~
b=l — Bl 0~ 0l — By ICIF.
where { ~ N[ (0, 1(190)_1 ) The both estimators are asymptotically efficient.

Proof The proof of this theorem is based on the general results obtained for the MLE
and BE by Ibragimov and Khasminskii (1981) (see Theorems 1.10.1 and 1.10.3).
Below we verify the properties of the normalized likelihood ratio random field

L(8, + ew, X¥)

Z =
0= =

s w=(u,v)EWE={w: 8O+£WEQ},

which are the conditions of the mentioned theorems. Introduce the random field
Z(w) = exp {WTA(sO) - %WTI(&))W}, A(80) ~ M0,1(8,)), we R*.
We prove three lemmas below.

Lemma 2 The finite-dimensional distributions of the random fields Z_(-) converge
to the finite-dimensional distributions of Z(-) and this convergence is uniform on
compacts K € 0.

PrOOf Denote: Dk,é (190, w, t) = 6_1 [Mk(Tk(lgw), t) - Mk(Tk (190), t)] . 19W = 190 + ew.
Then the log-likelihood ratio admits the representation (see 9)

K T

InZ = h.(D, . (8., w,t)dW, (¢
n E(W) ;/ﬁ((%)/\fk(&o) k() k,g( 0 W ) k()

K T

1 / 2 2

-= I ()’ Dy (9, wo 1) "dr.
2 kz:; 2.(9,)A7(8,)
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680 Y. A. Kutoyants

The random processes my (7, t) are differentiable with probability 1 w.r.t. 7, and the
derivative riv (9, t) satisfies the estimate

2
E&O|mk(fk('90)’t) - Zk(l("o’t)| < Ce’.

To prove this estimate we have to write the difference of the equations for
mk(Tk<190), t) and z;(9,,1) and then after simple transformations to use the Gron-
wall-Bellman lemma. See similar estimates can be found in Kutoyants (1994).

By Taylor formula we obtain the relation

Dy, (8. w. 1) = (M (7(8), 1), w) + o(1)
where M;:(Tk (190),t) = <M]‘("X(Tk(190),t),MZ!y(Tk(&O),t))T. Introduce the random

vector

K T
A(9)=Y / B OV (2 (9). 1) AW, (1),
k=1 Tk('go)
Recall that W, (¢) depends on e. Then we have

T
/ h (DD (9, w, 1) AW, (1)
Tk(x()m,)Ark(")O)

T
=/ I (M (7(90) - 1), w) AW (1) + o(1)

(%)

because 7. (9,,) = 7,(9) + O(e) and

T
/ h(6Dy (89, w, 1) dt
T (19“,)/\11( (190)

T
= / B (XM (7(90)- 1), w)*dt + o(1).

(%)

Note that

K T
y / BP0 (2 (9) 1) w2 = wTT(9)w.
k=1 Tk('go)

Hence for the normalized likelihood ratio function we obtain the representation
called LAN (local asymptotic normality)

Z.(w) = exp{<w, A, (8)) - %le(so)w + o(1)},
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Localization of source by hidden Gaussian processes 681

where

8, (85) ~ N(0.1(8,)).

This representation of Z_(-) provides the convergence of finite dimensional distri-
butions. Moreover, it can be shown that all convergences are uniform on compacts
Kceo. O

Lemma 3 There exists constant C > 0 such that for any R > 0 and||w, || + ||w,|| < R
we have

4
sup By, [21/4 () =2 () < CO+ ) o=l
0

Proof Following the proof of Lemma 5.1 in Kutoyants (1994) we first write

Z.(w,) 1/4
<ZE(W1)> -

4

Ey

ZM4 (wy) = ZM* (w, | =Ey,Z (w,)

vy —1[*

190+ew1 ’

where we changed the measure and denoted

N EAUAN li/ﬂhl)w i
= = - t 1) 1) ’t t
T ZE(W1) exp 2 ~ J, (DD (g, wy, wy (1)
1 a T 2 2
_ _Z/ I’ Dy (99, Wy, wy, 1) 7dr 5.
8 k=170 |

Here Dy, (99, wy,wy.t) = Dy, (8, wy.t) = Dy (89, wy.1). Then for the process
V,,0 <t < T we write Itd formula

K T
3 2
Vp=1-5 k;/o I (0 V,Dy . (89, wy, Wy, 1) dt
(16)

K T
1 _
+3 ; /0 IOV, Dy (89, Wy, Wy, 1) AW (2).

Hence
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682 Y. A. Kutoyants

4

K T
Eg ven | V7 — 1|4 < CEy e, Z./o h(tV,D,, (190sW1’W2”)2d’
k=1

4

K T
+ CEype | D, /O IOV, Dy, (89, Wy, wa, 1) AW, (1)
k=1

K T
<cr’ Z / Ey e, V(1D (190,W1,W2,t)8dt
k=170
K T A
+CT Z/ By e, Vi Dy (90, wy, wy, 1) dt
k=170
K T
< CT3 Z / E80+5w2hk(t)8Dk,E (190’ Wi, Wy, t)gdt
k=170

K T
+cry / Eyg, o, 0Dy (89, Wy, wy. 1) dr.
k=170 )

Further, recall that 9,, = 9y + ew and denote 9(s) = 9, + ew, + £s(w, —w, ), then
we can write

Dk’€(190,w1,w2,t)
= e [ws (1= 7 (9,,) )i (7 (9,,). 1) = w5 (1 = 7 (9y,) )i (7 (9, ) 1)

1
=yl /0 [vrs (£ = 7,(9()) my (7, (3(s5), 1))
+yr5 (1 = 7,(9()) ) ing (7. (9(8)), 1) | {pays Wy — wy)ds.
Therefore

K T
Z /O E190+8w2hk(t)8Dk,£(190,wl,wz,t)sdt < C|\w, - w1||8,
k=1

K T
Z / Ey ye, (' Dy (89, Wy, wy, t)4dt < Cllw, - W1||4
k=170
Finally we obtain (15). O

Lemma 4 There exists constant c, > 0 such that

sup By Z,(w)'/? < eI, 17)
ek °

Proof Consider the integral
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Localization of source by hidden Gaussian processes 683

T - T hk(t)z ,
Aiwngd%mmzz-——MMM&)&—M@@Q@]M

£2
Denote
mk’w(t) = mk(‘rk(ﬁw),t), Fk,w(t) = Fk(fk(sw)’t)’
lIlﬁ,k,w(t) =Ys (t — Ty (Sw) ) .
Random functions m, (7) and m_,(¢) satisfy equations
mk,()(t) = yk(t)v 0 S t S Tk(lgo),
dmy (1) = —=fi(Omy o (Hdt + 5Fk,o(f)hk(f)dW,, Tk(190) <t<T,
my (0 =y (1), 0<1<7(9,).
dmy, (1) = = [fi(®) + T, (D0 W 1, (O] 1y, (1)

+ I (O (0w 4. o (Omy o (D)t
+ el (D (HAW,, 7(9,) <t<T.

The solution of the first equation for £ =0 is denoted as y(t) = y(8,.7) and
given in (8). The solution my,,(f) for e =0 and 1 € [7,(9,,),T| (we denote it as
Yi(9: 1) = ¥ (9,5 90, 1)) satisfies equation

a 19w’ !
% - [fk(t) + Fk,w(t)hk(t)zl//(s,k,w(t)]yk (SW’ t)

+ Fk,w(’)hk(t)ZWS,k,O(t)yk(t)’ V(97 (9,)) = (7 (9,,)).

If we put g, (190, 1) = m(z; (80), t) -y and g, (9,,. 1) = my (Tk (SW), 1) = (9. 1)
then for these differences it is possible to verify the relations

t
Gk (190, t) = 6/0 e_/sf‘f(’)d’Fk’O(s)hk(s)dWS,
4 r _
g (9,.1) =€ / el &I B (R (5)dW,
0
t
+/E%MW”QA%ﬂww%wmmmm
0

where O, (8,,.1) = fi) + [ (8, 1) (0w (1 — 7 (9,,) ).
Thus we have

my (89, 1) — y(t) = €&,(1), m(9,.1) = i (8, 1) = €&, (),

where &, (f) and &,(¢) are Gaussian processes with bounded variances.
Therefore, as it follows from Lemma 2.4 in Kutoyants (1994), it is sufficient to
consider the deterministic integral
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h, (1)
kg(z) [Wa,k,w(l)yk(’gw, 1) — Ws,k,o(f)yk(f)]2df

o3 [

and to show that there exists a constant k,, > 0 such that
2
F(SW,SO) > K, lwll”.

(18)

Remind that for ||w|| < R
F(9,.9) =w'I(8)w(l + o(1)).

Hence for some £, > O and €, ||w|| < ;R =d and all € < £, we can write

2
(L1 eT1(9y)e > Elw*.

N | x>

llell=1

F(8,.80) = 3w71(8)w >

Here we denoted € > 0 the constant from the condition of the Theorem 1.

Introduce the function

6(o.0) =3 | U@ [l - 5 (9.))(0,)

(1 = 7 (90) )3 (90.1)] ",

where 9, = (x,,y,) € @ and||9, — || > d. We have to show that
G(9,.9,) > 0.

K= inf

9,1 [|19.—9 || 24

Suppose that there exists 9, such that G(9,,9,) =0 and ||9, — 9| > d. Then we
have 7;, (19*) = Tk(190) and y, (19*, t) =y (190, t) for all k. This means that for two dif-

ferent positions of the source 9, and 9, we have k equalities
19— 8, = 9 = 9. k=1....K
but as we have at least three detectors not on the same line such equalities for all k

are impossible to have. This is the condition of identifiability.

Therefore for €||w|| > d there exists a constant ¢, > 0 such that
2

F(8,,8,) > e2G (8, + ew, 89y) > >

lIwll
= c.wll.

because
-1

and e >
Supsﬂg/e@ ||19 - 19/”

Iwll <e™" sup ||9-|
9.9€0
O

Therefore we obtained (18). Now the proof of the estimate (17) follows from the

proof of Lemma 2.4 in Kutoyants (1994).
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Localization of source by hidden Gaussian processes 685

The properties of the normalized likelihood ratio function Z_(w),w € W, estab-
lished in Lemmas 2—4 are sufficient conditions for the Theorems 3.1.1, 3.1.3 and 3.2.1
in Ibragimov and Khasminskii (1981) and therefore the MLE and BE mentioned in the
Theorem 1 of this work follow from the mentioned theorems in Ibragimov and Khas-
minskii (1981). O

4 Cusp-type case

The cusp-type models are proposed as alternative to change-point models with the fol-
lowing motivation. The real signals in technical devices can not have discontinuous
characteristics. Say, electrical current can not have pure jump at the moment of signal
arriving. Usually we have continuous curves but with strong increasing at the moment
of signal arriving. We presented different types of increasing functions: smooth, cusp-
type and change-point type. The cusp-type model is intermediate between smooth
model case (rate of mean square error is £2) and change-point type models (rate of
mean square error is £*). We suppose that the cusp-type model with x close to 0 is bet-
ter approximation of real “‘change-point” situation, because it proposes a continuous
curve close in L,[0, T] to discontinuous curve.
We return to the considered above model of K detectors with observations

dX (1) = a (s, (1 = 7(9) Y (Dd + €0, (DdW,, 0<1<T (19)

where X,(0) =0,k =1, ..., K and the function

1 2t x
Wi, (0 = 3 <1 + sgn(2t — 5)‘g -1 )1]{05:55} + Vs<i<ry)
The hidden Gaussian processes Y, (:),k =1, ..., K, as before, satisfy the same linear
equations

dY, (1) = =/ (DY (Ddt + eb(DdV, (1), Y (0)=y,0>0, 0<t<T. (20)

We suppose that the conditions % are fulfilled and as before we study the properties
of estimators as € — 0, i.e., small noise asymptotic.

The delay 7,(9) = p;/v=v"|9,— 9| and we have to estimate the posi-
tion 9= (xp,y,) by observations XX =(X,,...,Xx). Here the process
X, = (X(0,0<1<T). o

The likelihood ratio function and estimators d,, 9, are defined by the same relations
(3)—(6).

To describe the asymptotic behavior of these estimators we need notations (5) and
the following ones:
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686 Y. A. Kutoyants

7 (90) = e (7 (9 +6/2) )i (7 () + 8/2),
mo=m(9), Q)= /R [sen(s — Dls — 11* = sgn(s)]s|*] ds,

0, =ei Q) F 27 o5, H=rx+

N =

Introduce the limit likelihood ratio random field

K 2
Z(w) = exp {Z lﬂka’Jr((#ks W)) - Z—klwk’ W>|2H] H{IEB:T}

k=1

22
+Zl”k <Mk’W>)——|<#k,W>| ] {Bk}}’ we R

Here W]f"J“(s),s >0,k=1,...,K and W]f"_(s),s >0,k=1,...,K are independent
fractional Brownian motions with Hurst parameter H, i.e., independent Gaussian
processes with properties: EW:’ *(s) = 0and

1
EW/ (s )W (s;) = §(|S1|2H + [sal* = Is1 - 52|2H)'

The limit distributions of the estimators are given by the random vectors w and w
defined by the following relations

» wZ(w)d
ZW) = sup Z(w), W= M
weR? /RZ Z(W)dW

We have the following minimax lower bound for mean square errors of any estimator

. . _2 P 2 ~
lm%) lim sup @ Ey||9, —9||" 2 Eg [IW]”.
02020 || 9-9 || <6.

2L

This lower bound can be considered as a particular case of the lower bound given in
the Theorem 1.9.1 in Ibragimov and Khasminskii (1981). We call the estimator 7
asymptotically efficient if for all 9, € O for this estimator we have equality in (21).

Theorem 2 Suppose that the conditions are fulfilled, then the MLE 95 and BE §,
are uniformly consistent, have different limit distributions

¢;' (9. = 8y) =, 9. (9. = 9y) = W, (22)
we have uniform convergence of moments: for any p > 0

_P A
P, E80| 3

|"— o917, 0By 19, = 9| — Eq 11
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Localization of source by hidden Gaussian processes 687

and BE are asymptotically efficient.

Proof We verify the conditions of the general Theorems 1.10.1 and 1.10.2 in Ibragi-

mov and Khasminskii (1981). These conditions are given in terms of the properties

of the normalized likelihood ratio random field

L(8, + v, w, X¥)
L(8,, XX)

Z,(w) = , WEW5=(WZ 190+V(pEWE@).

We do it with the help of three lemmas.

Lemma 5 The finite-dimensional distributions of the random fields Z_(-) converge
to the finite-dimensional distributions of Z(-) and this convergence is uniform on
compacts K € 6.

Proof The normalized log-likelihood ratio random field is
& T () B
InZ(w) = Z/ T[1\/1,((Tk(1<)w),r) — My(7(8). 1) ] dW(0)

T h (1) ,
-3 [ 5 0,0.) - )
where we used notation 9,, = 9, + v, w,
w&,K,k(W, t) =VYsx (t - Ty (QW)), mk,w(t) = m(fk(gw)’ t),
Mk(’[k(lgw)’ t) = w&,l(,k(w’ t)mk,w(t) - ll/(;,,(’k(O, t)mkyo(t),
We have
Mk(Tk(lgw)’ t) - Mk(Tk(lgo), t) = [ll/(s,x,k(w’ 1) — ws,x0, [)] my,,(t)
+ W5 100, 0) [y, (1) = my o (1)].

It can be shown that

1-2x

€ By [y, (1) - mko(f)| <Ceg? —Ce™s 50,
Ey, [mio(®) _)’k(t)| < Cé.

For example, to verify the first estimate we have to write the equations for m ,(f)
and my (1), take the difference |my,,,(f) — my o(t)| and then to use Gronwall-Bellman
lemma and Cauchy-Schwartz inequality. Hence to study
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e /0 ORI (2 (8,).1) — My (0 (80), 1)l

it is sufficient to find the limit of the integral
-2 ' 2 2 2
H (w)=¢ / I @) [Ws kW 1) = W5 10, D] "y, (1) dit
0
-2 B 2 2 2
=€ / P (1) [Ws e s W5 1) = W 10, D] "y o (1) de(1 + 0(1))
0

T
=e” / hk(t)z [WS,K,I{(W’ 1) — W5, 40, t)] 2yk(t)zdt(l + o(1)).
0

Suppose that w € [EB,:, i.e., for small € we have
Therefore H; ,(w) = ﬁlk’e(w)(l + o(1)), where
. 5 rk(80)+6 5 2 )
Hy (W) =¢" / B @) [Wse kW, 1) = W5 10, D]y (1) dr.
7(90) =@ pw)
In this integral we change the variables several times:

2 W
t:s+1k(190), s:g(r+l), r:—%q,

obtain i (1) = by (7, (9y + 6/2) ) + o(1), and y, (1) = y, (7 (9) + 8/2) + o(1) and

R R Tk(190)+5 5 _ b 2
H (w=¢ (@) [Ws e xO0, 1) = w5 10, D] "y (1)*de
7 (90) =@ (p3ow)

72

= — [ ) / [sen(q — Dlg — 11* = sgn(@)lgl*]*dg(1 + o(1))
0O(x) R
= 22| (g )| (1 4 (1)),
Recall here that
72 = Iy (7 (99 + 8/2)) v (7 (8) +6/2)°,

0(x)? = / [sen(q — Dlg — 11 = sn(@)lgl*] dg.
R

Therefore we obtained the relation
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Localization of source by hidden Gaussian processes 689

T
5—2'/2 B (M (59, ) 1) = My (5(9).1) et
= 7(90) Q1. 95) | e w) (1 + 0(1).

For stochastic integral we have similar relations

T h i
[ 19,0 = s 90)

_ M ‘”?‘[
o) /-
—sgn(q)|g|*|dw (@)1 + o(1))

= 7 (90) Wi (Ctt- w)) (1 4 0o(1)).
Here w, () are independent two-sided Wiener processes obtained from the W(+)

after the mentioned change of variables and the corresponding normalization as
follows

gn(q = (- w)) g = (- w)|*

Wi (1) — Wi(s +7(9) ) = Wi(7(9))
v e e)-w)
Wk< e >

- Wks( ) -
The Gaussian random function
Wk,s (</”k’ W>)
o
= Q@)™ / | [sgn(q = (up w)) g = (o w)|* = sen(@)1gl*]dw, (@)
—or
has the properties

E(90Wk,e(</4ksw>) =0, E&(,Wk,s((ﬂk’W))z = |</4k,W>|2H(1 +o(1)),
E190Wk,s(</’lk’ W1))Wk,e(<ﬂkvwz>)

1 2H 2H 2H
= §<|<Mk,W1>| +|</41<aW2>| —|<llk»W2_W1>| >(1+0(1))-
Therefore we have the convergence

Wee (|G W) = W (| w)|).  w e B
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Forw e BZ we have the similar limits. Therefore the one-dimensional distributions
of Z_(w) converge to the one-dimensional distributions of Z(w). As it follows from
the given proof this convergence is uniform on compacts K C 6. To prove the con-
vergence of finite-dimensional distributions

(Ze(w1) - Z(wy)) = (Z(wy), ... Z(wy))

we can use the same steps as in the given above proof. O

Lemma 6 There exists constant C > 0 such that for any R > 0 and||w, || + ||w,|| < R
we have

foek Eq, |Zs1/4(w2) =21 (w)) |4 < C(L+ R lwy = w72, (23)
0

Proof Using (16) we can write

4
E‘90 |Z£1/4 (WZ) - 22/4(‘4}1 )| = E80+(péwl |VT - 1|4

4
K T
2
< CEg(]Jr%Wl(Z /0 V,h2Dy (8¢, Wy, wy, 1) dt>
k=1
K T 4
+CE190+%WI<Z /0 Vth,Dk!E(é)o,wl,wz,t)de(t)>
k=1
K T 4
2
SCY By < /O V,Dy. (89, Wy, o 1) dt)
k=1
K T 5 2
+C Y Ey o, < /0 V2D, (89, Wy, Wi, 1) dt) :
k=1

Introduce notation 9, = 9y + vo,w,, 9, = 95+ ve,w,

Ay () =y, (1= 7(91)) = w0 (1 = 7(92)),
Amy(t) = m(rk (191), t) - m(rk (82), t),

and write
eDy, (190, Wi, Ws, t) = m(Tk<19] ), t) Ay (1) + l//&,((l‘ - Tk(192))Am(t).

We have

T
Ey </0 szDk,s (190, Wi, W, t)zdt>
2

T
<<g, ( /0 |80V (5 (8,).1)" + VfAmk(t)Z]dt> .

_62

2
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Recall that m(7,(9,),1),0 <7< T is Gaussian process with bounded variance.
Hence 2ab < a* + b?)

2B, V2V2m(7,(9,),1) m(z,(9,),5)*
<Ey, Vim(z(9)).1)" +Ey Vim(z,(8)).5)"
=Eym(7(9,).1)" + Egm(z(8,).5)" < C,
and

2Ey VIV Amy (1)’ Amy(s)* < By VIAm ()" + Ey Vi Amy(s)!
<Ey Amy(1)* + Eg Amy(s)".

Note that the Gaussian process m, (7, f) is mean square differentiable w.r.t. 7 and we
have

4
EgAmy(s)* = Es”"(’k('gl)’ t) = m(z(9,), t)|
4
< C‘Tk('gl) - Tk(82)| < C@l||w, - W1||4-

These estimates allow us to write

T
E, </0 Vtsz’E(80,w1,w2,t)2dt>

T T
=g_4E3]/0 /0 VtszDk!E(ﬁo,wl,wz)sz,g(190,wl,wz,s)zdtds

2

T 2
<Cce™* (/ Al[/k(t)zdl> +e ol |wy —w, ||4
0
Ax+2

2
(pe K K K
<C = [|wa — W1||4 +2 </ [sgn(s — 1)|s — 1% — sgn(s)|s| ]2ds>
R

+C+ 6_4qog||w2 - w1||4

ﬂ
+Ce 1wy —wy|*
4k+2

S C ||W2 _ wl||4l(+2

S C(1+R7*)||wy — wi||

for ||w, || + ||w2|| < R.
For the term

4

T
E'91 </0 Vsz,g (190,W1,W2,t)2dt>
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692 Y. A. Kutoyants

we use the similar relations like
Ey V, V, V, V(7 (9,).11)m(z (9,). 12)m(z (8,) 13)m(7 (9,). 14)

4 4
<CY B, Vin(a(9).0)' = € X Bym(a(9,).0)" <

i=1 i=1

and obtain the relations

ZE(,] </ VD, (89, w1, s, )zdt>

Sk+4
<C ;g [[wa = wi|

4

8x+4

(p8
+ C—85||w2 - w, ||8
E
ﬂ
+Ce* 3 ||wy — wy||°
4K+2

< C||W2 —w, ||8K+4
5C(1+R4)||w2 wi|
Therefore we obtained (23). O

Lemma 7 There exists constant c, > 0 such that

S Ea 20V S e 2
0

Proof We follow the same steps as in the proof of Lemma 4. The local relation is
(below 9, = 9, + v, w)

F0.0) =%, [ - 0,000
~Ws, (1= Tk(l()o)))’kwo’t)] dr

K T 2
hy (1)
= — (9
/;/0 £2 [W&K(t Tk( W))

s (1= 7(80)) 3k (80 1) (1 + (1))

K
= 2 22 W) (1 + 0(1)).
k=1

Therefore there exists €; > 0 and d > 0 such that €, ||w|| < d and all € < g, we have

K K
1 .
F(9:80) 2 2wl w1+ o) > 3 PR W) = ellwl.
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To verify the last inequality with some ¢ > 0 we write

K K

D 22w = 2 e ) P,

k=1 k=1
where we denoted e = w/||w]||. We have

K
¢= inf Zﬂ,ﬂ(yk,eﬂm > 0.
eeR? llell=1 {1

If ¢€=0, then there exists a vector e, such that all scalar products
(p-e.) =0,k=1,...,K. As K > 3 and there exists at least three detectors not on
the same line, the vector e,, which is orthogonal to all vectors u;,k =1, ...,K does
not exists.

For||8 — 8y|| = d we have

inf inf €*F(9,9,) > 0.
€O [|9-9,|2d

The proof of this inequality is the same as the proof of similar relation in the
Lemma 4.
Hence there exists ¢ > 0 such that

F(9,9y) > ellwl*.

The end of the proof is the same as in Lemma 4. O

The properties of the normalized likelihood ratio random field Z_(-) established in
the Lemmas 5-7 are sufficient to cite the Theorems 1.10.1 and 1.10.3 in Ibragimov and
Khasminskii (1981), where the mentioned properties of estimators were established
under such conditions. O

5 Change-point case

Let us consider once more the problem of one source detection with K detectors (see
Fig. 1). The observations XX = (X, ..., Xg ), where X; = (X,(1),0 < ¢ < T)and

dX (1) = a (D (1 — 7(9)) Y, ()t + o (AW, 0 <1< T, (25)
where X;(0) =0,k =1, ..., K and the function
w(0) =Tz

The hidden Gaussian processes Y,(-),k =1, ..., K, satisty the same equations
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dY, (1) = —=f,(OY,(O)dt + eb (HdV (D), Y (0)=y9, 0Zt<T.

As before we suppose that the conditions Z are fulfilled. The parameter € € (0, 1) is
small and the asymptotic is the same: € — 0.

The delay_7,(9) = p/v = v~ "19c — || and we have to estimate the position
9 = (xo, yo) by observations XX.

The likelihood ratio function is

K T 9
L(&Xk) = exp {Z/ a"(t)mk(—T"(z)’t)ka(t)
k= Tk

® 20D
KT a(0)’m(1.(9), ¢ :
_Z/ k k(kz)dt,z9e@.
k=17 1) 2e20,(1)

The estimators 95, 95 are defined by the relations (3)—(6).
We need the same notations (5) and

7 (90) = he(7(90) )y (7 (80)). 7 = me(9).

The limit likelihood ratio random field is

K 2
Z(w)=exp{2l ¢ (e w)) ——|<uk,w>|] {87}
k=1
K ”2
+ 2 l”ka_(—(llksW)) - 7k|(ﬂk’w>|] Trey }7 we R

k=1

Here W;(s),s >0,k=1,...,K and Wk‘(s),s >0,k=1,...,K are independent two-
sided Brownian motions.
The limit random vectors w and w are defined by the same relations

» wZ(w)d
Z(W) = sup Z(w), W M
weR? Jr2 Z(w)dw

The asymptotically efficient estimators in this problem are defined with the help of
the following lower bound

limlim sup 4E,9||1§6 -9* > E80||v~v||2.
V=020 ||9-9, | <v

We call the estimator 97 asymptotically efficient if for this estimator we have

limlim sup e *E,||9" — 9||> = E, [|w])?
v—0e-0 € 0
[|9-9 ]| <v
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for all 9, € O.

Theorem 3 Suppose that the conditions are fulfilled, then the MLE '95 and BE 9,
are uniformly consistent, have different limit distributions

e2(9,-9,) =W, 29, -9, = w, (26)
the moments converge: for any p > 0

g |
vo

A P " _ - _
I N N Y L e
and BE are asymptotically efficient.

Proof Introduce the normalized likelihood ratio

L(SO + vszw,XK) s
Z.(w) = , W€W£=(Wi190+\/£w€@).
L(8,,X%)

Once more we have to prove three lemmas and then to cite the Theorems 1.10.1 and
1.10.3 in Ibragimov and Khasminskii (1981).

Lemma 8 The finite-dimensional distributions of the random fields Z_(-) converge
to the finite-dimensional distributions of Z(-) and this convergence is uniform on
compacts K € 6.

Proof Suppose that w € B, . Then
and

InZ_(w)
K

2
K /T hk(t)z[ﬂ {I>Tk(19M,)}mk(Tk(19W)’t) —mk(rk(ﬁw),t)]

(%) 2626, (1)°

dW, (1)

T hk(f)[“ (50} (T(9,) - 1) = mi (7 (9,,), ’)]
'/T;((lgo) 50'k(t)

dr.

k=1

For ordinary integral we can write
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2
/T hk(t)z[]] (o)) (7 (90) 1) = mk(’k(igw)’f)]

dr
o o0
7(o+2w) I, (1)? 9,), :
=/ @ () mk(Tk( W) t) dr(1 + o(1))
(%) £20,()’
2
h 19 ‘rk(190+¢ W)
_ M (7(9)) 2/ my (7,(9,)1 )2dt(1+0(1))
e20;(7(8))" /(00
/’l 19 (o +0. W)
_ Tk o)) 2/ Tk ,90) ) dr(1 + o(1))
£20,(7(99))" /a(00)
h pe 19 rk(SO)*(PE(HksW)
_ In(m(8))" Tt V(OPdi(1 + o(1))
e20y(7(9))" /a(00)
By (7 (9 9
_ (m(9)) yk(rkZ( ) L s |1+ 0(1)
Uk(fk('go))

— m(80)" [ ).

Hence

dt

2
K /T hk(l‘)2[“{t>fk(19“,)}mk(7k(19w)’t)_mk(fk('s’w)vt)]

= o) 2626, (1)
£ 2
- Z”k('g()) |<l4k,W>|-
k=1

The similar calculations for stochastic integral leads to the following relations

dW, (0

T OV oy (5 (9,):1) = me(2(6,).1)]
/1_](('90) £6k(l)

_ /rk(19o+¢;w) hk([)mk (Tk (19W), t) dW Ol + o(1))
- k

() 0
) % /(;ZW) my(7(9,,).1) AW, (D1 + o(1))
= % / (;S))<> AW @)1+ o(1))
= (5) We(7e(90) = @ (o w)) = Wi (7,(85)) o)

&
= ”k(’go)wk,e(K”k’W)l)(l +o()) = ”k(lgO)Wk_(K”k’W)D
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and

dw, (1)

K O[T a5 (9,)0) = mi((9,).1)]
k= 1/TA(190) £04(0)

=>2”k 90) Wi ([¢ue W)

k=1

Therefore we obtained convergence of one-dimensional distributions. The proof
of the convergence of multidimensional distributions follows the same steps but is
cumbersome. O

Lemma9 There exists constant C > 0 such that for any R > 0 and”wl || + ||w2|| <R
we have

8
sup By 27 (w3) = 275 (w) | < C(14 B oy = | @7)
0

Proof Suppose that w, and w, are such that 7,(9,, ) < 7;(9,,,) and denote
AMk(wl,w2, t) = ]]{t>rk(z9w2)}mk(fk(lng)’ t) - 1]{I>Tk('9w1)}mk(rk(19wl), t).
Using once more (16) we write

Ve =1[°

+owy
K T 5 8
Ce SE, (Z/ V,thMk(wl,wz,t) dr
"\ iz /o
K T 8
+ Ce%E, <Z / Vi AM (wy, wy, 1)dW, (1)
"\ i1 Jo
K T 8
—-16 2
Ce ;Eg ( /0 V,AM, (wy, w,, 1) dz)
4

K T
- 2
e Yk, ([ viaus (s ar).

8
By, |21 (w2) = 2 ()| =B,

Here

_exp{Z/ hk(s)AMk wl,wz, )de(s)

I, (s5)?
_Z/O 1k6 > AM; (wy, wy, )zds}.
k=1
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We have

T s 7(9,,) s
/ VZAM, (W), wy, 1) dt=/ Vimy(7i.(9,,), 1) de
0 Tk

)

¥ '/TkT Vt2 [mk(Tk(’ng)’ t) - mk(Tk(8W1 )’ t)]zdt'

@)
Let us denote my (t) = my (7;(9,,, ), 1), then

Eé’wl Vzmk(tl)2V2mk(tz)szmk(t3)2V2mk(t4)2
< CZESMV m(1;)" = CZES m(1,)° < C.

Further

4
Tk(ing) ) 2
E, / Ve (,(9,, ).1) dr
7(®,,)
70y ruy,) 1. rud,,) 4 X 5
_ / / / / [T &0 Vime(s(6,,).0) d,
LZACH) 7(Oy)) 7(Oy)) 7@®y) =1

4
< Cla@,, - nd,,| < Ce¥fwy—wi|*

and

b, ([, Vilmi(6.0.0 -mls(0,).) dr)4

®,,)

T
< (T-50,)) / L Ea Vim(n(0,).0) - m(a(0,).0]

-7 / ' By, [my(70(8,,).1) = my(5i(9,,).1)] e

.0,)

< C|=(s.,) - ‘L'k<19wl)“8 < Ce"flwy —wy|*.

Therefore for ||w;|| <R, ||w,|| < R we obtained

K T
e Y E, < / VfAMk(wl,wz,t)zdt>
= ' \Jo

< Clwy = wi ||t + Ce¥fwy = wi||P < C(1+ R |jwy = wy ||

4

Using the similar arguments it is possible to verify the estimate
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K T 5 8
8—16];E8w_1 </0 V,AM, (wy, wy, 1) dr)

< Clwy = wi||® + Ce"Jjwy —wy || < C(1+R®) [y — wi ™.

Lemma 10 There exists constant ¢, > 0 such that

1/2 —clwll
sup B Ze0n) 7 < e (28)

Proof Once more we follow the proof of the Lemma 4. First we show that for some
d>0and |9, — 9| < d we have the estimate

K T j,2 5
t -
;/0 ) [ﬂ (e (0,)) Yk (1) = ﬂ{tZrk(&U)}yk(t)] dr > efwll (29)
with some constant ¢ > 0. Then for 9, € K
K T B
: 2
||s_‘§1f||>d,§; /0 n; [ﬂ (2@ k(81 — ﬂ{,sz(go)}yka)] dt>0.  (30)

Consider the values ¢||lw|| < d and 7 (9,,) > 7, (9;)
T 2
Fi(9,-9,) =5_2/ htz[“{zsz(sw)}yk(@w’f) - “{zsz(so)}yk(f)] dr
T ’ 2
> Ce? /O []]{tsz(sw)}yk(l()w,t) -n{lsz(go)}yk(z)] d
Lo LT ,
> Ce /rk(ﬂn) yu()*dt + Ce /TA , [Ve(9,.1) = y(O] de

> Ce 2y, (7 (90) ) [7(9,,) = 7 ()] (1 + o(1)) = Ce2||9,, — 8 ||
> Cy(7(90)) [ wH|( + 0(1)) = CElw>.

2

Therefore

K

K
N Fe(9,280) = €Y yi((9)) [ wd|(1 + 0(1)) — Cdellwl]

k=1 k=1

K
> C Y (e wh| (1 + o(1)) = Cde|wl].
k=1

Once more we have the estimate
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K K
D e wy| = 1wl Y [ €)] = Ellwl.
k=1 k=1

Hence

K
D Fi(8,.80) > (CE = Cde)llwll > ¢, [Iwl]
k=1

and we obtain (30).
Suppose that we have equality in (30). Then there exists &, such that
|9, = 9]| > 0 and

K T )
2/0 htz[‘“{tZTk(&)}yk(&wt) - ﬂ{tZTk(SO)}yk(t)] dr =0.
k=1

This is possible if and only if 7, (9,) = 7,(9) for all k = 1, ..., K. These equalities
simultaneously are impossible if there is at least three detectors not on the same line.
Therefore (30) is valid. O

Now the properties of the MLE and BE follows from the Theorems 1.10.1 and
1.10.3 in Ibragimov and Khasminskii (1981). O

6 Discussion

The studied here model of observations (1) is motivated by two different problems.
One is to detect the position of the source S, which emmits K independent Gauss-
ian processes in different directions and the second is to detect a position of object
S, which receives K independent Gaussian signals from K reper sources with known
positions. If the independence of the signals in the second statement of the prob-
lem seems to be natural to suppose that one source can emit K independent signals
merits to be discussed. For example, suppose that we have a radioactive source and
the signals are the Gaussian approximation of the flux of the particles emited in dif-
ferent directions. According to the physical law all elementary events (radioactive
decays) are independent and therefore the corresponding Gaussian processes can
be considered as independent. Note that the case where the same Gaussian process
Y = (¥Y(#),0 <t < T)is detected by K different sensors

dX, (1) = a (O (1 — 7,(9) ) Y ()t + e0, (NAW, (1), X, (0) =0

with different delays can be treated using the developped here technics.

We considered the position estimation problem in three different cases corre-
sponding to three different types of regularity. It is supposed that the moment of the
beginning of emission is known and this corresponds well to the usual situations
in GPS models. There is another class of problems like identification of explosion,
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where the position and the moment of explosion are supposed to be unknown. It is
possible to treat these problems too. The first important question is the question of
identifiability conditions. In the work Arakelyan and Kutoyants (2019) we gave the
example of such identifiability condition, but the further study is needed.

Another problem is the computational complexity of the estimation algorithms.
The calculation of the MLE and BE requires the calculation of the solutions of the
Kalman—Bucy filtration equations (6)—(8) for all (many) values of 9 € @. Of course,
the numerical realization can be difficult problem. There is a possibility to use two-
step procedure developed recently for partially observed continuous time dynamic
systems Kutoyants (2019a, b).

It is also possible to separate the problem of localization in two. The first problem
is estimation of arrival times 7y, ..., 7x by K independent Gaussian processes (1) with
hidden processes (2). Then having K estimators, say, f],e’ ..., T . we can consider the
problem of estimation J,, using least squares approach. See details in Chernoyarov and
Kutoyants (2020) and Arakelyan and Kutoyants (2019). The estimator of J,, obtained
by this method can be used as preliminary estimator for two step procedure like the
given in Kutoyants (2019a), Kutoyants and Zhou (2019).
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