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(C1) {(xi,ys,7) : @ = 1,...,n} are independent and identically distribut-
ed random vectors. The parameter vector 3" is an interior point of the
parameter space, a compact subset of RP.

(C2) E|ly; — pil|® < oo, the function g=1(-) is bounded and has continuous
second derivative, the marginal variance function v(-) is continuous and
bounded, and have first derivative.

(C3) The probability function m;;(@;) satisfies (a) it is twice differentiable
with respect to @;; (b) 0 < ¢y < m;;(@;) < 1 for a positive constant co;
(c) 0m;;(©,)/00; is uniformly bounded.

(C4) The random vectors x;; are bounded in probability for all i and j, the
matrices g and X, are nonsingular, Ag and Ay, are positive definite.
) <T ? pu () satisfies max;c 4 p),(|Bjo]) = 0p(n~/?) and max;e 4 pl}(|Bjo]) =

o(1).

(C6) Asn — oo, v — 0, n'/3v — oo, and liminf, ¢ liminfs o+ p/,(|8])/v > 0.

In the following, we mainly derive the results for g;(3) and the similar
arguments for h;(3) can be obtained.

Lemma 1 Under assumptions (C1)-(C4), we have
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Proof of Lemma 1. Note that
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It can be seen that I,, — N (0, Ag) and
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O,,) + 0p(1)



It is not difficult to verify that E(I, + I}) = o0,(1). Direct calculation yields
E(I,I}) = Op(n=/2) and Cov(I,, I}) = 0,(1). Then it follows

\F Zgz ) — N(0, Ag+E[0g:(©°,,8°)/00,,| X E[0g:(0°,,3°)/00,,)T).
Lemma 2 Under assumptions (C1)-(C4), we have

Zﬁ (B8°) — N(0, %),
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Z = Ay (4) max [|ai(8%)] = op(n/?).
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Proof of Lemma 2. Use the similar arguments as in the proof of Lemma 1.

Proof of Theorem 1. Noting that the Lagrange multiplier method leads to the
empirical log-likelihood ratio function for 3°

Ro(B°) = 2210g{1+AT<ﬁ0> (89},

where vector p = A(B°) is the solution to
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It can be seen that BQ is the solution satisfying the following two equations:
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14+ ATg;(B) =0

Note that T1,,(8°,0) = n~! Z g:(8Y) and T»,(B°,0) = 0. Using the similar

arguments in the proof of Lemma 1 in Qin and Lawless (1994), we have BQ —

B°. Applying Taylor expansions to Tln([:)'Q, 5\) and Tgn(ﬁQ, 5\) at (8°,0), we
get

oT1,(B°,0) , - 8T1n(5 ,0) <
_ 0 _ 30
0T, (B°,0) , - 0T, (8°,0) ¢
0 =T2(8°,0) + =557 (B = B") + — 57— A+ 0p(ua),
where u,, = [|Bo — 8°|| + ||A]|. Also, the above two equations can be rewritten

as
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From this and T1,(8°,0) = n~! zn: 9:(8°) = O,(n™1/2), we know that u,, =
O, (n~'/2). Then we have -

Vi(Bq - B8°) = {Ag A, Ay AT AL NP2 Zgz )+ 0p(1).

Together with Lemma 1, we can derive that

Vi(Bg — B%)—N(0,{Ag A, Ag) T AT AT By A Ag{ AT A Ag) ).

Proof of Theorem 2. Based on the proof of Lemma 1 and applying the same
idea in the proof of (2.14) in Owen (1990), we first show that
Il = Op(n~"?).

Write A = A(8°) = pu, where p = |||, w = A/||A]| and ||u|| = 1. We have
*Z 1+AT 39))
:li gi(8° )
1+ pu”g;(8°)

IS~ a0y L 9i(8%)8i(8°) Tup
- Zgl(lg) 1+puT (,60) :

i=1

By multiplicating u”, we obtain

u gi (IBO)gZ (/80)
1+ pung(ﬂo)

s e =

i=1

1
“1+p max Igl(ﬁo)mzu 9:(8”)3:(8°) " wp,

where the inequality follows from positivity of 1 + pu®'g;(8°). Then

p— Zu i(8)g:(8°) u<Hu fzgz )H[lerggsxnléi(ﬁoﬂl
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Note that max 16:(8°)|| = o(n'/?). By WLLN and Lemma 1, we have

ol g+ 0,1)] < 3580 + poln'),
i=1

which leads to p = O,(n"'/2), i.e., ||A|| = O,(n~'/2). Naturally,

12 IATg:(8°)]] < 1Al max [19:(8°)[] = Op(n “2)o(n'?) = 0y(1).

Expanding D(A), we get

N T 5.(39)]12
0= D) =1 Zgi(ﬂo){l - A"g:(8°) + w}

n T . 0\12
-~ Zgz B - = Zgz )9:(8°) A+ Zlgxﬁ())“(lgfgﬁ] :

where & € (0,ATg;(3°)). Using the fact that max H)\T +(8%)]| = 0,(1), then
|€i] = 0p(1). Noting that

H, /\ng(ﬂO)] H <1<z<n||gl
(1+¢&)2 Il — 1711213@( &

‘)\T Zgl (8%)6:(8°) T)‘H
=o(n'/%)0y(n"")
:Op(”_l/Q)a

thus
[ Zgz (8):(8°) } [ Zgz ﬂ°}+C, (1)

where [|¢|| = 0,(n"'/?). A Taylor expansion of Rq(3°) yields
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Similarly,
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therefore,
%) =227 4i(8° Z Agi(B)3:(B) A+ op(1). (2
i=1

Substituting (1) in (2), it holds that

n

(8 =n[ 2 3 ai(6") H%Z COINES SPATCD]

—n¢" 3 6 (8%)8:(8°) ¢ + 0, (1),
i=1
A simple calculation shows that
ne” 52 (8N = noy(n~ 2oy (/%) = ay(1).

=1

Therefore,

n
Ro(8") = [ =3 4:6") H%Zg (8°)3:8°)"] [fZgz )] +opl0).
Together with the proof of Lemma 1, we can conclude that

Ro(B%) — prwy + pawz + ... + PpxqWpxq,

where wy, { = 1,...,p x g, are independent and follow the standard x? dis-
tribution with one degree, the weights p; are eigenvalues of A;lZ’g. For the

asymptotic theories of ﬁ 1, it can be proved in a similar way.

Lemma 3 Assume conditions (C1)-(C6) hold and denote D,, = {3 : ||B —
Bl < dn}, dn = n~1/3, then as n — oo, with probability to 1, R,(B) has a
minimum in Dy, .

Proof of Lemma 3. Let B8 = B° + ud,,, where [[ul]| = 1. For simplicity, we

denote A = A\(3). First, we give a lower bound for R,(3) on the surface of the
ball. Similar to the proof of Owen (1990), when ||g;(3)|]*> < oo, we have

:[iégi(ﬁ)éi } [;ig }_,_O (n=1/3)
/

=0(n"3) (a.s.),
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uniformly about 8 € D,. By this and the Taylor expansion, similar to the
proof of Lemma 1 in Qin and Lawless (1994), we obtain

n n

Ry (8) =2 ;AT%(#’I) - ;AT%(B)Qi(ﬁ)TA + nipy(wjn +o(n'’?)
SIESICIRES SUCTI IR SPIE w]ipij>+o<nw>
S B L ]
x[;fjgm%n;aggf un™ /] + Z} A1851) + o(n*/?)

:n{O(n*I/Q(loglogn)l/Q)JrE[%I@'B)}un*l/g} [;Z +(8%)g (ﬁo)}

HM:

—1
99:(8° _
X{O(n_l/Q(loglogn)l/Q) +E[ga(§)}un 1/3}
JranV |Bjol) JranV 1Bj0)sign(Bjo0)u;dn +”ZP (18501 )u 2di+0(n1/3).

Jj=1 Jj=1 Jj=1

Note that

dp = O(nand,) = o(n'/?),

d
H >, (1Bjol)sign(Bjo)u;dn
=
d
anZ(|ﬁj0| ?dn < npbpd® = o(n'/?).

This yields R,(8) > (c—e)n 1/3+n2] 1pv(1Bjol), a.s., where c—e > 0 and c is

the smallest eigenvalue of E[0g;(3°)/08]T [Fg:(8°)g; (,@O) |71E[0g:(8°)/08.
Similarly,

) =330 [ aeaer] L a0
=1 im1 i=1
+ nipu(\ﬁjo\) +o(1)
j=1

d
=0(loglogn) + an,,(|ﬁjo|), a.s
j=1

Since Rp(ﬂ) is a continuous function about B as B belongs to the ball ||3 —
Bl < n~/3, R,(B) has a minimum value in the interior of this ball, and Bg



satisfies

8ﬁ503‘ 53 [09:(8)/08]" A
08T lp=po T T+ XTgi(B)

with b(8) = {p,(1B:])sign(81), p,(|8al)sign(Ba), ... p, (I8, |)sign(8,)}7. This

completes the proof.

+nb(B) =0,

Proof of Theorem 3. As Lemma 3 implies that there is a local minimizer BQ
of ]A%p (8) uniformly for 3 € D,,, then by Taylor expansion, we have

10R,(8) 2 <~ [0g:(8)/98)" A
n 08T n > BESTCR +0(8)
0
=2 {TZ”(EO’O) N C{)T%éi(;’m(ﬁ - B°) + W(A —0)| +b(B) +o(n~1/?),

where b(0) is defined the same as in the proof of Lemma 3, and

1 & 9:(3
T1(B,) = nZHgA(TAz(ﬁ)’
< [09:(8)/98]" A

Tn ) .
20 (B, A 1+ XMTg,(8)

1

n
i=1

In addition, the last term holds due to condition (C6). Note that T»,,(3°,0) = 0

and 0T, (8°,0)/08 = 0. By standard arguments, 0T5,,(8°,0)/0X = E[0g:(8°)/08]T +

0p(1). Thus for j =1,...,p, we have

OR,(8)

0B;
Under condition (C5) on p),(-), it can be seen that p!,(|5;|)sign(3;) dominates
the sign of (“)Rp(,ﬁ) /0B; asymptotically for all j ¢ A. Therefore, it is sufficient

to show that with probability tending to 1, as n — oo for any (3; satisfying
B1 — Bio = Op(n~'/3) and for some small €,, = Cn~'/3 and j ¢ A,

OR,(B) R,(8)
d9B; 0B;
This completes the proof of part (i).

Denote X = diag{p//(|81]), .. .. py(|B,])}, 2 = diag{p/(|B10l), - - -,/ (|Baol)},
1(8) = {1 (Brol)sign(Bro), ..o}, (|Bao])sign(Bao)} - Next, we establish part
(ii). Taking derivation of T1,(3,A) and Th,(B,A) about B and A at (8,0)

respectively, we obtain

(T80T _OTan(8.0) _ %Z 208"

=nw{p,,(16;)sign(5)) /v + Op(n~"/*/v)}.

> 0 /Bj ( ) n) and 9 < O, BJ S (—En,o).

B OAT 1" op
OTin(B,0) _ 1 gy, enlB.0) _
AT Z R R
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Expanding Tln(,éQ, ;\) and 2715, (,@Q, ;\) + b(ﬁQ) about at (8°,0) yields

0 R 0 -
0 :Tln(ﬁoa 0) + W(ﬁQ - /80) + %)‘ + Op(rn)a
_ 0 6T2n(5070) A 0 8T2n(ﬁ°, 0) 3 1 0
0 =T>,(8",0) + T(ﬁQ -B7)+ T)\+ ib(ﬁ )

+ 550, (Ba — %) + op(ra),

where r,, = [|8Bo — B°|| + ||Al]. As Bg, = 0 with probability tending to 1, we
consider the components Bg, and A; and immediately derive that

( X ) 5! (Tfi’(ﬂm +op<rn>>
Ba, — B2 —1V(8) + 0y(r)

(11) A (12) (11)
S = <AS(J21) Agd ) -5 = (Ag T(lg)) )
Ay X 80.0) T X

where Tl(,ll)( 9.0) is the dx g sub-vector of T1,,(8°,0). More precisely, T1,,(8°,0)
has ¢ different parts, and we take the first d sub-vector of each part to com-
bine Tl(rll) (8Y,0). It can be verified that the corresponding dg x dq submatrix
of 0T1,(B°,0)/0AT converges to Aéu), which is the corresponding dq x dq
submatrix of Ag; the corresponding dg x d submatrix of 8T1,,(8°,0)/08 con-
verges to T(12) = T}, which is the corresponding dq x d submatrix of Ag.
Note

with

n
T)(89.0) = (Lixds O1x(p—dy» > Lixds Ot (pd) Jpxcqn ™" Zéi(ﬂo) = 0,(n"Y?),

i=1

which leads to r, = O,(n~'/2). Therefore,

Vi(Ba, — BY) =(Z¢ + V)L AZ (—{AIV} )T Y (80, 0)
— SE V)TN (B) 4 0,(1),

where V' = Agl{Agl)}*lAéu). Furthermore, under condition (C6), for n —
00, ¥ = 0, av — 0 (a is the constant in the SCAD penalty), we have
P(min;j—12 4|Bjo| > av) — 1, which implies P(|b%(3)| = 0) — 1. Under
condition (C5), we have b,, = o(1) and P(X? = 0) — 1, and \/ﬁTl(,ll) (BY,0) —
N(0, 2_,511)), where 2_,(]11) is the corresponding dg x dg submatrix of Xg. By
Slutsky’s theorem and the Central Limit theorem, we have the result.



References

Owen, A. (1990). Empirical likelihood confidence regions. The Annals of S-
tatistics, 18, 90—120.

Qin, J. and Lawless, J. (1994). Empirical likelihood and general estimating
equations. The Annals of Statistics, 22, 300-325.



