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Supplementary materials

In this section, we shall omit the index n in ti,n when there is no ambiguity.

Proof of Proposition 1.

It is known that (see for instance, Su and Cambanis (1993) page 88) ifR(s, t) =
∫ min(s,t)

0
uβ du

then for any functions u and v and for any sampling design Tn we have,

u|Tn
′R−1
|Tnv|Tn =

u(t1)v(t1)

tβ+1
1

+
n−1∑
k=1

(u(tk+1)− u(tk))(v(tk+1)− v(tk))

tβ+1
k+1 − t

β+1
k

.

Replacing u = fx,h and v = Y we have,

ĝpron (x) =
fx,h(t1)Y (t1)

tβ+1
1

+
n−1∑
i=1

(fx,h(ti+1)− fx,h(ti))(Y (ti+1)− Y (ti))

tβ+1
i+1 − t

β+1
i

. (1)

Recall that R(s, t) = 1
β+1

min(s, t)β+1 and,

fx,h(ti) =

∫ 1

0

R(s, ti)ϕx,h(s) ds =
1

β + 1

(∫ ti

0

sβ+1 ϕx,h(s) ds+ tβ+1
i

∫ 1

ti

ϕx,h(s) ds
)
.

Thus,

fx,h(ti+1)− fx,h(ti) =
1

β + 1

(∫ ti+1

0

sβ+1ϕx,h(s) ds+ tβ+1
i+1

∫ 1

ti+1

ϕx,h(s) ds

−
∫ ti

0

sβ+1ϕx,h(s) ds− tβ+1
i

∫ 1

ti

ϕx,h(s) ds+ tβ+1
i+1

∫ 1

ti

ϕx,h(s) ds− tβ+1
i+1

∫ 1

ti

ϕx,h(s) ds
)

=
1

β + 1

(∫ ti+1

ti

(sβ+1 − tβ+1
i+1 )ϕx,h(s) ds+ (tβ+1

i+1 − t
β+1
i )

∫ 1

ti

ϕx,h(s) ds
)
.
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Thus,

ĝpron (x) =
fx,h(t1)Y (t1)

tβ+1
1

+
1

β + 1

( n−1∑
i=1

(Y (ti+1)− Y (ti))

∫ 1

ti

ϕx,h(s) ds

+
n−1∑
i=1

Y (ti+1)− Y (ti)

tβ+1
i+1 − t

β+1
i

∫ ti+1

ti

(sβ+1 − tβ+1
i+1 )ϕx,h(s) ds

)
=
fx,h(t1)Y (t1)

tβ+1
1

+
1

β + 1

( n−1∑
i=2

Y (ti)

∫ ti

ti−1

ϕx,h(s) ds− Y (t1)

∫ 1

t1

ϕx,h(s) ds

+ Y (tn)

∫ 1

tn−1

ϕx,h(s) ds+
n−1∑
i=1

Y (ti+1)− Y (ti)

tβ+1
i+1 − t

β+1
i

∫ ti+1

ti

(sβ+1 − tβ+1
i+1 )ϕx,h(s) ds

)
.

Letting t0 = Y (t0) = 0 we have,

fx,h(t1)Y (t1)

tβ+1
1

=
1

β + 1

(Y (t1)

tβ+1
1

∫ t1

0

sβ+1ϕx,h(s) ds+ Y (t1)

∫ 1

t1

ϕx,h(s) ds
)

=
1

β + 1

(Y (t1)− Y (t0)

tβ+1
1 − tβ+1

0

∫ t1

0

(sβ+1 − tβ+1
1 )ϕx,h(s) ds

+ Y (t1)

∫ t1

0

ϕx,h(s) ds+ Y (t1)

∫ 1

t1

ϕx,h(s) ds
)
.

Finally,

ĝpron (x) =
1

β + 1

( n−1∑
i=2

Y (ti)

∫ ti

ti−1

ϕx,h(s) ds− Y (t1)

∫ 1

t1

ϕx,h(s) ds+ Y (tn)

∫ 1

tn−1

ϕx,h(s) ds

+ Y (tn)

∫ tn

tn−1

ϕx,h(s) ds− Y (tn)

∫ tn

tn−1

ϕx,h(s) ds

+
n−1∑
i=1

Y (ti+1)− Y (ti)

tβ+1
i+1 − t

β+1
i

∫ ti+1

ti

(sβ+1 − tβ+1
i+1 )ϕx,h(s) ds

+
Y (t1)− Y (t0)

tβ+1
1 − tβ+1

0

∫ t1

0

(sβ+1 − tβ+1
1 )ϕx,h(s) ds+ Y (t1)

∫ t1

0

ϕx,h(s) ds+ Y (t1)

∫ 1

t1

ϕx,h(s) ds
)

=
1

β + 1

( n+1∑
i=1

Y (ti)

∫ ti

ti−1

ϕx,h(s) ds+
n−1∑
i=0

Y (ti+1)− Y (ti)

tβ+1
i+1 − t

β+1
i

∫ ti+1

ti

(sβ+1 − tβ+1
i+1 )ϕx,h(s) ds

)
,

where tn+1 = 1 and Y (tn+1) = Y (tn). This concludes the proof of Proposition 1. �

Proof of Proposition 2.

It is known (see Anderson (1960) page 210) that for every functions u and v and for every
design Tn we have,

u′|TnR
−1
|Tnv|Tn =

u(t1)v(t1)

1− e−2(t2−t1)
+

u(tn)v(tn)

1− e−2(tn−tn−1)
+

n−1∑
i=2

u(ti)v(ti)(1− e−2(ti+1−ti−1))

(1− e−2(ti+1−ti))(1− e−2(ti−ti−1))

−
n−1∑
i=1

u(ti)v(ti+1) + u(ti+1)v(ti)

1− e−2(ti+1−ti)
e−(ti+1−ti).
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Taking u = fx,h and v = Y we get,

ĝpron (x) =
fx,h(t1)Y (t1)

1− e−2(t2−t1)
+

fx,h(tn)Y (tn)

1− e−2(tn−tn−1)
+

n−1∑
i=2

fx,h(ti)Y (ti)(1− e−2(ti+1−ti−1))

(1− e−2(ti+1−ti))(1− e−2(ti−ti−1))

−
n−1∑
i=1

fx,h(ti)Y (ti+1) + fx,h(ti+1)Y (ti)

1− e−2(ti+1−ti)
e−(ti+1−ti)

∆
=
fx,h(t1)Y (t1)

1− e−2(t2−t1)
+

fx,h(tn)Y (tn)

1− e−2(tn−tn−1)
+ A. (2)

Note that,

1− e−2(ti+1−ti−1) = (1− e−2(ti+1−ti)) + (1− e−2(ti−ti−1))− (1− e−2(ti−ti−1))(1− e−2(ti+1−ti)).

Thus,

A =
n−1∑
i=2

fx,h(ti)Y (ti)

1− e−2(ti−ti−1)
+

n−1∑
i=2

fx,h(ti)Y (ti)

1− e−2(ti+1−ti)
−

n−1∑
i=2

fx,h(ti)Y (ti)

−
n∑
i=2

fx,h(ti−1)Y (ti)

1− e−2(ti−ti−1)
e−(ti−ti−1) −

n−1∑
i=1

fx,h(ti+1)Y (ti)

1− e−2(ti+1−ti)
e−(ti+1−ti)

=
n−1∑
i=2

Y (ti)

1− e−2(ti−ti−1)

(
fx,h(ti)− fx,h(ti−1)e−(ti−ti−1)

)
− fx,h(tn−1)Y (tn)

1− e−2(tn−tn−1)
e−(tn−tn−1)

+
n−1∑
i=2

Y (ti)

1− e−2(ti+1−ti)

(
fx,h(ti)− fx,h(ti+1)e−(ti+1−ti)

)
− fx,h(t2)Y (t1)

1− e−2(t2−t1)
e−(t2−t1)

−
n−1∑
i=2

fx,h(ti)Y (ti) (3)

Simple calculations yield,

fx,h(ti)− fx,h(ti−1)e−(ti−ti−1) =

e−ti
∫ ti

ti−1

esϕx,h(s) ds− eti
∫ ti

ti−1

e−sϕx,h(s) ds+ eti(1− e−2(ti−ti−1))

∫ 1

ti−1

e−sϕx,h(s) ds.

(4)

In the same way we have,

fx,h(ti)− fx,h(ti+1)e−(ti+1−ti) =

eti
∫ ti+1

ti

e−sϕx,h(s) ds− e−ti
∫ ti+1

ti

esϕx,h(s) ds+ e−ti(1− e−2(ti+1−ti))

∫ ti+1

0

esϕx,h(s) ds.

(5)

It is easy to verify that,

n−1∑
i=2

fx,h(ti)Y (ti) =
n−1∑
i=2

Y (ti)e
−ti
∫ ti

0

esϕx,h(s) ds+
n−1∑
i=2

Y (ti)e
ti

∫ 1

ti

e−sϕx,h(s) ds. (6)
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We obtain using Equations (3), (4), (5) and (6),

A =
n−1∑
i=2

Y (ti)e
ti

∫ 1

ti−1

e−sϕx,h(s) ds+
n−1∑
i=2

Y (ti)e
−ti

1− e−2(ti−ti−1)

∫ ti

ti−1

esϕx,h(s) ds

−
n−1∑
i=2

Y (ti)e
ti

1− e−2(ti−ti−1)

∫ ti

ti−1

e−sϕx,h(s) ds+
n−1∑
i=2

Y (ti)e
−ti
∫ ti+1

0

esϕx,h(s) ds

+
n−1∑
i=2

Y (ti)e
ti

1− e−2(ti+1−ti)

∫ ti+1

ti

e−sϕx,h(s) ds−
n−1∑
i=2

Y (ti)e
−ti

1− e−2(ti+1−ti)

∫ ti+1

ti

esϕx,h(s) ds

− fx,h(t2)Y (t1)

1− e−2(t2−t1)
e−(t2−t1) − fx,h(tn−1)Y (tn)

1− e−2(tn−tn−1)
e−(tn−tn−1)

−
n−1∑
i=2

Y (ti)e
−ti
∫ ti

0

esϕx,h(s) ds−
n−1∑
i=2

Y (ti)e
ti

∫ 1

ti

e−sϕx,h(s) ds.

Replacing this expression of A in (2) gives,

ĝpron (x) =
n−1∑
i=2

Y (ti)

∫ ti+1

ti−1

e|ti−s|ϕx,h(s) ds+
n−2∑
i=2

Y (ti+1)e−ti+1 − Y (ti)e
−ti

1− e−2(ti+1−ti)

∫ ti+1

ti

esϕx,h(s) ds

−
n−2∑
i=2

Y (ti+1)eti+1 − Y (ti)e
ti

1− e−2(ti+1−ti)

∫ ti+1

ti

e−sϕx,h(s) ds+
Y (t2)e−t2

1− e−2(t2−t1)

∫ t2

t1

esϕx,h(s) ds

− Y (tn−1)e−tn−1

1− e−2(tn−tn−1)

∫ tn

tn−1

esϕx,h(s) ds−
Y (t2)et2

1− e−2(t2−t1)

∫ t2

t1

e−sϕx,h(s) ds

+
Y (tn−1)etn−1

1− e−2(tn−tn−1)

∫ tn

tn−1

e−sϕx,h(s) ds+
fx,h(t1)Y (t1)

1− e−2(t2−t1)
− fx,h(t2)Y (t1)

1− e−2(t2−t1)
e−(t2−t1)

+
fx,h(tn)Y (tn)

1− e−2(tn−tn−1)
− fx,h(tn−1)Y (tn)

1− e−2(tn−tn−1)
e−(tn−tn−1). (7)

Note that Equation (5) yields,

Y (t1)

1− e−2(t2−t1)

(
fx,h(t1)− fx,h(t2)e−(t2−t1)

)
=

Y (t1)et1

1− e−2(t2−t1)

∫ t2

t1

e−sϕx,h(s) ds

− Y (t1)e−t1

1− e−2(t2−t1)

∫ t2

t1

esϕx,h(s) ds+ Y (t1)e−t1
∫ t2

t1

esϕx,h(s) ds. (8)

Similarly, Equation (4) yields,

Y (tn)

1− e−2(tn−tn−1)

(
fx,h(tn)− fx,h(tn−1)e−(tn−tn−1)

)
=

Y (tn)e−tn

1− e−2(tn−tn−1)

∫ tn

tn−1

esϕx,h(s) ds

− Y (tn)etn

1− e−2(tn−tn−1)

∫ tn

tn−1

e−sϕx,h(s) ds+ Y (tn)etn
∫ 1

tn−1

e−sϕx,h(s) ds. (9)
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We obtain using (8) and (9) in (7),

ĝpron (x) =
n−1∑
i=2

Y (ti)

∫ ti+1

ti−1

e|ti−s|ϕx,h(s) ds+
n−2∑
i=2

Y (ti+1)e−ti+1 − Y (ti)e
−ti

1− e−2(ti+1−ti)

∫ ti+1

ti

esϕx,h(s) ds

−
n−2∑
i=2

Y (ti+1)eti+1 − Y (ti)e
ti

1− e−2(ti+1−ti)

∫ ti+1

ti

e−sϕx,h(s) ds+
Y (t2)e−t2

1− e−2(t2−t1)

∫ t2

t1

esϕx,h(s) ds

− Y (tn−1)e−tn−1

1− e−2(tn−tn−1)

∫ tn

tn−1

esϕx,h(s) ds−
Y (t2)et2

1− e−2(t2−t1)

∫ t2

t1

e−sϕx,h(s) ds

+
Y (tn−1)etn−1

1− e−2(tn−tn−1)

∫ tn

tn−1

e−sϕx,h(s) ds+
Y (t1)et1

1− e−2(t2−t1)

∫ t2

t1

e−sϕx,h(s) ds

− Y (t1)e−t1

1− e−2(t2−t1)

∫ t2

t1

esϕx,h(s) ds+ Y (t1)e−t1
∫ t2

t1

esϕx,h(s) ds

+
Y (tn)e−tn

1− e−2(tn−tn−1)

∫ tn

tn−1

esϕx,h(s) ds−
Y (tn)etn

1− e−2(tn−tn−1)

∫ tn

tn−1

e−sϕx,h(s) ds

+ Y (tn)etn
∫ 1

tn−1

e−sϕx,h(s) ds

=
n−1∑
i=2

Y (ti)

∫ ti+1

ti−1

e|s−ti|ϕx,h(s) ds+ Y (t1)

∫ t2

0

es−t1ϕx,h(s) ds+ Y (tn)

∫ 1

tn−1

etn−sϕx,h(s) ds

−
n−1∑
i=1

eti+1Y (ti+1)− etiY (ti)

1− e−2(ti+1−ti)

∫ ti+1

ti

e−sϕx,h(s) ds

+
n−1∑
i=1

e−ti+1Y (ti+1)− e−tiY (ti)

1− e−2(ti+1−ti)

∫ ti+1

ti

esϕx,h(s) ds.

This concludes the proof of Proposition 2. �

Proof of Lemma 1.

Let (u, v) ∈ [−1, 1]2. We �rst consider the triangle {−1 < u < v < 1} which is further
split into smaller triangles:

D1 = {0 < u < v < 1}, D2 = {−1 < u < 0 < v < 1} and D3 = {−1 < u < v < 0}.

Let b ∈]0, 1[. For (u, v) ∈ D1, using Assumption (A), Taylor expansion of R around (x, x)
gives,

R(x+ bu, x+ bv) = R(x, x+ bv) + buR(1,0)(x, x+ bv) +
1

2
b2u2R(2,0)(εx, x+ bv)

= R(x, x) + bvR(0,1)(x, ηx) + buR(1,0)(x, x+ bv) +
1

2
b2u2R(2,0)(εx, x+ bv),

where x < εx < x+ bu < x+ bv and x < ηx < x+ bv. Thus,

R(x+ bu, x+ bv) = R(x, x) + bvR(0,1)(x, x+) + buR(0,1)(x, x−) + o(b).

5



Now, for (u, v) ∈ D2 we obtain in the same way,

R(x+ bu, x+ bv) = R(x, x+ bv) + buR(1,0)(x, x+ bv) +
1

2
b2u2R(2,0)(εx, x+ bv)

= R(x, x) + bvR(0,1)(x, ηx) + buR(1,0)(x, x+ bv) +
1

2
b2u2R(2,0)(εx, x+ bv),

where x+ bu < εx < x < x+ bv and x < ηx < x+ bv. Thus,

R(x+ bu, x+ bv) = R(x, x) + bvR(0,1)(x, x+) + buR(0,1)(x, x−) + o(b).

Finally, for (u, v) ∈ D3 we get,

R(x+ bu, x+ bv) = R(x+ bu, x) + bvR(0,1)(x+ bu, x) +
1

2
b2v2R(0,2)(x+ bu, ηx)

= R(x, x) + ubR(1,0)(εx, x) + bvR(0,1)(x+ bu, ηx) +
1

2
b2v2R(0,2)(x+ bu, ηx),

where x+ hu < x+ bv < ηx < x and x+ bu < εx < x. Thus,

R(x+ bu, x+ bv) = R(x, x) + bvR(0,1)(x, x+) + buR(0,1)(x, x−) + o(b).

Hence for v > u we have,

R(x+ bu, x+ bv) = R(x, x) +
b

2

(
R(0,1)(x, x+) +R(0,1)(x, x−)

)
(u+ v)

+
b

2

(
R(0,1)(x, x+)−R(0,1)(x, x−)

)
(v − u) + o(b).

Similarly, we obtain for the triangular {1 > u > v > −1},

R(x+ bu, x+ bv) = R(x, x) +
b

2

(
R(0,1)(x, x+) +R(0,1)(x, x−)

)
(u+ v)

+
b

2

(
R(0,1)(x, x+)−R(0,1)(x, x−)

)
(u− v).

Thus, for (u, v) ∈ [−1, 1]2 we have,

R(x+ bu, x+ bv) = R(x, x) +
b

2

(
R(0,1)(x, x+) +R(0,1)(x, x−)

)
(u+ v)

+
b

2

(
R(0,1)(x, x+)−R(0,1)(x, x−)

)
|u− v|. (10)

Consider now a function g, bounded and integrable on [−1, 1]. The Dominated Conver-
gence Theorem yields that R(., t)× g is an integrable function for every t ∈ [−1, 1]. Using
(10) and putting,

γ(x) =
1

2

(
R(0,1)(x, x+) +R(0,1)(x, x−)

)
,

we obtain,∫∫
[−1,1]2

R(x+ bu, x+ bv)g(u)g(v)dudv = R(x, x)

(∫ 1

−1

g(u)du

)2

+ 2γ(x)b

∫ 1

−1

g(u)du

∫ 1

−1

vg(v)dv − b

2
α(x)

∫∫
[−1,1]2

g(u)g(v)|u− v|dudv + o(b).

(11)
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The left side of (11) is non-negative since the autocovariance function R is a non-negative
de�nite function. Taking g(u) = u1[−1,1](u) we obtain,∫ 1

−1

g(u)du = 0 and

∫∫
[−1,1]2

uv|u− v|dudv = − 8

15
.

Thus,
4

15
α(x) + o(b) ≥ 0.

Taking b small enough concludes the proof of Lemma 1. �

Proof of Lemma 3.

The great lines of this proof are based on the work of Sacks and Ylvisaker (1966) (c.f.
Lemma 3.2 there). Let x, h ∈]0, 1[ and put gn = PTnfx,h, it is shown by (90) in the
Appendix that,

gn(ti) =
n∑
j=1

mx,h(tj)R(tj, ti) for all i = 1, · · · , n.

On the one hand, Assumption (A) yields that gn is twice di�erentiable on [0, 1] except on
Tn, but it has left and right derivatives. Thus, for every i = 1, . . . , n we have,

g′n(t−i ) =
n∑
j=1

mx,h(tj)R
(0,1)(tj, t

−
i ) and g′n(t+i ) =

n∑
j=1

mx,h(tj)R
(0,1)(tj, t

+
i ).

Since for j 6= i, R(0,1)(tj, t
−
i ) = R(0,1)(tj, t

+
i ) then Assumption (B) yields,

g′n(t−i )− g′n(t+i ) = α(ti)mx,h(ti). (12)

On the other hand, Assumption (A) yields that fx,h (as de�ned by (2) in the paper) is
twice di�erentiable on ]0, 1[, thus for i = 1, . . . , n−1, Taylor expansion of fx,h−gn around
ti gives,

fx,h(ti+1)− gn(ti+1) = (fx,h(ti)− gn(ti)) + di(f
′
x,h(ti)− g′n(t+i )) +

1

2
d2
i (f
′′
x,h(σi)− g′′n(σi)),

where di = ti+1 − ti and σi ∈]ti, ti+1[. Recall that, for all i = 1, . . . , n, fx,h(ti) = gn(ti)
(see the Appendix, Equation (88)). Thus,

f ′x,h(ti)− g′n(t+i ) = −1

2
di(f

′′
x,h(σi)− g′′n(σi)), (13)

Similarly, for i = 2, . . . , n, we have,

f ′x,h(ti)− g′n(t−i ) =
1

2
di−1(f ′′x,h(θi)− g′′n(θi)), (14)

for some θi ∈]ti−1, ti[. We obtain subtracting (14) from (13) and using (12) for i =
2, . . . , n− 1,

α(ti)mx,h(ti) = −1

2
di(f

′′
x,h(σi)− g′′n(σi))−

1

2
di−1(f ′′x,h(θi)− g′′n(θi)). (15)

7



We shall now control the last expression. On the one hand we have,

f ′x,h(t) =

∫ t

0

R(0,1)(s, t+)ϕx,h(s) ds+

∫ 1

t

R(0,1)(s, t−)ϕx,h(s) ds, (16)

and,

f ′′x,h(t) = (R(0,1)(t, t+)−R(0,1)(t, t−))ϕx,h(t) +

∫ 1

0

R(0,2)(s, t+)ϕx,h(s) ds

− α(t)ϕx,h(t) +

∫ 1

0

R(0,2)(s, t+)ϕx,h(s) ds. (17)

On the other hand we know, using (F3) in the Appendix, that every function in the
RKHS(R), noted by F(ε), is continuous, hence Assumption (C) implies that R(0,2)(·, t+)
is a continuous function on [0, 1] for every �xed t ∈ [0, 1]. Thus,

R(0,2)(t, t+) = lim
s↓t

R(0,2)(s, t+) = lim
s↓t

R(0,2)(s, t−) = R(0,2)(t, t−),

from which we get that R(0,2)(t, t) exists. Hence for i = 1, . . . , n we have,

g′′n(t−i ) = g′′n(t+i ) =
n∑
j=1

mx,h(tj)R
(0,2)(tj, ti). (18)

In addition, it is shown by (F4) in the Appendix that for every t ∈ [0, 1],

f ′′x,h(t)− g′′n(t) = −α(t)ϕx,h(t) + 〈R(0,2)(·, t), fx,h − gn〉, (19)

where 〈·, ·〉 is the inner product on F(ε). Injecting (19) in (15) we obtain,

α(ti)mx,h(ti) =
1

2
diα(σi)ϕx,h(σi) +

1

2
di−1α(θi)ϕx,h(θi)−

1

2
di〈R(0,2)(·, σi), fx,h − gn〉

− 1

2
di−1〈R(0,2)(·, θi), fx,h − gn〉.

Using Assumption (B) we obtain for i = 2, . . . , n− 1,

mx,h(ti) =
1

2
(di + di−1)ϕx,h(ti) +

1

2α(ti)
di
(
α(σi)ϕx,h(σi)− α(ti)ϕx,h(ti)

)
+

1

2α(ti)
di−1

(
α(θi)ϕx,h(θi)− α(ti)ϕx,h(ti)

)
− 1

2α(ti)
di〈R(0,2)(·, σi), fx,h − gn〉

− 1

2α(ti)
di−1〈R(0,2)(·, θi), fx,h − gn〉

∆
=

1

2
(di + di−1)ϕx,h(ti) + A

(1)
i + A

(2)
i − A

(3)
i − A

(4)
i , (20)

Using the Cauchy-Schwartz inequality, Assumption (C) and Equation (35) (in the proof
of Proposition 5 below) we obtain,

|A(3)
i + A

(4)
i | ≤ sup

0≤t≤1

1

2α(t)
||R(0,2)(., t)||

√
C√
h

sup
0≤j≤n

d2
j

∆
= βn,h, (21)
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where C is a positive constant de�ned in Proposition 5 below.
Recall that ϕx,h is of support [x−h, x+h], thus for ti such that [ti−1, ti+1]∩]x−h, x+h[= ∅,
ϕx,h(t) = 0 so that A

(1)
i = 0 and A

(2)
i = 0. For ti such that [ti−1, ti+1]∩]x − h, x + h[ 6= ∅,

let,

αn,h = sup
0≤i≤n

sup
ti≤s,t≤ti+1

1

2α(t)
di|α(s)ϕx,h(s)− α(t)ϕx,h(t)|. (22)

We obtain using (21) and (22) together with (20) for i = 2, . . . , n− 1,

mx,h(ti) =

{
1
2
ϕx,h(ti)(ti+1 − ti−1) + O

(
αn,h + βn,h

)
if [ti−1, ti+1]∩]x− h, x+ h[ 6= ∅

O
(
βn,h

)
otherwise.

After having obtained mx,h(ti) for i = 2, . . . , n − 1, we are now able to obtain mx,h(t1)
and mx,h(tn). We have for i = 1, . . . , n,

R(t1, ti)mx,h(t1) +R(tn, ti)mx,h(tn) = fx,h(ti)−
n−1∑
j=2

mx,h(tj)R(tj, ti). (23)

Recall that NTn = Card Ix,h = Card {i = 1, · · · , n : [ti−1, ti+1]∩]x − h, x + h[ 6= ∅} and
that tx,i are the points of Tn for which i ∈ Ix,h. We have,

n−1∑
j=2

mx,h(tj)R(tj, ti) =

NTn∑
j=1

mx,h(tx,j)R(tx,j, ti) +
n−1∑
j=2

1{j /∈Ix,h}mx,h(tj)R(tj, ti).

On the one hand, we have using (20) (where Ax,j stands for Aj with tj replaced by tx,j),

n−1∑
j=2

mx,h(tj)R(tj , ti) =
1

2

NTn∑
j=1

(dx,j + dx,j−1)ϕx,h(tx,j)R(tx,j , ti)

+

NTn∑
j=1

(A1
x,j +A2

x,j −A3
x,j −A4

x,j)R(tx,j , ti)−
n−1∑
j=2

1{j /∈Ix,h}(A
3
j +A4

j )R(tj , ti)

=
1

2

NTn∑
j=1

(dx,j + dx,j−1)ϕx,h(tx,j)R(tx,j , ti) +

NTn∑
j=1

(A1
x,j +A2

x,j)R(tx,j , ti)−
n∑
j=1

(A3
j +A4

j )R(tj , ti).

(24)

On the other hand,

fx,h(ti) =

∫ 1

0

R(s, ti)ϕx,h(s) ds =

∫ x+h

x−h
R(s, ti)ϕx,h(s) ds =

1

2

NTn∑
j=1

∫ tx,j+1

tx,j−1

R(s, ti)ϕx,h(s) ds

=
1

2

NTn∑
j=1

(dx,j + dx,j−1)R(tx,j, ti)ϕx,h(tj) +
1

2

NTn∑
j=1

∫ tx,j+1

tx,j−1

(R(s, ti)ϕx,h(s)−R(tx,j, ti)ϕx,h(tx,j)) ds.

(25)

Inserting (24) and (25) in (23) we obtain for i = 1, . . . , n,

R(t1, ti)mx,h(t1) +R(tn, ti)mx,h(tn) =
1

2

NTn∑
j=1

∫ tx,j+1

tx,j−1

(R(s, ti)ϕx,h(s)−R(tx,j, ti)ϕx,h(tx,j)) ds

−
NTn∑
j=1

(A1
x,j + A2

x,j)R(tx,j, ti) +
n∑
j=1

(A3
j + A4

j)R(tj, ti)
∆
= Φx,h(ti).
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We then obtain the following linear system,
R(t1, t1)mx,h(t1) +R(tn, t1)mx,h(t1) = Φx,h(t1).

R(t1, tn)mx,h(t1) +R(tn, tn)mx,h(tn) = Φx,h(tn).

(26)

Solving (26) for mx,h(t1) and mx,h(tn) we obtain,

mx,h(t1) =
R(tn, tn)Φx,h(t1)−R(t1, tn)Φx,h(tn)

R(t1, t1)R(tn, tn)−R(t1, tn)2
. (27)

mx,h(tn) =
R(t1, t1)Φx,h(tn)−R(t1, tn)Φx,h(t1)

R(t1, t1)R(tn, tn)−R(t1, tn)2
. (28)

Finally, simple calculations yield,

mx,h(t1) = O(NTnαn,h + nβn,h
)

and mx,h(tn) = O(NTnαn,h + nβn,h
)
.

This completes the proof of Lemma 3. �

Proof of Proposition 3.

Recall that NTn = Card Ix,h = Card {i = 1, · · · , n : [ti−1, ti+1]∩]x−h, x+h[6= ∅} and de-
note by tx,i the points of Tn for which i ∈ Ix,h, that is Tn∩]x−h, x+h[= {tx,2, · · · , tx,NTn−1}.
Since E(Y (ti)) = g(ti) then,

E(ĝpron (x)) =
n∑
j=1

mx,h(tj)g(tj)

=

NTn∑
i=1

mx,h(tx,i)g(tx,i) +
n−1∑
j=2

1{i/∈Ix,h}mx,h(tj)g(tj) +mx,h(t1)g(t1) +mx,h(tn)g(tn).

Using the asymptotic approximation of mx,h|Tn given in Lemma 3 we obtain,

E(ĝpron (x)) =
1

2

NTn∑
i=1

(tx,i+1 − tx,i−1)ϕx,h(tx,i)g(tx,i) +O
(
NTnαn,h + nβn,h

)
, (29)

For x ∈ [0, 1] let,

Ih(x) =

∫ x+h

x−h
ϕx,h(t)g(t) dt =

1

2

NTn∑
i=1

∫ tx,i+1

tx,i−1

ϕx,h(t)g(t) dt,

and write,

E(ĝpron (x)) = E(ĝpron (x))− Ih(x) + Ih(x) = ∆x,h + Ih(x) +O
(
NTnαn,h + nβn,h

)
, (30)

where,

∆x,h =
1

2

NTn∑
i=1

∫ tx,i+1

tx,i−1

(
ϕx,h(tx,i)g(tx,i)− ϕx,h(t)g(t)

)
dt.
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We �rst control ∆x,h. We have,

∆x,h =
1

2

NTn∑
i=1

ϕx,h(tx,i)

∫ tx,i+1

tx,i−1

(g(tx,i)− g(t)) dt+
1

2

NTn∑
i=1

∫ tx,i+1

tx,i−1

g(t)(ϕx,h(tx,i)− ϕx,h(t)) dt.

Since ϕx,h is in C
1 and g is in C2 then Taylor expansions of ϕx,h and g give,

g(t) = g(tx,i) + (t− tx,i)g′(tx,i) +
1

2
(t− tx,i)2g′′(θx,i),

and,

ϕx,h(t) = ϕx,h(tx,i) + (t− tx,i)ϕ′x,h(ηx,i),

for some θx,i and ηx,i between t and tx,i. Thus,

∆x,h = −1

2

NTn∑
i=1

ϕx,h(tx,i)g
′(tx,i)

∫ tx,i+1

tx,i−1

(t− tx,i) dt−
1

4

NTn∑
i=1

ϕx,h(tx,i)

∫ tx,i+1

tx,i−1

g′′(θx,i)(t− tx,i)2 dt

− 1

2

NTn∑
i=1

g(tx,i)

∫ tx,i+1

tx,i−1

ϕ′x,h(ηx,i)(t− tx,i) dt−
1

2

NTn∑
i=1

g′(tx,i)

∫ tx,i+1

tx,i−1

ϕ′x,h(ηx,i)(t− tx,i)2 dt

− 1

4

NTn∑
i=1

∫ tx,i+1

tx,i−1

g′′(θx,i)ϕ
′
x,h(ηx,i)(t− tx,i)3 dt.

Recall that g′ and g′′ are both bounded and that,

sup
0≤t≤1

|ϕx,h(t)| <
c

h
and sup

0≤t≤1
|ϕ′x,h(t)| <

c′

h2
, (31)

for appropriate positive constants c and c′. Using this we obtain,

1

4

NTn∑
i=1

ϕx,h(tx,i)

∫ tx,i+1

tx,i−1

g′′(θx,i)(t− tx,i)2 dt = O

(
NTn

h
sup

0≤j≤1
d3
j,n

)
1

2

NTn∑
i=1

g′(tx,i)

∫ tx,i+1

tx,i−1

ϕ′x,h(ηx,i)(t− tx,i)2 dt = O

(
NTn

h2
sup

0≤j≤1
d3
j,n

)
1

4

NTn∑
i=1

∫ tx,i+1

tx,i−1

g′′(θx,i)ϕ
′
x,h(ηx,i)(t− tx,i)2 dt = O

(
NTn

h2
sup

0≤j≤1
d3
j,n

)
.

Thus,

∆x,h = −1

2

NTn∑
i=1

ϕx,h(tx,i)g
′(tx,i)

∫ tx,i+1

tx,i−1

(t− tx,i)dt−
1

2

NTn∑
i=1

g(tx,i)ϕ
′
x,h(tx,i)

∫ tx,i+1

tx,i−1

(t− tx,i) dt

− 1

2

NTn∑
i=1

g(tx,i)

∫ tx,i+1

tx,i−1

(t− tx,i)
(
ϕ′x,h(ηx,i)− ϕ′x,h(tx,i)

)
dt+O

(
NTn

h2
sup

0≤j≤1
d3
j,n

)
.

Since ϕ′x,h is Lipschitz then,

NTn∑
i=1

g(tx,i)

∫ tx,i+1

tx,i−1

(t− tx,i)
(
ϕ′x,h(ηx,i)− ϕ′x,h(tx,i)

)
dt = O

(
NTn

h3
sup

0≤j≤1
d3
j,n

)
.
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Thus,

∆x,h = −1

2

NTn∑
i=1

ϕx,h(tx,i)g
′(tx,i)

∫ tx,i+1

tx,i−1

(t− tx,i)dt−
1

2

NTn∑
i=1

g(tx,i)ϕ
′
x,h(tx,i)

∫ tx,i+1

tx,i−1

(t− tx,i) dt

+O

(
NTn

h3
sup

0≤j≤1
d3
j,n

)
.

Basic integration gives,

∆x,h = −1

4

NTn∑
i=1

ϕx,h(tx,i)g
′(tx,i)(d

2
x,i − d2

x,i−1)− 1

4

NTn∑
i=1

g(tx,i)ϕ
′
x,h(tx,i)(d

2
x,i − d2

x,i−1)

+O

(
NTn

h3
sup

0≤j≤1
d3
j,n

)
.

We shall show that,

A
∆
=

NTn∑
i=1

ϕx,h(tx,i)g
′(tx,i)(d

2
x,i − d2

x,i−1) = O

(
NTn

h2
sup

0≤j≤1
d3
j,n

)
,

B
∆
=

NTn∑
i=1

g(tx,i)ϕ
′
x,h(tx,i)(d

2
x,i − d2

x,i−1) = O

(
NTn

h3
sup

0≤j≤1
d3
j,n

)
.

Starting with the term A. Recall that, since ϕ is of support [x−h, x+h] and tx,1, tx,NTn−1 /∈
]x− h, x+ h[, then ϕx,h(tx,NTn

) = ϕx,h(tx,1) = 0 thus,

A =

NTn−1∑
i=2

ϕx,h(tx,i)g
′(tx,i)d

2
x,i −

NTn−2∑
i=1

ϕx,h(tx,i+1)g′(tx,i+1)d2
x,i

=

NTn−2∑
i=2

(
ϕx,h(tx,i)g

′(tx,i)− ϕx,h(tx,i+1)g′(tx,i+1)
)
d2
x,i +

(
ϕx,h(tx,NTn−1)g′(tx,NTn−1)d2

x,NTn−1

− ϕx,h(tx,2)g′(tx,2)d2
x,1

)
∆
= A1 + A2.

On the one hand, Taylor expansions of ϕx,h around tx,NTn
and tx,1 yield,

ϕx,h(tx,NTn−1) = (tx,NTn−1 − tx,NTn
)ϕ′x,h(γx,NTn

),

ϕx,h(tx,2) = (tx,2 − tx,1)ϕ′x,h(γx,1),

for some γx,NTn
∈]tx,NTn−1, tx,NTn

[ and some γx,1 ∈]tx,1, tx,2[. Using (31) and the fact that
g′ is bounded we obtain,

A2 = O

(
1

h2
sup

0≤j≤1
d3
j,n

)
.

On the other hand we have,

A1 =

NTn−2∑
i=2

(
ϕx,h(tx,i)g

′(tx,i)− ϕx,h(tx,i+1)g′(tx,i+1)
)
d2
x,i

=

NTn−2∑
i=2

ϕx,h(tx,i)
(
g′(tx,i)− g′(tx,i+1)

)
d2
x,i +

NTn−2∑
i=2

g′(tx,i+1)
(
ϕx,h(tx,i)− ϕx,h(tx,i+1)

)
d2
x,i.
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Since ϕx,h is in C
1 and g is in C2 then using (31), we obtain,

A1 = O
(NTn

h2
sup

0≤j≤1
d3
j,n

)
.

In a similar way and from Assumption (D), we obtain,

B = O
(NTn

h3
sup

0≤j≤1
d3
j,n

)
.

Hence,

∆x,h = O
(NTn

h3
sup

0≤j≤1
d3
j,n

)
.

Thus using (30),

E(ĝpron (x)) = Ih(x) +O(NTnαn,h + nβn,h) +O
(NTn

h3
sup

0≤j≤1
d3
j,n

)
.

The control of Ih(x) is classical and it can bee seen from Gasser and Müller (1984) that,

Ih(x) = g(x) +
1

2
h2g′′(x)

∫ 1

−1

t2K(t) dt+ o(h2). (32)

Finally,

E(ĝpron (x))− g(x) =
1

2
h2g′′(x)

∫ 1

−1

t2K(t) dt+ o(h2) +O
(NTn

h3
sup

0≤j≤1
d3
j,n +NTnαn,h + nβn,h

)
.

This concludes the proof of Proposition 3. �

Proof of Proposition 4.

Let t0 = 0, tn+1 = 1 and set Y (t0) = 0 and Y (tn+1) = Y (tn). Recall that,

ĝpron (x) =
n+1∑
i=1

Y (ti)

∫ ti

ti−1

ϕx,h(s)ds+
n∑
i=0

Y (ti+1)− Y (ti)

ti+1 − ti

∫ ti+1

ti

(s− ti+1)ϕx,h(s)ds.

Since E (Y (ti)) = g(ti) then,

E (ĝpron (x)) =
n+1∑
i=1

g(ti)

∫ ti

ti−1

ϕx,h(s)ds+
n∑
i=0

g(ti+1)− g(ti)

ti+1 − ti

∫ ti+1

ti

(s− ti+1)ϕx,h(s)ds.

Recall that NTn = Card Ix,h = {i = 1, · · · , n : [ti−1,n, ti+1,n]∩]x − h, x + h[6= ∅} and
denote by tx,i the points of Tn for which i ∈ Ix,h. Using the support of ϕx,h we obtain,

E (ĝpron (x)) =

NTn∑
i=1

g(tx,i)

∫ tx,i

tx,i−1

ϕx,h(s)ds+

NTn∑
i=1

g(tx,i+1)− g(tx,i)

tx,i+1 − tx,i

∫ tx,i+1

tx,i

(s− tx,i+1)ϕx,h(s)ds.

13



Let dx,i = tx,i+1 − tx,i. Since g is in C2 and ϕx,h is in C1 then Taylor expansions of g
around tx,i and of ϕx,h around tx,i+1 yield,

g(tx,i+1) = g(tx,i) + dx,i g
′(tx,i) +

1

2
d2
x,i g

′′(θx,i),

ϕx,h(s) = ϕx,h(tx,i+1) + (s− tx,i+1)ϕ′x,h(si).

for some θx,i ∈]tx,i, tx,i+1[ and some si ∈]s, tx,i+1[. Recall that, using the support of ϕ,
ϕx,h(tx,1) = ϕx,h(tx,NTn

) = 0 thus,

E (ĝpron (x)) =

NTn∑
i=1

g(tx,i)

∫ tx,i

tx,i−1

ϕx,h(s)ds +

NTn−2∑
i=1

g′(tx,i)ϕx,h(tx,i+1)

∫ tx,i+1

tx,i

(s− tx,i+1)ds

+

NTn∑
i=1

g′(tx,i)

∫ tx,i+1

tx,i

(s− tx,i+1)2ϕ′x,h(si)ds+
1

2

NTn∑
i=1

ϕx,h(tx,i+1)g′′(θx,i)dx,i

∫ tx,i+1

tx,i

(s− tx,i+1)ds

+
1

2

NTn∑
i=1

g′′(θx,i)dx,i

∫ tx,i+1

tx,i

(s− tx,i+1)2ϕ′x,h(si)ds.

Recall that g′ and g′′ are bounded, Lemma 2 yields NTn = O(nh) and dx,i = O( 1
n
) and

using (31) we obtain,

NTn∑
i=1

g′(tx,i)

∫ tx,i+1

tx,i

(s− tx,i+1)2ϕ′x,h(si)ds = O

(
1

n2h

)
.

1

2

NTn∑
i=1

ϕx,h(tx,i+1)g′′(θx,i)dx,i

∫ tx,i+1

tx,i

(s− tx,i+1)ds = O

(
1

n2

)
.

1

2

NTn∑
i=1

g′′(θx,i)dx,i

∫ tx,i+1

tx,i

(s− tx,i+1)2ϕ′x,h(si)ds = O

(
1

n3h

)
.

It follows that by simple integration,

E (ĝpron (x)) =

NTn∑
i=1

g(tx,i)

∫ tx,i

tx,i−1

ϕx,h(s)ds−
1

2

NTn−2∑
i=1

g′(tx,i)ϕx,h(tx,i+1)d2
x,i +O

(
1

n2h

)

=

NTn∑
i=1

∫ tx,i

tx,i−1

ϕx,h(s)g(s) ds+

NTn∑
i=1

∫ tx,i

tx,i−1

ϕx,h(s)(g(tx,i)− g(s)) ds

− 1

2

NTn−2∑
i=1

g′(tx,i)ϕx,h(tx,i+1)d2
x,i +O

(
1

n2h

)
.

On the one hand, we have,

NTn∑
i=1

∫ tx,i

tx,i−1

ϕx,h(s)g(s) ds =

∫ x+h

x−h
ϕx,h(s)g(s) ds.

On the other hand, Taylor expansion of g and ϕx,h arround tx,i yield,

g(tx,i) = g(s) + (tx,i − s)g′(tx,i)−
1

2
(tx,i − s)2g′′(s′i),

ϕx,h(s) = ϕx,h(tx,i) + (s− tx,i)ϕ′x,h(s′′i ).

14



for some s′i and s
′′
i in ]s, tx,i[. Thus,

E (ĝpron (x)) =

∫ x+h

x−h
ϕx,h(s)g(s) ds+

NTn−1∑
i=2

g′(tx,i)ϕx,h(tx,i)

∫ tx,i

tx,i−1

(tx,i − s) ds

−
NTn∑
i=1

g′(tx,i)

∫ tx,i

tx,i−1

(tx,i − s)2ϕ′x,h(s
′′
i ) ds−

1

2

NTn∑
i=1

ϕx,h(tx,i)

∫ tx,i

tx,i−1

g′′(s′i)(tx,i − s)2 ds

+
1

2

NTn∑
i=1

∫ tx,i

tx,i−1

g′′(s′i)ϕ
′
x,h(s

′′
i )(tx,i − s)3 ds− 1

2

NTn−2∑
i=1

g′(tx,i)ϕx,h(tx,i+1)d2
x,i

+O

(
1

n2h

)
.

Using the boundedness of g′ and g′′ in addition to Lemma 2 and Equation (31), we obtain,

NTn∑
i=1

g′(tx,i)

∫ tx,i

tx,i−1

(tx,i − s)2ϕ′x,h(s
′′
i ) ds = O

(
1

n2h

)
.

1

2

NTn∑
i=1

ϕx,h(tx,i)

∫ tx,i

tx,i−1

g′′(s′i)(tx,i − s)2 ds = O

(
1

n2

)
.

1

2

NTn∑
i=1

∫ tx,i

tx,i−1

g′′(s′i)ϕ
′
x,h(s

′′
i )(tx,i − s)3 ds = O

(
1

n3h

)
.

Thus,

E (ĝpron (x)) =

∫ x+h

x−h
ϕx,h(s)g(s) ds+

1

2

NTn−2∑
i=2

g′(tx,i)ϕx,h(tx,i)d
2
x,i−1

− 1

2

NTn−2∑
i=1

g′(tx,i)ϕx,h(tx,i+1)d2
x,i +O

(
1

n2h

)

=

∫ x+h

x−h
ϕx,h(s)g(s) ds+

1

2

NTn−2∑
i=1

(
g′(tx,i+1)− g′(tx,i)

)
ϕx,h(tx,i+1)d2

x,i +O

(
1

n2h

)
.

Since g′ is Lipschitz, then we have,

E (ĝpron (x)) =

∫ x+h

x−h
ϕx,h(s) g(s) ds+O

(
1

n2h

)
. (33)

Finally, from (32) we obtain,

E (ĝpron (x))− g(x) =
1

2
h2g′′(x)

∫ 1

−1

t2K(t)dt+ o(h2) +O

(
1

n2h

)
.

This concludes the proof of Proposition 4. �
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Proof of Proposition 5.

The great lines of this proof are based on Sacks and Ylvisaker (1966). From the de�nition
of the orthogonal projection (see the Appendix) and using the Pythagore theorem we
obtain,

m
(σ2

x,h

m
− Vargpron (x)

)
= ||fx,h||2 − ||P|Tnfx,h||2 = ||fx,h − P|Tnfx,h||2, (34)

where P|Tnfx,h is the orthogonal projection of fx,h on the subspace of F(ε) spanned by
{R(·, ti), ti ∈ Tn}, denoted here by VTn . We shall then prove that,

||fx,h − P|Tnfx,h||2 ≤
C

h
sup

0≤j≤n
d2
j,n. (35)

Recall thatNTn = Card Ix,h = Card Ix,h = {i = 1, · · · , n : [ti−1,n, ti+1,n]∩]x−h, x+h[ 6= ∅}
and denote by tx,i the points of Tn for which i ∈ Ix,h. Let gn := gn,x =

∑n
i=1 γx,iR(·, tx,i)

with γx,i = 0 for every i /∈ Ix,h. It is clear that gn ∈ VTn and thus from the de�nition of
the orthogonal projection we have,

||fx,h − P|Tnfx,h||2 ≤ ||fx,h − gn||2.

Now using (F1) in the Appendix and the support of ϕx,h we obtain,

||fx,h − gn||2 =

∫ 1

0

(fx,h(t)− gn(t))ϕx,h(t) dt−
n∑
i=1

(fx,h(ti)− gn(ti))γx,i

=

∫ x+h

x−h
(fx,h(t)− gn(t))ϕx,h(t) dt−

NTn∑
i=1

(fx,h(tx,i)− gn(tx,i))γx,i (36)

In what follows, we distinguish between three cases according to the location of tx,1 and
tx,NTn

in the interval [x− h, x+ h].
First case. Suppose �rst that tx,1 = x− h and tx,NTn

= x+ h and take,

γx,i =

∫ tx,i+1

tx,i

ϕx,h(t) dt for i = 1, . . . , NTn − 1. (37)

we have in this case,

||fx,h − gn||2 =

NTn∑
i=1

∫ tx,i+1

tx,i

(
(fx,h(t)− gn(t))− (fx,h(tx,i)− gn(tx,i))

)
ϕx,h(t) dt. (38)

Assumption (A) yields that fx,h is twice di�erentiable on [0, 1], while gn is twice di�eren-
tiable everywhere except on Tn, but it has left and right derivatives. Taylor expansion of
fx,h − gn around tx,i for i = 1, · · · , NTn − 1 and t ∈]tx,i, tx,i+1[ gives,

fx,h(t)− gn(t) = (fx,h(tx,i)− gn(tx,i)) + (t− tx,i)(f ′x,h(tx,i)− g′n(t+x,i))

+
1

2
(t− tx,i)2(f ′′x,h(θx,t)− g′′n(θ+

x,t)), (39)
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for some θx,t ∈]tx,i, t[. On the one hand, we have,

g′n(t+x,i) =

NTn−1∑
j=1

R(0,1)(tx,j, t
+
x,i)γx,j. (40)

On the other hand, using (16) we obtain,

f ′x,h(tx,i) =

∫ x+h

x−h
R(0,1)(s, t+x,i)ϕx,h(s) ds =

NTn−1∑
j=1

∫ tx,j+1

tx,j

R(0,1)(s, t+x,i)ϕx,h(s) ds

=

NTn−1∑
j=1

j 6=i

∫ tx,j+1

tx,j

R(0,1)(s, t+x,i)ϕx,h(s) ds +

∫ tx,i+1

tx,i

R(0,1)(s, t+x,i)ϕx,h(s) ds. (41)

When j 6= i we have,∫ tx,j+1

tx,j

R(0,1)(s, t+x,i)ϕx,h(s) ds = R(0,1)(tx,j , tx,i)γx,j +

∫ tx,j+1

tx,j

(s− tx,j)R(1,1)(δs,j , tx,i)ϕx,h(s) ds,

(42)

for some δs,j ∈]tx,j, s[, while for j = i we have,∫ tx,i+1

tx,i

R(0,1)(s, t+x,i)ϕx,h(s) ds =

∫ tx,i+1

tx,i

R(0,1)(s, t−x,i)ϕx,h(s) ds

= R(0,1)(tx,i, t
−
x,i)γx,i +

∫ tx,i+1

tx,i

(s− tx,i)R(1,1)(δ+
s,i, t

−
x,i)ϕx,h(s) ds. (43)

Collecting (40), (41), (42) and (43) we obtain,

f ′x,h(tx,i)− g′n(t+x,i) =

NTn−1∑
j=1

j 6=i

R(0,1)(tx,j, tx,i)γx,j +

NTn−1∑
j=1

j 6=i

∫ tx,j+1

tx,j

(s− tx,j)R(1,1)(δs,j, tx,i)ϕx,h(s) ds

+R(0,1)(tx,i, t
−
x,i)γx,i +

∫ tx,i+1

tx,i

R(1,1)(δ+
s,i, t

−
x,i)ϕx,h(s) ds−

NTn−1∑
j=1

R(0,1)(tx,j, t
+
x,i)γx,j

= α(tx,i)γx,i +

NTn−1∑
j=1

∫ tx,j+1

tx,j

(s− tx,j)R(1,1)(δ+
s,j, t

−
x,i)ϕx,h(s) ds.

It is easy to see that,

|f ′x,h(tx,i)− g′n(t+x,i)| ≤ α1γx,i +
K∞
h
R1

NTn−1∑
j=1

∫ tx,j+1

tx,j

(s− tx,j) ds

≤ K∞
h
α1dx,i +

K∞
2h

R1

NTn−1∑
j=1

d2
x,j. (44)

We deduce from (17) that for all θx,t ∈]tx,i, tx,i+1[ we have,

|f ′′x,h(θx,t)| ≤
K∞
h
α1 +

K∞
h
R2 × 2h =

K∞
h
α1 + 2K∞R2.
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In addition, for θx,t ∈]tx,i, tx,i+1[ we have,

|g′′n(θ+
x,t)| =

∣∣∣∣NTn−1∑
j=1

R(0,2)(tx,j, θ
+
x,t)γx,j

∣∣∣∣ ≤ K∞
h
R2

NTn−1∑
j=1

dx,j =
K∞
h
R2 × 2h = 2K∞R2,

Thus,

|f ′′x,h(θx,t)− g′′n(θ+
x,t)| ≤

K∞
h
α1 + 4K∞R2. (45)

Equations (39), (44) and (45) yield that for i = 1, · · · , NTn − 1,∣∣∣∣ ∫ tx,i+1

tx,i

[
(fx,h(t)− gn(t))− (fx,h(tx,i)− gn(tx,i))

]
ϕx,h(t) dt

∣∣∣∣
≤
∫ tx,i+1

tx,i

(t− tx,i)|f ′x,h(tx,i)− g′n(t+x,i)||ϕx,h(t)| dt

+
1

2

∫ tx,i+1

tx,i

(t− tx,i)2|f ′′x,h(θx,t)− g′′n(θ+
x,t)||ϕx,h(t)| dt

≤
(
K∞
h
α1dx,i +

K∞
2h

R1

NTn−1∑
j=1

d2
x,j

)∫ tx,i+1

tx,i

(t− tx,i)|ϕx,h(t)| dt

+
1

2

(
K∞
h
α1 + 4K∞R2

)∫ tx,i+1

tx,i

(t− tx,i)2|ϕx,h(t)| dt

≤
(
K∞
h
α1dx,i +

K∞
2h

R1

NTn−1∑
j=1

d2
x,j

)
K∞
2h

d2
x,i +

1

2

(
K∞
h
α1 + 4K∞R2

)
K∞
3h

d3
x,i

≤ K2
∞

4h2
R1d

2
x,i

NTn−1∑
j=1

d2
x,j +

2K2
∞

3h

(α1

h
+R2

)
d3
x,i. (46)

Injecting this inequality in (38) yields,

||fx,h − P|Tnfx,h||2 ≤
K2
∞

4h2
R1

(NTn−1∑
i=1

d2
x,i

)2

+
2K2
∞

3h

(α1

h
+R2

)NTn−1∑
i=1

d3
x,i

≤ K2
∞

4h2
R1 sup

1≤i≤n
d2
i,n

(NTn−1∑
i=1

dx,i

)2

+
2K2
∞

3h

(α1

h
+R2

)
sup

1≤i≤n
d2
i,n

NTn−1∑
i=1

dx,i.

Since
∑NTn−1

i=1 dx,i = 2h then,

||fx,h − P|Tnfx,h||2 ≤
(

4

3h
α1 +R1 +

4

3
R2

)
K2
∞ sup

1≤i≤n
d2
i,n

Finally, since h < 1 then,

||fx,h − P|Tnfx,h||2 ≤
(

4

3
α1 +R1 +

4

3
R2

)
K2
∞

1

h
sup

1≤i≤n
d2
i,n.

Proposition 5 is then proved for the �rst case.
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Second case. Consider now the case where tx,1 < x − h and tx,NTn
> x + h. For

i = 2, . . . , NTn − 2 set,

γx,i =

∫ tx,i+1

tx,i

ϕx,h(t) dt, γx,1 =

∫ tx,2

x−h
ϕx,h(t) dt, γx,NTn−1 =

∫ x+h

tx,NTn
−1

ϕx,h(t) dt and γx,NTn
= 0.

(47)

Using this we obtain,

||fx,h − gn||2 =

∫ tx,2

x−h

(
(fx,h(t)− gn(t))− (fx,h(tx,1)− gn(tx,1))

)
ϕx,h(t) dt

+

NTn∑
i=2

∫ tx,i+1

tx,i

(
(fx,h(t)− gn(t))− (fx,h(tx,i)− gn(tx,i))

)
ϕx,h(t) dt

+

∫ x+h

tx,NTn

(
(fx,h(t)− gn(t))− (fx,h(tx,NTn

)− gn(tx,NTn
))
)
ϕx,h(t) dt. (48)

We �rst control the �rst term of (48). Let,

A
(1)
x,h =

∫ tx,2

x−h

(
(fx,h(t)− gn(t))− (fx,h(tx,1)− gn(tx,1))

)
ϕx,h(t) dt.

For t ∈]x− h, tx,2[ we have,

fx,h(t)− gn(t) = (fx,h(tx,1)− gn(tx,1)) + (t− tx,1)(f ′x,h(tx,1)− g′n(t+x,1))

+
1

2
(t− tx,1)2(f ′′x,h(θx,1)− g′′n(θ+

x,1)), (49)

for some θx,1 ∈]x− h, t[. Equation (16) yields,

f ′x,h(tx,1) =

∫ x+h

x−h
R(0,1)(s, t+x,1)ϕx,h(s) ds =

NTn−1∑
j=1

∫ tx,j+1

tx,j

R(0,1)(s, t+x,1)ϕx,h(s) ds

=

∫ tx,2

x−h
R(0,1)(s, t−x,1)ϕx,h(s) ds +

NTn−1∑
j=2

∫ tx,j+1

tx,j

R(0,1)(s, t+x,1)ϕx,h(s) ds

= R(0,1)(tx,1, t
−
x,1)γx,1 +

∫ tx,2

x−h
(s− tx,1)R(1,1)(δ+

s,1, t
−
x,1)ϕx,h(s) ds

+

NTn−1∑
j=2

R(0,1)(tx,j, tx,1)γx,j +

NTn−1∑
j=2

∫ tx,j+1

tx,j

(s− tx,j)R(1,1)(δs,j, t
+
x,1)ϕx,h(s) ds. (50)

Recall that,

g′n(t+x,1) = R(0,1)(tx,1, t
+
x,1)γx,1 +

NTn−1∑
j=2

R(0,1)(tx,j, tx,1)γx,j. (51)

Equations (50) and (51) give,

f ′x,h(tx,1)− g′n(t+x,1) = α(tx,1)γx,1 +

NTn−1∑
j=2

∫ tx,j+1

tx,j

(s− tx,j)R(1,1)(δs,j, t
+
x,1)ϕx,h(s) ds

+

∫ tx,2

x−h
(s− tx,1)R(1,1)(δ+

s,1, t
−
x,1)ϕx,h(s) ds.
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Note that tx,2 − (x− h) ≤ sup
1≤i≤n

di,n. We obtain,

|f ′x,h(tx,1)− g′n(t−x,1)| ≤ K∞
h
α1 sup

1≤i≤n
di,n +

K∞
2h

R1

NTn−1∑
j=2

d2
x,j +

K∞
2h

R1 sup
1≤i≤n

d2
i,n

≤ K∞
h
α1 sup

1≤i≤n
di,n +K∞R1 sup

1≤i≤n
di,n +

K∞
2h

R1 sup
1≤i≤n

d2
i,n

≤ K∞

(α1

h
+

3

2
R1

)
sup

1≤i≤n
di,n (52)

By (45) we have,

|f ′′x,h(θx,t)− g′′n(θ−x,t)| ≤
K∞
h
α1 + 4K∞R2. (53)

Equations (49), (52) and (53) yield,

|A(1)
x,h| ≤ |f ′x,h(tx,1)− g′n(t+x,1)|

∫ tx,2

x−h
(t− tx,1)|ϕx,h(t)| dt

+
1

2

∫ tx,2

x−h
(t− tx,1)2|f ′′x,h(θx,1)− g′′n(θ+

x,1)||ϕx,h(t)| dt

≤
(
K∞

(α1

h
+

3

2
R1

)
sup

1≤i≤n
di,n

)
K∞
2h

sup
1≤i≤n

d2
i,n +

(K∞
h
α1 + 4K∞R2

)K∞
6h

sup
1≤i≤n

d3
i,n

≤
(

2

3
α1 +

3

4
R1 +

2

3
R2

)
K2
∞
h2

sup
1≤i≤n

d3
i,n. (54)

Similarly we obtain,

A
(2)
x,h

∆
=

∫ x+h

tx,NTn

(
(fx,h(t)− gn(t))− (fx,h(tx,NTn

)− gn(tx,NTn
))

)
ϕx,h(t) dt

|A(2)
x,h| ≤

(
2

3
α1 +

3

4
R1 +

2

3
R2

)
K2
∞
h2

sup
1≤i≤n

d3
i,n. (55)

Thus,

|A(1)
x,h + A

(2)
x,h| ≤

(
4

3
α1 +

3

2
R1 +

4

3
R2

)
K2
∞
h2

sup
1≤i≤n

d3
i,n.

For i = 2, . . . , NTn − 2, similar calculations as those leading to (46) give,∣∣∣∣ ∫ tx,i+1

tx,i

(
(fx,h(t)− gn(t))− (fx,h(tx,i)− gn(tx,i))

)
ϕx,h(t) dt

∣∣∣∣
≤ K2

∞
4h2

R1d
2
x,i

NTn∑
j=1

d2
x,j +

2K2
∞

3h
(
α1

h
+R2)d3

x,i.

Thus, ∣∣∣∣NTn−2∑
i=2

∫ tx,i+1

tx,i

(
(fx,h(t)− gn(t))− (fx,h(tx,i)− gn(tx,i))

)
ϕx,h(t) dt

∣∣∣∣
≤
(

4

3
α1 +R1 +

4

3
R2

)
K2
∞
h

sup
1≤i≤n

d2
i,n. (56)
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Then, Equations (54), (55) and (56) yield,

||fx,h − PTnfx,h||2 ≤
(

4

3
α1 +

3

2
R1 +

4

3
R2

)
K2
∞
h

sup
1≤i≤n

d2
i,n +

(
4

3
α1 +R1 +

4

3
R2

)
K2
∞
h2

sup
1≤i≤n

d3
i,n

=

(
8

3
α1 +

5

2
R1 +

8

3
R2

)
K2
∞
h

sup
1≤i≤n

d2
i,n

Third case. Suppose now that tx,1 = x− h and tx,NTn
> x+ h (respectively tx,1 < x− h

and tx,NTn
= x+ h). Let Tn−1 = Tn − {x− h} (respectively Tn−1 = Tn − {x+ h}). Since

PTn−1fx,h ∈ VTn we obtain,

||fx,h − PTnfx,h||2 ≤ ||fx,h − PTn−1fx,h||2,

we can then apply the result of the second case to the right side of the previous inequality.
The proof of Proposition 5 is complete. �

Proof of Proposition 6.

The great lines of this proof are based on the work of Sacks and Ylvisaker (1966). Keeping
Equation (34) in mind we deduce that Equation (11) (in the paper) is equivalent to,

lim
n→∞

N2
Tn

h
||fx,h − P|Tnfx,h||2 ≥

1

12
α(x)

{∫ 1

−1

K2/3(t)dt

}3

. (57)

We shall take the same notation as in the previous proof. Let gn = P|Tnfx,h, it is shown
by Equation (90) in the Appendix that:

gn(ti) = fx,h(ti) =
n∑
j=1

R(tj, ti)mx,h(tj), for i = 1, · · · , n.

We have from (F1) in the Appendix that,

||fx,h − gn||2 =

∫ 1

0

(fx,h(t)− gn(t))ϕx,h(t) dt−
n∑
i=1

mx,h(ti)(fx,h(ti)− gn(ti))

=

∫ x+h

x−h
(fx,h(t)− gn(t))ϕx,h(t)dt.

Suppose �rst that tx,1 = x− h and tx,NTn
= x+ h, then the last equalities give,

||fx,h − gn||2 =

NTn−1∑
i=1

∫ tx,i+1

tx,i

(fx,h(t)− gn(t))ϕx,h(t)dt. (58)

Under Assumptions (A) and (B), the function fx,h is twice di�erentiable at every t ∈ [0, 1]
and gn is twice di�erentiable at every t ∈ [0, 1] except on Tn, however, it has left and right
derivatives. We expand (fx,h − gn) in a Taylor series around tx,i for t ∈]tx,i, tx,i+1[ up to
order 2 we obtain,

fx,h(t)− gn(t) = (fx,h(tx,i)− gn(tx,i)) + (t− tx,i)(f ′x,h(tx,i)− g′n(t+x,i))

+
1

2
(t− tx,i)2(f ′′x,h(σx,t)− g′′n(σ+

x,t)),
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for some σx,t ∈]tx,i, t[. Since gn(tx,i) = fx,h(tx,i) then,

fx,h(t)− gn(t) = (t− tx,i)(f ′x,h(tx,i)− g′n(t+x,i)) +
1

2
(t− tx,i)2(f ′′x,h(σx,t)− g′′n(σ+

x,t)), (59)

On the one hand, we have for i ∈ 1, . . . , NTn − 1,

fx,h(tx,i+1)− gn(tx,i+1) = dx,i(f
′
x,h(tx,i)− g′n(t+x,i)) +

1

2
d2
x,i(f

′′
x,h(σx,i)− g′′n(σ+

x,i)).

for some σx,i ∈]tx,i, tx,i+1[. Thus,

f ′x,h(tx,i)− g′n(t+x,i) = −1

2
dx,i(f

′′
x,h(σx,i)− g′′n(σ+

x,i)). (60)

On the other hand, it is shown by (F4) in the Appendix that,

f ′′x,h(t)− g′′n(t+) = −α(t)ϕx,h(t) + 〈R(0,2)(·, t+), fx,h − gn〉. (61)

Injecting (60) and (61) in (59) gives,

fx,h(t)− gn(t) = −1

2
(t− tx,i)dx,i(f ′′x,h(σx,i)− g′′n(σ+

x,i)) +
1

2
(t− txi)2(f ′′x,h(σx,i)− g′′n(σ+

x,i))

=
1

2
dx,i(t− tx,i)α(σx,i)ϕx,h(σx,i)−

1

2
(t− tx,i)

2

α(σx,t)ϕx,h(σx,t)

− 1

2
dx,i(t− tx,i)〈R(0,2)(·, σ+

x,i), fx,h − gn〉+
1

2
(t− tx,i)2〈R(0,2)(·, σ+

x,t), fx,h − gn〉.

Thus,∫ tx,i+1

tx,i

(fx,h(t)− gn(t))ϕx,h(t) dt =

1

2
dx,iα(σx,i)ϕx,h(σx,i)

∫ tx,i+1

tx,i

(t− tx,i)ϕx,h(t) dt−
1

2

∫ tx,i+1

tx,i

(t− tx,i)2α(σx,t)ϕx,h(σx,t)ϕx,h(t) dt

− 1

2
dx,i〈R(0,2)(·, σ+

x,i), fx,h − gn〉
∫ tx,i+1

tx,i

(t− tx,i)ϕx,h(t) dt

+
1

2

∫ tx,i+1

tx,i

(t− tx,i)2〈R(0,2)(·, σ+
x,t), fx,h − gn〉ϕx,h(t) dt

=
1

4
d3
x,iα(σx,i)ϕ

2
x,h(σx,i)−

1

6
d3
x,iα(σx,i)ϕ

2
x,h(σx,i)

+
1

2
dx,iα(σxi)ϕx,h(σx,i)

∫ tx,i+1

tx,i

(t− tx,i)[ϕx,h(t)− ϕx,h(σx,i)] dt

− 1

2
α(σx,i)ϕx,h(σx,i)

∫ tx,i+1

tx,i

(t− tx,i)2[ϕx,h(t)− ϕx,h(σx,i)] dt

− 1

2

∫ tx,i+1

tx,i

(t− tx,i)2[α(σx,t)ϕx,h(σx,t)− α(σx,i)ϕx,h(σx,i)]ϕx,h(t) dt

− 1

2
dx,i〈R(0,2)(·, σ+

x,i), fx,h − gn〉
∫ tx,i+1

tx,i

(t− tx,i)ϕx,h(t) dt

+
1

2

∫ tx,i+1

tx,i

(t− tx,i)2〈R(0,2)(·, σ+
x,t), fx,h − gn〉ϕx,h(t) dt

=
1

12
d3
x,iα(σx,i)ϕ

2
x,h(σx,i) + A

(1)
x,i − A

(2)
x,i − A

(3)
x,i − A

(4)
x,i + A

(5)
x,i , (62)
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where, A
(1)
x,i =

1

2
dx,iα(σx,i)ϕx,h(σx,i)

∫ tx,i+1

tx,i

(t− tx,i)[ϕx,h(t)− ϕx,h(σx,i)] dt.

A
(2)
x,i =

1

2
α(σx,i)ϕx,h(σx,i)

∫ tx,i+1

tx,i

(t− tx,i)2[ϕx,h(t)− ϕx,h(σx,i)] dt.

A
(3)
x,i =

1

2

∫ tx,i+1

tx,i

(t− tx,i)2[α(σx,t)ϕx,h(σx,t)− α(σx,i)ϕx,h(σx,i)]ϕx,h(t) dt.

A
(4)
x,i =

1

2
dx,i〈R(0,2)(·, σ+

x,i), fx,h − gn〉
∫ tx,i+1

tx,i

(t− tx,i)ϕx,h(t) dt.

A
(5)
x,i =

1

2

∫ tx,i+1

tx,i

(t− tx,i)2〈R(0,2)(·, σ+
x,t), fx,h − gn〉ϕx,h(t) dt.

We shall now control these quantities. Let,

B
(1)
x,i = sup

tx,i<s,t<tx,i+1

|ϕx,h(t)− ϕx,h(s)| and B(2)
x,i = sup

tx,i<s,t<tx,i+1

|α(t)ϕx,h(t)− α(s)ϕx,h(s)|.

Since α and ϕx,h are Lipschitz then,

sup
0≤i≤n

B
(1)
x,i = O

(
1

h2
sup

0≤j≤n
dj,n

)
and sup

0≤i≤n
B

(2)
x,i = O

(
1

h2
sup

0≤j≤n
dj,n

)
. (63)

Elementary calculations show that,

|A(1)
x,i | ≤

a1

h
B

(1)
x,i d

3
x,i, |A(2)

x,i | ≤
a2

h
B

(1)
x,i d

3
x,i and |A(3)

x,i | ≤
a3

h
B

(2)
x,i d

3
x,i, (64)

for appropriate constants a1, a2 and a3. We obtain from the Cauchy-Schwartz inequality,
Assumption (C) and Proposition 5 that,

|A(4)
x,i |+ |A

(5)
x,i | ≤

a4

h
d3
x,i||fx,h − gn|| ≤

1

h
d3
x,i a4

√
C

h︸ ︷︷ ︸
ah

sup
0≤j≤n

dj,n, (65)

for an appropriate constant a4 (C is de�ned in Proposition 5). Thus,∫ tx,i+1

tx,i

(fx,h(t)− gn(t))ϕx,h(t) dt

=
1

12
d3
x,iα(σx,i)ϕ

2
x,h(σx,i) + A

(1)
x,i − A

(2)
x,i − A

(3)
x,i − A

(4)
x,i + A

(5)
x,i

≥ 1

12
d3
x,iα(σx,i)ϕ

2
x,h(σx,i)− d3

x,i(
a1

h
B

(1)
x,i +

a2

h
B

(2)
x,i +

ah
h

sup
0≤j≤n

dj,n). (66)

Let,

ρh,NTn
= sup

0≤i≤NTn

(
a1

h
B

(1)
x,i +

a2

h
B

(2)
x,i +

ah
h

sup
0≤j≤n

dj,n).

Equation (63) implies that for an appropriate constant c and c′ we have,

|ρh,NTn
| ≤

( c
h3

sup
0≤j≤n

dj,n +
c′

h3/2
sup

0≤j≤n
dj,n

)
.
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Using (66) and (58) together with Equation (66) in (58) we obtain,

||fx,h − gn||2 ≥
NTn−1∑
i=1

( 1

12
α(σx,i)ϕ

2
x,h(σx,i)− ρh,NTn

)
d3
x,i

≥ 1

12

NTn−1∑
i=1

α(σx,i)ϕ
2
x,h(σx,i)d

3
x,i −

cNTn

h3
sup

0≤j≤n
d 4
j,n −

c′NTn

h3/2
sup

0≤j≤n
d4
j,n. (67)

Then the Hölder's inequality gives,

||fx,h − gn||2 ≥
1

12(NTn − 1)2

{NTn−1∑
j=1

[α(σx,i)ϕ
2
x,h(σx,i)]

1
3dx,i

}3

− cNTn

h3
sup

0≤j≤n
d 4
j,n −

c′NTn

h3/2
sup

0≤j≤n
d4
j,n.

We shall now control the �rst term of the right side of this inequality. We have,{NTn−1∑
j=1

(
α(σx,i)ϕ

2
x,h(σx,i)

) 1
3
dx,i

}3

=

{∫ x+h

x−h

(
α(t)ϕ2

x,h(t)
) 1

3
dt−

NTn−1∑
j=1

∫ tx,i+1

tx,i

(
(α(t)ϕ2

x,h(t))
1
3 − (α(σx,i)ϕ

2
x,h(σx,i))

1
3

)}3

=

{∫ x+h

x−h

(
α(t)ϕ2

x,h(t)
) 1

3
dt

}3

−
{NTn−1∑

j=1

∫ tx,i+1

tx,i

(
(α(t)ϕ2

x,h(t))
1
3 − (α(σx,i)ϕ

2
x,h(σx,i))

1
3

)}3

− 3

{∫ x+h

x−h

(
α(t)ϕ2

x,h(t)
) 1

3
dt

}2{NTn−1∑
j=1

∫ tx,i+1

tx,i

(
(α(t)ϕ2

x,h(t))
1
3 − (α(σx,i)ϕ

2
x,h(σx,i))

1
3

)}

+ 3

{∫ x+h

x−h

(
α(t)ϕ2

x,h(t)
) 1

3
dt

}{NTn−1∑
j=1

∫ tx,i+1

tx,i

(
(α(t)ϕ2

x,h(t))
1
3 − (α(σx,i)ϕ

2
x,h(σx,i))

1
3

)}2

∆
=

{∫ x+h

x−h

(
α(t)ϕ2

x,h(t)
) 1

3
dt

}3

+B,

We obtain using (31) and the fact that α is Lipschitz,

B = O

((NTn

h5/3
sup

0≤j≤n
d2
j,n

)3
)

+O

((NTn

h5/3
sup

0≤j≤n
d2
j,n

)
h 2/3

)
+O

((NTn

h5/3
sup

0≤j≤n
d2
j,n

) 2

h1/3

)
.

Assumption (E) implies that for an appropriate constant c′′ we have,

|B| ≤ c′′NTn

h
sup

0≤j≤n
d2
j,n.
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Using the Riemann integrability of α and ϕx,h we get,

||fx,h − gn||2 ≥
1

12(NTn − 1)2

{∫ x+h

x−h

(
α(t)ϕ2

x,h(t)
) 1

3
dt

}3

− c′′

NTnh
sup

0≤j≤n
d2
j,n

− cNTn

h3
sup

0≤j≤n
d 4
j,n −

c′NTn

h3/2
sup

0≤j≤n
d4
j,n

≥ 1

12N2
Tn

{∫ x+h

x−h

(
α(t)ϕ2

x,h(t)
) 1

3
dt

}3

− c′′

NTnh
sup

0≤j≤n
d2
j,n −

cNTn

h3
sup

0≤j≤n
d 4
j,n −

c′NTn

h3/2
sup

0≤j≤n
d4
j,n

=
1

12h2N2
Tn

{∫ x+h

x−h

(
α(t)K2(

x− t
h

)
) 1

3
dt

}3

− c′′

NTnh
sup

0≤j≤n
d2
j,n

− cNTn

h3
sup

0≤j≤n
d 4
j,n −

c′NTn

h3/2
sup

0≤j≤n
d4
j,n

=
h

12N2
Tn

{∫ 1

−1

(
α(x− th)K2(t)

) 1
3
dt

}3

− c′′

NTnh
sup

0≤j≤n
d2
j,n

− cNTn

h3
sup

0≤j≤n
d 4
j,n −

c′NTn

h3/2
sup

0≤j≤n
d4
j,n.

Assumption (E) implies that,

lim
n→∞

1

h2
NTn sup

0≤j≤n
d2
j,n = 0, lim

n→∞

1

h4
sup

0≤j≤n
d 4
j,nN

3
Tn = 0 and lim

n→∞

c′

h3/2
sup

0≤j≤n
d4
j,nNTn = 0.

Finally the continuity of α yields,

lim
n→∞

N2
Tn

h
||fx,h − gn||2 ≥

1

12
α(x)

{∫ 1

−1

K(t)
2
3 dt

}3

.

Inequality (57) is then proved for a sequence of designs containing x − h and x + h.
Consider now any sequence of designs {Tn, n ≥ 1} satisfying Assumption (E) we can
adjoin the points {x− h, x+ h} to Tn (if they aren't present). Hence we form a sequence
{Sn, n ≥ 1} with Sn ∈ Dn+2 and satisfying (57). We have,

||fx,h − P|Snfx,h||2 ≤ ||fx,h − P|Tnfx,h||2.

Then,
N2
Sn
||fx,h − P|Snfx,h||2 ≤ N2

Sn
||fx,h − P|Tnfx,h||2. (68)

We know that NSn ∈ {NTn + 1, NTn + 2}, replacing NSn in the right term of (68) by
(NTn + 2) (or (NTn + 1) ) gives,

N2
Sn

h
||fx,h − P|Snfx,h||2 −

(4 + 2NTn)

h
||fx,h − P|Tnfx,h||2 ≤

N2
Tn

h
||fx,h − P|Tnfx,h||2.

Assumption (E) and Equation (35) yield,

lim
n→∞

(4 + 2NTn)

h
||fx,h − P|Tnfx,h||2 = 0.

Hence, for any sequence {Tn, n ≥ 1} we have,

lim
n→∞

N2
Tn

h
||fx,h − P|Tnfx,h||2 ≥

1

12
α(x)

{∫ 1

−1

K2/3(t)dt

}3

.

This completes the proof of Proposition 6. �
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Proof of Proposition 7.

On the one hand, Proposition 5 yields that there exists a constant c > 0 such that,

0 ≤
σ2
x,h

m
− Var ĝpron (x) ≤ c

mh
sup

0≤j≤n
d2
j,n.

Lemma 2 implies that there exists a constant c′ > 0 such that,

sup
0≤j≤n

d2
j,n ≤

c′

n2
.

Thus, for n ≥ 1 we have,

0 ≤
σ2
x,h

m
− Var ĝpron (x) ≤ c′c

mn2h
.

Finally, taking C = cc′ we obtain,

lim
n→∞

mn2h
(σ2

x,h

m
− Var ĝpron (x)

)
≤ C.

Inequality (12) (in the paper) is then proved. On the other hand, Proposition 6 yields,

mN2
Tn

h

(σ2
x,h

m
− Var ĝpron (x)

)
≥ 1

12
α(x)

{∫ 1

−1

K2/3(t)dt

}3

.

Lemma 2 implies that there exists a constant c′′ > 0 such that,

NTn < c′′nh,

which implies that,

c′′mn2h
(σ2

x,h

m
− Var ĝpron (x)

)
≥ 1

12
α(x)

{∫ 1

−1

K2/3(t)dt

}3

.

Finally, taking C ′ = 1
12c′′

α(x)

{∫ 1

−1
K2/3(t)dt

}3

we obtain,

lim
n→∞

mn2h
(σ2

x,h

m
− Var ĝpron (x)

)
≥ C ′.

This concludes the proof of Proposition 7. �

Proof of Proposition 8.

The �rst part of this proof is the same as that of Proposition 6. Recall that,

m
(σ2

x,h

m
− Var ĝpron (x)

)
= ||fx,h||2 − ||P|Tnfx,h||2 = ||fx,h − P|Tnfx,h||2.
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Using (58) and (62) we obtain,

Var ĝpron (x)−
σ2
x,h

m
= − 1

m
||fx,h − P|Tnfx,h||2

= − 1

m

NTn∑
i=1

(
1

12
d3
x,iα(σx,i)ϕ

2
x,h(σx,i) + A

(1)
x,i − A

(2)
x,i − A

(3)
x,i − A

(4)
x,i + A

(5)
x,i

)
, (69)

for some σx,i ∈]tx,i, tx,i+1[ and some σx,t ∈]tx,i, t[, where,

A
(1)
x,i =

1

2
dx,iα(σx,i)ϕx,h(σx,i)

∫ tx,i+1

tx,i

(t− tx,i)[ϕx,h(t)− ϕx,h(σx,i)] dt.

A
(2)
x,i =

1

2
α(σx,i)ϕx,h(σx,i)

∫ tx,i+1

tx,i

(t− tx,i)2[ϕx,h(t)− ϕx,h(σx,i)] dt.

A
(3)
x,i =

1

2

∫ tx,i+1

tx,i

(t− tx,i)2[α(σx,t)ϕx,h(σx,t)− α(σx,i)ϕx,h(σx,i)]ϕx,h(t) dt.

A
(4)
x,i =

1

2
dx,i〈R(0,2)(·, σ+

x,i), fx,h − gn〉
∫ tx,i+1

tx,i

(t− tx,i)ϕx,h(t) dt.

A
(5)
x,i =

1

2

∫ tx,i+1

tx,i

(t− tx,i)2〈R(0,2)(·, σ+
x,t), fx,h − gn〉ϕx,h(t) dt.

From the de�nition of the regular sequence of designs (see De�nition 2) and the mean
value theorem we have for i = 1, · · · , NTn ,

dx,i = tx,i+1 − tx,i = F−1
(i+ 1

n

)
− F−1

( i
n

)
=

1

nf(t∗x,i)
,

where t∗x,i ∈]tx,i, tx,i+1[. Using this together with (69) we obtain,

Var ĝpron (x)−
σ2
x,h

m
= − 1

12mn2

NTn∑
i=1

dx,i
1

f 2(t∗x,i)
α(σx,i)ϕ

2
x,h(σx,i)

− 1

m

NTn∑
i=1

(
A

(1)
x,i − A

(2)
x,i − A

(3)
x,i − A

(4)
x,i + A

(5)
x,i

)
.

Lemma 2 yields that NTn = O(nh). Using (64), (65) and (63) we obtain,

A
(1)
x,i = O

( 1

n4h3

)
, A

(2)
x,i = O

( 1

n4h3

)
, A

(3)
x,i = O

( 1

n4h3

)
and A

(4)
x,i + A

(5)
x,i = O

( 1

n4h3/2

)
.

Finally,

Var ĝpron (x)−
σ2
x,h

m
= − 1

12mn2

NTn∑
i=1

dx,i
1

f 2(t∗x,i)
α(σx,i)ϕ

2
x,h(σx,i) +O

(
1

mn3h2
+

1

mn3
√
h

)
.

Using a classical approximation of a sum by an integral (see for instance, Lemma 2 in
Benelmadani et al. (2019b) and the fact that 0 < h < 1 we obtain,

Var ĝpron (x)−
σ2
x,h

m
= − 1

12mn2

∫ x+h

x−h

α(t)

f 2(t)
ϕ2
x,h(t) dt+O

(
1

mn3h2

)
.

This concludes the proof of Proposition 8. �
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Proof of Theorem 2.

First, note that since α and f are Lipschitz functions then the asymptotic expression of
the integral in (14) (in the paper) is:

1

mn2

∫ x+h

x−h

α(t)

f2(t)
ϕ2
x,h(t)dt =

1

mn2h

∫ 1

−1

α(x− th)
f2(x− th)

K2(t) dt

=
1

mn2h

( α(x)
f2(x)

∫ 1

−1
K2(t) dt+

∫ 1

−1

( α(x− th)
f2(x− th)

− α(x)

f2(x)

)
K2(t) dt

)
=

1

mn2h

α(x)

f2(x)

∫ 1

−1
K2(t) dt+O

( 1

mn2

)
.

This last equality together with Proposition 8 and Proposition 4 concludes the proof of
Theorem 2. �

Proof of Corollary 1.

Let I1 =
∫ 1

0
R(x, x)w(x) dx and put,

Ψ(h,m) = −CKh
2m

∫ 1

0

α(x)w(x) dx+
1

4
h4B2

∫ 1

0

[g′′(x)]2w(x) dx.

We have from Theorem 1,

IMSE(h) =
I

m
+ Ψ(h,m) + o

(
h4 +

h

m

)
+O

( 1

mn2h
+
h

n
+

1

n2h2

)
,

Let h∗ be as de�ned by (16) (in the paper). It is clear that h∗ = argmin
0<h<1

Ψ(h,m) so that

Ψ(h,m) ≥ Ψ(h∗,m) for every 0 < h < 1. Let hn,m be as de�ned in Corollary 1. We have,

IMSE(h∗)

IMSE(hn,m)
=

I1
m

+ Ψ(h∗,m) + o
(
h∗4 + h∗

m

)
+O

(
1

mn2h∗
+ h∗

n
+ 1

n2h∗2

)
I1
m

+ Ψ(hn,m,m) + o
(
h4
n,m + hn,m

m

)
+O

(
1

mn2hn,m
+ hn,m

n
+ 1

n2h2n,m

)

≤
I1 +mΨ(hn,m,m) + o

(
mh∗4 + h∗

)
+O

(
1

n2h∗
+ mh∗

n
+ m

n2h2

)
I1 +mΨ(hn,m,m) + o

(
mh4

n,m + hn,m

)
+O

(
1

n2hn,m
+ mhn,m

n
+ m

n2h2n,m

) .

We have, using the de�nition of h∗, mh3
n,m = O(1), lim

n,m→∞
hn,m = 0 and using the

assumption m
n

= O(1) as n,m→∞ we know that mΨ(hn,m,m) = O(hn,m). Thus,

lim
n,m→∞

IMSE(h∗)

IMSE(hn,m)
≤ 1.

This concludes the proof of Corollary 1. �
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Proof of Theorem 3.

Let x ∈]0, 1[ be �xed. We have the following decomposition,

√
m
(
ĝpron,m(x)− g(x)

)
=
√
m
(
ĝpron,m(x)− E

(
ĝpron,m(x)

))
+
√
m
(
E(ĝpron,m(x))− g(x)

)
. (70)

Since lim
n,m→∞

√
mh = 0, n

m
= O(1) as n,m → ∞ and lim

n,m→∞
nh2 = ∞ then Remark 6

implies that,

lim
n,m→∞

√
m
(
E(ĝpron,m(x))− g(x)

)
= 0. (71)

Consider now the �rst term of the right side of (70). Since Y (tx,i)− E(Y (tx,i)) = ε(tx,i),
we have, as done by Fraiman and Pérez Iribarren (1991),

√
m
(
ĝpron,m(x)− E

(
ĝpron,m(x)

))
=

1√
m

m∑
j=1

n∑
i=1

mx,h(ti)εj(ti)

=
1√
m

m∑
j=1

n∑
i=1

mx,h(ti)
(
εj(ti)− εj(x)) +

( n∑
i=1

mx,h(ti)

)(
1√
m

m∑
j=1

εj(x)

)
. (72)

We start by controlling the second term of this last equation. Using Lemma 3 together
with Lemma 2 we obtain,

mx,h(ti,n) =

1
2
ϕx,h(ti,n)(ti+1,n − ti−1,n) +O

(
1

n2h2
+ 1

n2
√
h

)
if i /∈ {1, n} and

[ti−1,n, ti+1,n] ∩ [x− h, x+ h] 6= ∅,

O
(

1
n2h2

+ 1
n2
√
h

)
if i ∈ {1, n},

O
(

1
n2
√
h

)
otherwise.

Recall that NTn = Card Ix,h = Card {i = 1, · · · , n : [ti−1, ti+1]∩]x − h, x + h[6= ∅} and
denote by tx,i the points of Tn for which i ∈ Ix,h, Lemma 2 yields that NTn = O(nh).
Thus,

n∑
i=1

mx,h(ti) =
1

2

NTn−1∑
i=2

ϕx,h(tx,i)(tx,i+1 − tx,i−1) +O
( 1

nh

)
.

Since lim
n,m→∞

nh = +∞, then using the Riemann integrability of K, we obtain,

lim
n,m→∞

n∑
i=1

mx,h(ti) =
1

2
lim

n,m→∞

NTn−1∑
i=2

ϕx,h(tx,i)(tx,i+1 − tx,i−1) =

∫ 1

−1

K(t) dt = 1.

The Central Limit Theorem for i.i.d. variables yields,

1√
m

m∑
j=1

εj(x)
D−→

m→∞
Z where Z ∼ N (0, R(x, x)).
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We shall prove now that the �rst term of Equation (72) tends to 0 in probability as n,m
tends to in�nity. Let,

Am,n(x) =
1√
m

m∑
j=1

n∑
i=1

mx,h(ti)
(
εj(ti)− εj(x)

) ∆
=

1√
m

m∑
j=1

Tn,j(x).

From the Chebyshev inequality, it su�ces to prove that lim
n,m→∞

E(A2
m,n(x)) = 0. We have

for j 6= l, E(εj(x)εl(y)) = 0 then E(Tn,j(x)Tn,l(x)) = 0. Hence,

E(A2
m,n(x)) =

1

m

m∑
j=1

m∑
l=1

E(Tn,j(x)Tn,l(x)) =
1

m

m∑
j=1

E(T 2
n,j(x)).

We have,

E(T 2
n,j(x)) =

n∑
i=1

n∑
k=1

mx,h(ti)mx,h(tk)E
((
εj(ti)− εj(x)

)(
εj(tk)− εj(x)

))
=

n∑
i=1

n∑
k=1

mx,h(ti)mx,h(tk)
(
R(ti, tk)−R(ti, x)−R(x, tk) +R(x, x)

)
.

Note that E(T 2
n,j(x)) does not depend on j hence,

E(A2
m,n(x)) =

n∑
i=1

n∑
k=1

mx,h(ti)mx,h(tk)
(
R(ti, tk)−R(ti, x)−R(x, tk) +R(x, x)

)
∆
= Bn,1(x)−Bn,2(x)−Bn,3(x) +Bn,4(x). (73)

Using Lemma 3 and the approximation of a sum by an integral (see, for instance, Lemma
2 in Benelmadani et al. (2019b)) we obtain,

Bn,1(x) =

∫ x+h

x−h

∫ x+h

x−h
ϕx,h(s)ϕx,h(t)R(s, t) ds dt+O

( 1

nh

)
= σ2

x,h +O
( 1

nh

)
.

Using Equation (15) (in the paper) we obtain,

Bn,1(x) = R(x, x)− 1

2
α(x)CKh+ o(h) +O

( 1

nh

)
.

where CK =
∫ 1

−1

∫ 1

−1
|u− v|K(u)K(v)dudv. Since lim

n,m→∞
h = 0 and lim

n,m→∞
nh =∞ then,

lim
n→∞

Bn,1(x) = R(x, x). (74)

Consider now the term Bn,2(x). We obtain using Lemma 3 and the approximation of a
sum by an integral,

Bn,2(x) =

∫ x+h

x−h

∫ x+h

x−h
ϕx,h(s)ϕx,h(t)R(s, x) ds dt+O

( 1

nh

)
=

∫ x+h

x−h
ϕx,h(s)R(s, x) ds+O

( 1

nh

)
=

∫ 1

−1

K(s)R(x− hs, x) ds+O
( 1

nh

)
=

∫ 0

−1

K(s)R(x− hs, x) ds+

∫ 1

0

K(s)R(x− hs, x) ds+O
( 1

nh

)
.
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For s ∈]− 1, 0[, Taylor expansion of R(·, x) around x yields,

R(s, x) = R(x− sh, x)− shR(1,0)(x+, x) + o(h).

Similarly for s ∈]0, 1[ we obtain,

R(x− sh, x) = R(x, x)− shR(1,0)(x−, x) + o(h).

Thus,

Bn,2(x) = R(x, x)− hR(1,0)(x+, x)

∫ 0

−1
s k(s) ds− hR(1,0)(x−, x)

∫ 1

0
s k(s) ds+ o(h) +O

( 1

nh

)
.

Hence,
lim
n→∞

Bn,2(x) = R(x, x). (75)

Similarly,
lim
n→∞

Bn,3(x) = R(x, x). (76)

It is easy to verify that,
lim
n→∞

Bn,4(x) = R(x, x). (77)

Inserting (74), (75), (76) and (77) in (73) yields,

lim
n,m→∞

E(A2
m,n(x)) = 0.

This concludes the proof of Theorem 3. �

Proof of Theorem 5.

Let x ∈]0, 1[. On the one hand, we have from Proposition 8 and Remark 7,

Var ĝpron (x) =
σ2
x,h

m
− A

12mn2h

α(x)

f 2(x)
+O

( 1

mn3h2
+

1

mn2

)
, (78)

where A =
∫ 1

−1
K2(t) dt. On the other hand, it can be seen in Benelmadani (2019a) that,

Var ĝGMn (x) =
σ2
x,h

m
+O

( 1

mn2
+

1

mn3h2

)
. (79)

Equations (78) and (79) then yield,

mn2h
(

Var ĝGMn − Var ĝpron

)
=
A

12

α(x)

f 2(x)
+O

(
h+

1

nh

)
.

Recall that α(x) > 0 and that 1
f(x)

> 0. Since h → 0 and nh → ∞ as n,m → ∞ we
obtain,

lim
n,m→∞

mn2h
(

Var ĝGMn (x)− Var ĝpron (x)
)

=
A

12

α(x)

f 2(x)
> 0.

This concludes the proof of Theorem 5. �
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Proof of Theorem 6.

We have from the proof of Proposition 4 (Equation (33)) for any x ∈]0, 1[,

E(ĝpron,m(x))− g(x) = Ih(x)− g(x) +O
( 1

n2h

)
, (80)

where,

Ih(x) =

∫ x+h

x−h
ϕx,h(s)g(s) ds.

Hence, using (78) and (80) we get for a positive density measure w,

IMSE(ĝpron ) =
1

m

∫ 1

0

σ2
x,h w(x) dx− A

12mn2h

∫ 1

0

α(x)

f 2(x)
w(x) dx+

∫ 1

0

(
Ih(x)− g(x)

)2
w(x) dx

+O
( 1

n4h2
+

h

n2
+

1

mn3h2
+

1

mn2

)
. (81)

It can be seen in Benelmadani (2019a) that,

E(ĝGMn,m (x))− g(x) = Ih(x)− g(x) +O
( 1

n2h

)
. (82)

Using (79) and (82) yield,

IMSE(ĝGMn ) =
1

m

∫ 1

0

σ2
x,h w(x) dx+

∫ 1

0

(
Ih(x)− g(x)

)2
w(x) dx

+O
( 1

n4h2
+

h

n2
+

1

mn2
+

1

mn3h2

)
. (83)

Then, Equations (81) and (83) yield,

mn2h
(

IMSE (ĝGMn )− IMSE (ĝpron )
)

=
A

12

∫ 1

0

α(x)

f 2(x)
w(x) dx+O

( m

n2h
+mh2 + h+

1

nh

)
.

Since m
n

= O(1) and mh2 → 0 as n,m→∞ we obtain,

lim
n,m→∞

mn2h
(

IMSE (ĝGMn )− IMSE (ĝpron )
)

=
A

12

∫ 1

0

α(x)

f 2(x)
w(x) dx > 0.

This concludes the proof of Theorem 6. �

Appendix

Let ε = (ε(t))t∈[0,1] be a centered and a second order process of autocovariance R, such
that R is invertible when restricted to any �nite set on [0, 1]. Let L(ε(t), t ∈ [0, 1]) be the
set of all random variables which maybe be written as a linear combinations of ε(t) for
t ∈ [0, 1], i.e., the set of random variables of the form

∑l
i=1 αiε(ti) for some positive integer

l and some constants αi, ti ∈ [0, 1] for i = 1, · · · , l. Let also L2(ε) be the Hilbert space of
all square integrable random variables in the linear manifold L(ε(t), t ∈ [0, 1]), together
with all random variables U that are limits in L2 of a sequence of random variables Un in
L(ε(t), t ∈ [0, 1]), i.e, U is such that,

∃ (Un)n≥0 ∈ L(ε(t), t ∈ [0, 1]) : lim
n→∞

E((Un − U)2) = 0.
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Denote by F(ε) the family of functions g on [0, 1] de�ned by,

F(ε) = {g : [0, 1]→ R with g(·) = E(Uε(·)) where U ∈ L2(ε)},

We note here that for every g ∈ F(ε), the associated U is unique. It is easy to verify that
F(ε) is a Hilbert space equipped with the norm || || de�ned for g ∈ F(ε) by,

||g||2 = E(U2).

In fact, let g ∈ F(ε), i.e, g(·) = E(Uε(·)) for some U ∈ L2(ε). We have,

• ||g|| =
√
E(U2) ≥ 0.

• ||g|| =
√

E(U2) = 0⇒ U = 0 a.s. ⇒ g = 0.

• For g ∈ F(ε), i.e, f(·) = E(V ε(·)) some V ∈ L2(ε). We have,

||g + f ||2 = E((U + V )2) = E(U2) + E(V 2) + 2E(UV )

≤ E(U2) + E(V 2) + 2
√

E(U2)
√
E(V 2) =

(√
E(U2) +

√
E(V 2)

)2

.

Thus, ||g + f || ≤
√
E(U2) +

√
E(V 2) = ||g||+ ||f ||.

We now prove the completeness of F(ε). For this let gn(·) = E(Unε(·)) be a Cauchy
sequence in F(ε), i.e.,

lim
n,m→∞

||gn − gm||2 = 0.

From the de�nition of the norm || || we obtain,

lim
n,m→∞

E((Un − Um)2) = lim
n,m→∞

||gn − gm||2 = 0.

This yields that (Un)n≥1 is a Cauchy sequence in L2(ε), which is a Hilbert space as proven
by Parzen (1959) (see page 8 there). Thus it exists U ∈ L2(ε) such that,

lim
n→∞

E((Un − U)2) = 0.

Taking g(·) = E(Uε(·)), which is clearly an element of F(ε) gives,

lim
n→∞
||gn − g||2 = lim

n→∞
E((Un − U)2) = 0.

This concludes the proof of completness of F(ε).

The Hilbert space F(ε) can easily be identi�ed as the Reproducing Kernel Hilbert
Space associated to a reproducing kernel R (with R(s, t) = E(ε(s)ε(t))), which is de�ned
as follows.

De�nition 1. Parzen (1959) A Hilbert spaceH is said to be a Reproducing Kernel Hilbert
Space associated to a reproducing kernel (or function) R (RKHS(R)), if its members are
functions on some set T , and if there is a kernel R on T × T having the following two
properties: {

R(·, t) ∈ H for all t ∈ T,
〈g,R(·, t)〉 = g(t) for all t ∈ T and g ∈ H,

(84)

where 〈·, ·〉 is the inner (or scalar) product in H.
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To prove this, we need to verify the properties given in (84). For t ∈ [0, 1] we have,

R(s, t) = E(ε(s)ε(t)) for all s ∈ [0, 1].

Since ε(s) ∈ L2(ε) then R(·, t) ∈ F(ε) for any �xed t ∈ [0, 1]. Now let g ∈ F(ε), i.e.,

g(·) = E(Uε(·)) for some U ∈ L2(ε).

Then,

〈g,R(·, t)〉 =
1

2

(
||g||2 + ||R(·, t)||2 − ||g −R(·, t)||2

)
=

1

2

(
E(U2) + E(ε(t)2)− E((U − ε(t))2)

)
=

1

2
E(2Uε(t)) = g(t).

These properties together with the following theorem yield that F(ε) is the RKHS(R).

Theorem 7 (E. H. Moor). Aronszajn (1944) A symmetric non-negative Kernel R gen-
erates a unique Hilbert space.

In the sequel, we take R to be continuous on [0, 1]2 and we shall consider the function
of interest given by (2) (in the paper). More generally, we consider the function f , de�ned
for a continuous function ϕ and t ∈ [0, 1], by

f(t) =

∫ 1

0

R(s, t)ϕ(s) ds. (85)

Lemma 5. We have f ∈ F(ε), i.e., there exists X ∈ L2(ε) with,

f(·) = E(Xε(·)). (86)

In addition,

‖f‖2 = E(X2) =

∫ 1

0

∫ 1

0

R(s, t)ϕ(s)ϕ(t) dt ds.

Proof. De�ne, for a suitable partition (xi,n)i=1,··· ,n of [0, 1],

Xn =
n−1∑
i=1

(xi+1,n − xi,n)ϕ(xi,n)ε(xi,n) ∈ L2(ε),

such that for any t ∈ [0, 1],

f(t) = lim
n→∞

n−1∑
i=1

(xi+1,n − xi,n)ϕ(xi,n)R(xi,n, t) = lim
n→∞

E(Xnε(t)).

We shall prove that (Xn)n converges to a certain element of L2, i.e.,

∃ X ∈ L2 : lim
n→∞

E
(
(Xn −X)2

)
= 0, (87)

and by the de�nition of L2(ε) the limit in (87) proves that X is an element of L2(ε). Now
the proof (87) is immediate, in fact it is easy to check that (Xn) id a Cauchy sequence in
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L2. By the completeness of L2, we deduce (87). In addition we have, lim
n→∞

E(Xnε(t)) =

E(Xε(t)), this is due to the following inequality,∣∣∣E(Xnε(t))− E(Xε(t))
∣∣∣ ≤ E

∣∣∣(Xn −X)ε(t)
∣∣∣ ≤√E((Xn −X)2)

√
E(ε(t)2),

and the fact that lim
n→∞

E((Xn−X)2) = 0 and E(ε(t)2) <∞. The proof of (86) is concluded.

Finally,

E(X2) = lim
n→∞

E(X2
n) = lim

n→∞

n∑
i=1

n∑
j=1

(xi+1,n − xi,n)(xj+1,n − xj,n)ϕ(xi,n)ϕ(xj,n)R(xi,n, xj,n)

=

∫ 1

0

∫ 1

0

ϕ(t)ϕ(t)R(s, t) ds dt.

This concludes the proof of Lemma 5. �

Now let Tn = (t1, t2, · · · , tn) with 0 ≤ t1 < t2 < · · · < tn ≤ 1 and let VTn be the subspace
of F(ε) spanned by the functions R(·, t) for t ∈ Tn, i.e.,

VTn = {g : [0, 1]→ R with g(·) = E(Uε(·)) where U ∈ L(ε(t), t ∈ Tn)}.

Our task is to prove that if R|Tn = (R(ti, tj)1≤i,j≤n) is a non-singular matrix then VTn
is a closed subspace of F(ε). For this let, (gm)m≥1 be a sequence in VTn converging to
g ∈ F(ε). We shall prove that g ∈ VTn . Note that,

gm(t) = E(Umε(t)) with Um =
n∑
i=1

ai,mε(ti), where (ai,m)m≥1 ∈ R.

Since gm converges in F(ε) then it is a Cauchy sequence, i.e.,

lim
m1,m2→∞

||gm1 − gm2||2 = 0.

By the de�nition of the norm on F(ε) we have,

||gm1 − gm2||2 = E((Um1 − Um2)
2) = E

(( n∑
i=1

(ai,m1 − ai,m2)ε(ti)
)2
)

=
n∑
i=1

n∑
j=1

(ai,m1 − ai,m2)(aj,m1 − aj,m2)R(ti, tj) = A′m1,m2
R|TnAm1,m2 ,

where A′m1,m2
= (a1,m1 − a1,m2 , · · · , an,m1 − an,m2)

′. Thus,

lim
m1,m2→∞

A′m1,m2
R|TnAm1,m2 = 0.

Since R|Tn is a symmetric positive matrix, we obtain,

lim
m1,m2→∞

A′m1,m2
= lim

m1,m2→∞
(a1,m1 − a1,m2 , · · · , an,m1 − an,m2)

′ = (0, . . . , 0)′,

which yields that (ai,m)m is a Cauchy sequence on R for all i = 1, · · · , n. Taking ai =
lim
m→∞

ai,m we obtain by the uniqueness of the limit,

g(·) = E(Uε(·)) with U =
n∑
i=1

aiε(ti),
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which yields that g ∈ VTn . Hence VTn is closed. �

Since VTn is a closed subspace in the Hilbert space F(ε), one can de�ne the orthogonal
projection operator from F(ε) to VTn which we note by P|Tn , i.e., for every f ∈ F(ε),

P|Tnf = argmin
g ∈VTn

||f − g||.

Par de�nition of P|Tn , we have for any g ∈ VTn

〈P|Tnf − f, g〉 = 0.

Now, for ti ∈ Tn, R(·, ti) ∈ VTn . Hence, for every i = 1, . . . , n.

〈P|Tnf − f,R(·, ti)〉 = 0 or equivalently 〈P|Tnf,R(·, ti)〉 = 〈f,R(·, ti)〉.

The last equality, together with (84), gives that,

P|Tnf(·) = f(·) on Tn. � (88)

Supplementary facts

(F1) Let f be de�ned by (85). We shall prove that if g ∈ VTn , i.e., if g(·) =
∑n

j=1 ajR(tj, ·)
for some ai ∈ R, then

||f − g||2 =

∫ 1

0

ϕ(s)(f(s)− g(s)) ds−
n∑
i=1

ai(f(ti)− g(ti)).

In fact,

||f − g||2 = 〈f − g, f − g〉 = 〈f, f − g〉 − 〈g, f − g〉

On the one hand, note that f − g ∈ F(ε) and by using (84) we obtain,

〈g, f − g〉 =
n∑
i=1

ai〈R(ti, ·), f − g〉 =
n∑
i=1

ai(f(ti)− g(ti)). (89)

On the another hand, Lemma 5 and its proof yield that f(·) = E(Xε(·)) where
X ∈ L2(ε) and that,

lim
l→∞

E(Xl −X)2 = 0 where Xl =
l−1∑
j=1

(xj+1,l − xj,l)ϕx,h(xj,l)ε(xj,l),

where (xj,l)j=1,··· ,l is a suitable partition of [0, 1]. Let Fl(·) = E(Xlε(·)) which is an
element of F(ε). Clearly,

〈f, f − g〉 = 〈f − Fl, f − g〉+ 〈Fl, f − g〉.

We have,

|〈f − Fl, f − g〉| ≤ ||f − Fl|| ||f − g|| ≤
√

E((Xl −X)2)||f − g||.
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Thus lim
l→∞
〈f − Fl, f − g〉 = 0. In addition,

〈Fl, f − g〉 =
〈 l−1∑
j=1

(xj+1,l − xj,l)ϕ(xj,l)R(xj,l, ·), f − g
〉

=
l−1∑
j=1

(xj+1,l − xj,l)ϕ(xj,l)〈R(xj,l, ·), f − g〉 =
l−1∑
j=1

(xj+1,l − xj,l)ϕ(xj,l)(f(xj,l)− g(xj,l)).

Hence,

lim
l→∞
〈Fl, f − g〉 =

∫ 1

0

ϕ(t)(f(t)− g(t)) dt.

Finally,

〈f, f − g〉 =

∫ 1

0

ϕ(t)(f(t)− g(t)) dt. �

(F2) For x ∈ [0, 1], let fx,h be de�ned by (2) (in the paper). We shall prove that,

mVar(ĝpron (x)) = ||P|Tnfx,h||2.

In fact, by the de�nition of the projection operator P|Tn , we have P|Tnfx,h ∈ VTn and
for t ∈ [0, 1],

P|Tnfx,h(t) =
n∑
i=1

aiR(ti, t) = E(
n∑
i=1

aiε(ti)ε(t)) for some ai ∈ R for i = 1, · · · , n,

and then,

||P|Tnfx,h||2 = E

(
n∑
i=1

aiε(ti)

)2

=
n∑
i=1

ai

n∑
j=1

ajR(ti, tj) =
n∑
i=1

aiP|Tnfx,h(ti).

Recall that mx,h
′
|Tn = fx,h

′
|TnR|Tn and using (88) we obtain,

P|Tnfx,h(ti) = fx,h(ti) =
n∑
j=1

mx,h(tj)R(ti, tj). (90)

We have then, using (90),

||P|Tnfx,h||2 =
n∑
i=1

ai

n∑
j=1

mx,h(tj)R(ti, tj) =
n∑
j=1

mx,h(tj)
n∑
i=1

aiR(ti, tj)

=
n∑
j=1

mx,h(tj)
n∑
i=1

mx,h(ti)R(ti, tj) = mVar(ĝpron (x)). �

(F3) We shall now prove prove that every function in F(ε) is continuous on [0, 1]. In fact
let g ∈ F(ε), i.e.,

g(·) = E(Uε(·)) for some U ∈ L2(ε).
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For s, t ∈ [0, 1], (84) and Cauchy-Swartz inequality yields,

|g(t)− g(s)| = |〈R(·, t), g〉 − 〈R(·, s), g〉| = |〈R(·, t)−R(·, s), g〉|
≤ ||R(·, t)−R(·, s)|| ||g|| = ||R(·, t)−R(·, s)||

√
E(U2).

Since ε is of second order process then E(U2) < ∞ and since R is continuous on
[0, 1]2 we obtain,

lim
s→t
||R(·, t)−R(·, s)||2 = lim

s→t
(R(t, t) +R(s, s)− 2R(s, t)) = 0,

which yields that lim
s→t
|g(t)− g(s)| = 0. Hence g is continuous. �

(F4) Suppose that R veri�es Assumptions (A), (B) and (C). Let f be de�ned by (85).
We shall prove that if g ∈ VTn , i.e., g(·) =

∑n
j=1 ajR(tj, ·) with (ai)i ∈ R then,

f ′′(t)− g′′(t+) = −α(t)ϕ(t) + 〈R(0,2)(·, t+), f − g〉.

In fact, we have, as in Equation (17),

f ′′(t) = −α(t)ϕ(t) +

∫ 1

0

R(0,2)(s, t+)ϕ(s) ds.

In addition, we have clearly

g′′(t+) =
n∑
j=1

ajR
(0,2)(tj, t

+).

Thus,

f ′′(t)− g′′(t+) = −α(t)ϕ(t) +

∫ 1

0

R(0,2)(s, t+)ϕ(s) ds−
n∑
j=1

ajR
(0,2)(tj, t

+).

We have,

〈R(0,2)(·, t+), f − g〉 = 〈R(0,2)(·, t+), f〉 − 〈R(0,2)(·, t+), g〉

On the one hand, since by Assumption (C), R(0,2)(·, t+) is in F(ε) then (84) yields,

〈R(0,2)(·, t+), g〉 =
n∑
j=1

aj〈R(0,2)(·, t+), R(·, tj)〉 =
n∑
j=1

ajR
(0,2)(tj, t

+). (91)

On the other hand, from Lemma 5 we have f(·) = E(Xε(·)) where X ∈ L2(ε) and,

lim
l→∞

E(Xl −X)2 = 0 with Xl =
l−1∑
j=1

(xj+1,l − xj,l)ϕ(xj,l)ε(xj,l),

where (xj,l)j=1,··· ,l is a suitable partition of [0, 1]. Let Fl(·) = E(Xlε(·)) ∈ F(ε), we
have,

〈R(0,2)(·, t+), f〉 = 〈R(0,2)(·, t+), f − Fl〉+ 〈R(0,2)(·, t+), Fl〉, (92)
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and,

|〈R(0,2)(·, t+), f − Fl〉| ≤ ||R(0,2)(·, t+)|| ||f − Fl|| = ||R(0,2)(·, t+)||
√

E((Xl −X)2).

The last bound together with Assumption (C) gives lim
l→∞
|〈R(0,2)(·, t+), f − Fl〉| = 0,

in addition,

〈R(0,2)(·, t+), Fl〉 =
l−1∑
j=1

(xj+1,l − xj,l)ϕ(xj,l)〈R(0,2)(·, t+), ε(xj,l)〉

=
l−1∑
j=1

(xj+1,l − xj,l)ϕ(xj,l)R
(0,2)(xj,l, t

+).

Thus,

lim
l→∞
〈R(0,2)(·, t+), Fl〉 =

∫ 1

0

ϕ(s)R(0,2)(s, t+) ds. (93)

Finally, using (91), (92) and (93) yield,

〈R(0,2)(·, t+), f − g〉 =

∫ 1

0

ϕ(s)R(0,2)(s, t+) ds−
n∑
j=1

ajR
(0,2)(tj, t

+). �
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