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To establish the asymptotic properties of the proposed estimators, the following

regularity conditions are needed in this paper.

(C1) There exists a unique solution θ0 ∈ Θ to the equation Eu[∂ log[c(u1,··· ,um;θ)]
∂θ

] = 0,

where u = (u1, · · · , um), and Θ is a convex and compact set.

(C2) The integral
∫
u

supθ∈Θ ‖
∂ log[c(u1,··· ,um;θ)]

∂θ
‖du exists.

(C3) The partial derivative sup1/(κn+1)≤u≤κn/(κn+1)‖∂ log[c(u1,··· ,um;θ0)]
∂u

‖ ≤ Qκan, where

Q and a are some positive constants.

(C4) The conditional density function of T , fX,Z(t), satisfies that 0 < c1 < fX,Z(T ) <

c2 <∞ uniformly in X, Z and T for some positive constants c1 and c2. Fur-

thermore, there is a constant M such that the conditional densities satisfy the

Lipschitz condition |fj(s|Xij,Zij)− fj(t|Xij,Zij)| ≤M |s− t|, for all i and j.

(C5) The covariates Xij and Zij satisfy that max1≤i≤n,1≤j≤m ‖Xij‖ = Op(n
v) and

max1≤i≤n,1≤j≤m ‖Zij‖ = Op(n
v) for some positive constant v < 1

6
.
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(C6) α0k(t) ∈ Hr for some r > 1/2. Where Hr is the collection of all functions on

[0, 1] whose mth order derivative satisfies the Hölder condition of order ν with

r ≡ m+ ν.

(C7) For any positive definite matrix Υi(k),
1
n

∑n
i=1

∑K
k=1 X̃

T
i(k)Λi(k)Υi(k)Λi(k)X̃i(k)

converges to a positive definite matrix.

(C8) Matrix Ω is positive definite and ‖Ω‖ = O
(

1
n

)
.

Conditions (C1) and (C4), together with (C5), are commonly used in quantile regres-

sion literature. Conditions (C2) and (C3) specify conditions on the copula function,

which are satisfied by many commonly used copulas including Gaussian copula, t-

copula and so on. Condition (C6) states the smoothness condition on the coefficient

functions, which describes a requirement on the best convergence rate that the co-

efficient functions can be estimated. Conditions (C7)-(C8) are used to represent the

asymptotic covariance matrix and obtain the optimal convergence rate.

Lemma 1. Under conditions (C1)-(C5), if κ2a+1
n /n1−2v → 0 and κn →∞ as n→∞,

then θ̂ →p θ0, where →p denotes convergence in probability.

Proof of Lemma 1. The proof is similar with the proof of Lemma 1 in Wang et

al. (2018), we omit the details for saving space.

Proof of Theorem 1. Let

Ū(ζ) =
n∑
i=1

K∑
k=1

DT
i Λi(k)V

−1
i(k)(θ0)Pi(k)(ζ)

with Pi(k)(ζ) =
(
τk − Pr(Yi1 −Di1ζ < b̂k), · · · , τk − Pr(Yim −Dimζ < b̂k)

)T
. By

Lemma 5.1 and Hendricks and Koenker (1992), we can obtain that Vi(k)(θ̂) →p

Vi(k)(θ0) and Λ̂i(k) →p Λi(k). Hence, we can directly consider the estimation equation

Û(ζ) =
∑K

k=1

∑n
i=1D

T
i Λi(k)V

−1
i(k)(θ0)Ŝi(k)(ζ) = 0. By some direct calculation, we
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can get that

1

n

[
Û (ζ)− Ū(ζ)

]
=

1

n

n∑
i=1

K∑
k=1

DT
i Λi(k)V

−1
i(k)(θ0)

[
Ŝi(k)(ζ)− Pi(k)(ζ)

]

=
1

n

n∑
i=1

K∑
k=1

DT
i Λi(k)V

−1
i(k)(θ0)

 Pr(Yi1 −Di1ζ < b̂k)− I(Yi1 −Di1ζ < b̂k)
...

Pr(Yim −Dimζ < b̂k)− I(Yim −Dimζ < b̂k)


=

1

n

n∑
i=1

m∑
j=1

K∑
k=1

aij(k)

[
Pr(Yij −Dijζ < b̂k)− I(Yij −Dijζ < b̂k)

]
,

where aij(k) is a vector withDT
i Λi(k)V

−1
i(k)(θ0) = (ai1(k), · · · ,aim(k)). Under condition

(C5) and from the law of large numbers (Pollard 1990), we have that

sup
ζ

∣∣∣∣∣ 1n
n∑
i=1

m∑
j=1

K∑
k=1

aij(k)

[
Pr(Yij −Dijζ < b̂k)− I(Yij −Dijζ < b̂k)

]∣∣∣∣∣ = o

(
1√
n

)
.

Therefore, supζ

∥∥∥ 1
n

[
Ū(ζ)− Û (ζ)

]∥∥∥ = o
(

1√
n

)
. Hence ζ̂o →p ζ0 as n→∞. For any

ζ satisfying ‖ζ − ζ0‖ = O(n−1/3),

Û(ζ)− Û(ζ0)

=
n∑
i=1

K∑
k=1

DT
i Λi(k)V

−1
i(k)(θ0)

[
Ŝi(k)(ζ)− Ŝi(k)(ζ0)

]
=

{
n∑
i=1

K∑
k=1

DT
i Λi(k)V

−1
i(k)(θ0)Pi(k)(ζ) +

n∑
i=1

K∑
k=1

DT
i Λi(k)V

−1
i(k)(θ0)

[
Ŝi(k)(ζ)− Ŝi(k)(ζ0)− Pi(k)(ζ)

]}

=
n∑
i=1

K∑
k=1

DT
i Λi(k)V

−1
i(k)(θ0)Pi(k)(ζ)

+
n∑
i=1

m∑
j=1

K∑
k=1

aij(k)

[
Pr(Yij −Dijζ < b̂k)− I(Yij −Dijζ < b̂k) + I(Yij −Dijζ0 < b̂k)− τk

]
.
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According to Lemma 3 of Jung (1996), we have that

sup

∣∣∣∣∣
n∑
i=1

m∑
j=1

K∑
k=1

aij(k)

[
Pr(Yij −Dijζ < b̂k)− I(Yij −Dijζ < b̂k) + I(Yij −Dijζ0 < b̂k)− τk

]∣∣∣∣∣
= op(

√
n).

Therefore, Û(ζ)−Û(ζ0) = Ū(ζ)+op(
√
n). By Taylor’s expansion of Ū(ζ) together

with Ū(ζ0) = 0, we can obtain Û0(ζ)− Û0(ζ0) = D(ζ0)(ζ − ζ0) + op(
√
n), where

D(ζ0) =
∂Ū(ζ)

∂ζ
|ζ=ζ0 = −

n∑
i=1

K∑
k=1

DT
i Λi(k)V

−1
i(k)(θ0)Λi(k)Di.

Note that ζ̂o is in the n−1/3 neighborhood of ζ0 and Û0(ζ̂o) = 0, we have ζ̂o − ζ0 =

−D−1(ζ0)Û(ζ0) + op(
√
n). To obtain the closed form expression of β̂o, we write the

inverse of D(ζ0) as the following block form

D−1(ζ0)

=

[∑n
i=1

∑K
k=1X

T
i Λi(k)V

−1
i(k)(θ0)Λi(k)Xi

∑n
i=1

∑K
k=1X

T
i Λi(k)V

−1
i(k)(θ0)Λi(k)Bi∑n

i=1

∑K
k=1B

T
i Λi(k)V

−1
i(k)(θ0)Λi(k)Xi

∑n
i=1

∑K
k=1B

T
i Λi(k)V

−1
i(k)(θ0)Λi(k)Bi

]−1

=

[
DXX DXB

DBX DBB

]−1

=

[
D11 D12

D21 D22

]
,

where D11 =
(
DXX −DXBD

−1
BBDBX

)−1
, D22 =

(
DBB −DBXD

−1
XXDXB

)−1
,

D12 = −D11DXBD
−1
BB and D21 = −D22DBXD

−1
XX . Furthermore, let Û(ζ0) =

(U1(ζ0)T , U2(ζ0)T )T , U1(ζ0) =
∑n

i=1

∑K
k=1X

T
i Λi(k)V

−1
i(k)(θ0)Λi(k)Si(k)(ζ0) and U2(ζ0) =∑n

i=1

∑K
k=1B

T
i Λi(k)V

−1
i(k)(θ0)Λi(k)Si(k)(ζ0). Then

β̂o − β0 = −
[
D11U1(ζ0) +D12U2(ζ0)

]
+ op

(
1√
n

)
= D11

n∑
i=1

K∑
k=1

[
Xi −BiD

−1
BBDBX

]T
Λi(k)V

−1
i(k)(θ0)Λi(k)Si(k)(ζ0) + op

(
1√
n

)
.

Thus,

√
n(β̂o − β0) = (nD11)

1√
n

n∑
i=1

K∑
k=1

[
Xi −BiD

−1
BBDBX

]T
Λi(k)V

−1
i(k)(θ0)Λi(k)Si(k)(ζ0) + op (1) .
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Because Si(k)(ζ0) are independent random variables with mean zero, and

var

(
1√
n

n∑
i=1

K∑
k=1

[
Xi −ΠiD

−1
BBDBX

]T
Λi(k)V

−1
i(k)(θ0)Λi(k)Si(k)(ζ0)

)
= Ξ.

The multivariate central limit theorem implies that

1√
n

n∑
i=1

K∑
k=1

[
Xi −ΠiD

−1
BBDBX

]T
Λi(k)V

−1
i(k)(θ0)Λi(k)Si(k)(ζ0)→d N(0,Ξ),

furthermore, nD11 =
[

1
n

(
DXX −DXBD

−1
XBDBX

)]−1 →p Σ, by the law of large

numbers. Then, by using Slutskys theorem, it follows that
√
n(β̂o − β0) →d

N(0,Σ−1ΞΣ−1). This complete the proof of part (a). Furthermore, by using the

same arguments of proving the part (a), we can get 1
n

∑n
i=1

∑m
j=1

[
BT (Tij) (γ̂k − γ0k)

]
=

Op

(
Kn

n

)
. The triangular inequality implies that

1

n

n∑
i=1

m∑
j=1

(α̂ok(Tij)− α0k(Tij))
2

≤ 2

n

n∑
i=1

m∑
j=1

[
BT (Tij) (γ̂k − γ0k)

]2
+

2

n

n∑
i=1

m∑
j=1

[
BT (Tij)γ0k − α0k(Tij)

]2
= Op

(
Kn

n
+K−2r

n

)
.

The proof of (b) is completed.

Similar with the proof of (a) and (b), in order to prove (c) and (d), we can directly

consider the estimation equation Ũ(ζ) =
∑K

k=1

∑n
i=1D

T
i Λi(k)V

−1
i(k)(θ0)S̃i(k)(ζ) = 0.

We first prove that 1√
n
[Ũ (ζ)− Û(ζ)] = op(1). Let

ς(k) (ζ) =

(
Ξ−1/2Σ(β − β0)

K−1/2
n H(k)(γ − γ0) +K1/2

n H−1
(k)B

TΛ(k)X(β − β0)

)
,

where H2
(k) = KnB

TΛ(k)B. Furthermore, we standardize X̃ij = Ξ1/2Σ−1XT
ij and

B̃ij(k) = K
1/2
n H−1

(k)Bij. Note that S̃ij(k)(ζ) − Ŝij(k)(ζ) = I(−∆ij(k))Φ(−|∆ij(k)|),
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where ∆ij(k) = (εij + uij(k))/rij with uij(k) = −(ς(k) (ζ)T (X̃T
ij , B̃

T
ij(k))

T + Rnij) and

Rnij = BT
ijγ0 −

∑q
l=1 Zij,lα0l(Tij). We can obtain

1√
n

[
Ũ(ζ)− Û(ζ)

]
=

1√
n

n∑
i=1

K∑
k=1

DT
i Λi(k)V

−1
i(k)(θ0)

 I(−∆i1(k))Φ(−|∆i1(k)|)
...

I(−∆im(k))Φ(−|∆im(k)|)


=

1√
n

n∑
i=1

m∑
j=1

K∑
k=1

aij(k)I(−∆ij(k))Φ(−|∆ij(k)|).

Note that

E
(
S̃ij(k)(ζ)− Sij(k)(ζ)

)
=

∫ ∞
−∞

I(−∆ij(k))Φ(−|∆ij(k)|)fij(ε)dε

=

∫ ∞
−∞

Φ(−|εij + uij(k)|/rij){2I(εij + uij(k) < 0)− 1}fij(ε)dε

= rij

∫ ∞
−∞

Φ(−|t|){2I(t < 0)− 1}
[
fij(0) + f ′ij(η(t))(rijt− uij(k))

]
dt,

where η(t) is between 0 and rijt−uij(k). Because
∫∞
−∞Φ(−|t|){2I(t < 0)− 1}dt = 0,

and by condition (C4), there exists a constant C such that supi,j |fTij (η(t))| ≤ C.

Then note that
∫∞
−∞Φ(−|t|)|t|dt = 1/2, we have that

∣∣∣E (S̃ij(k)(ζ)− Sij(k)(ζ)
)∣∣∣ ≤ r2

ij

∫ ∞
−∞

Φ(−|t|)|t||f ′ij(η(t))|dt ≤
Cr2

ij

2
.

Under conditions (C7) and (C8), as n→∞, we can obtain∥∥∥∥ 1√
n
E
[
Ũ(ζ)− Û(ζ)

]∥∥∥∥ =
1√
n

n∑
i=1

m∑
j=1

K∑
k=1

sup
i,j,k
‖aij(k)‖

Cr2
ij

2
= o(1).

Note that

Ũ(ζ)− Û(ζ) =
K∑
k=1


n∑
i=1

DT
i Λi(k)V

−1
i(k)(θ0)

 I(−∆i1(k))Φ(−|∆i1(k)|)
...

I(−∆im(k))Φ(−|∆im(k)|)


 =

K∑
k=1

Mk.
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In addition, by Cauchy-Schwartz inequality,

1

n
var [Mk] =

1

n

n∑
i=1

var

[
m∑
j=1

aij(k)I(−∆ij(k))Φ(−|∆ij(k)|)

]

≤ 1

n

n∑
i=1

m∑
j=1

aTij(k)aij(k)var
[
S̃ij(k)(ζ)− Sij(k)(ζ)

]
+

1

n

n∑
i=1

m∑
j=1

m∑
j∗=1,j∗ 6=j

aTij(k)aij∗(k)

{
var
[
S̃ij(k)(ζ)− Sij(k)(ζ)

]
var
[
S̃ij∗(k)(ζ)− Sij∗(k)(ζ)

]}1/2

.

For j = 1, · · · ,m,

var
[
S̃ij(k)(ζ)− Sij(k)(ζ)

]
≤ E

[
S̃ij(k)(ζ)− Sij(k)(ζ)

]2

=

∫ ∞
−∞

{
I(−∆ij(k))Φ(−|∆ij(k)|)

}2
fij(ε)dε

= rij

∫ ∞
−∞

Φ2(−|t|)fij(rijt− uij(k))dt

= rij

∫
|t|>c

Φ2(−|t|)fij(rijt− uij(k))dt

+ rij

∫
|t|≤c

Φ2(−|t|)fij(rijt− uij(k))dt

≤ Φ2(−c) + rijcfij(η),

where η is a positive value, and η lies between (−rijc − uij(k), rijc − uij(k)). Let

c = n1/3, under condition (C8), since rij = O(n−1/2), then rijc = O(n−1/6). Note

that Φ2(−c) → 0 and rijcfij(η) → 0, as n → ∞. By conditions (C4) and (C6), it

is easy to get that 1
n
var [Mk] = o(1). Therefore, by Cauchy-Schwarz inequality, we

have

1

n
var
{
Ũ(ζ)− Û(ζ)

}
=

1

n
var

{
K∑
k=1

Mk

}

≤ 1

n

K∑
k=1

var {Mk}+
1

n

K∑
k=1

K∑
k′=1,6=k

√
var {Mk}

√
var {M ′

k}

= o(1).
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Therefore, we have 1√
n

[
Ũ(ζ)− Û (ζ)

]
→ 0 as n→∞ for any ζ.

Furthermore, note that supζ ‖ 1
n

(
Ū(ζ)− Û(ζ)

)
‖ = o

(
1√
n

)
, thus we have that

supζ ‖ 1
n

(
Ū(ζ)− Ũ(ζ)

)
‖ = o

(
1√
n

)
. Because that ζ0 is the unique solution of

equation of Ū(ζ) = 0. This together with the definition of ζ̂s implies that ζ̂s →p

ζ0 as n → ∞. In order to prove the asymptotic normality, we first prove that

1
n
{∂Ũ0(ζ)

∂ζ
|ζ=ζ0 −D(ζ0)} →p 0. Note that

E

[
∂Ũ0(ζ)

∂ζ
|ζ=ζ0

]
−D(ζ0) = −

K∑
k=1

n∑
i=1

DT
i Λi(k)V

−1
i(k)(θ0)

{
E
[
Φi(k)

]
−Λi(k)

}
Di

= −
K∑
k=1

n∑
i=1

m∑
j=1

aij(k)

{
1

rij
Eφ

(
εij + uij(k)

rij

)
− fij(0)

}
Dij,

and because that∣∣∣∣ 1

rij
Eφ

(
εij + uij(k)

rij

)
− fij(0)

∣∣∣∣
=

∣∣∣∣ 1

rij

∫ +∞

−∞
φ

(
ε+ uij(k)

rij

)
fij(ε)dε− fij(0)

∣∣∣∣
=

∣∣∣∣∫ +∞

−∞
φ(t)

{
fij(k)(0) + [rij(k)t− uij(k)]fij(η(t))

}
dt− fij(0)

∣∣∣∣
=

∣∣∣∣∫ +∞

−∞
φ(t)[rijt− uij(k)]fij(η(t))dt

∣∣∣∣
≤ rij

∫ +∞

−∞
|φ(t)tfij(η(t))| dt+

∫ +∞

−∞

∣∣φ(t)uij(k)fij(η(t))
∣∣ dt,

where η(t) lies between 0 and rijt − uij(k). By condition (C4), fij(·) is uniformly

bounded, hence there exists a constant C satisfying |fTij (η(t))| ≤ C, and by condition

(C8), we have
∣∣∣ 1
rij
Eφ
(
εij+uij(k)

rij

)
− fij(0)

∣∣∣→ 0. By the strong law of large number,

we know that 1
n

[
∂Ũ(ζ)
∂ζ
|ζ=ζ0

]
→ E

[
1
n
∂Ũ(ζ)
∂ζ
|ζ=ζ0

]
. Using the triangle inequality, we
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have ∣∣∣∣∣ 1n
{
∂Ũ(ζ)

∂ζ
|ζ=ζ0 −D(ζ0)

}∣∣∣∣∣
≤

∣∣∣∣∣ 1n
{
∂Ũ (ζ)

∂ζ
|ζ=ζ0 − E

[
∂Ũ(ζ)

∂ζ
|ζ=ζ0

]}∣∣∣∣∣+

∣∣∣∣∣ 1n
{
E

[
∂Ũ(ζ)

∂ζ
|ζ=ζ0

]
−D(ζ0)

}∣∣∣∣∣
= o(1),

which implies that 1
n

{
∂Ũ(ζ)
∂ζ
|ζ=ζ0 −D(ζ0)

}
→p 0. By Taylor series expansion of

Ũ(ζ) around ζ0, we have Ũ(ζ) = Ũ(ζ0) + ∂Ũ(ζ)
∂ζ
|ζ=ζ∗(ζ− ζ0), where ζ∗ lies between

ζ and ζ0. Because Ũ(ζ̂s) = 0 and ζ̂s → ζ0, we therefore obtain ζ∗ → ζ0 and
∂Ũ(ζ)
∂ζ
|ζ=ζ∗ → ∂Ũ(ζ)

∂ζ
|ζ=ζ0 . Then by the same arguments used in the proof of (a) and

(b), we can complete the proof of (c) and (d).
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