Annals of the Institute of Statistical Mathematics (2020) 72:1237-1256
https://doi.org/10.1007/s10463-019-00725-3

®

Check for
updates

Some information inequalities for statistical inference

K. V. Harsha'2 . Alladi Subramanyam’

Received: 6 March 2018 / Revised: 15 April 2019 / Published online: 1 August 2019
© The Institute of Statistical Mathematics, Tokyo 2019

Abstract

In this paper, we first describe the generalized notion of Cramer-Rao lower bound
obtained by Naudts (J Inequal Pure Appl Math 5(4), Article 102, 2004) using two
families of probability density functions: the original model and an escort model. We
reinterpret the results in Naudts (2004) from a statistical point of view and obtain some
interesting examples in which this bound is attained. Further, we obtain information
inequalities which generalize the classical Bhattacharyya bounds in both regular and
non-regular cases.
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1 Introduction
For every unbiased estimator 7', an inequality of the type

Varg(T) > d(9) (D
for every 6 in the parameter space @ is called an information inequality and it plays
an important role in parameter estimation. The lower bound provided by the family
of functions {d(0) | & € @} is said to be sharp if there exists an unbiased estimator T

such that
Varg(T) =d(), VO e€®. 2)
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The early works of Cramer (1946) and Rao (1945) introduced the Cramer—Rao
inequality for regular density functions. For the non-regular density functions, Ham-
mersley (1950) and Chapman and Robbins (1951) introduced an inequality which
came to be known as Hammersley—Chapman—Robbins inequality, while Fraser and
Guttman (1952) obtained the Bhattacharyya bounds without regularity conditions.
See also Lehmann and Casella (1998), page 129 and references therein. Later Vincze
(1979) and Khatri (1980) introduced information inequalities by imposing the regular-
ity assumptions on a prior distribution rather than on the model. These ideas have been
further investigated by Kshirsagar (2000), Koike (2002) and Qin and Nayak (2008).

Recently in statistical physics, a generalized notion of the Fisher information and
a corresponding Cramer—Rao lower bound are introduced by Naudts (2004) using
two families of probability density functions: the original model and an escort model.
Further, he showed that in the case of a deformed exponential family of probability
density functions, there exist an escort family and an estimator whose variance attains
the bound. Also from an information geometric point of view, he obtained a dually
flat structure of the deformed exponential family.

In this article, concentrating on the statistical aspects of the Naudts’s paper we
define several information inequalities which generalize the classical Hammersley—
Chapman—Robbins bound and Bhattacharyya bounds in both regular and non-regular
cases. This is done by imposing the regularity conditions on the escort model rather
than on the original model.

In Sect. 2, some preliminary results are stated. Section 3 describes the generalized
Cramer—Rao lower bound obtained by Naudts (2004) reinterpreted from a statistical
point of view and applied to many examples. In Sect. 4, we obtain a generalized
notion of Bhattacharyya bounds in both regular and non-regular cases. We conclude
with discussions in Sect. 5.

2 Preliminaries

Let X be a random vector taking valuesin A € R", and for @ = (61, ...,60,)T € ® C
R, let Py, denote its probability measure. Assume that Py, has density f (x, 6) with
respect to some o -finite measure p. To estimate a real-valued function ¢ of 6, define

a class of estimators as

Co =18(X) | Ef,(3(X)) = 9(0); Ey,(8%) <00, ¥ 6 € O). 3

Define

Up ={UX) | Ef,(U)=0; Ez,(U* < o0, Y0 €6} )

Note that for any 71, T> € Cy, T1 — Tr € Uy.
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Consider a class of functions

W= {S(x.0) | E4,(S)=0; 0 < Ey,(S?) < o00; Covy,(U.S) =0,

YU ely, V0 eB} 4)

For afixed § € ¥ and forany T’ € C,, Cov £o(T', S) depends on T only through ¢(6).

That is for any estimators T, T> € C(p,

Cov_fg (T, S) = Cov‘fe (T2, S) since T\ —T, elUy. (6)

Let S;(x,6),...,S,(x,0) € W.Foreacha = (a1, ..., q;)T € R”, define

Y, 0) =) a;Si(x,0). ™
i=1

Clearly ¢ € ¥. Although v depends on «, we avoid the index « for the convenience
of writing.
Since ¥, S1(x,0), ..., Sn(x,0) € ¥, from (6), forall T € Cy, let

Covy, (T, ¥) = y () and Covy, (T, S;) = Ef,(TS;) = 2 (©); i=1,....m (8

where y, A; are real-valued functions of 6.

Therefore, V T € C,, the Cauchy—Schwarz inequality

(Covy, (T, ¥)*  (y(©))?

Var 5, (T (x)) = = ©))
fo Var g, () Varz, (%)
gives a lower bound for the variance of all unbiased estimators of ¢(9).
Now consider
m
Var g, () = Vary, (Z otiS,-) =aTZa (10)
i=1

m 2

(Covf, (T, ¥))* = (Z aihi (9)) =a"TMMTa (1)
i=1

where X = (X;;) = (Covs(S;, S;)) is the covariance matrix of § = (Sy, ..., Sy)7T
and M = (11 (0), ... ku @)

Here, both M and X' depend on 6. But for the convenience of writing, we suppress
the index 6.
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1240 K. V. Harsha, A. Subramanyam

Equation (9) becomes

TMMT
Var, (T (x)) = % VacR" (12)

which implies

aTMMTa

=Mz 'Mm (13)
aT Yo

Var 7, (T (x)) > sup
- o

where X ~! is the inverse of the covariance matrix X.
For later use, we state the following well known theorem (refer Lehmann and
Casella 1998) as

Proposition 1 (Information inequality) Let X be a random vector with probability
density function (pdf) f(x,0), where 8 = (01,...,0,)T € ©® C RP. Consider an

estimator T(X) € Cy , S1(x,0),...,8x(x,0) € ¥ and the functions A; : ® —
R;i=1,..., mwith

Ef(TS)=x@); i=1,....m. (14)

Then the variance of T satisfies the inequality

Var, (T (x)) > MTEZ™'M (15)

where M = (A (0), ..., An(0))T and >~ 1 s the inverse of the covariance matrix
2 = (Zij) = (Covy(Si, S)))- The equality in Eq.(15) holds iff

STE™'M = a0)(T (x) — ¢(9)) (16)

for some function a(0) and, S = (S1, ..., S)T.

3 Generalized Cramer-Rao type lower bound

Naudts (2004) introduced a generalized notion of the Fisher information by replacing
the original model by an escort model at suitable places. Using this, he obtained a
generalized Cramer—Rao lower bound. To study the statistical implications of this
generalization, first we reinterpret Naudts’s generalized bound as follows.

For each 0 = (61,...,0,)T € O, let Py, be a probability measure with density

g(x, 8) with respect to the o-finite measure p of Sect. 2. Define

Uy ={U(X) | Egu(U) =0, V0 e} a7y
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Let us make the following assumptions,

(@) The probability measure Py, is absolutely continuous with respect to the
probability measure Py, forall 6 € ©. (18)
() Uy CU,. (19)

Remark 1 For a simple sufficient condition to check Assumption (18), consider the
following.
For each 6 € O, if supp(gs) := {x | g(x,0) > 0} < supp(fy), then taking
89
hg = % one has Py, (A) = f 4 hg dP fo and hence Py, is absolutely continuous with

respect to Py, forall 6 € ©.

Remark 2 1If X is a complete statistic for the family {fy | € @} and if there exists a
family {gg | 0 € ©} satisfying Assumption (18), then Uy C U,.

To see this, note that since X is complete for the family {fy | 0 € O}, if U =
U(X) € Uy, then Py, (U =0) =1V 6. That s,

U=0, ae. Pfe (almost everywhere with respect to Pftz) véo. (20)

From Assumption (18), it follows that

U=0, ae Py, V0=Uecl,. 1)

Naudts (2004) defined a generalized Fisher information N (8) = (N;;(8)) as

1 ad ..
I e)dx, 0; = 30 and i,j=1,...,p. (22)
» Y 1

Ny ® = [ 85.009;0x.0)
When f = g, N(6) reduces to the Fisher information 7 (6).

Theorem 1 Let X be a random vector with pdf f (x, 0). Let g(x, 0) be a pdf satisfying
Assumptions (18) and (19) with Egg [T] = A(0). Assume that

(@) 9;g(x, ) exists and the function A(9) is differentiable with respect to 6; for

allx e Aand 9 € ©,wherei =1,...,p (23)

(b)  N;i(0) > 0and N (9) is non-singular (24)

@ Springer



1242 K. V. Harsha, A. Subramanyam

(©) Partial derivatives of functions of 0 expressed as integrals with respect to

g(x, ) can be obtained by differentiating under the integral sign. (25)
Then for T (X) € Cy, the variance of T satisfies
Var, (T (X)) = MTN~'(O)M (26)

where M = (01A(8), ..., 9,A(0))T.

Proof From Proposition 1, choose m = p functions S; as

8[g(.X, Q)
Si=————, i=1,...,p. 27
i 7(x,6) l p 27
From Assumptions (24) and (25),
Ef,(S) = / 0;g(x.@)dx = 0;  Vary, () = Nij (6) < 0. (28)

Now from Eq. (19), it follows that for all U € Uy,

Covy, (U, Si) = /U(x)aig(x,é_’)dx =0 (/ U(x)g(x,@)dx) =0. (29)

Hence, S; e ¥ fori =1,..., p.
From Assumption (25), it follows that

Ef(TS;) = /T 9;g(x, 0)dx = 9; (/T g(x,e)dX> = 9;A(0) (30)

where A(0) = EgQ[T] andi =1,...,p.

Applying Proposition 1, the bound in Eq. (26) is obtained.
The fact that Uy C U, ensures that the bound is same for all unbiased estimators
T of p(0). O

Now we give some interesting examples in which the Naudts’s generalized Cramer—
Rao bound is sharp.

Example 1 Suppose Y1, ..., Y, are independent uniform random variables in [0, 6],
where 6 > 0. Then

nxn—l

X =max{Yy,...,Y,} ~ f(x,0) = on

, O0<x<@. a3
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Some information inequalities for statistical inference 1243

k
Consider an unbiased estimator T (X) = W for 6%, where k is a positive integer.
Then

k292k
V. T)= ——. 32
ar, (T) n(n + 2k) (32)
Define a pdf g(x, 0) as
nn+k) (1 — g—i) xn—1
gx,0) = , 0<x<9@. 33)

ko

Here, X is a complete statistic for the family { fp | & > 0} (see Example 6.23 (ii), page
42, Lehmann and Casella 1998). Then using Remarks 1 and 2, it follows that g(x, 0)
satisfies Assumptions (18) and (19).

Then the bound in Eq. (26) is obtained as

N@®) — n(n+2k)

= Var, (T). (34)

Thus, the estimator 7'(X) is an unbiased estimator of 6¥ whose variance attains the
bound in Eq.(26). When n = 1,k = 1, this example reduces to Example 1 given
in Naudts (2004). In this case, Varf, (T') does not attain the Hammersley—Chapman—
Robbins lower bound.

Example 2 Suppose Y1, ..., Y, are independent random variables,
Yi,....Y, ~exp(—(y —0)), y=>6,0>0. 35)
Then the random variable X = min{Yy, ..., ¥, } has a pdf
f(x,0) =nexp(—n(x —0)), x=>6. (36)

Now consider an unbiased estimator 7 (X) = X — % of 6. Then
1
Varp, (T) = ok (37
The pdf g(x, 6) which optimizes the bound in Eq. (26) is

g(x,0) = nz(x —0)exp(—n(x —0)), x>40. (38)

Here, X is a complete statistic for the family { fy | & > O}see Example 6.23 (iii), page
43, Lehmann and Casella 1998). Then using Remarks 1 and 2, it follows that g(x, 0)
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1244 K. V. Harsha, A. Subramanyam

satisfies Assumptions (18) and (19). Note that E¢,[T] = A(0) = % + 0 and the bound
in Eq. (26) is obtained as

2VON2 1
(N((@))) == Var, (T). (39)

Example 3 Location family

Let f(x) and g(x) be two density functions on x € D’ C R satisfying Assumptions
(18) and (19). Now let X be a random variable with density function f(x,6) =
f(x—6),0 eRandx € D C R.Let g(x,0) = g(x — 0). Let T(X) be an unbiased
estimator for ¢(0). Let E¢(T) = A(0). Then from Eq. (16), the optimality condition
for the bound in Eq. (26) is given by

0pg(x.0) _ -
o) a(@)(T (x) — (9)) (40)

for some function a(@). In this case
dpg(x,0) = —g'(x — 0) (41)

where g’ denotes the derivative of g(x) with respect to x. Then Eq. (40) becomes
g'x—0)=a@)(p®) —T(x)f(x,0). (42)

Let = 0and xg € D, then

2(0) = a(0) (w(O) / C fodx / ' T(x)f(x)dx> 43)
X0 X0
— a(O)h(x) (44)
where . .
7o) = (0) / F)dx — / T(0) f(0)dx < o 4s)
X0 X0

can be computed since f(x), T (x), ¢(0) are given.
Now a(0) can be solved from the normalization condition f pr &x)dx = 1as

a(0) = if / h(x)dx < oo. (46)
D/

Jp h(x)dx
Thus, the optimizing family g(x, #) = g(x — 0) is obtained.

Example 4 Scale family
Let f(x) and g(x) be two density functions on x € D’ C R satisfying Assumptions
(18) and (19). Now let

X’“f(X,Q):%f'(g) xeDCR, >0 (47)
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Some information inequalities for statistical inference 1245

and |
X
sr.0) =55 (5). (48)
Let T (X) be an unbiased estimator for ¢(6). Let E,(T') = A(6). Then from Eq. (16),
9g(x,0) _ ~
o) a@)(T (x) — ¢(0)) (49)
for some function a(6).
- 1
9—58’(16/9) - 9_2g(x/9) =a@)(T(x) —¢(0))f(x,0) (50)

where g’ denotes the derivative of function g(x) with respect to x.
Let 0 = 1. Then we have

xg'(¥) +g(x) = a(D(p() = T (x)) f (x). (51

Let xo € D'. Integrating the above equation from x to x, we get

X

xg(0) = x0g(0) = a(D) [ (p(1) = T(x¥) f(x) dx (52)

= a(l)(f:EX) — h(x0)) (53)

where i
h(x) — h(xo) = /x (p(1) = T(x)) f(x) dx. (54)

Thus, we get 0
xg(x) =a(Dh(x) = gx) =a(l)k(x) (55)

for some function k(x).
Now a(l) can be solved from the normalization condition of the function
fD, g(x)dx =1as

a(l) = k(x)dx < oo. (56)

1
— if /
f pr k(x)dx D
Thus, the optimizing family g(x, 6) = é g(7) is obtained.

Example 5 Let X be arandom variable distributed according to the Gamma distribution
f(x, 0) with a scale parameter 6 > 0 and a known shape parameter o > 0 given by

a—le—x/Q

f0n8) = ——2

F(a) 9—0" x > 0. (57)
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1246 K. V. Harsha, A. Subramanyam

Here, {fy | 6 > 0} is a one-dimensional exponential family with a canonical statistic
X. Hence, X is a complete statistic for the family {fy | & > 0} (see Theorem 6.22,

page 42, Lehmann and Casella 1998 for the details). Let T (X) = 1‘? (‘_?k) Xk, where k

is an integer such that k % 0 and 2k + « > 0. Then T is an unbiased estimator of ¥
with E 1, (T?) < oo.

(58)

Varfe (T) — [w _ 1] 92/(.

(I (e +k))?

Consider a pdf g(x, ) such that Var s, (T') attains the bound in Eq. (26) as follows.
Fork > 0,

k—1

= w0
o(x,0) = " |:Zs, (—) e HZ)] c=Y sil@+k—G+1) (59

i=0

where x > 0, 5; =]_[f}-:1(a+k—j);i =1,...,k—1landsy = 1.
Fork <0Oand k # —1,

_ k . k
g(x.0) = ée g/e |:21:si (g)a_(lw} . c= zl:s,»r(a —i)  (60)
i=0

i=1

where x > 0, k; = —k, 5; = 1‘[3;1,(0( —j):i=2,... kjandso=1.
Fork = —1,

1 x(x—Ze—x/G
TF'oe—1) @21
This is an interesting special case as the variance of T = 1/X does not attain the
Bhattacharyya bounds of any order, while it attains the bound in Eq.(26). Note that

in all cases using Remarks 1 and 2, it follows that g(x, 6) satisfies Assumptions (18)
and (19).

g(x,0)=

, x>0. (61)

Example 6 Let X be arandom variable distributed according to the Normal distribution
N (0, 62) given by

1 =2
f(x,0) = —e2?, xe€eR and 6 > 0. (62)
V2mh
Consider an unbiased estimator 7 (X) = XT4 for 6%. Then Var;, (T) = 320 . Consider
a pdf
1 30 X%\ =2
g(x,@):m(z—}-m)ezfﬂ, x € R. (63)

In this example, X is not complete for the family { fp | 6 > 0}. However, Assumptions
(18) and (19) are satisfied as shown in Lemma 1 of Appendix.
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We have

N@®) = 9% and A(0) = Eg, (T) = 26, (64)

Thus, the bound in Eq. (26) is obtained as

2@O): 3208

Thus, the variance of T attains Naudts’s bound with optimizing family g(x, 8). Note
that f(x, 6) belongs to exponential family and 7 (X) is a second-degree polynomial
in the canonical statistic X2. Hence, its variance attains the Bhattacharyya bound of
order 2. Thus, the ‘first-order’ bound obtained using g is equal to the second-order
Bhattacharyya bound.

Example 7 Poisson distribution

Let X, ..., X, are i.i.d random variables from Poisson distribution
pre=?
f(x,0)= > x=0,1,... and 0 > 0. (66)
x!
Consider the joint pdf
"< e "0 .
FO e 0) = 2 where g Tt 67)
xi!.ooox,! n

Here, X is a complete statistic for the family {fy | & > 0} (see Theorem 6.22, page
42, Lehmann and Casella 1998). Consider an unbiased estimator 7 (X) = X (X — %)
for §2. The variance of T attains the bound in Eq. (26) if we choose the pdf

n,%e—nG 3 Qn)?—le—nG

1
g(x1,~-~,xn,6)=§ (68)

+ = .
xiloooxg! 2 xploxy!
Using Remarks 1 and 2, it follows that g(x1, ..., x,, ) satisfies Assumptions (18) and
(19). Var 7, (T') attains the Bhattacharyya bound of order 2, while it attains ‘first-order’
Naudts’s bound.

Example 8 Let X1, ..., X, are i.i.d uniform random variables in [0, 6], where 8 > 0.
Then the joint pdf is

1
fx, oo x0,0) = on H,'n=11{0§x,-§9} (69)
where 1 denotes the indicator function.
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1248 K. V. Harsha, A. Subramanyam

The statistic T = max{X1, ..., X,} is a sufficient statistic with E ¢, (T) = H"?O,
and Var , (T') attains the bound in Eq. (26) if we choose the pdf

n+1 A
g(-Xl?-"?-xl‘l’G): 9" 1_5 ) OSISQ (70)
where t = max{xy, ..., x,}.
The pdf g(x1, ..., xy, #) can be written as

on on+l1 (71)

1 1)t
g(xl,...,xx,9)=2(”+ M_l)

where the Z is a function defined by Z(u) = [1 + u]+, with [v]+ = max{v, 0}, and
F(u) = u — 1 is the inverse function of Z.

Such family {g(x,60)|6 € ©} is called a deformed exponential family with a
deformed logarithm function F and deformed exponential function Z (refer Har-
sha and Subrahamanian Moosath 2015; Matsuzoe and Henmi 2013; Naudts 2004 for
more details). From Proposition 5.2, Naudts (2004), it can be easily seen that f(x, 0)
is the F-escort distribution so that the variance of the sufficient statistic T attains the
Naudts’s bound.

Remark 3 Deformed exponential family is a generalization of exponential family in
which the deformed logarithm of the density function is a linear function of the statistic
T. In an exponential family, the statistic T is sufficient and complete under some
conditions. As in exponential family, T is sufficient in deformed exponential family
also. For statistical applications, the definition of deformed exponential family should
include the requirement that 7 is a complete statistic.

In the above example, g is a deformed exponential family, while this is not the case
in most of the other examples. However, Var y, (T') attains the bound given by Naudts
(2004).

4 Generalized Bhattacharyya bounds
In this section, we obtain an information inequality which generalizes the Bhat-
tacharyya bound given by Fraser and Guttman (1952). This is defined using the divided

difference of a density function g(x, 0) satisfying the conditions (18) and (19). We
begin by recalling the definition of the divided difference formula.

4.1 One-parameter case

Definition 1 Let /2(0) be a scalar function of 6 € ® C R. Let k > 1 be a positive
integer. Let us define the divided difference of the function /4 at k + 1 nodes 00, ... ok,
We have k + 1 data points,

©°, h©%), ..., 6% h©o)). (72)
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Define the first divided difference of % as

v+1y v
A h(®’) = h©") —h&7)

A = gl _gv ; v=0,...k—1. (73)

Second divided difference is given by

A h@"tH) — A h(Y)
gv+l1

2 N 91)+2
LA @) = A A = 74
where v =0, ...k — 2.
In general, for j > 2, the jth divided difference is defined as
A1 h(9v+1)_ AJ1 ]’I(QU)
AI h 0‘) — A A h 9]} _ 9u+2’m’9v+j 9u+l““’9v+/’—l
v+l gvti ( ) T v+ o .9v+1 ( ) - 9”+/ — Qv

where v =0...k — j. (75)

In particular for v = 0, the ith divided difference is given by

i
) h(67)

A’ heo - i=1,...k 76
ol,..., ©9 = Z 1_[]75 (87 —91) (76)

Choose and fix #° in ®. For convenience, we write g,(6) instead of g(x, 6). Let
T (X) be an unbiased estimator of a real-valued function ¢ () of 6. Then consider ith
divided difference (for v = 0) of the density g(x, 6) on k£ + 1 nodes of 00, ..., ok s
wherei = 1, ..., k. Define

1 : ,
S = ooy A igx(GO), i=1,.. .k (77)

We now give a lower bound for the variance of T using these functions.

Theorem 2 Let g(x, 0) be a density function satisfying conditions (18) and (19) with
Eggo [T]1=A0°). ForT(X) e Cy, the variance of T satisfies

Varg, (T(X)) > sup MTZ™'M (78)

o1,....0%
where M = <Ak(90) , Ak A(90)> A A(GO) is the ith divided difference
of A,i = 1,...,k and E = (E,j) is the co’\.i.(.zyrlance matrix of the column vector

S=(,... Sk)T
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1250 K. V. Harsha, A. Subramanyam

Proof Note that

Epotsi= [ A e@ar 19)

’ (07)
/ ;H!;éj(ej_el) ( )
Z Hl;éj (9} o0 =0. (81)

Also we have
EfQO[TSi]sz(x) A’ 2. (0%)dx (82)
N
- e anwf —n | &
Z ] (91 — / T (x)gx(67)dx (84)
I#]

. AT %) (85)

B =0 H[;sj(ej _91) N ol,....00

where A’ A(QO) is the ith divided difference of the function A.
ol,...,

Hence, it follows that S; e, i=1,...,k.
Apply Proposition 1 for S; to obtain the bound in Eq. (78) with M = <A1A(90), cee
0

;
Ak ,\(90)> . o
ol,...00

Remark 4 1t follows from Eq. (77) that other choices of functions S; are possible. For
example, one can choose first differences corresponding to k£ + 1 distinct points in ®.
When g = f, the bound so obtained is the one given by Kshirsagar (2000). See also
Koike (2002).

Now let us define

g (x,0)
f(x,0)

=1,...k (86)

i =

where g’ (x, 0) denotes the ith derivative of g(x, 6) with respect to 6.

Theorem 3 Let X be a random vector with pdf f (x, 6). Let g(x, 0) be a pdf satisfying
(18) and (19) with E¢,[T] = A(0). Assume that
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(a) g(x, 0) and the function A(0) are k-times differentiable for all x € A and
0 €. (87)

(b)  Var £,(Si) > 0, and the covariance matrix X = (X;;) of the column vector
S =(S1,..., ST is non-singular. (88)

(©)  Derivatives of functions of 6 expressed as integrals with respect to g(x, 6)

can be obtained by differentiating under the integral sign. (89)
Then for T (X) € Cy, the variance of T satisfies
Var, (T (X)) > MTE"'M (90)

where M = (A1 (0), ..., \X(0)T, AL(0) is the ith derivative of A, i =1, ..., k.

Proof Note that Ef,[S;] = O and Ef[TS;] = A (0), wherei = 1,..., k. Hence,
S; € ¥ from the given assumptions and now apply Proposition 1 for S; to obtain the
bound in Eq. (90) with M = (A1 (0), ..., Ak@)T. O

Remark 5 Assuming appropriate regularity conditions and considering the limiting
case of the bounds in Theorem 2, a bound possibly better than the bound in Eq. (90)
results. For the case g = f, Koike (2002) gives an example to show that the bound
(obtained by these limiting arguments) is indeed sharper.

Remark6 When g = f,Eq.(78) reduces to the Bhattacharyya bounds of order £ given
by Fraser and Guttman (1952), and for £ = 1, it gives the Hammersley—Chapman—
Robbins bound. When £ = 1, Eq. (90) reduces to the Naudts’s generalized Cramer—
Rao bound, and when g = f, it reduces to the classical Bhattacharyya bounds of order
k in regular case.

4.2 Multiparameter case

Let X ~ f(x,0), where = (01,...,0,)T € ® C RP. Let T (X) be an unbiased
estimator of a real-valued function ¢(6) of 8. Let g(x, 8) be a density function param-
eterized by 6 satisfying Assumptions (18) and (19). Let the expectation of T (X) with
respect to g(x, 6) is A(0), a real-valued function of 6, i.e., Eg (T) = 1(0).

Let k > 1 be an integer. Leti = (i1,...,ip) such thati; > 0,0 < iy +---+
ip < k. Assume that the density function g(x, 8) and function A(f) have all partial

derivatives with respect to 6y, . .., 8, of order up to k, and kth-order partial derivatives
are continuous. Define

, il
i c .
0 == —89il...89iﬂ where |1 [:=1i1+...+1ip. 91
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Define functions

S ] . gy - i
YT g8 D @ =00, 92)

We have the following theorem.

Theorem 4 For T (X) € Cy, the variance of T satisfies

Var, (T(X)) = MTE 7' (O)M (93)

where X is the covariance matrix of the columnvector S = (S D) containing all possible
Stand M = (\(0)) is a column vector containing all possible 11 (0).

Proof Note that

Ej(Sh = /aig(x, 9)dx =0 (94)

Covy, (T, S = /T(x) dlg(x,0) dv = A1(6). (95)

Hence, for all i, we have ST € ¥. Now apply Proposition 1 for S' € ¥ to obtain the
bound. O

Remark7 1f | i |= 1, the bound in Eq.(93) reduces to Naudts’s bound in vector
parameter.

Note 1 If the density g(x, 6) is not regular, we can obtain an information inequality

by replacing the partial derivatives by the corresponding divided difference formula.
This is done as follows.
Consider a scalar function 2(0) of 6 = (61, ..., 6,). Let k > 1 be an integer. Let

us consider k 4 1 nodes of 6 say, QO = (90, R 90), e, Qk = (Hk, el 0;). Define

0" =@OF.....0/"" o0, (96)
1

Define the first divided difference of /4 as

1©") — h(9")

vy i
A = g “

wherev =0,....k—1,j=1,i=1,...,p.
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In general, for j > 2, define jth divided difference of & as

Aj—l h(Qv-i-l)_ Aj—l h(QV)

) 642,60 or+l, e !
Al h@Y) = A ... A RO = o
H[UHW-,@,-Vﬂ el_v+/ el_v+1 91‘ J _ eiv
wherev=0...k—j; j=1,...,k;i=1,...,p. (98)

In many cases, one may be interested in estimating a vector-valued function @ (9) of
0.LetT = (Ty,...,T,)T be an unbiased estimator of @ (@) = (¢1(0), ..., - O)T,
where » < p. That is EfQ(T,-) = ¢i(#),i = 1,...,r. Let us consider S =

(S1,...,8u)T, where functions S; € ¥,i = 1, ..., m. Let us assume that the covari-
ance matrix X of (r + m) x 1 vector (T, S) is positive definite. We have
21 2rs
Y= 99
|:EST s ©9)

where X7 is the covariance matrix of  x 1 vector T, X is the covariance matrix of
m x 1 vector S and Xts is the covariance matrix between T and S. If the covariance
matrix X is invertible, the Shur complement of Xs in X' is given by X7 — J1s X 1 XsT.
Itis easy to see that X1 — Zrs X ' oris positive definite since X is positive definite.
This can be written as

Zr— ZrsZ ! Der >~ 0. (100)
Equivalently, one can write
It > s ¥ Tt (101)

which means that X1 — Y75 X ! XYt is positive definite.
The above inequality can be interpreted as follows. Consider a linear estimator «TT
which is unbiased for «T® (6). Then

Varfe(ozTT) > aTJ(O)a, (102)

where J (0) = ZrsX¢ ' Zsr.
If X1 = J (@), then variance of « T T attains this bound. Thatis, «TT is the minimum
variance unbiased estimator for «T @ (6) for any «.

Remark 8 An information bound provides insight into the statistical model as it shows
that the error in estimation cannot be made arbitrarily small. It is of interest, therefore,
to know whether a bound is sharp. The presence of a complete sufficient statistic is
useful in this context. Conversely, if a bound is sharp, the uniform minimum variance
unbiased estimator (UMVUE) is automatically identified. This fact may be useful

@ Springer



1254 K. V. Harsha, A. Subramanyam

even when a complete sufficient statistic exists. This is so because the Lehmann—
Scheffe theorem gives only the existence of the UMVUE. Attainment of a bound
is also relevant in the geometric interpretation of a statistical model as discussed in
Sect. 5.

5 Discussions

In Proposition 5.2, Naudts (2004), it is shown that if g is a deformed exponential
family with a statistic 7', then there exists an escort family f such that the variance
of T attains the Naudts’s bound. Considering this from a statistical perspective, let
f be the original model and assume that there exists a deformed exponential family
S ={g(x;0) |6 € ® C R} with a canonical statistic T given by

gx;0) =Z(OT (x) —¢(0)) or F(g(x;0)) =0T (x)—¢(0) (103)

where F : (0, c0) —> R is a smooth function satisfying F'(x) > 0 and F"(x) < 0,
Z is the inverse function of F and ¢ (0) is chosen such that g is a probability density
function.

Then assume that f is the F-escort distribution of g defined by

1 1
)= ——; hp(d) = ——dx. 104
Te0 = monre @ / e on™ (109

Then it is easy to see that T is an unbiased estimator of the expectation parameter
n = E,(T) and the variance of T attains the Naudts’s bound.

For the geometric interpretation, we first observe that if g is an exponential family,
then the original model f is equal to g. Then the estimator T is an unbiased estimator
of the expectation parameter, and its variance attains the Cramer—Rao lower bound.
The exponential family has a dually flat structure. The expectation parameter is the
dual coordinate in the dually flat «-geometry by Amari (1985) with « = 1. When g is
a deformed exponential family with dually flat x -geometric structure, then E s, (T') is
the dual coordinate (refer Amari et al. 2012; Harsha and Subrahamanian Moosath 2015
for more details). As observed above, T is an unbiased estimator for £z, (T') and its
variance attains the Naudts’s lower bound. In the context of statistical inference, the x -
geometry of the deformed exponential family seems to provide a useful generalization
of 1-geometry of an exponential family. It would be an interesting problem to construct
adifferential geometric framework for the parameter estimation problem in a deformed
exponential family.
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Appendix

Lemma 1 Let X be a random variable with pdf
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1 2

F,0) =N(©0,6%) = ——e?, xeR and 6 > 0. (105)
V2mo
Consider a pdf
1 3007 =2
g(X,9)=m9 Z+m e»?  x el (106)

Then the family {gg | 0 > 0} satisfies Assumptions (18) and (19).

Proof Since supp(gg) = supp(fy), Pg, is absolutely continuous with respect to Py,
for all & € ®. Hence, {gp | 6 > 0} satisfies Assumption (18).
To show Uy C U, let U(X) € Uy. Then we have forall 6 € @,

E;U) = / U(t) exp(—t%/26%) dt = 0. (107)
’ xeR
By differentiating (107) both sides with respect to 8, we get
/ U(t) t* exp(—t2/26%) dr = 0. (108)
xeR

Now from Eqgs. (107) and (108), it follows that

3

E,, (U =—/ U(r) exp(—t2/20%) dr (109)
5 (U) W (1) exp(—t~/
3 2 2 /72

+—— U(t) t= exp(—t-/26°) dt 110
442763 [(GR (017 exp(r/200 o)
= 0. (111)
Hence, {gg | & > 0} satisfies Assumption (19). m|
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