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Abstract

We develop a new model selection method for an adaptive robust efficient nonpara-
metric signal estimation observed with impulse noise which is defined by a general
non-Gaussian Lévy process. On the basis of the developed method, we construct
estimation procedures which are analyzed in two settings: in non-asymptotic and in
asymptotic ones. For the first time for such models, we show non-asymptotic sharp
oracle inequalities for quadratic and robust risks, i.e., we show that the constructed
procedures are optimal in the sense of sharp oracle inequalities. Next, by making use of
the obtained oracle inequalities, we provide an asymptotic efficiency property for the
developed estimation methods in an adaptive setting when the signal/noise ratio goes
to infinity. We apply the developed model selection methods for the signal number
detection problem in multi-path information transmission.

Keywords Model selection - Non-asymptotic estimation - Robust estimation - Oracle
inequalities - Efficient estimation - Statistical signal processing techniques and
analysis

1 Introduction

In this paper, we consider a signal estimation problem on the basis of observations
defined by a nonparametric regression model in continuous time with impulse noises
of small intensity, i.e.,
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dy, =S@dt+ed§,, 0<tr<1, (D

where S(-) is an unknown deterministic signal (i.e., [0, 1] — R is a non-random func-
tion), (&)<, 1S an unobserved noise and ¢ > 01is the noise intensity. The problem is
to estimate the function S based on the observations (y,),,~, whene — 0. Note that if
(£,)0<;<1 is a Brownian motion, then we obtain a “signal+white noise” model which is
very popular in statistical radio-physics and is well studied by many authors: Ibragimov
and Khasminskii (1981), Pinsker (1981) and Kutoyants (1984, 1994). The condition
& — 0 means that the signal/noise ratio goes to infinity. In this paper, we assume that
in addition to the intrinsic noise in the radio-electronic system, approximated usually
by Gaussian white noise, the useful signal S is distorted by an impulse noise flow
defined by Lévy process with jumps introduced in the next section. The cause of the
appearance of the impulse stream in the radio-electronic systems can be, for example,
either external unintended (atmospheric) noises, intentional impulse noises or errors
in the demodulation and channel decoding for the binary information symbols. Note
that the impulse noises for the signal detection problems have been introduced for
the first time by Kassam (1988) on the basis of the compound Poisson processes.
Later, Pchelintsev (2013) and Konev et al. (2014) used the compound Poisson pro-
cesses for parametric regression models and Konev and Pergamenshchikov (2012,
2015) used these processes for nonparametric signal estimation problems. However,
the compound Poisson process can describe only the large impulses influence of small
frequencies. It should be noted that in telecommunication systems, noise impulses are
without limitations on frequencies, and therefore, the compound Poisson models are
too restricted for practical applications. To include all possible impulse noises, we
propose to use general non-Gaussian Lévy processes in the observation model (1). In
this paper, we consider a nonparametric estimation problem in the adaptive setting,
i.e., when the regularity of the signal S is unknown. Moreover, we also assume that
the distribution Q of the noise process (§;)<;<; is unknown. It is only known that this
distribution belongs to the distribution familiyiQ:s’F defined in the next section. By these
reasons, we use a robust estimation approach proposed for nonparametric problems by
Galtchouk and Pergamenshchikov (2006) and Konev and Pergamenshchikov (2012,
2015). We set the robust risk as

RIS, $) = sup Ry(S,. S). )
QeQr

where 3’; is an estimator (i.e., any measurable function of (y,)<,<1)s
1
Ro(S,. ):=Eg s S, — SI* and |S|* = / S%(1)dt. (3)
0

In this paper, we develop a sharp model selection method to estimate the unknown sig-
nal S. The interest in such statistical procedures can be explained by the fact that they
provide adaptive solutions for a nonparametric estimation through non-asymptotic ora-
cle inequalities which give a non-asymptotic upper bound for quadratic risks including
the minimal risk over a chosen family of estimators with a coefficient tending to one.
Such inequalities were obtained, for example, by Galtchouk and Pergamenshchikov
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(2009a) for non-Gaussian regression models in discrete time and by Konev and Perga-
menshchikov (2009a) for general regression semimartingale models in continuous
time. It should be noted that model selection methods were proposed, for the first
time, by Akaike (1974) and Mallows (1973) for parametric models. Then, by using
oracle inequalities approach, these methods had been developed for nonparametric
estimation by Barron et al. (1999), for Gaussian regression models and by Fourdrinier
and Pergamenshchikov (2007) for non-Gaussian models. It is known that an oracle
inequality yields upper bounds for risks via minimal risk corresponding to a cho-
sen estimators family. Unfortunately, the oracle inequalities obtained in these papers
cannot be used for the efficient estimation in the adaptive setting, since the upper
bounds in these inequalities have some fixed coefficients in the main terms which are
more than one. In order to provide efficiency properties for model selection proce-
dures, one needs to obtain the sharp oracle inequalities, i.e., in which the coefficient
at the principal term on the right-hand side of the inequality is close to one. To obtain
such inequalities for general non-Gaussian observations, one needs to use the model
selection method based on the weighted least square estimators proposed by Galtchouk
and Pergamenshchikov (2009a, b) for the heteroscedastic regression models in discrete
time and developed then by Konev and Pergamenshchikov (2009a,b, 2012, 2015) for
semimartingale models in continuous time, i.e., when the observation process is given
by the following stochastic differential equation

dx, = S(t)dt +dn,, 0<t<n, (n— 00), “)

where § is an unknown 1-—periodic signal and the unobserved noise (1,),5¢ is
square integrated semimartingale. Note that, for any 0 < ¢ < 1, setting X, =
n~! Z’;;(IJ (x,4j — x;), we can represent this model as a model with small parameter
of the (1)

d¥, = S@t)dr + £ d7,, (5)

where ¢ = n~!/2and 5, = n=1/? Z';;(l)(n,ﬂ —n;)-1f (1,);5¢ is a Lévy process, then
1, is a Lévy process as well. But the main difference between models (1) and (5) is
that the jumps in the last one are small, i.e.,

Ay =1, — 5, =0n""?) =0() as &— 0. (6)

But there is no such property in model (1). It should be noted that property (6) is
crucial in the non-asymptotic analysis for observations on large time intervals, i.e.,
the methods developed for model (4) cannot be used for problem (1). Moreover,
it should be emphasized that the selection model methods proposed by Konev and
Pergameshchikov for model (4) provide the adaptive efficient estimation only for the
case when the Lévy measure is finite. This condition considerably reduces their appli-
cations in practical problems. So, the main goal of this paper is to develop a new
model selection method for the adaptive efficient signal estimation problem in model
(1) with general Lévy noises without limitations on the jumps. First, we construct some
model selection procedures and we show sharp non-asymptotic oracle inequalities for
risks (2) and (3). To do this in Proposition 2, we develop a special analytical tool
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to study the non-asymptotic behavior of jumps in model (1) with infinite (or finite)
Lévy measure. Moreover, to study the efficiency, we develop the Van Trees method
for general Lévy processes and we obtain in Proposition 4 a new lower bound for
quadratic risks. Then, by making use of this lower bound, we find the Pinsker con-
stant. As to the upper bound, similarly to Konev and Pergamenshchikov (2009b), we
use the obtained sharp oracle inequality for weight least square estimators containing
the efficient Pinsker procedure. Therefore, through oracle inequalities, we estimate
from above the risk for the constructed model selection procedure by the efficient risk
up to some coefficient which goes to one. As a result, we provide the robust efficiency
property for the constructed procedure in the adaptive setting. As an application of
the developed model selection method, in this paper, we consider the signal number
detection problem in the observations model (1). In many areas of science and technol-
ogy, the problem arises how to select the number of freedom degrees for a statistical
model that most adequately describes phenomena under studies (see, for example,
Akaike 1974). An important class of such problems is the detection problem of signal
number with unknown parameters observed in multi-path information transmission
with noises. For example, in the signal multi-path information transmission, there is
a detection problem for the number of rays in the multi-path channel. This problem
is often reduced to the detection of the number of signals. As a result, the effective
detection algorithms can significantly improve the noise immunity in data transmission
over a multi-path channel (see, for example, the papers of Flaksman 2002; Manelis
2007; El-Behery and Macphie 1978; Trifonov and Kharin 2013; Trifonov and Shi-
nakov 1986; Trifonov et al. 2015; Trifonov and Kharin 2015a,b). Such problems for
signals with unknown amplitudes are discussed in Trifonov and Kharin (2013). The
signal amplitude is an energy parameter because it affects the signal energy. At the
same time, quite often, such as in radars studied by El-Behery and Macphie (1978),
it is necessary to detect the number of signals, which besides unknown amplitudes
contain non-energy parameters such as frequencies and initial phases. Trifonov et al.
(2015) considered this problem with unknown initial phases, in Trifonov and Kharin
(2015a) with unknown amplitudes and phases and in Trifonov and Kharin (2015b)
the detection signal number problem is studied for orthogonal signals with arbitrary
non-energy parameters. In all these papers, the detection problems are considered only
for observations with the Gaussian white nose. In this paper, we consider this problem
for non-Gaussian impulse noises.

The rest of the paper is organized as follows. In Sect. 2, we give the main conditions
which will be assumed for model (1). In Sect. 3, we transform the observation model
to delete large jumps and we develop an analytical tool, which provides to study non-
asymptotic concentration properties for the squares of stochastic integrals with respect
to non-Gaussian Lévy processes. In Sect. 4, we construct a model selection procedure.
In Sect. 5, we state our main results on sharp oracle inequalities and the adaptive
efficiency. In Sect. 6, we obtain the van Trees inequality for general Lévy processes.
In Sect. 7, we study a signal number detection problem through the developed model
selection method. In Sect. 8, we give simulations results. Section 9 contains the main
proofs. In Appendix (Supplementary Material), we bring all auxiliary results.
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2 Main conditions

In this section, we assume that the noise process (§,)<,<; is defined as

& =ow, + 0z, and z, = x* (u— 1), @)

where ¢ and g, are some unknown constants, (w,)y<,;<; is a standard Brownian
motion, “*” denotes the stochastic integral with respect to the compensated jump
measure (see, for example, in Jacod and Shiryaev 2002 or Cont and Tankov 2004
for details), w(ds dx) is a jump measure with deterministic compensator fi(ds dx) =
dsII(dx), I1(-) is the unknown Lévy measure, i.e., some nonnegative measure on
R, =R\ {0} for which

/ (z2 A1) IT(dz) < o0,
R*

where a A b = min(a, b). In addition, we impose the following condition.
(A) The Lévy measure I1(-) is assumed to satisfy the following moment conditions

H(xz) =1 and H(x4) < 00, (8)

where IT(|x|™) = fR |z|™ I1(dz).
Note that the measure I7 (R,) could be equal to 4-cc. In the sequel, we will denote by

Q the distribution of the process (&)<, and by Q7 the family of such distributions
in the Skorokhod space D[0, 1] for which

0<gc <o and xp=0]+0; <c* ©)
where 0 < ¢, < ¢* are unknown parameters which can be represented as functions
of ¢ satisfying the following additional condition.
(A,) The bounds ¢, and ¢* are functions of ¢, i.e., ¢, = ¢,(¢) and ¢* = ¢*(¢), such
that for any b > 0
liminf e ¢, (6) >0 and lim &P c*(¢) = 0. (10)
e—0 e—0

It is clear that in condition (A,) the bounds ¢, < ¢* may be any positive constants.

3 Transformation of the observations

First of all, we need to eliminate the large jumps in the observations (1), i.e., we
transform this model as

Vo= — Z Ays Ljay >a) (11

0<s<t

The parameter a = a, > 0 will be chosen later. So, we obtain that
dy, = S(0)dt + edé, — e 0, I1(h,) dt, (12)
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1210 S. Beltaief et al.

where £ = o,w, + 0, %, and %, = h, % (1 — Ji),. The functions , (x) = <)

and fr, (x) = x1yy|~ ) With the truncation threshold U, = a@/|o,|e.

Remark 1 1t should be noted that the sum in the transformation (11) is finite since the
cadlag process has only finite number of jumps more than some positive threshold in
absolute value.

Let (¢;) >4 be an orthonormal basis in L, [0, 1] with ¢; = 1. We assume that this
basis is uniformly bounded, i.e., for some constant ¢* > 0, which may be dependent
oneg > 0,

sup  sup |¢p;(1)] < ¢* < oo, (13)

0<j=n 0=t=<l

where n = n, = [1 /€%] and [x] denotes integer part of x. For example, we can take
the trigonometric basis defined as Tr; = 1 and for j > 2

. cos(2m[j/2]x) foreven j;
Trj(x)_ﬁ{sin(Zn[j/2]x) forodd j. 14

Moreover, note that for any [0, 1] — R function f fromL,[0, 1Jand forany0 <¢ <1
the integrals

t t
1(f)= / f(s)dé; and I,(f) = / f(s)d& (15)
0 0
are well defined with E 1,(f) = 0, E,(f) =0,
EI?(f) =5y I fI7 and ETX(f) =y | £II7, (16)
where ||f||f2 = /01 f2(s)ds and }V:Q = Q% + Q%H(hg). In the sequel, we denote by

t 1
(f.9), = / F()g(s)ds and (f,g) = / F()g(s)ds.
0 0

To estimate the function S, we use the following Fourier series

S)=Y"0;¢;(t) and 0, =(S.9)). (17)

j=1

These coefficients can be estimated by the following way. First we estimate as

1
0 ¢ 2/ ¢ (dy, =6, +¢§;
0

and for j > 2
. 1
0. = / ¢;(1)d . (18)
0
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Taking into account here that for j > 2 the integral fol ¢;(r)dt = 0, we obtain from
(12) that these Fourier coefficients can be represented as

6]»)8=9j+£§j and §j=11(¢j).

Setting &, = &, we obtain that for any j > 1

9_],8:9/+8E

j (19)

Now, according to the model selection approach developed by Konev and Pergamen-
shchikov (2009a, b) we need to study for any # € R” the following functions

n n

By )= u;(Ey& —3p) and By ()= uE; 20)

j=1 j=1

2

~ _2 —
where §; = Sj -Ey éj.

Proposition 1 Assume that condition (Ay) holds. Then

sup |B) (u)| < 5. 21)
uel0,1]"

for j > 2. So, from this we immediately obtain the upper bound (21). O

Now, for any u € R” we set

n

n
ul = ui and #a) = 1, 0. (22)
j=1

J=1

Now we study the concentration term B, . (u).

Proposition 2 Assume that condition (A ) holds. Then for any fixed truncation param-
eter a > 0 and for any vector u € R" with |u| <1

2
a
E, Bie(u) <Ugp+4x (;) #u) (9", (23)
where Uy = 2(25 + 16E z‘l‘);ﬁQ.
Remark 2 1t should be noted that the last term in the concentration inequality (23) is

related to the influence of jumps in the observations (1). We will use the upper bounds
(21) and (23) to obtain non-asymptotic sharp oracle inequalities.
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1212 S. Beltaief et al.

4 Model selection

We estimate the function S(x) for x € [0, 1] by the weighted least squares
estimator

n
$1.(x) =D 1)} o, (x), (24)
j=1
where n = [1/&2], the weights 1 = (A(j))lfjgn belong to some finite set A from

[0, 11", , is defined in (18) and ¢; in (14). Now we set

t=card(A) and |A|, = max Z L o) (25)
]_
where card(A) is the number of the vectors in A. In the sequel, we assume that ¢ is a
function of ¢ > 0, i.e., t = t(¢), such that for any b > 0

lim () = 0. (26)
e—0
Now we chose the truncation parameter in (11) a as
e

VAL

To choose a weight sequence A in the set A, we use the empirical quadratic risk,
defined as

27)

a=a, =

Err.(A) =|| S, — S |17,

which in our case is equal to

n o0
Err, (L) = Z,\Z(j)éf 2ZA(J)9]£ ; +ZQ§. (28)
=1 j=1
Since the Fourier coefficients (6;) ;- | are unknown, we replace the terms @,59 ; by
oy 2 2~
0 =07, —&, (29)

where 72, is an estimate for the variance parameter QQ from (16). If it is known, we
set '}?8 = JV{Q; otherwise, this estimator will be prescribed later.

Remark 3 To understand estimate (29), note that the natural way is to replace in the
production 0 ¢; the unknown coefficient 6; with its estimator 0, i, 80 we obtain 6 62.
But this is not a good estimator for the production since in view of (19) we obtaln

5 0; = 92 but EQ 52 = 92 + 82EQ§2 Therefore, to obtain unbiased estimator
for the productlon 6, 0, for Jj > 2 one needs to subtract the variance &> g if 3¢p is
known and its estimate if it is not known. This gives the (29). It should be noted also
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Model selection for the robust efficient signal processing 1213

that we do not take into account the first term, i.e., the case j = 1. But only one term
has not sufficient influence in the total sum, i.e., it is negligible in the empiric risk (28).

Finally, to choose the weights we will minimize the following cost function

Je) =Y 228, =2 r()F; . +8 P00, (30)
j=1 j=1

where § > 0 is some threshold which will be specified later and the penalty term

n
2~ 2 _ 2
P.(h) =% x> and |A]> = 2} It (31)
Note that if the 5z, is known then the penalty term is c{e_ﬁned as
P.(1) = &% 3y A% (32)

As to the penalty term, we can show the following upper bound.

Lemma 1 Assume that condition (A|) holds. Then for any 0 < e < land ) € A,
P.(}) < R(S,.8) + &% 5.
We define the model selection procedure as
§* = §i and A = argminkeAJE(k). (33)

We recall that the set A is finite so A exists. In the case when X is not unique, we take
one of them.
Now we estimate the variance parameter 5, defined in (16). To this end for any

O<e< l/ﬁ,weset

n

=) T on=1e, (34)
j=0/el+1

where T; ;¢ are the estimators for the Fourier coefficients ; with respect to the trigono-
metric basis (14), i.e.,

1 1
?j’szfo Trj(t)d)vzt and tj=/0 S(@@)Tr;(t)dt. (35)

We study this estimator.

Proposition 3 Assume that in model (1) the unknown function S(-) is continuously
differentiable. Then, for any 0 < ¢ < 1/4/3

Eq |% — 9| < 6T5(S), (36)
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1214 S. Beltaief et al.

where Tp(S) = 4([|S| + 1) (1 +2. /75 + 2p + /UQ) and S is the derivative of
the function S.

Remark 4 1t should be noted that to estimate the parameter 5z, we use equality (19)
for the Fourier coefficients (;) ;- with respect to the trigonometric basis (14). More-
over, as is shown in Lemma A.6 in Konev and Pergamenshchikov (2009a) for any
continuously differentiable function S and for any m > 1 the sum ) i~ 112 can be
estimated from above explicitly. So, taking this into account and properties (23) we
obtain the upper bound (36).

Now, we specify the weight coefficients (A(j));< <, Consider a numerical grid of
the form

A={1,.. K"y x{ri,...,rmls (37)

where r;, =i andm = [1/ @ ?]. We assume that both the parameters k* > 1 and
0 < @w < 1 are functions of ¢, i.e., k* = k;‘ and @ = @, such that

. 1 kX . eP
lim [ — + —£ =0 and lim (@, + — | = (38)
e—>0 k: |Ineg| e—>0 w,

&

for any b > 0. One can take, for example, for0 < ¢ < 1
w, =|Ine|”" and k' =4k’ +/Inel, (39)

where k(’)k > 0 is some fixed constant. For each o« = (8,r) € A, we introduce the
weights A, = (A4 (/)< j<, from R" as

ra() = Nzjey + (1= G100 1 2 (40)

where j, = j, (@) = [0,/ In¢|], 0, = dg (r v,)/EHD,

(B+ DB+ 1)\ 1
dg=|—"%5,— , v, = 5, 41)
b g2 c*
and the threshold ¢* is introduced in (9). Now we define the set A as
A = {A,, a € A} 42)

Note that in this case t = k*m and conditions (38) imply directly property (26).
Moreover, from (40) we find that for any « € A

n
3 ha() <@, <d, Y2l and d, = sup dg.

j=1 p=l
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Therefore, conditions (38) imply that for any b > 0

lim 23?1 A, = 0. (43)

e—0

Remark5 The parameters B8 and r are defined by the regularity of the unknown
function S (see, for details, Remark 8). It should be emphasized that the weight coef-
ficients defined by set (42) are used by Konev and Pergamenshchikov (2012, 2015)
for continuous-time regression models to show the asymptotic efficiency.

5 Main results
5.1 Oracle inequalities

First we set the following constant which will be used to describe the rest term in the
oracle inequalities. We set

1
Wy, =1+ @Y <1 + o+ < ) L. (44)
>0

We start with the sharp oracle inequalities.

Theorem 1 Assume that condition (A) holds. Then there exists a constant 1, > 0
such that for any ¢ > 0 and 0 < § < 1/6, the model selection procedure (33) with
the truncation parameter (27) satisfies the following oracle inequality

Yoot |Al Egl7, — kQ|
5 .

(45)

—~ 1+36
Ro(Se ) <

. < 2
—3s IA]]GIRRQ(SA’ S)+ e,

If the parameter >, is known, we can simplify this inequality.

Corollary 1 If the variance parameter %Q is known and condition (A) holds, then
there exists a constant 1, > 0 such that for any ¢ > 0 and for any 0 < § < 1/6,
the model selection procedure (33) with the truncation parameter (27) satisfies the
following oracle inequality

—~ 1436
Ro(Se ) <

min R, (S5, S) + &21 Yor (46)
1—384ea 200 s

Remark 6 1t should be noted that in the classical “signal+white noise” model, i.e.,
when in the process (7) the parameter ¢; = 1 and the Lévy measure [T = 0, we obtain
52 = 1. Therefore, we can use inequality (46).

Using Proposition 3, we can obtain the following inequality.

Theorem 2 Assume that condition (A) holds and the unknown signal S(-) is contin-
uously differentiable [0, 1] — R function. Then there exists a constant 1, > 0 such
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1216 S. Beltaief et al.

that for any 0 < 8 < 1/6 and for any 0 < ¢ < 1//3, for which |Al, < 1/¢, the
estimation procedure (33) with the truncation parameter (27) satisfies the following
oracle inequality

Wy (IS]+ 1)?
1)

Ry (S, S)<1+38 in RSy, S) +£°1 (47)
,9) < min , e

o 1—385ea 27 *

Now we study the robust risks defined in (2) for procedure (33). To do this, we will
use the following condition on the basis functions (¢ j)jz 1-

(A3) The upper bound for the basis functions in (13) is a function of ¢ > 0, i.e.,

¢, = ¢.(¢), such that for any b > 0

nli)rrgo P ¢, () = 0. (48)

Theorem 3 Assume that conditions (A|)—(Az) hold and the unknown function S(-) is
continuously differentiable. Then for any 0 < § < 1/6 and for any 0 < ¢ < 1//3
for which |A|, < 1/e, the robust risks for the estimation procedure (33) with the
truncation parameter (27) satisfies the following oracle inequality

+38 *( )

35 1 mln R*(S;L, S) + &2 (49)

P 1

where the term U:(S ) > 0 is such that under conditions (26) and (48) for anyr > 0
andb > 0

lim &” sup UX(S) =0. (50)

=0 )<

Now taking into account property (43), we can deduce the following theorem for
procedure (33) with the weight coefficients (42).

Theorem 4 Assume that conditions (A|)—(A3) hold and the unknown function S(-)
is continuously differentiable. Then the model selection procedure (33) constructed
through the weight coefficients (42) satisfies the oracle inequality (49) with property
(50).

Remark 7 Note that the similar sharp oracle inequalities were obtained by Galtchouk
and Pergamenshchikov (2009a) and Konev and Pergamenshchikov (2012) for the
model selection procedures based on the trigonometric basis functions (14). In this
paper, we obtain these inequalities for the model selection procedures based on any
arbitrary orthogonal basic function in L, [0, 1]. We use the trigonometric functions
only to estimate the noise parameter .

5.2 Adaptive robust efficiency
Now we study the asymptotically efficiency properties for procedure (33), (40) with

respect to the robust risks (2) defined by the distribution family (9)—(10). To this end,
we assume that the unknown function (17) belongs to the following ellipsoid in /,
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Model selection for the robust efficient signal processing 1217

I /\

= (S € L,[0,1] : Z ), (51)

\-N

where a; = Y\ @r[j/2)%.
It is easy to see that in the case when the functions (¢;) ;- are trigonometric (14),
then this set coincides with the Sobolev ball

k
={feCl [0,1]: Z IF O < b, (52)

per

where r > 0 and £ > 1 are some parameters, C’; o [0, 1] is the set of k times contin-

uously differentiable f : [0, 1] — R functions such that £f@(0) = f@(1) for all
0 <i < k. Similarly to Konev and Pergamenshchikov (2012, 2015), we will show
here that the asymptotic sharp lower bound for the robust risk (2) is given by

(53)

x 2/ (2k+1)
(k+ Dm )

1(r) = ((2k 4 DHr)/+D (

Note that this is the well-known Pinsker constant obtained for the non-adaptive filtra-
tion problem in “signal + small white noise” model (see, for example, Pinsker 1981).
Let S, be the set of all estimators 3‘; measurable with respect to the sigma algebra
o{y;, 0 <t < 1} generated by the process (1).

Theorem 5 Assume that conditions (A|)—(A,) hold. Then the robust risk (2) admits
the following lower bound

liminf v2*/@FD inf  sup R¥(S,. ) = 1,(xv), (54)
e=0 5.8, sewk

.. . . -1
where the rate v, is given in (41), i.e., v, = (82 g*) .

To study the upper bound for the model selection procedure (33), we need to assume
the following condition on the penalization parameter § in (30).
(A,) The parameter § in (30) is a function of ¢, i.e., § = §, is such that

lim 6, =0 and lim e85, = foo (55)
e—

e—0 €
for any b > 0.
For example, we can take §, = (6 + | In eh~L.

Theorem 6 Assume that conditions (A)—(Ay) hold. Then the model selection pro-
cedure (33) constructed through the weight coefficients (42) admits the following
asymptotic upper bound

limsup v/ sup R*(S,,, §) < 1,(). (56)
£—0 Sew}
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1218 S. Beltaief et al.

Moreover, Theorems 5 and 6 imply the following result.

Corollary 2 Under the conditions Theorem 6

lim v2*/@FD inf  sup R*(S,, S) =1,(). (57)
e=0 Ssess SEW{(

Remark 8 It should be noted (see, for example, Pinsker 1981). that if the parameters
k and r of the Sobolev ball (51) are known, then to obtain the efficient estimation
it suffice to chose the weight least square estimator (24) with the weights (40) and
o = (k, r).Inthe adaptive estimation case, i.e., when these parameters are unknown we
propose to use the selection model procedure for the family (:9;) re Which contains
the efficient estimator. Then, the efficiency property is provided through the sharp
oracle inequalities. Moreover, note also that the optimal (minimax) risk convergence
rate for the Sobolev ball W is £ =4/ ‘We see here that the efficient robust rate is
vf"/ @k+1) § e., if the distribution upper bound ¢* — 0 as n — oo we obtain the more
rapid rate with respect to e ~*/k+D "and if ¢* — oo as & — 0 we obtain the more
slow rate. In the case when ¢* is constant, the robust rate is the same as the classical
non-robust convergence rate.

6 The van Trees inequality for Lévy processes

In this section, we consider the following continuous-time parametric regression model

dy, = S(,0)dr +d&, 0=<t=<1, (58)

where S(t,0) = Zfl: | 0; #;(t) with the unknown parameters 6 = (6, ..., 6,)" and
the process (§,)<;<1 is defined in (7). Note now that according to Proposition Al
from Appendix the distribution P, of the process (58) is absolutely continuous with
respect to the P, on D[0, 1] and the corresponding Radon-Nikodym derivative is

dp, LS, 0) 1'$2(¢,0)
(x,0) = —2(x) =ex / dx¢ — / de g, (59)
! dP; p{ o of ' o 201

where (x;)o,r is the continuous part of the process (x,)o, <7 in D[0, T], i.e.,

t
XC=x — / / v (1, (ds, dv) — I1(dv)ds)
0 /R,
and for any ¢ > 0 and any measurable I" from R,

1 (10,61, 1) = D~ Niay coory-

0<s<t
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Let & be a prior density on R? having the following form:
d
PO)=DO.....00 =[] ;).
j=1

where ¢; is some continuously differentiable density in R. Moreover, let g(6) be a
continuously differentiable RY — R function such that, for each 1 < j <d,

lim g(@)(pj(Hj) =0 and / lg’.(0)| @(9)do < oo, (60)
|91|—>oo R4 J
where
02(9)
/
(6) = .
;@) 7y

J

For any B(X) x B(R?) measurable integrable function H = H (x, 8), we denote
E :/ / H(x,0)dP, ®(0)do =/ / H(x,0) f(x,0) ®(0)dP;(x) do,
R4 X R4 X

where X = D[O0, 1].

Proposition 4 For any F¥ = o{y, 0 <t < 1} measurable square integrable function
g and for any 1 < j < d, the following inequality holds

A2
E@-g0) > —5—. (61)
;11707 +1;
where
, 97 (2)
,\j:/ g (0)®(©0)do and Ij:/ dz
rd r ¢;(2)

Remark 9 Note that the lower bound (61) is an extension for the van Trees inequality
used for the “signal+white noise” model (see, for example, inequality (A.5) in Konev
and Pergamenshchikov 2009b).

7 Signal number detection

In this section, we consider the estimation problem for the signal number in the multi-
path connection channel. In the framework of the statistical radio-physics models, we
study the telecommunication system in which we observe the summarized signal in
the multi-path channel with noise on the time interval [0, 1]:
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1220 S. Beltaief et al.

q
Y=Y 0,60+, 0<r<1,
j=1

where (v,),~ is the Gaussian white noise. The energetic parameters (¢;) ;- and the
number of signals ¢ are unknown, and the signals (¢;) ;- are known orthonormal

functions, i.e., fol @i (1) ¢; (1) dr = 1{1’;&]‘}- The problem is to estimate ¢ when sig-
nal/noise ratio goes to infinity. To describe this problem in a mathematical framework,
one has to use the following stochastic differential equation

q
dy, = Zejqu(t) dr + edw,, (62)
j=1

where (w,), > is the standard Brownian motion and the parameter ¢ > 0 is the noise
intensity. We study this model when the signal/noise ratio goes to infinity, i.e., ¢ — O.
The logarithm of the likelihood ratio for model (62) can be represented as

q

1 & ! 1 5
lnngs—ZZOj/ qu(t)dyt—z—ezZQj.
j=1 0 j

J=1
If we try to construct the maximum likelihood estimators for (6 j)ls i<q and ¢, then
we obtain that

9 1 2
1
InL, = — (t)d .
max néajlx nl, =5 ]E_l </O ¢ () yt)

1=q=q,

Therefore, the maximum likelihood estimation for § = g*. So, if g* = 0o we obtain
that ¢ = oo. Thus, this estimator gives nothing, i.e., it does not work. For these
reasons, we propose to study the estimation problem for ¢ for the process (62) in a
nonparametric setting and to apply the model selection procedure (33). To this end,
we consider model (1) with the unknown function S defined as

q
S =) 0;¢;(. (63)

j=1

For this problem, we use the LSE family (§d) 1<d<m defined as
d
Si() =" 0,.6;(x). (64)
j=1

This estimate can be obtained from (12) with the weights 1 ,(j) = x{j < d}. The
number of estimators ¢ satisfies condition (26). As a risk for the signal number, we
use

D.(d. q) = R*(S,. S), (65)
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where the risk R: (§, S) is defined in (2) and d is an integer number (maybe random)
from the set {1, ..., }. In this case, the cost function (30) has the following form.

Je(d) = +8P,(1). (66)

MQ
|
[\®]
M=
o

j=I
So, for this problem the LSE model selection procedure is defined as
g, = argmin, _,_ J, (d). (67)

Note that Theorem 3 implies that the robust risks of procedure (33) with [A], < 1/e,
for any 0 < § < 1/6, satisfy the following oracle inequality

1438 U (S)
D, (q,. q) < T35 0 mm D.(d, q)+ & 88 , (68)

where the last term satisfies property (50).

8 Simulations

In this section, we report the results of a Monte Carlo experiment to assess the perfor-
mance of the proposed model selection procedure (33). In (1), we chose

10 .
st=Y # $,;(0), (69)

j=1
with ¢ (1) = ﬁsin(anjt), l; = [/j1j. We simulate the model
dy, = S()dt + edw,.
The frequency of observations per period equals p = 100000. We use the weight
sequence as proposed by Galtchouk and Pergamenshchikov (2009a) for a discrete-

time model: k* = 100 + /[In¢| and m = [|Ine|?]. We calculated the empirical
quadratic risk defined as

P
R= Z S.wp —Swp)’, u;=j/p,

1
P
and the relative quadratic risk

— 1 <&
R, =R/ISI, and IS =~ Y S7wp.
j=1
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1222 S. Beltaief et al.

The expectations was taken as an average over N = 10000 replications, i.e.,

~ i~ 2 1 ~ 2

EG.0-50)"=5 X (Slo-s0)"
=1

We used the cost function with § = (3 + |Ing|) 2.

In the following graphics, the dashed line is the model selection procedure (33), the

continuous line is the function (69) and the bold line is the corresponding observa-

tions (1).

e=1//100 °
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e=1/v20 ° 1 | Mw%“

e = 1/4/1000

Empirical risks.

&

=
=
*

1//20 0.0158 0.307
1/4/100 0.0113 0.059
1/+4/200 0.0076 0.04
1/+/1000 0.0035 0.0185

Estimation of the number signals.
To estimate the signal number g, we use two procedures. The first ¢, is (68) with
¢ = [Ine~2]. The second g, is defined through the shrinkage approach for the model
selection procedure (69).

Gy =inf{j >1:10,| <}, < = e/[logel.
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€ q1 q2

1//20 6
1/+/100 8
1/+/200 9
1/+/1000 10

N=REN BN RV

Remark 10 From the simulation, we can conclude that the LSE procedure (68) is more
appropriate than shrinkage method for such number detection problem.

9 Proofs

First we recall the Novikov inequalities (see Novikov 1975) also referred to as the
Bichteler—Jacod inequalities (see Bichteler and Jacod 1983, Marinelli and Rockner
2014), providing upper bounds for the moments of the order p > 2 of the supremum
of purely discontinuous local martingales

E sup |g (u—D), 1" = Cy (E (18 + 1)) +E (gl /1)), (0)

0<t<l1

where C ; is some positive constant.

9.1 Proof of Proposition 2

First note that
B} () <28} +2B5 (), (71)
where u’ = (0, u,, ..., u,) € R". It should be noted that
EE <E& <8(ofEwi +03Ez}) =8 (30) + 03E=) =8G+Ez)4,

Note that from (70) and conditions (8) we obtain that

Ez] <C*(1+M(x%) < oo.

To study the last term in the right-hand side of inequality (71), we set for any function
f from L, [0, 1]

t ~ v v
I(f)= / f()dE and I,(f)=1(f) —EI*(f).
0
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Moreover, we set

n
D, =Y u;I($)).
=2
Taking into account that Ej = 1~1 (¢;) for j = 2, we obtain

By ()= u;I,(¢;) =D;.

j=2
By the It6 formula, we can write that for any function f from L, [0, 1]
AT (f) = 21, (/) f(0)dE + 03 f2(0) d,, (72)
where rit, = h% % (u — [1),. So, setting
n n
Vi=> u;L(¢)¢;(t) and ¥, => u, ¢§(z),
j=2 j=2
we obtain that
dD, =2V,_d§, + 03 ¥, dm,,
and therefore,
2 2 4 172
D? <2 M} + 205 M7, (73)

where M, = [ 0[ V,_ dé; and M = (; ¥, dm,. Moreover, taking into account that for
any f and g from L, [0, 1]

t
EL(f)1,(8) =g / f($)g(s)ds,
0

we get
1 ) n 1 5 5
/ Evid= ), u,-u,-f 909, (VEL (9,) I (9 ) dr
0 ij=2 0
P4 n 1 2 > n P |I/t/|2 .
=72 Yy ([ womo ) -7 ST
e 0 '
i,j=2 i=
ie.,
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Now, we estimate the second term in inequality (73). To this end, we show that

sup ETY(f) < oo. (74)

0<r<l1

Indeed, taking into account that for any non-random bounded function f the stochastic
integral fot f(s)dwy is (0, fol f 2(t)dt) Gaussian random variable, we obtain through
inequality (70) for some constant C* > 0

t 4 t 4
EC%f)sSQ?E(/ f@ﬁwﬁ> +8a3E</ f@ﬁ&J
0 0

1 1 2 1
< 240} / FA()dr +8C* o3 ((n(hg) / fz(z)dt> + IT(h%) / f4(z)dt).
0 0 0

Therefore, we obtain inequality (74), from which using the Holder inequality it follows
that

sup EVt4 < 00.
0<r<l

From here using the properties of the stochastic integrals with respect to the Wiener
process (see, for example, Lemma4.12, p.125 in Liptser and Shiryaev 1977), we obtain

that
t
E </ Vi dws>
0

Moreover, from (70) we get

t 4 2 1
sup E (/ Vsdis) <c* ((n(hg)) +n(hj)>/ EVdr < oc.
0=<r=<1 0 0

Therefore, SUpy_, - EM[4 < oo and

4 t
536t3/ EV'ds < oo.
0

1 1/2 1/2
/ EM2VEd < swp (EMm) " (EV!) < oo
0

t
0<t<l1

This implies that E fol M,_dM, = 0. So, by the 1td formula

1
EM? =Q§/ EVidr+E ) (AM,)?
0

0<t<l

1
2 2 2 2 ~2 2
=@+@H%HAEKm§@ﬂ§%ﬂ

@ Springer



Model selection for the robust efficient signal processing 1227

To estimate the last term in the right side of inequality (73), note that M , 1S a square
integrated martingale with the quadratic characteristic

<M>, = I[1(h"t,

ie., E fol M i dM , = 0, and therefore, the 1t6 formula yields

1
EM}=E Y (%4m,)" =10 /0 w2dr < 02 (D) @/e) (9%)" #w).

0<t<l
Taking into account that IT (x2) = 1, we obtain that
— _ 4
E D} < 5, +205 @) @/e)#(u) < 5, + 235 @/e)* (9*)" #(w).

This implies the upper bound (23). O

9.2 Proof of Theorem 1

First note that we can rewrite the empirical squared error in (28) as follows
n
Erre () = J (1) +2 ) ()8, + ISI7 = 8P(), (75)
j=1

where ;. =6; , — 0,6, .. Now using the definition of ¢; , in (29), we obtain that

v — ~ =2 v v -~
6. =60+ %8+ 62 (Ey o= %)+ (g — 3.,

where Ej = Ei -Ep Ef and g/’ = il (¢;). Setting

M,0) =&Y a()HO;E; and LG) =) 2()), (76)
j=I1

j=1
we can rewrite (75) as

Ers(\) = Jo() + 26> (e — 32,) L(A) + 2M,(0) + 26 B, (%)

+28WM +[IS)1? = 8P.(3), 77

v

0

where u; = A/|A|, the exact penalization is defined in (32) and the functions By . (-)
and B, ,(-) are defined in (20). It should be noted that for the truncation parameter
(27) bound (23) implies

_\2
a
sup E, )Bzzyg(uk)‘ < Uy +4, (E) Al (@M =U, 4. (78)
reA
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Using here the definition of the threshold @ = a, in(27), we obtain that this upper
bound can be represented as UI,Q = UQ + 4%Q (¢>*)4. Let Ao = (Ao(j))lsjsn be a
fixed sequence in A and 2 be as in (33). Substituting Ao and A in equation (77), we
obtain

Erre (A) — Erre(ho) = J (A) — J (Ao) + 262y — 2,) L(w) + 26 B ()
+2M, (@) + 2&,/ P, (V) “(A) P (ho )B“( o)

— 5P, (%) + 8P, (1), (79)

where @ = A — Ag» U = uz and uy = Uy, Note that by (25)

IL(=)| < L(A) + L) < 2|Al,.
The inequality
2lab| < 8a® + 57 'b? (80)

implies that for any A € A

B
28,/P6(A)M < 8P, (0) + €2 By Ba ).

/30 8%
From bound (21), it follows that for 0 < § < 1

233‘8
*0
+e?[52 — S| (A1 + 1hol* +4141,) + 26 P (ho),

Err,(A) < Errz (M) + 2M () + 2¢ + 262 Q

where B* = sup, _4 322 g(u ,)- It should be noted that through (78) we can estimate
this term as ’

2
EgB;, <Y EyBS ;) <. (81)
AEA

Taking into account that sup, _ , A2 <A ., we can rewrite the previous bound as

~ B
Err,(A) < Erre (o) + 2M, (@) + 262 2% + 262 3,
e
682|A|*
132 — 32p| + 26 Pe (o). (82)
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To estimate the second term in the right-hand side of this inequality, we introduce

n

Sy =Y v(NOi¢;. v=(j)i<jc, €R"
j=1

Moreover, note that
M) <262 (V) 6362 + 1))
where @ (1) = Zj‘:z v(/)0;¢;(0). Therefore, thanks to (16) we obtain that for any
non-random v € R”
n
EM2(v) < 25¢pe*0>(1)0] + 25¢pe” Y u2(j)ej? <2’ (IS, I2. (83)
Jj=2

To estimate this function for a random vector, we set

A42
M* = sup )

——— and A, =A— A,
© e SIS,

So, through inequality (80)

*

2 2Me
2IM ()| < 8lIS, 11" + ¢ 5 (84)

It is clear that the last term here can be estimated as

M (v)
EMf< > s2||s s 23 kg =251, (85)

veA, veA]

where ¢« = #(A). Moreover, note that, for any v € Ay,
n
2 <2 2,02 22 2
1SuI12 = 1IS, 112 = D v* ()07 = 87) < 2IM, ()],
=1

where v = (V2(j Ni<j<n- Taking into account now that for any x € A the compo-
nents |v(j)| < 1, we can estimate the last term as in (83), i.e.,
EMZ2(?) < 2673, IS, |I%.

Similarly, setting

u M?(v?)
=SsSup ———>
Le ™ ea, €218, 112
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we obtain
EQ M;"g <2xpt. (86)

By the same way, we find that

*

2 2 Ml,s
2IM ()| < SIS, II7 + pral

and forany 0 < § < 1,

< 2
1s, 2 < ISl o Mi
vl =0 s T —s)

So, from (84) we get

SIS, 12 &M+ M)
[ S(1—8)

2M(v) <
Therefore, taking into account that ||§w > < 2 (Err, (/):) + Erre (1o)), the term M, (z)

can be estimated as

28 (Erre(R) + Erre(hg)) &7 (M7 + M} )
[ S(1 —8)

2M, (w) <

Using this bound in (82), we obtain

2 * * 2 p*

8 e(M*+M?" ) 2¢°B
Erry (Ag) + —————f 2:f
1—35 S(1— 38) 5(1 — 38)52,
2629 6624,

1—-35 ' (1-36)

Err, (1) <

28
1% — ol + ————P, (ko).
(1 —38)

Moreover, for 0 < § < 1/6 we can rewrite this inequality as

. 14§ 262 (M* + M* ) 4g’B*
Erty (D) <~ Erry(ho) + £ Ll | T T2
-39 5 5%,

+4e? s + 1267 | Al |52 — 3p| + 48 P (M0).
Using here bounds (81), (85), (86) and taking into account that kQ < »p, we obtain

46% 35 (2 + 8) N 462U, ot

R(Ss, S) < 1+8R(§ S) +
A T R 8 8
2 ~ v
+1262 |ALE |5 — Sg| + T P (o).
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Now, from Lemma 1 it follows that

N 1438 ~ 4?3y +8) 427U ot
RSy, S) < R(S,., S —
81 8) = T RSy ) + ; M
262 |AILE, |57 — > 2_28
+ 12¢7 | A, Ql%—%QH-e 1—38%Q'

Taking into account here that 25/(1 — 36) < 1 for 0 < § < 1/6 and using the
function (44), we obtain inequality (45) for some constant I, > 0 which depends on
IT(x*). Hence Theorem 1 is shown. O

9.3 Proof of Theorem 5
Firstly, note that for any fixed Q € Q7

sup RY(S,.8) = sup Ry(S,. S). (87)
Sve Sve

Now for any fixed 0 < y < 1, we set
k41 .
d=d, = [TUQ/Q"“) 1*(r0)} and 1y = (1—y)r. (88)

Using this definition, we introduce the parametric family (S,), ps as
d
S.(x) =) z;¢;(x). (89)
j=1
To define the Bayesian risk, we choose a prior distribution on R? as

kK =(kj)i<j<q and k; =s;1;, (90)

where n; are i.i.d. Gaussian A/ (0, 1) random variables and the coefficients

[s* d\F
;= L and s* = (—) — 1.
v, J J

Denoting by 11, the distribution of the random variables (« ;) < j <4, on R?, we introduce
the Bayesian risk as

Ro(S) = /d Ro(S. S.) p(dz). (91)
R
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Furthermore, for any function f € L,[0, 1], we denote by p(f) its projection in
L,[0, 1] onto Wy ., i.e., | f —p(N)Il = infheWk I f — hll. Since Wk is a convex and
closed setin L, [0, 1], this projector exists and is unique for any functlon f € L,[0, 1],

and moreover, || f — Al|* > [[p(f) — &||* for any h € WE. So, setting p = p(S), we
obtain that

sup RE.5)= [ Eg 1P — 5.1 e (d2).
Sewk {zeR?:S_ewky ~

Taking into account now that |[p]|> < r, we obtain

sup Ryp(S.8) = Ry(B) —24, 92)
Sve
and A, = f{zew;s#wk’r} (r + IS, 1*) 12, (dz). Therefore, in view of (87),
sup R:(S S) > sup RQ(p) —24,. (93)
SeW, . 0eQ;

As to the last term in this inequality, in Appendix we show that for any b > 0

lim ¢ A, =0. (94)

e—0

Now it is easy to see that |[p — S. ||> > Z?:l (A -z ) whereZ Z; fo p@) ¢;(t)de.
So, in view of Proposition 4 and reminding that v, = ¢ ~2/¢* we obtain

d
1
sup RQ(p) > sup -
QEQ* 0<Q%§§* j=1 872 0 2 + Ve (S.7)7]
S ()
= — - = — - =
Ve 1575 +1 v, st d;

Therefore, using now definition (88), inequality (93) and limit (94), we obtain that

2k
liminf inf v>* sup RS, ) > (1 - ?)Tl“ L, (r).
n—co Sefl, Sew, ,

Taking here limit as y — 0 implies Theorem 5. O

9.4 Proof of Theorem 6

First we suppose that the parameters k > 1, r > 0 in (52) andAg* in (9) are known.
Let the family of admissible weighted least squares estimates (S, ); 4 given by (42).
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Consider the pair & = (k,7) and 7 = @ [r/w]. Denote the corresponding estimate
as

o~

§S=3; and i =iy (95)

P

Note that for sufficiently small ¢ the pair & belongs to set (37).

Proposition 5 Assume that conditions (A)—(A,) hold. Then the estimator S admits
the following asymptotic upper bound

lim sup v2/*FD sup R* (S, S) < 1,(r). (96)
e—>0 Ser/_\'
Combining Theorem 4 and Proposition 5 yields Theorem 6. O
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