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Supplementary materials

In this section, we shall omit the index n in ¢;, when there is no ambiguity.

Proof of Proposition 1.

It is known that (see for instance, Su and Cambanis (1993) page 88) if R(s,t) = fmm D 48 du
then for any functions u and v and for any sampling design 7,, we have,
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Replacing u = f,, and v = Y we have,
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Thus,
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Letting to = Y (ty) = 0 we have,
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where t,,.1 = 1 and Y (t,4+1) = Y (t,). This concludes the proof of Proposition 1. [J

Proof of Proposition 2.

It is known (see Anderson (1960) page 210) that for every functions u and v and for every
design T,, we have,
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Taking u = f, 5, and v =Y we get,
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Simple calculations yield,
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We obtain using Equations , , and @,
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We obtain using and @D in ,
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This concludes the proof of Proposition 2. []

Proof of Lemma 1.

Let (u,v) € [—1,1]%2. We first consider the triangle {—1 < u < v < 1} which is further
split into smaller triangles:

Di={0<u<v<l}, Do={-1<u<0<wv<1} and Ds={-1<u<wv<0}.

Let b €]0, 1[. For (u,v) € Dy, using Assumption (A), Taylor expansion of R around (x,x)
gives,

R(z +bu,x + bv) = R(x,x + bv) + buRM (z, x + bv) + %b2u2R(2’0) (€x, T + bV)
= R(z,2) + boR"Y (2, n,) + buRM (z, x4 bv) + %b2u2R(2’0) (€z, 2 + bv),
where r < e, <x+bu <x+bvand z <n, < x+ bv. Thus,
R(z + bu, z + bv) = R(x, z) + boROV (z,2%) + buR®Y (z, 27) + o(b).
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Now, for (u,v) € Dy we obtain in the same way,
R(z +bu,x + bv) = R(x,x + bv) + buRM (z, x4 bv) + %b2u2R(2’0)(51, z+ bv)
= R(z,z) + bwR®V (z,n,) + buRM (2, 2 + bv) + %bQUQR(ZO)(ex, x + ),
where x +bu < e, <x <x+bv and z < n, < x + bv. Thus,
R(z + bu, z + bv) = R(x, x) + boROV (2, 2%) + buROY (z, 27) + o(b).
Finally, for (u,v) € D3 we get,
R(z 4 bu, z + bv) = R(z + bu, z) + buROY (2 + bu, z) + %b2U2R(0’2)(I + bu, 1)
= R(z,z) + ubRM (g, x) + bu ROV (z + bu, n,) + %bQU2R(O’2) (z + bu, n,),
where x + hu < z 4+ bv <n, <z and z + bu < €, < x. Thus,
R(z + bu,z + ) = R(z,z) + boROY (2, 2) + buR®V (z,27) + o(b).

Hence for v > u we have,

b
R(z + bu,x + bv) = R(x,x) + 2 (ROY(z,2%) + ROV (2,27)) (u +v)

+ g(R(O’l)(:v, zt) — ROV (g, z7)) (v —u) + o(b).

Similarly, we obtain for the triangular {1 > u > v > —1},

R(z + bu,x + bv) = R(z, 1) + g(R(O’l)(x, a) + ROY(z,27)) (u+v)
Thus, for (u,v) € [—1,1]* we have,
R(x + bu,x 4+ bv) = R(x,x) + g(R(O’l)(x, a) + ROY(z,27)) (u +v)
+ é(R(O’l)(x, z+) — ROY (g, 7)) |u— vl (10)

2

Consider now a function g, bounded and integrable on [—1,1]. The Dominated Conver-
gence Theorem yields that R(.,t) X g is an integrable function for every ¢ € [—1, 1]. Using

and putting,
(ROV(z,2%) + ROV (z,27)),

DN | —

v(x) =
we obtain,

1

//[_171]2 R(x + bu, x 4 bv)g(u)g(v)dudv = R(x, x) (/ g(u)du)2

-1

) ) (11)
+ 27(1’)6/_1 g(u)alu/_1 vg(v)dv — ga(x) //[_1 . g(u)g(v)|u — v|dudv + o(b).
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The left side of is non-negative since the autocovariance function R is a non-negative
definite function. Taking g(u) = ulj_1 1)(u) we obtain,

/ g(u)du =0 and// uv|u—v|dudv———
- [~1,1)2

a(z) + o(b) > 0.

Thus,

15
Taking b small enough concludes the proof of Lemma 1. [J

Proof of Lemma 3.

The great lines of this proof are based on the work of Sacks and Ylvisaker (1966) (c.f.
Lemma 3.2 there). Let z,h €]0,1] and put g, = Pr, fun, it is shown by (90) in the
Appendix that,

= me,h(tj)R(tj,ti) foralli=1,---,n

On the one hand, Assumption (A) yields that g, is twice differentiable on [0, 1] except on
T, but it has left and right derivatives. Thus, for every i = 1,...,n we have,

nggh t],tl) and g (¢ meh t:)ROD (t;,t).

Since for j # i, ROV (t;,t7) = ROV(t;,t}) then Assumption (B) yields,

gn(t7) = gn (&) = alts)man(ts). (12)
On the other hand, Assumption (A) yields that f,, (as defined by (2) in the paper) is
twice differentiable on |0, 1], thus for i = 1,...,n—1, Taylor expansion of f, 5 — g, around

t; gives,

fon(tivr) = gn(tiv1) = (fan(ti) — gn(t:)) + di(fr 1 (t:) — g (1)) + dz(th(az) gn(0),

where d; = t;11 — t; and o; €]t;,t;11[. Recall that, for all i = 1,...,n, fon(t;) = gu(t:)
(see the Appendix, Equation (88)). Thus,

th( i) = gn(th) = _—d (fa;h(az) 9n(04)), (13)
Similarly, for ¢ = 2,...,n, we have,
Fualt) = gh(t) = Sir (F20(60) — 61060, (14)

for some 0; €]t;_1,t;[. We obtain subtracting from and using for i =
2,...,n—1,

afty)myp(t;) = —§d i(fon(oi) —gn(0:)) — %di1<f;;/,h(9i> — 9, (0:)). (15)



We shall now control the last expression. On the one hand we have,

t 1
Font) = / ROV (s, ) gy () ds + / ROV (s, ) gy () ds. (16)

0 t

and,
1
FLa(8) = (ROD(t,47) = ROD(t,67))un(t) + / RO (s,7)pun(s) ds
0

— a(t)pn(t) +/0 RO (5, tT) 0, n(s) ds. (17)

On the other hand we know, using (F3) in the Appendix, that every function in the
RKHS(R), noted by F(g), is continuous, hence Assumption (C) implies that R (- ¢+)
is a continuous function on [0, 1] for every fixed t € [0, 1]. Thus,

RO (¢, ) = lim RO (s, t+) = lim RO (s,17) = ROD(t,¢7),

st slt
from which we get that R(*?)(¢,1) exists. Hence for i = 1,...,n we have,
gn(t;) = gn(t Zm w(t)ROD (L, 1), (18)

In addition, it is shown by (F4) in the Appendix that for every ¢ € [0, 1],
fg/c/,h(t) - g;;(t) = _Oé(t)gp:r,h(t) + <R(072)('7 t)a fx,h - gn>> (19)

where (-,-) is the inner product on F(¢). Injecting in we obtain,

1 1 1
a(t)mgp(t;) = §dia(<7¢)90x,h(0’i) + §dz‘f1a(9¢)%,h(9z‘) — §dz’<R(0’2)(', i), foh — Gn)

1
- §di—1<R(072)('a 91)7 f:c,h - gn>'

Using Assumption (B) we obtain for i =2,...,n— 1,

1 1
mz,h(ti) = §(dz + di—l)@x,h(ti) -+ 201(t)d1 (OZ(O'Z‘)(,O%h(O'i) - O‘@i)@z,h(ti))
1 1
; i) — ; N — —— (RO (. 4. _
* Zary b1 (@0)2en (0 = alt)pen(t)) = 3omsdi(ROVC,00), fon = 9a)
1
02)(. g. _
2a(tz>dl 1<R (7‘91)7fx,h gn>
1
S S(di+ di)pan(ts) + ALY + AP — AP — AP, (20)

Using the Cauchy-Schwartz inequality, Assumption (C') and Equation (35]) (in the proof
of Proposition 5 below) we obtain,

e
A® 4 AW < ——_||R©2) sup d2 2 B, 21
| | < S0 oo )|| (- )||\/— sup d; = (21)



where C' is a positive constant defined in Proposition 5 below.
Recall that ¢, 5, is of support [x—h, x+h], thus for ¢; such that [t;_1,t;11]N|z—h, 2+h[= 0,

=0
. n(t) = 0 so that AEI) =0 and AZ@) = 0. For t; such that [t;_1,t;1]N|x — h, z + h[# 0,
let,
Qpp = SUp sup —di|a(5)gom7h(s) —a(t)pzn(t)]. (22)
0<i<n t;<s,t<t;11 206( )

We obtain using and (22)) together with fori=2,...,n—1,

(t;) = %Spm,h(ti)(ti—i-l —tio1) + O(an,h + 5n,h) if [tii,tia]N]x —h,x+ h[#£ 0D
o O(/Bn h) otherwise.

After having obtained m, ;(t;) for i = 2,. — 1, we are now able to obtain m, (t;)
and my p(t,). We have for i =1,... n,

R(t1, t)man(tr) + R(ta, t)map(tn) = fonlt Z My n(t;) R(tj, ). (23)

Recall that N, = Card I, = Card {i = 1,--- ,n : [ti_l,tiﬂ] ]t — h,x + hl# 0} and
that t,,; are the points of T, for which ¢ € I, ,. We have,

n—1 Nr, n—1
mejh(tj)R(tj,ti) == Zmzyh(tm) g;j, —|— Zl{ﬁgxh}mﬂ?h( )R(tj,ti).
=2 j=1 =2
On the one hand, we have using (where A, ; stands for A; with ¢; replaced by t, ;),
n—1 1 Nr,
Z mg p(ty)R(tj,t:) = 3 Z(dx,j + dgj—1)Pan(te) Rits,j, i)
— =
NTn n—1
+ Z(A:}:,j + AL — A= A ) R(t 5t Z Ligr, ) (A2 + ADR(t5, t:)
j=1 =2
NTn N, n
fZ dyj + daj 1) an(te ) Rlte i, t Z G+ AL Rty t) = Y (AY+ ADR(t, 1),
j=1 j=1

(24)
On the other hand,

1 z+h Ny, z]+1
Fonlts) = / R(s,1,)0un(s) ds = / R(s, ) 0an(s) 2 / R(s, 1) pan(s) ds
0 T te,j—1

—h
NTn NT’"‘ ZJ+1
=3 Z dmg + dxj 1 R( CE]? @xh Z/ 5 t 90:1? h( ) R<t$,j7ti)§0r,h<tx,j)> ds.
ccj 1
(25)
Inserting and in we obtain fori =1,...,n
Nr,
1 x,j+1
R(ty, ti)mapn(t1) + R(tn, ti)man(tn) = 3 Z/ (R(8,t:)0en(s) — R(tej, ti)pen(te;)) ds
j—l tm,]fl
Nr, n
Z A2 DRty t) + > (A2 + ADR(t, 1) = O ().
j=1



We then obtain the following linear system,

R(t1, t1)mgn(t1) + R(tn, t1)mep(t1) = Pun(tr).

(26)
R(tla tn)ma;h(tl) + R<tn7 tn)maz,h(tn) = q)ac,h(tn)
Solving for my (1) and my ,(¢,) we obtain,
R(t,, t,)Pun(ty) — R(t1,t,)Pun(tn
) = Bl t)ea(00) = R0 ) o

R(ti,t1)R(tn, tn) — R(t1,t,)?

 R(t )P n(tn) — Rty 1) @0 n(tr)
Mailln) = = R R 1) — Rt 1) (28)

Finally, simple calculations yield,
mz,h<t1) = O(NTn&n,h + nﬂn,h) and mx,h(tn) = O(NTnOén,h + nﬁn,h) .

This completes the proof of Lemma 3. [J

Proof of Proposition 3.

Recall that Ny, = Card I, = Card {i = 1,--- ,n : [ti—1,ti1]N]x—h, x4+ h[# 0} and de-
note by t,; the points of T}, for which i € I, 5, that is T,N|x—h, z+h[= {te2, -, te Ny, —1}-

Since E(Y'(t;)) = g(t;) then,

E(gn " (x)) = Z man(t5)g(t;)

NTn n—1
= Z M (i) 9 (i) + Z Liigr, yMan(ty)g(ts) +man(t1)g(t) + man(tn)g(tn).
i=1 =2

Using the asymptotic approximation of Ma,h, given in Lemma 3 we obtain,

Nr,

E(.ggro(m)) =5 Z(tx,i+l - ta:,i—l)‘px,h(tz,i)g(tx,o + O(NT"Oén,h + nﬁn,h)7 (29)

i=1
For z € [0, 1] let,
z+h 1 Ny, toitl
)= [ oy it =33 [ unt)
T i=1 Y tzi-1
and write,
E(gh(x)) = E(g7°(2)) — In(z) + In(2) = Aop + In(x) + O(Np,anp + 1), (30)

where,

M= 33 [ (pnlteottn) — prali®))

i=1 tz,ifl
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We first control A, ;. We have,

NTn NTn

1 tr,itl 1
Aop=5 D Penlte) / (9(tes) = 9(0)) dt + 5
i=1 tei—1 i=1

Since .4 is in C! and g is in C? then Taylor expansions of ¢, and g give,

1

g(t) = g(tes) + (t —tes)g (tas) + 5@ — t23)°9" (62),

/tf’i+l 9() (P p(tei) — pun(t)) dt.

x,i—1

and,

rp(t) = Pon(tes) + (t — tm,%’)@ég,h(nm)v

for some 6, ; and 7, ; between ¢ and ¢, ;. Thus,

NTn te.i tao,i
]_ , z,i+1 z,i+1 y 9
Ax,h = 3 @m,h(tx,i)g (tx,z) (t - tm,l) dt — - Z pr,h(t:v,i) g (61,1>(t - tx,z) dt
2 i=1 loi—1 4 i=1 tei1
1 Nt ta,it1 1 Nz, bait1
5ot [ =t de= 5 S g [ )t~ )
i=1 te,i—1 i=1 tei—1
1 NT" tz,7,+1
S [ O e

Recall that ¢’ and ¢” are both bounded and that,

/

c c
sup [pen(t)] < 7 and - sup [, ()] < 75 (31)
0<t<1 0<t<1
for appropriate positive constants ¢ and ¢. Using this we obtain,
NT" t. s
1 z,i+1 N
1ot [0~ de=0( N s )
i=1 tei—1 0<5<1
NTn to.
1 z,i+1 NTn
2 g,(t:c,i)/ ‘P;,h(nz,i)(t_tw,iy dt = O< 72 sup di")
i=1 tei-1 0<i<1
Nr, )
1 n /tz,H»l y <NT i
- 02) % 1 (Nei) (t — t23)* dt = O "~ sup d3, ).
4; - 9" (003)¢, 1 (Nei)(t = t0) S 4
Thus,
1 NTn te,it1 1 NT" le,it1
Ban =5 Y peateild(te) [ (= taddt =3 Y g(teddnlted [ () d
i=1 toi—1 i=1 tei—1
NTn to. s
1 z,i+1 NT
-5 i t—tm<' vi) — @, tm>dt+0( "oSu d??n).
32 0ltad) [ = 1) (a0 = e s )
Since ¢, ;, is Lipschitz then,
N, tr i+l N,
Tn
> olte) / (t = tai) (onl2s) = b)) dt=0( ;- Sp din)-
i=1 tei—1 h 0<5<1

11



Thus,

N,

N T

te,it1 le,it1
:__ZSOmh :ch xz)/ (t Zg x,0 ngh a:z)/ (t_tx,i) dt
t tr,i—1

x,i—1
+ 0 =2 su d3n> :
( h 0<]El I

Basic integration gives,

N- Tn N Tn

xh___zgpxh xz xz)(dz xz 1 __Zg T, prh xz)(d2

+0 ' ).
(h 0<5<1 M)

We shall show that,

da:z 1)

Nr,, N
A= T, T z x K d2 d - O I su d3 ) )
Z 2 h )( xz,i— 1) ( 2 03;‘21 j,m
NTn N
2 2 _ Tn 3
B = Z g x,0 901 h e 2)(d d:p Ji— 1) O < B3 Osgljl'gl dj,n) .

Starting with the term A. Recall that, since o is of support [z —h, z+h] and t,1,t, N, -1 &

]z — h,x + h[, then @, ,(te N, ) = ©u, h( 1) = 0 thus,
N, —1 N, —2
A = Z gpz,h(tw,i)g, t - Z Qoz,h(ta:,i—i-l)g/(t:v,i—l—l)di,i
i=2 i=1
Ny, —2
= Z (Soz,h@w,i)g/(tx,i) — an(teiv)g (t xl+1))d2 (pr,h(tx,NTnl)gl(tw,NTn1)di,NTn—1
i=2
- %,h(tzz)g'(tma)dig)
2 A+ A
On the one hand, Taylor expansions of ¢, ; around ¢, y,. and ¢, yield,
P (te,Ng, 1) = (Vg —1 = taNg, )0 (Ve Ngy, )
Cen(te) = (tz2 — txJ)@?p,h(’Vx,l)a

for some v, Ny, €]te Ny, —15ta, Ny, [ and some 7,1 €]ty 1,1, 2[. Using and the fact that

¢’ is bounded we obtain,
1
As =0 su d3 )
2 (h2 0<]I<)1 )

On the other hand we have,

Nr, -2
A= Z (pr,h(tx,i)g/(tx’i) — @m,h(tx,iﬂ)g (t xz+1))d2
i=2
Nr, —2 Nr, —2

_g(xz—l—l Z xz—i—l

(p:c,h(tx,i) - Sax,h(ta:,i—‘rl)) d?m

= Z P (tei) (9 (tas)

12



Since ¢, is in C* and g is in C? then using (31)), we obtain,

A = O(NT" sup d;’n>

h? o<j<1

In a similar way and from Assumption (D), we obtain,

Nr,
B:O( . n)
h3 gzjer O

Hence,

App = O<NT” sup d? >

n
h3 o<j<1

Thus using ,

E(3#°(2)) = Tu(x) + O(Nr, s +nfup) + OS2 sup ).

The control of Ij,(x) is classical and it can bee seen from Gasser and Miiller (1984) that,

In(@) = glx) + %hzg”(x) /_ K di +o(h?) (32)

Finally,

1

sup d3 + Nrp oo +nBnn

B (@) — ole) = 5" (@) [ PI( i+ o)+ O( 5 sup nt ).

1

This concludes the proof of Proposition 3. [

Proof of Proposition 4.

Let tg =0, t,41 = 1 and set Y (¢g) = 0 and Y (¢t,41) = Y (¢,). Recall that,

ntl t; 1) t-) tit1
) = 3T () [ peatedds + Z P [ (s
i=1 ti_ ’L+ t;
Since E (Y (t;)) = g(t;) then,
n+1 i . il
g Zg / Oun(s)ds + Z % / (s — tiv1)un(s)ds.
i+1 t;

Recall that Ny, = Card I, = {i = 1,--- ,n : [tic1m, tiv1n]N]z — h,x + h[# 0} and
denote by t,; the points of T,, for which 7 € I, . Using the support of ¢, we obtain,

7"0 o g .0 l) g(tx,z) b it
p Zg x,i / (;Oxh dS—f—Z t+ ‘o . (S—ta:,i+1)§0x,h(5)d3-

tei—1 T+l 7 bz

13



Let dy; = tyir1 — tei. Since g is in C? and ¢, is in C' then Taylor expansions of g
around ¢, ; and of ¢, around t,,;,; yield,

g(tx,i—H) - g(tx,z) + dz,i g ( J:z) + Qdiz ”(Qx,i);
en(8) = Qan(teirt) + (8 = teiv1) @y n(si)-
for some 0,,; €|t,;,tzi+1[ and some s; €]s,t,;41[. Recall that, using the support of ¢,
P p(te1) = Wx,h(tx,NTn) = 0 thus,

NTn NTn

tei teit1
pro Z g Tl / pr h dS + Z :L" K 903: h z 'L+1> / (5 — t:r,iJrl)ds
t(L i—1 tﬁfﬂ'
Ny, ta,it1 ) 1 NTn ta,it1
/ / "
+) g (tes) / (5 = toir1) Ponlsi)ds + 5 > Genlteivn)g" (Ori)da / (s — tai41)ds
i=1 bai i=1 tes

1 Nz, to,it1
4520 Oddes [ (5 b))
i=1 t

T,

Recall that ¢’ and ¢” are bounded, Lemma 2 yields Ny, = O(nh) and d,; = O(+) and
using we obtain,

N,

, te it 1
Zg(tx,i)/“ (s = twis1) @ p(si)ds :0(%)
NTn to a1 1
9 Z Pa(teir1)g" (Ori)das / (s —tsir1)ds = O (ﬁ) .
tx,i
NTn

_Z g xl xz/txz+l(3—txi+1)2so/ h(3i>d820 L .
tei ' “ n3h

It follows that by simple integration,

N, . No, —2 1
E (§7°(z)) = Zg i / ©un(s)ds — 5 Z 9 (tei)Pan(toiv)da; + O( h)
faist i=1
NTn N, \
/ O, (8 d3+2/ O h tes) — gls)) ds
12 ! =1 x,i—1
1 Nl .
-3 Z 9 (tei)Pan(taoiv)dz, -|—O( h)
i=1
On the one hand, we have,
& z+h
Z/ @an(s5)g(s) ds —/ . ©rn(8)g(s) ds.
txz 1 z—

On the other hand, Taylor expansion of g and ¢, ; arround ¢, ; yield,

1

g<ta:,i) = g(S) + (tm,i - S)gl<tazi) - E(txz - 5)29”(52)7

zn(8) = Pon(tei) + (s — mz)@z h( i)

14



/ 3
for some s} and s/ in |s, ¢, ;[. Thus,

Ny, —1

.”,E-‘rh ta:,i
E (gi°(z)) = / @xh ) ds + Z 2% prh )/ (tx,i —s)ds
z—h tm,i—l
NT” te,i 1 NT'"‘ [2°%]
- Zg/(tw z)/ (e, ) Qom n(s ”) ds — ) O (te z)/ g”(s’)(t:” 3)2 ds
i=1 tri—1 i=1 tri—1
1 NT" tz (3 1 NTn 2
" " 3
+ 5;/;,1'_19 ( )9090 h( )(tu’m S) ds — 5 ; g (txz)gpx h(t:c z+1)d

ta:,i 1
! _
> ) /tm.l“ 2l (51 ds = O<m)
1 tos , 1
/i /
5 =1 gpLh(tw,i) /tm,il g <Si)<t$7i N S) ds B O <E> .
NTn

1

1 tei v ) ., \
52\/}5 g (Si)(p:v,h(si)(tx7i — 3) ds = O(ﬁ)

Thus,
z+h 1 Np, —2
E @) = [ eanl0ls) ds+ 5 Y g (taideralted
z=h =2
1 NTn*Q /(t ) ( )d _'_ O 1
9 - 9 Uz,i)Pxh\laitl h
x—‘,—h 1 NTH—Q 1
= / @z,h(s)g(s) ds + 5 Z (g,(tzr,i—&-l) - g%%,i))@x,h(tm,z’—&—l)d +0 <n2h)
z=h i=1

Since ¢’ is Lipschitz, then we have,

B 00 = [ punts) o) a5+ 0 ). 33)

Finally, from we obtain,

B @) - oa) = 310"(0) [ K@+ o) +0( )

This concludes the proof of Proposition 4. [
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Proof of Proposition 5.

The great lines of this proof are based on Sacks and Ylvisaker (1966). From the definition
of the orthogonal projection (see the Appendix) and using the Pythagore theorem we
obtain,

2

O-x, 0
m(# — Vargy ($)> = || forll® = 1P, fonll? = | for — P, fonll?, (34)

where Py, f,n is the orthogonal projection of f,, on the subspace of F(c) spanned by
{R(-,t;),t; € T}, denoted here by V. . We shall then prove that,

C
||f$,h - P|Tnf;r,h||2 S E sup d?,n- (35)

0<j<n

Recall that Ny, = Card I, = Card I, , = {i=1,- - ,n : [ti—1n, tiz1.)N|z—h, x+h[# 0}
and denote by ¢,, the points of T}, for which ¢ € I, . Let g, := gno = Y 1y VaiR(-, i)
with 7, ; = 0 for every i ¢ I, 5. It is clear that g, € Vg, and thus from the definition of
the orthogonal projection we have,

Now using (F1) in the Appendix and the support of ¢, , we obtain,

n

||f:c,h - gn||2 = /U (fx,h(t) - gn(t))(px,h(t) dt — Z(fac,h(ti> - gn(ti))%v,i

— /ih (fx,h(t) - gn(t»(;px,h(t) dt — i(fl,h(t:p,i) _ gn(t:p,z))'}/;p,z (36)

In what follows, we distinguish between three cases according to the location of ¢, ; and
teNg, in the interval [z — h,x 4 h].
First case. Suppose first that £, =z — h and ¢, n,, = x + h and take,

te i+l
Vei = / wen(t)dt for i=1,...,Np, — 1. (37)
tz,i

we have in this case,

N,

en =l =3 [ (@) = 0u(0) = Faalts) = (1) Joan) e 39

Assumption (A) yields that f, j is twice differentiable on [0, 1], while g, is twice differen-
tiable everywhere except on 7},, but it has left and right derivatives. Taylor expansion of

fon — gn avound t,,; for i =1,--- [ Np, — 1 and t €]t,;, t,i41[ gives,
Jen(t) = gn(t) = (fon(tei) = gnltes)) + (6 = tei) (frn(tei) — 90(L1,))
1
+ §(t - tm,i>2(fa,c/,h(0x,t) - gg(eit))a (39)
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for some 6, €]t,;,t[. On the one hand, we have,

Np, —1

g;(t;z) = Z R(OJ) z,js :1:1)758,] (40)
7j=1

On the other hand, using we obtain,

z+h NTnil tej+1
Frn(te, )=/ ROV (s, 1) pan(s) ds = Y / ROV (5,17 ) @an(s) ds
- j=1 “taj

N, —

n z,j+1 tm,i+1
/ ROt )pan(s) ds + [ ROVt pun(s) ds. ()
x t:c,i

J#z

When j # ¢ we have,

te,j+1 te,j41
/ RO, tr ) Pan(s) ds = ROVt tai) Ve + / UG- ta ) RID (855, tai)pan(s) ds,
te i t

x,] z,J
(42)
for some 0, ; €]t, ;, s, while for j = ¢ we have,
lpit1 to,it1
[ ROt el ds = [ RO st pan(s) ds
tei te,i
tz,z+1
ROVt it [ (5 ) BV Joas) ds (43)
tw,i
Collecting , , and we obtain,
Np, —1 Ny, — ”H
fg,c,h(tw,i) Z R 1) 2> bei) Vo T+ Z (s = tay) R(l’l)((ss,jv tei)xn(s) ds
J#z J;éz
to. . ]\[Tn*1
0,1) - w (1,1) ( s+ (0,1)
+ R( ’ (tw,i7 t;t,i)fyl":i + R ((55 X tw 1)9095 h dS - Z R z,J) wz)fyﬂvd
tm,i
Nt~ z,j+1
= atei)Vei + Z / (s —ta, R“(éjj,t“)@x,h(s) ds.
It is easy to see that,
Nrw ta J+1
Fealt) = G201 S awreat SR D / (5 — 1) ds
< Kooy, B R]\%:_ld (44)
—F T,i
S 5. 1
We deduce from that for all 0, €]t,;,t,+1[ we have,
Ko K Ko
’f;/,h(ex,tﬂ S TO@ -+ TRQ X 2h = TOQ -+ QKOORQ.
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In addition, for 0, ; €t,;,t,+1[ we have,

Np, —1
= K
Gn @) = | Y RO (te;,08 )7y < — Z = —R2 x 2h = 2K Ry,
j=1 =1
Thus,

Ko
F2a(6a) = (05| < “ = + 4K Ry

Equations (39), and yield that for i = 1,--- , Ny, — 1,

/t @, i+1 [(fx,h(t) B gn(t)) _ (f,ﬁt,h(tm7i) — gn(tx,i))] (Px,h(t) dt

T,

tac,i+1
s/ (t—t2.)
t .

T,

e (tai) = g (t3 )| @wp ()] dt

1 te,it1
g O U0 (0]
Nr, — t
Koo x,i+1
< <h041dw7z‘ + Rl Z d > /‘“ (t - t:v7i>‘90w,h(t)‘ dt
1 Koo tz,z+1
+ | — a1 + 4K Ro / (t - ta:,i)2|§0:n,h(t)‘ dt
2\ h o
Npr —1
Koo Koo ~ o \Kw p 1K Koo 5
< [ ==aqd,; + == | —==dZ — — 4K R d;,
_(hald,+2hR1;dz,]>2h 2<ha1+ 2>3h
N, —
2 2 1 3
<K i Rld Z 2+ (h + Ry )

Injecting this inequality in (38)) yields,

NTn NTnfl
2 jaa! 3
[ fan = By, ol I” < 4h2R1( Z d; ) + (h +R2) ; dy
Nr, 2 Nr, =
K2 - 2K2 -
—=R d? dyi —= R dz, dy ;-
<t s (Z; ) R s Z

Since M4, ; = 2h then,

4
| fan — PlTnfx7h||2 < (§Oé1 + Ry + 3R2) K2 sup d
1<z<n

Finally, since h < 1 then,

4 4 1
| fon — \TnthHz ( o+ Ry + - RQ)K — sup d
3 h1<z<n

Proposition 5 is then proved for the first case.

18
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Second case. Consider now the case where ¢,; < x — h and #, N, > x + h. For
t=2,...,Np, — 2 set,
teit1 tz,2 x+h
Yx,i = / (P:Jc,h(t) dt, Yx,1 = / (P:Jc,h(t) dt, Ya,Ng, —1 = / SOUUJL(t) dt and Yz,Ng,, = 0.
te.i x

—h tar:,NTn—l
(47)
Using this we obtain,

||fm,h - gnH2 = /j: ((fﬂc,h(t) - gn(t)) - (fx,h(tm,l) - gn<t;p,1>>)§0;p,h(t) dt

+ Z /tzjz+1 ((fac,h(t) — gn(t)) — (fx7h(t$7i) — gn(t%i)))@x,h(t) dt

=2

+f (o) = 00— Fonlt,) — b)) pon®) . (49)

tac,NTn

We first control the first term of (48). Let,

A = [ () = 0008 = (Fa(ta) = gn(ta) ) ) .
For t €]z — h,t, 2] we have,
Fon®) = 9n(0) = (onlta) = (b)) + (¢ = tr)(Fonlta) — 1(E5))
5= b2 (0e) — 61065,), (19)
for some 6, €]z — h, t[. Equation (T8) yields,

xT N n
/ T ey N featd RO (g 4+
fm,h(tIJ) - R (Sﬂtx 1)9035]1 dS Z S’ta: 1)90137]1(8) ds

—h
tr,2 NT" z]+1
= [ RO gl ds + 2/ (5,5 ) pun(s) ds
tx,Z
= ROV (L1, 65 ) + / s =t RV, 1)) ds
Ng, —1 Nr, — b
3 R talres + 2 / (5~ 1) ROV (Gt pun(s) ds. (50)
i=2 ba,
Recall that,
Ng, —1
g:@(t;_J) = R(O’l)(tx,la t;l)’}/x,l + Z R(071)(tz7ja tm,l)’yx,j' (51)
j=2
Equations and give,
Ng, —

T ]+1

fon(tan) = gn(tiy) = alten)Ven + Z / (5 =t ) ROV (805,15 ) pun(s) ds

t1,2
[ = ) RO £ )pans) ds

—h

19



Note that t, o — (x — h) < sup d;,. We obtain,

1<i<n
K N, —1
L lter) — gt )] < —=ay su dm—i— —=R d2 —|——Rsu dz,
| fan(ten) — gn(te )] < R SRS T Z 1S
K K
< —aqsup d;, + KRy sup di, + —— —2 R, sup d
h Ti<i<n 1<i<n 2h  i<i<n
3
< Koo(—l + —R1> sup din (52)
h 2 "Ji<izn
By we have,
K
£20(000) — d4(620)] < B2y + kR (53)
Equations and @ 53)) yield,
A < 1) = 0] [ = telanto)]

1 tx,2
+3 / (= tea P 00) = SOl (O]

K Ko K
< (K (041 + 3R1> sup di,n> sup d (—a1 + 4K R2>— sup d

h 1<i<n 2h 1<i<n h 6h 1<i<n
2 3 2 K2
< | = -R —Ry | == d 54
_(3a1+4 1+ 3 z)h Sup d; (54)

Similarly we obtain,

t:c,NT

p 3 2\ K%
A< 2 -Ri+-R d; , %
[Apal < (3&1+ 4 + 3772 2 1S<111£)n =

Thus,
43, 4, \K?
AV LAY < (Za 4 2R+ SRy ) =2 sup P
‘ eh T x,hl = 3041 + 9 1 + 372 ) p2 1S§lzl£n b

Forv=2,..., Ny, — 2, similar calculations as those leading to give,

‘ /t %,i+1 ((f:r:,h(t> - gn(t)) - (f.r,h(txﬂ') — gn(tx,i)))@x,h(t) dt’

oo 2 3
_4h2R1d Zd 3h h "+ Ry)d? .

Thus,

Ny, —

Z /““ < fen(@) = gn(t)) = (fon(tes) — gn<t:p,i))) un(t) dt'

4 4 K2
< <3a1+R1—|— R2>— sup d (56)

- 3 h 1<i<n
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Then, Equations , and yield,

4 3 4 K2 4 4 K2
x _P x 2< R R — d - R —R —_Q d
|| fz.h Lo fonl|” < (3041‘1‘ 1+3 2) h 1S<1:£n zn+(3a1+ 1+3 2) 72 16<1z1£n
8 5 8 K2
== -R —Ry | —= d
(30‘1+2 I 2) hool

Third case. Suppose now that t,; =z —hand t, N, >7+h (respectively t,1 <z —h
and t, N, =x+h). Let T,_y = T, — {x — h} (respectively T,,_, = T,, — {x + h}). Since
Pr, . fon € Vi, we obtain,

||fx,h - PT77.fz7h||2 S ||f$,h - PT7L71f$7h||27

we can then apply the result of the second case to the right side of the previous inequality.
The proof of Proposition 5 is complete. [
Proof of Proposition 6.

The great lines of this proof are based on the work of Sacks and Ylvisaker (1966). Keeping
Equation in mind we deduce that Equation (11) (in the paper) is equivalent to,

N2
lim 22| £, — Py, ol 2 / K (1)dt (57)
n—o0 12
We shall take the same notation as in the previous proof. Let g, = P, fo 5, it is shown

by Equation in the Appendix that:
gn(ti) = fon(ts ZRt],t Ymgp(t;), fori=1,--- n.
We have from (F1) in the Appendix that,

fo,h - gnH2 = /(; (fz,h(t) ( Soxh dt - meh th ) - gn(tz))

z+h
N /—h (fx’h(t) o gn(t))gox,h@)dt

Suppose first that ¢,; =z — h and ¢, y,, = x + h, then the last equalities give,

N, —

e =l = Zj/””lhh () (0) (59

Under Assumptions (A) and (B), the function f, j is twice differentiable at every ¢ € [0, 1]
and g, is twice differentiable at every ¢ € [0, 1] except on T,,, however, it has left and right
derivatives. We expand (f,» — ¢») in a Taylor series around t,; for t €]t,;, t,i11] up to
order 2 we obtain,

fx,h(t) - gn(t) = (fa:,h(t;r,i) - gn<t1’,z’)) + (t - tx,i)(f;,h(tm,i) - gqlm(t:—:z»

1
45— i 2 (fLa(0n) = 2(0))
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for some o, €|t ;. t[. Since ¢, (ty;) = fun(tsi) then,

Jen() = gn(t) = (t = tei) (frn(tei) — gultss) + %(t — tei)*(fon(0ne) — gnlod),  (59)

On the one hand, we have fori € 1,..., Npp — 1,

n

fen(tziv)) = gn(teirr) = dai(fon(tei) = g (E3,)) + 5 e, (f2n(023) = gn(0).

2 X Z
for some 0, ; €|t tyit1[- Thus,
fon(tei) — an(ty,) = __d$l<fx n(00i) = gn(07,))- (60)
On the other hand, it is shown by (F4) in the Appendix that,
fé’,h(t) gn(t+) —a(t)pun(t) + (ROD(t5), fon — gn). (61)

Injecting and in (H9) gives,

1 1
Fen(t) = gn(t) = =5 (t = ta)dos(f7(000) = 90(0)) + 5 (8 = o) (Fn(020) — 60(0))

1 1
- §dz,z (t - tm,i)a(aw,i)SOx,h(o-r,i) - _(t - tm,i)Qa(Ux,t)(Pw,h(Ux,t)

2
= St = L) (ROD(,07), fon = ga) + 50— Lo ROV o), o — 90).

Thus,

/t%7i+1 (fl‘,h(t) — gn(t))cpg;,h(t) dt —

1 te,it1 1 te,it1 )
de,ia<ax,i)80x,h(az,i) / (t - tx,i)goz,h@) dt — 5 / (t - tm,i) CY(Ux,t)SOz,h(Ux,t)gpz,h(t) dt
t t

x,1 x,1

te,it1
d <R(02 ( ) :cz) th - gn) / <t - t%z)(,pac,h(t) d
tei

toit1
/ (t - t:p,i)2<R(072)( ) x t) fx h — gn>(pf’3»h(t) dt
t

X,

= _d3,‘a(01,i)9092g,h<0z i) — 6d3 (Uz,i)@ih(ar,i)

teit1
+ 5000000 0an(02) [ (¢ te)onal®) ~ an(oni)] b
t

x,1

tac,z+1
L (0u ) e () / (£ =t 2l0un(t) — pan(ons)] dt
tz,i

teitl
/ (t = by 2[0(Oat) o (0s) — (T0s) 0o (00 pan(t) dt
tz,i

N = N N

te,it1
L d(ROD(, 07 ), fon — g0) / (t— tos)pun(t) dt
tei

1

tm,z+1
g [ RO L) L~ 92)nalt)
tz,i

Lo (00,) 02 p(003) + AL — AP — A A 4 AD) (62)

12 T z K T, x,0 1
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teitl
where,  A® = Ld,:0(0s:)0en(022) / (t =t ) Pun() — Pun(ons)] dt.

t:c,i

t:c,i+1
2
A2 = oo, )pen(0n) / (t = tosloen(t) — on(ons)] dt.
t

z,1

— N =

\)

1 tr,it+1
3
AL =3 [ 0000 e 00) = ()02 ralt) .
tw,i
@ 1 0,2 o
Agm' = §dz,z<R( ’ )(a 0;1)7 fx,h - gn) / (t - tx,i)saoqh(t) dt.
tz,i
() L [l 2 p(02) .+
Aa:,i = B (t— tm,i) (R, Uz,t)? Jen — gn>90w,h(t) dt.
tcc,i
We shall now control these quantities. Let,
Byl = sup pea(t) = pun(s) and By = sup [a(t)pnn(t) — als)pnn(s).
by, i <8t<tg i+1 by, i <8,t<tg it+1

Since o and ¢, j, are Lipschitz then,

1 1
sup chli) = O(—2 sup dj,n> and sup Bﬁ) = O(—2 sup dj,n>. (63)
0<i<n h?o<j<n 0<i<n h*o<j<n
Elementary calculations show that,
AL < TBOE AL < 2B, and AT < PBOE . (64)

for appropriate constants ai, as and as. We obtain from the Cauchy-Schwartz inequality,
Assumption (C') and Proposition 5 that,

a 1 /C
AR+ 1AL < Sl fon — gall < 52 an[ 5 sup d, (65)
,0<j<n
anp

for an appropriate constant a, (C'is defined in Proposition 5). Thus,

/tt1,¢+1 (fer(t) — gn())pun(t) dt

x,1

1
= 1500 Pi (o) + AL — AT — AN - A+ AD)

12 x,0 1
1
> = 0(020) 9% (000) — (T BY + 2B+ 2 sup dy ). (66)
Let,
a a a
PhNg, =  SUD (ﬁBﬁQ + fof + f sup dj ).
0<i<Nr, 0<j<n

Equation implies that for an appropriate constant ¢ and ¢ we have,

c /

| | < <_ djp+ d >
su in su inl-
ph,NTn — \h3 OSjgn 75 h3/2 OSjIS)TL 75
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Using and together with Equation in we obtain,

Ng, —1

1
||fw,h_gnH2 > Z (Ea(am)@xh(UJH) ph,NTn>di,i
1 CNT C/NT
— (0 UmdSV— " sup d} — " osu d4 67
12 ; Soxh ) x,i h3 Ogjgn J,n h3/ 0<]£)n n ( )
Then the Holder’s inequality gives,
NTnil 3 /
1 1 cN: c'N
z,h = Yn 2>— .0 2 T,0 7d;ri - In d4 - n d4 .
o=l Ty} X~ lelmtalonlies} = G sup dly— TR o

We shall now control the first term of the right side of this inequality. We have,

{ NZ (e slon) e}
ST CEIORED o R (TR )

N, —

3 / " (@) - <a<ax,z->soi,h<om,¢>>5)}

([} osuo) a} -{ X [
~af [ (atnt,0) ' a }{NZ / %,h@))é—<a<ax,z->soi,h<om,z->>%)}

+3{/jh (a(t)%h ) dt}{NTn

> /* ()2 (6)5 — (O‘<"w7i)¢§,h(a$,i))%> }2
{ /th (a02a(0) § dt}g + B,

We obtain using and the fact that « is Lipschitz,

— N, 2 Nr, 2 2/3 Nr, 2\ 2 1/3
B_O(<h5/3 Oiu£d7>>+0(<h5/3 Os<u1<)d7>h +0 <h5/3 OquCL) h )

Assumption (F) implies that for an appropriate constant ¢’ we have,

3

1>

/!
N
Bl < S sup &2,
h 0<j<n
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Using the Riemann integrability of o and ¢, ;, we get,

2 1 i 2 5 ’ ¢’ 2
||.f h g H - 12(NTn o 1)2 { \/x—h ( )SO ’h< ) } NTnh Ogjgn >

C/ N- T,

cN- Ty

R A
g { [ (0R0) 0} - s - S st G s
“mgl [, o) af - 55 o

B

h 1 ) % 3 C// )
- WK t) a b P
1277, { /-1 (ate = w2t } Np, B 0sgon "
/
4 c'Nr, 4
— sup d . .
B3 o<j<n 7" B3 ogjgn o

Assumption (F) implies that,
/

1 1 c
lim —Np, sup d?, =0, lim— supd’ N3 =0 and lim ——= sup d* N =0.
oo h2 In ogjgn j,n oo Pk ogjgn gt Ty o0 h3/2 ogjgn gt T

Finally the continuity of « yields,

N2 1 ! : °
tin e -l = o] [ K3 )
nooo I 12 1
Inequality is then proved for a sequence of designs containing  — h and x + h.
Consider now any sequence of designs {T,,,n > 1} satisfying Assumption (E) we can
adjoin the points {z — h,z + h} to T,, (if they aren’t present). Hence we form a sequence
{Sp,n > 1} with S, € D, and satisfying . We have,

||fx,h - P\Snfx,hHQ < ||fx,h - PITnfa:,h||2'
Then,
Ng‘ana:,h - P\Snfa:,hHQ < Ng‘anx,h - PITnfw,hHQ' (68)

We know that Ng, € {Ng, + 1, Ny, + 2}, replacing Ng, in the right term of by
(Nr, +2) (or (Ng, + 1) ) gives,

N2 4+ 2N N?
oo B fonlP ~ SN B ol < S B ol
Assumption (F) and Equation (35|) yield,
_ (4+2Np,
i 2V g =0
n—oo

Hence, for any sequence {T,,,n > 1} we have,

N2 1 1 3
i 1~ B ol 2 o] [ w2 0a}
-1

n—oo

This completes the proof of Proposition 6. [
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Proof of Proposition 7.

On the one hand, Proposition 5 yields that there exists a constant ¢ > 0 such that,
o2

c
0< VA gro(z) < — sup dj,,.
m mh 0<j<n

Lemma 2 implies that there exists a constant ¢ > 0 such that,

/

sup al2 < %
0<j<n n
Thus, for n > 1 we have,
2 70 CIC
0 " Var g < o

Finally, taking C' = ¢¢’ we obtain,
2

_ o;
: 2 o pro <
lim mn h( - Var g2 (x )) <C.

n—oo

Inequality (12) (in the paper) is then proved. On the other hand, Proposition 6 yields,

mN7, (O’

2
z,h . ~DTO > - K2/3
h Var ¢f (.r) > 12a {/ dt}

m
Lemma 2 implies that there exists a constant ¢’ > 0 such that,
Nz, < d"'nh,

which implies that,

02 1 1 / 3
7 2 pro > . 2/3
c'mn°h ( - — Var g&"™(x ) > 12@(3}){/_1[( (t)dt} .

3
Finally, taking C' = #C,,CY(LE){ f_ll K2/3(t)dt} we obtain,

2

lim mn2h<u — Var ¢7"(x )) > "

n—00 m

This concludes the proof of Proposition 7. [

Proof of Proposition 8.

The first part of this proof is the same as that of Proposition 6. Recall that,
2

U pro o 2 2 2
m (=2 = Var g7°(@)) = ol 2 = WP, funll® = o = B fenl

m
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Using (58]) and (62)) we obtain,
2
70 Uff»h 1
Var gy, ( ) m = _—||fx,h - P\Tnfx,h||2

— LS (tatonvtatons + AL~ A% - 4D - A 44, o
for some o0,; €|t,i, tyi1] and some o, €]t,;, t[, where,

1 ta:,i+1
A = 5o i0(00:) @2 1(00,) / (t = toi)lpen(t) = Pon(ows)] dt.
[2°%]

1 tz,'H»l
A2 = S0 dpan(ons) [ (= tasPloan(®) = pan(ons)) dr
ta:,i
(3) 1 tx,L+1 9
A:v,i = B (t = tei) [(0t) P n(0nt) — A(02i) P n(0ni)|Pan(t) dt.
tz,i

AY =g RO ot g [ b ant) dr
x,0 o i 1y Oz z,h T . x,i)Px,h .

1

tm,z+l
AL =5 / (t = t20)(ROP (-, 07), o — gn)ounlt) dt.
t

x,1

From the definition of the regular sequence of designs (see Definition 2) and the mean
value theorem we have for i =1,--- | Np,,

7+ 1 7 1
s = taps — g = P () C () 2 L
G e n n)  nf(t;,)

where t% ; €]ty t541[. Using this together with we obtain,

2 Nt
70 O-I,h 1 1
Var gp ( ) m - - 12mn2 de,l fg(t* ')Oé(o-ff,i)goi,h<o-m7i)
i=1 @i
N,

- (A Al a0

Lemma 2 yields that Ny, = O(nh). Using (64)), and we obtain,

A<1?:o( ! ) A@?:O(L), Aﬁ’;:o(#) and ALY 4 A0) O(L).

T, n4h3 T n4h3 n4h3/2

Finally,

2 Nr,

pro UZE, 1 1
Var ;7 (w) = m 12mn22 RETI) 2(tx) U“)gazh(am)—i—O mn3h2+mn3\/ﬁ '

Using a classical approximation of a sum by an integral (see for instance, Lemma 2 in
Benelmadani et al. (2019b) and the fact that 0 < h < 1 we obtain,

2 z+h
o Os.h 1 a(t) 1
Var (o) - 2 = s [ 72007 “‘“*O(m)'

This concludes the proof of Proposition 8. [

27



Proof of Theorem 2.

First, note that since a and f are Lipschitz functions then the asymptotic expression of
the integral in (14) (in the paper) is:

1 rth o 1 L a(z —th
[ - / 1 fg((x_ih’)K%) "
T —th alx
nzh Jdt+ / (fQ((iL' —tth)) f2((x)))K2(t) dt)

:LthQ /K2 dt+0<mn2>

This last equality together with Proposition 8 and Proposition 4 concludes the proof of
Theorem 2. [J

Proof of Corollary 1.
Let I, = fo ) dx and put,

U(h,m) = —% i a(x)w(z) dx + ih4B2/0 [¢" (z)]2w(x) dx.

We have from Theorem 1,

IMSE(h) = % +(h,m) + o + h) +0(m:b2h iy #)

Let h* be as defined by (16) (in the paper). It is clear that h* = argmin W (h,m) so that
0<h<1

U(h,m) > W(h*,m) for every 0 < h < 1. Let h,,,, be as defined in Corollary 1. We have,

IMSE(h*)  w F Y m)+ ot +4) + O (5t + 4 + i)
IMSE (D, 0, L U (hyyn, m) + o(h%’m hnm> + 0<mn21hnm NRpL U — >

I + mY(hypm, m) + 0(mh*4 + h*) + O<n21h* m:* n’;b)

I + mY (hym,m) + 0<mh%,m — hn,m> + O(nzh | Mo nQiTz% m)

n

<

We have, using the definition of h*, mh3, = O(1), lim h,, = 0 and using the

n,m—oo
m

assumption ™ = O(1) as n,m — oo we know that mW¥(hy ,, m) = O(hy,,). Thus,

— IMSE()
nnsoo IMSE () =

This concludes the proof of Corollary 1. [
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Proof of Theorem 3.

Let x €]0, 1] be fixed. We have the following decomposition,
Vi (g @) = g(@)) = vin (g (@) — B3 (@) ) + Vi (B@ @) - g(@)).  (70)

Since lim /mh =0, 2 = O(1) as n,m — oo and lim nh*> = oo then Remark 6

n,Mm—00 n,1M—+00

implies that,

lim v (E(327(x)) = g(2)) = 0. (71)

7,M—00

Consider now the first term of the right side of (70). Since Y (t,;) — E(Y (t,;)) = &(ts4),
we have, as done by Fraiman and Pérez Iribarren (1991),

V(i) = BGEA@) ) = <= 30 3 maalt)es(h)
= \/—lﬁ Zm: Zn: man(t) (g;(t;) — g5(x)) + (Zn: mx,h<ti)> (% zm: €j (5’3)) - (72)

j=1 i=1

We start by controlling the second term of this last equation. Using Lemma 3 together
with Lemma 2 we obtain,

Mg n (tz,n) -

Sounltin)tivin = tian) + O + 2i5)  if i ¢ {1,n} and
[ticim, tivin] N [T — D,z +R] # 0,

O #Jr_n;ﬁ) if ie{l,n},
O #ﬁ) otherwise.

¢

\

Recall that Ny, = Card I, = Card {i = 1,--- ,n : [ti_1,ti1]N]x — h,x + h[# 0} and
denote by t,; the points of T}, for which ¢ € I, ;, Lemma 2 yields that Ny, = O(nh).
Thus,

Np, —1

- 1 1
;mx,h<ti) =3 ; O n(tei)(teivs — teio1) + O(m)

Since lim nh = 400, then using the Riemann integrability of K, we obtain,
,1M—00

1 Nr, -1

n 1
li 2h(t;) == i e hlei)lpict —teic1) = K(t) dt =1.
DS mea(t) = 5, > anltadteins ~tein) |

n,1M—+00

The Central Limit Theorem for i.i.d. variables yields,

3

m m—oo

1 )
E g;(x) 2y 7 where Z ~N(0,R(z,x)).
j=1
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We shall prove now that the first term of Equation tends to 0 in probability as n,m
tends to infinity. Let,

j 1 =1
From the Chebyshev inequality, it suffices to prove that lim E(A?  (x)) = 0. We have

n,Mm—00

for j # 1, E(¢j(x)ei(y)) = 0 then E(T), ;(x)T,(x)) = 0. Hence,
B(A2,, () = = 30 3 BTy (o) Taaw) = - > E(T?
We have,

Z Z my, h m:v h tk)E((gj(tl> - 53‘(]})) (gj(tk) - €J<x>)>

=1 k=1

- Z Z M (t)men(te) (R(ti, te) — R(t; x) — R(z,t) + R(x, x)).

=1 k=1

Note that E(7}; ;(x)) does not depend on j hence,

Z meh Y p (tx) (R(ti, tr) — R(t;,x) — R(x,ty) + R(z, x))

i=1 k=1
2 Boi(z) = Bua(z) — Bps(z) + Bua(x). (73)

Using Lemma 3 and the approximation of a sum by an integral (see, for instance, Lemma
2 in Benelmadani et al. (2019b)) we obtain,

/xm/x P panOR(s. ) ds dt+0<%> :ag,h+0(%).

Using Equation (15) (in the paper) we obtain,
1
Boa(w) = R(w,) = 5a()Cich + o(h) + o(nh)
where Cx = f_11 f_11 lu — v| K (u)K (v)dudv. Since lim h=0and lim nh = oo then,

n,m—00 n,Mm—00

lim B, 1(z) = R(z, z). (74)

n—oo

Consider now the term B, s(x). We obtain using Lemma 3 and the approximation of a
sum by an integral,

x+h x+h
D= [ [ eants)ennOR(s.a) ds dt+0(-)
x+h 1
= Lh Vun(s)R(s,x) ds + O<%>

1

= | K(s)R(z —hs,z) ds + O<n1h>
B /0 K($)R(x — hs,x) ds + /0 KRG~ h2) ds +0 (1)
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For s €] — 1,0], Taylor expansion of R(-,z) around z yields,
R(s,x) = R(z — sh,x) — shRY (z* x) 4 o(h).
Similarly for s €]0, 1] we obtain,

R(z — sh,x) = R(z,z) — shRM (27, z) + o(h).

Thus,
0 1 1
By o(z) = R(z,z) — hR(0) (m+,a:)/ s k(s) ds — hR(10) (m_,a:)/ s k(s) ds+ o(h) + O<%)
-1 0
Hence,
lim B, »(x) = R(x, x). (75)
n—oo
Similarly,
lim B, 3(z) = R(x, z). (76)
n—oo
It is easy to verify that,
lim B, 4(z) = R(x, x). (77)
n—oo

Inserting , , and in yields,
lim E(A2, . (z)) = 0.

7,M—+00

This concludes the proof of Theorem 3. [J

Proof of Theorem 5.

Let x €]0,1[. On the one hand, we have from Proposition 8 and Remark 7,

2
Var gP"(z) = Tah A al@) —i—O( L + L >, (78)

m  12mn2h f2(z) mn3h?  mn?

where A = fjl K?(t) dt. On the other hand, it can be seen in Benelmadani (2019a) that,

2 1 1
Var §6M () = U;h +0(—+ ) (79)

mn2  mn3h?

Equations and then yield,

A a(z) 1
Zh ( ~GM Apro) - <h _)
mn-h ( Var g, Var g 12 72(2) +O(h+ 7
Recall that a(x) > 0 and that ﬁ > 0. Since h — 0 and nh — o0 as n,m — 0o we
obtain,
A a(x)
=— >
12 f2(x)

lim  mn®h (Var &M (z) — Var f]ﬁm(x))

,Mm—00

This concludes the proof of Theorem 5. [J
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Proof of Theorem 6.

We have from the proof of Proposition 4 (Equation (33)) for any = €]0, 1],

E (3070 (2)) — 9(a) = (@) — 9(a) + O( ), (80)
where,
z+h
e = [ pan(slals) ds
z—h
Hence, using and we get for a positive density measure w,
oo I A U a(z) ! 2
IMSE(gP") = E/ o, w(z) do — 12mn2h/0 () w(x) da:’—l—/o (In(z) — g(2))” w(z) dx
h 1 1
* O<n4h2 i n? * mn3h? mn2>' (81)
It can be seen in Benelmadani (2019a) that,
E(GS (@) — gla) = @) — a(x) + O =17 ). (52)
Using and yield,
1 1
IMSE(§¢™M) = —/ o2, w(z) dx +/ (In(z) — g(x))2 w(z) dr
mJo 0
h 1 1
+ O(n4h2 * n? - mn? * mn3h2>' (83)

Then, Equations and (83) yield,

1
mn*h (IMSE (§5) — IMSE (377°) ) dz + 0(— b =),

12 f2 2h nh

Since 2 = O(1) and mh* — 0 as n,m — co we obtain,

) dx > 0.

lim  mnh (IMSE(AGM)—IMSE )

n,m—00

T 12 f2

This concludes the proof of Theorem 6. [J

Appendix

Let ¢ = (&(t))icpp,] be a centered and a second order process of autocovariance R, such
that R is invertible when restricted to any finite set on [0, 1]. Let L(e(¢),¢ € [0, 1]) be the
set of all random variables which maybe be written as a linear combinations of () for
t € [0,1], i.e., the set of random variables of the form 3_\_ ase(t;) for some positive integer
[ and some constants o, t; € [0,1] for i = 1,--- ,[. Let also Ly(¢) be the Hilbert space of
all square integrable random variables in the linear manifold L(e(¢),t € [0,1]), together
with all random variables U that are limits in I.? of a sequence of random variables U,, in
L(e(t),t € [0,1]), i.e, U is such that,

3(Up)nso € L(e(t),t €10,1]) : lim E((U, — U)?) = 0.

n—oo
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Denote by F(e) the family of functions g on [0, 1] defined by,
F(e) ={g:10,1] — R with g(-) = E(Ue(-)) where U € Lo(¢)},

We note here that for every g € F(¢), the associated U is unique. It is easy to verify that
F(e) is a Hilbert space equipped with the norm || || defined for g € F(g) by,

lglf? = E(U?).
In fact, let g € F(<), i.e, g(-) = E(Us(+)) for some U € Ly(e). We have,
o llgll = VE(U?) > 0.
e llgll=VEU?)=0=U=0as. =g=0.
e For g € F(e), i.e, f(-) = E(Ve(-)) some V € Ly(e). We have,
lg+ fIF =E((U +V)*) = E(U*) + E(V?) + 2E(UV)
<E(U?) +E(V?) + 2/E0?) VE(?) = (VEU?) + E(V2)>2.

Thus, [|g + f|| < VE(U?) + VEV?) = ||gl| + I ]l-

We now prove the completeness of F(e). For this let g,(-) = E(U,e(-)) be a Cauchy
sequence in F(¢), i.e.,

hmongn — gul* =0.

n,m—+

From the definition of the norm || || we obtain,

lim E((Uy = Un)*) = lim [lgn = gull* = 0.

n,Mm—00

This yields that (U,),>1 is a Cauchy sequence in Lo(g), which is a Hilbert space as proven
by Parzen (1959) (see page 8 there). Thus it exists U € Ls(e) such that,

lim E((U,, — U)?*) = 0.

n—oo

Taking ¢(-) = E(Ue(-)), which is clearly an element of F(e) gives,
. . 2 _ . 2 _
lim [lg, = g[|” = lim E((U, — U)7) = 0.
This concludes the proof of completness of F(e).

The Hilbert space F(e) can easily be identified as the Reproducing Kernel Hilbert
Space associated to a reproducing kernel R (with R(s,t) = E(e(s)e(t))), which is defined
as follows.

Definition 1. Parzen (1959) A Hilbert space H is said to be a Reproducing Kernel Hilbert
Space associated to a reproducing kernel (or function) R (RKHS(R)), if its members are
functions on some set 7', and if there is a kernel R on T" x T having the following two
properties:

. H for all T
{R(,t)e orall teT, (84)

(9, R(-,t))y =g(t) forall teT and g€ H,

where (-,-) is the inner (or scalar) product in H.
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To prove this, we need to verify the properties given in . For ¢t € [0, 1] we have,
R(s,t) =E(e(s)e(t)) forall se[0,1].
Since £(s) € La(e) then R(-,t) € F(e) for any fixed t € [0,1]. Now let g € F(e), i.e
g(-) =E(Ue(+)) for some U € Ly(e).

Then,

(E(U?) + E(e(t)*) — E((U —&())*))

l\'JIH

1
(g, R(,0) = 5 (Ilgll” + IR DI = llg = R(- D)) =
1
— JEQUE(D) = g(0)
These properties together with the following theorem yield that F(e) is the RKHS(R).

Theorem 7 (E. H. Moor). Aronszajn (1944) A symmetric non-negative Kernel R gen-
erates a unique Hilbert space.

In the sequel, we take R to be continuous on [0, 1]* and we shall consider the function
of interest given by (2) (in the paper). More generally, we consider the function f, defined
for a continuous function ¢ and ¢ € [0, 1], by

1
£ = [ Res.)6(5) ds (55)
0
Lemma 5. We have f € F(e), i.e., there exists X € Lo(e) with,

f() = E(Xe(). (86)

If]I? = E(X?) = // (s,£)(s)p(t) dt ds.

Proof. Define, for a suitable partition (x;,);=1.. » of [0,1],

In addition,

n—1
Xn Z xz—i—ln :L‘zn (l'i,n){‘:(xi,n) S L2(€)a
i=1

such that for any ¢ € [0, 1],

n—1
f(t) = lim > (@iv1n — Tin)@(@in) R(Tip, ) = Tim E(X,e(2)).
=1

We shall prove that (X,,), converges to a certain element of L2, i.e.,

3Xel’ : ImE((X, - X)*) =0, (87)

n—oo

and by the definition of Ly(e) the limit in (87)) proves that X is an element of Ly(e). Now
the proof is immediate, in fact it is easy to check that (X,,) id a Cauchy sequence in
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L2. By the completeness of L2, we deduce 1' In addition we have, lim E(X,e(t)) =
n—o0
E(Xe(t)), this is due to the following inequality,

E(Xae(t)) — E(Xe(8))| < E|(Xa - X)e(t)] < VE(X, - X))VEED?),

and the fact that lim E((X,,—X)?) = 0 and E(e(¢)?) < oco. The proof of is concluded.

n—oo

Finally,

E(X?) = HmE(X2) = lm S5 (i1 — 0in) (@510 — 250)0(@10) 0 (050 R, 350)

n—00 n—00 4 -
=1 j5=1

11
= / / o(t)p(t)R(s,t) ds dt.
o Jo
This concludes the proof of Lemma [5] O

Now let T, = (t1,t2,- - ,t,) with 0 <t; <ty <--- <t, <1andlet Vp, be the subspace
of F(e) spanned by the functions R(-,t) for t € T,,, i.e.,

Vr, ={g:[0,1] = R with ¢(-) =E(Ue(-)) where U € L(e(t),t € T,,)}.

Our task is to prove that if Rj;, = (R(t;,;)1<ij<n) is a non-singular matrix then V7,
is a closed subspace of F(g). For this let, (g)m>1 be a sequence in Vr, converging to
g € F(g). We shall prove that g € V7, . Note that,

n

gm(t) = E(Une(t)) with Uy =Y aime(t;), where (aim)ms1 € R.

=1

Since g,, converges in F(¢) then it is a Cauchy sequence, i.e.,

lim ||gm1 - gmzl‘Q =0.

m1,mg—00

By the definition of the norm on F(g) we have,

n

19m = Gons 1 = E((Uy = Una)?) = E(( (@1m, = aiama)e(t))”)

i=1
n n
- E E (a%ml a27m2)<a37m1 aJ,mz)R(t“ t]) - Aml,ng\TnAml,mw
i=1 j=1
/ _ /
where A} = (G1m; — G1myy 5 Gngmy — Gnymy)’- Thus,

. / o
lim Amlm_l{‘TnAmhm2 = 0.

m1,Mm2—00

Since Rjr, is a symmetric positive matrix, we obtain,

. / . / /
lim AL = lim (@m — Gmyy 5 Gnmy — Gngmy)’ = (0,...,0),
mi,Mma—00 m1i,Mma—r00

which yields that (a; ), is a Cauchy sequence on R for all i = 1,--- ,n. Taking a; =

lim a;,, we obtain by the uniqueness of the limit,
m—0o0

g() = E(Us(")) with U = Z a;e(t:),
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which yields that g € V. Hence V7, is closed. U

Since V7, is a closed subspace in the Hilbert space F(¢), one can define the orthogonal
projection operator from F(e) to V7, which we note by Pr,, i.e., for every f € F(e),

Py, f = argmin || f — g]|.

g € VT7L

Par definition of P, , we have for any g € V7,

Now, for t; € T,,, R(-,t;) € Vr,. Hence, for every i = 1,...,n.

(Pm,f — [, R(-,t;)) = 0 or equivalently (P, f,R(-,t:)) = (f, R(-,t:)).

The last equality, together with (84), gives that,

Py, f() = f() on T,. O (88)

Supplementary facts

(F1) Let f be defined by (85). We shall prove that if g € Vr,, i.e.,if g(-) = 3°7_ a; R(t;,-)
for some a; € R, then

17 =0l = [ e)r(6) = als) ds = 3 a7 (t) = a0,

In fact,

f=gllP={f—9.f—9)={f.f—9)—(9.f—9)

On the one hand, note that f — g € F(g) and by using we obtain,

n

(9.f —g) Zaz ti), f—g) =Y ai(f(t:) — g(t:)). (89)

i=1

On the another hand, Lemma [5| and its proof yield that f(-) = E(Xe(:)) where
X € Ly(e) and that,

-1
lligloE(Xl — X)*=0 where X;= Z($j+1,z — xj)pzn(zi)e(xi),

j=1

where (z,;)j=1,...; is a suitable partition of [0,1]. Let Fj(-) = E(X;e(-)) which is an
element of F(g). Clearly,

We have,

((f=Fu f =gl < IIf = Bl —gll < VE(X, = X)?)[If = gl|-
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(F2)

(F3)

Thus llim (f — F, f —g) = 0. In addition,
—00

-1
(F, f—9) <Z Tji11 — Tj0)P (xj,z)R(Ij,z,’),f—9>
7j=1

l—

—_

1—

—_

= > (wj410 —z)0(@i)(R(@)e, ), [ —9) = D (w5510 — z50)0(x50) (f(250) — 9(25))-
Jj=1 7=1
Hence,
1
(£~ g) = [ o(0(/0) - gl0)) .
0
Finally, X
(f =) = [ 00 - gle)) de. O
0
For z € [0, 1], let f, ) be defined by (2) (in the paper). We shall prove that,

mVar(g2°(x)) = || P, fonl)

In fact, by the definition of the projection operator P, , we have P, f,, € V7, and
for t € [0,1],
P, fan(t) Zal (t;,t) = Zal )e(t)) for some a; € R fori=1,--- n,
and then,
n 2 n n n
|’P|T7,,fx,hH2 =E (Z aie(ti)> = Zai Z&]R(ti, t;) = ZaiP|Tnfx,h(tz)
i=1 i=1  j=1 i=1
Recall that mx,h\lTn = fI:hTTnR\Tn and using we obtain,
P|Tnfx,h( f:ch meh tzatj)- (90)
We have then, using (90)),
1P fenll? =D ai Y man(t;)R(ti,t;) Z man(t;) Y aiR(ti,t;)
=1 j=1 i=1
= man(t;) Y man(t)R(ti,t;) = mVar(g2°(z)). O
j=1 i=1

We shall now prove prove that every function in F(¢) is continuous on [0, 1]. In fact
let g € F(e), i.e
g(-) =E(Ue(+)) for some U € Lo(e).
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For s,t € [0, 1], and Cauchy-Swartz inequality yields,

9(t) = g(s)| = [(R(:,1), 9) — (R(-; s), >|=|<R(- )—R(-,S),g>|
< [[R(,t) = RC, )] Mgl = [IR(- ¢ )|l VEU?).

Since ¢ is of second order process then E(U?) < oo and since R is continuous on
0, 1] we obtain,

lim [|R(-,) = R(-,5)||* = lim (R(t,t) + R(s, s) — 2R(s,t)) =0,

which yields that lin% lg(t) — g(s)| = 0. Hence g is continuous. [
5—

Suppose that R verifies Assumptions (A), (B) and (C'). Let f be defined by (85).
We shall prove that if g € Vg, i.e., g(+) = > a;R(t;,-) with (a;); € R then,

7=1
f'(t) = g"(t7) = —a()p(t) + (ROD (- t7), f — g).
In fact, we have, as in Equation (17)),

f1(t) = —a(t)p(t) +/0 RO (s, t1)p(s) ds.

In addition, we have clearly

Z a; RO (t;,17).

Thus,

f'(t) = g"(t7) = —alt)e(t) + /O ROV (s,t")p(s) ds — Y a;ROD(t;,17).

J=1

We have,
<R(O72)<’7 t+)7 f - g> = <R(0’2)('7 t+)7 f) - <R(0’2)('7 t+)7 g>

On the one hand, since by Assumption (C), R (-,#*) is in F(e) then yields,

(RO (., Zaj Zaj ROD(t; ¢7).  (91)

On the other hand, from Lemma [5| we have f(-) = E(Xe(-)) where X € Ly(¢) and,

-1
ImE(X, -~ X)* =0 with X, = Zl(xm,l — z50)@(w50)2(252),
J:

where (x;;);=1,..; is a suitable partition of [0,1]. Let Fj(-) = E(Xe(-)) € F(e), we
have,

(ROD( %), f) = (ROD (1), f — F)) + (RO (-, t1), ), (92)
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and,

[(RODC45), £ = B < IR = Bl = [[ROD ()] VE((X - X)?).
The last bound together with Assumption (C) gives lliglo\(R(O’z)(-, tt), f— F)| =0,
in addition,

-
<R(0’2)(',t+), b = (Tjy10 — Ij,l)@(l‘j,lxR(o’?)('a ), e(x0))

[y

- .
Il
— =

(2410 — 20) (2 ROD (2, 17).

<.
I
—

Thus,

l—o00

Finally, using (91), and yield,

1 n
(ROD(- ), f — g) = / p(s)ROD(s,87) ds = 3 a; ROV (1, ¢7). O

J=1

1
lim (RO (. +), F) = / H(5)ROD (s, 1+ ds. (93)
0
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