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Abstract

This work is devoted to the problem of estimation of the localization of Poisson source.
The observations are inhomogeneous Poisson processes registered by more than three
detectors on the plane. We study the behavior of the Bayes estimators in the asymptotic
of large intensities. It is supposed that the intensity functions of the signals arriving in
the detectors have cusp-type singularity. We show the consistency, limit distributions,
the convergence of moments and asymptotic efficiency of these estimators.

Keywords Inhomogeneous Poisson process - Poisson source - Sensors - Bayes
estimators - Cusp-type singularity

1 Introduction

Suppose that we have k > 3 detectors at the points D, j = 1, ..., k with the coordi-
nates tt; = (xj, yj) ,j =1,...,k on the plane and a source of emission of Poisson
signals at the point Dy with coordinates ¥g = (xp, yg). We consider the problem of
estimation of the position ¥y = (xg, yo) by the observations X = (X1, ..., Xy) of
independent Poisson signals X ; = (X j(@®,0=<t= T) received by detectors (see
Knoll 2010).

An example of such model is given in Fig. 1.
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Fig. 1 Model of observations

This is our second work devoted to this problem of identification of localization of
the source (see the Introduction of Farinetto et al. (2018), where we give the review
of the engineering literature on this subject).

The intensity function A ; , (%o, ¢) of the Poisson process received by the j-th detec-
tor taken in this work, in Chernoyarov and Kutoyants (2019) and in Farinetto et al.
(2018), is of the form

Ljn (B0, t) =npj(t — 7)) Mjyory + ko, 0<t=<T. (1)

Here, t; = 7; () is the instant of arrival of the Poisson signal at the j-th detector,
which is calculated by the formula 7; (¥9) = p1 || v — o \, where v > 0 is the
known rate of propagation of the signal and ||-|| is Euclidean norm on the plane. The
Poisson signals are received in the presence of Poisson noise of the intensity nig > 0.
We suppose that 1 is known because, as usual, the level of noise can be estimated
with much higher precision before the experiment and the contribution of the error
of its estimation can be negligible with respect to the other errors of estimation. We
discuss in the last section the possibility of the joint estimation of ¢ and A¢. Therefore,
we have observations of k independent Poisson processes of intensity functions (1)
and have to estimate the position ¥ of the source. The exact calculation of the error of
estimation Ey || ¥ —99||? (9 is some estimator) in this essentially nonlinear statistical
problem is a very difficult problem. Moreover, the most interesting are the situations
where the errors of estimation are small. To obtain small errors and have possibility
to calculate it, we have to consider one or another type of asymptotics. That is why
we introduce the large parameter n in the intensity function (1) and study the errors
of estimation in the asymptotics n — oo. This means that the signal and noise are
sufficiently large and the estimators ¥ = 1, take values not too far from the true
value: Ey, || D — 901> = o (1). Recall that the similar mathematical model can be used
in the problem of GPS localization on the plane. In this case, we have k emitters of
the Poisson signals and an object which receives these signals. The positions of the
emitters are known and the problem is in the estimation of the position of the object by
the observations of the signals. The intensity functions of the received Poisson signals
depend on the distance between the emitters and the object and the receiver has to
define its position by these observations (see, e.g., Luo 2013).

The goal of Chernoyarov and Kutoyants (2019), Farinetto et al. (2018) and of this
work is to evaluate the error Ey, |9 — ¥ol|%, where 9, is the Bayes estimator (BE)
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Poisson source localization on the plane: cusp case 1139

with the quadratic loss function. The difference between these three works is in the
conditions of regularity of the functions A ; (-) and as a consequence of it, the rates of
convergence of the errors are different.

Let us remind this class of models and errors of estimation with the help of the
Poisson process with intensity function

K

t
A (0,1) =21

Myo<r—p<sy +2nlysyysy+n, 0<t<T.

Here, the unknown parameter ¢ is one-dimensional, ¢ € (o, ) C [0, T]. Choosing
the different values of «, we obtain statistical problems of different regularity. The
examples of such intensities are given in Fig. 2, where we putn = 1.

The cases (a) and (b) correspond to the regular (smooth, LAN) case. In the case
(¢), we have cusp-type singularity. The case (d) corresponds to change-point model of
observations and the case (e) is explosion-type singularity. The rates of convergence
of errors in these cases are

(@) Eg, |9, — dol> ~ € (b) Eg, |9, — 00> ~ <

’ ninn’
(© Egyll9, — Dol> ~ —5—., (@) Ey, 10, — Dol ~ &,
B n2k+1
(€) Eg, 10, — dol> = —5
n 2K+
3 - 3/ I
2 | 2 |
5_
1 1 4<
3<
0 0
0 9 'T 0 v 'T
2<
(a) (b)
3/ 3/ 1
0
2 2 T
1 1 0 L T
1 1
(e)
0 0
0 ) 'T 0 v 'T
(c) (d)

<)

=

Il
ool —
[=7
=

Il

L
o

=

Il

|
ool

Fig.2 Intensity functions of different regularity: a k = %, bk = %
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For the case (a), see Kutoyants (1979); the case (b) was considered in Chernoyarov and
Kutoyants (2019); for the case (c¢), see Dachian (2003); for the case (d), see Kutoyants
(1984), while a situation similar to the case (e) was studied in Dachian (2011).

Our work is devoted to the problem of source localization in the situation close to
the case (¢) with « € (0, 1/2). As we explain below, this type of singularity can be an
alternative to the well-known change-point-type models with discontinuous intensity
functions.

We have to note that the study of MLE and BE in all these cases was done with
the help of some general results developed in Ibragimov and Khasminskii (1981) con-
cerning behavior of estimators. Their method is based on the study of the normalized
likelihood ratio random fields, which we remind below in the next section.

We have k independent observations of inhomogeneous Poisson processes X" =
(X1, ..., Xy) with intensities (1) depending on 7; (%). We suppose that the position
of the source ¥y € ® is unknown and we have to estimate 9 by the observations X".
Here, ® C R? is a convex bounded and open set.

It seems that the mathematical study of this class of models was not yet sufficiently
developed. The statistical models of inhomogeneous Poisson process with intensity
functions having discontinuities along some curves depending on unknown parameters
were considered in Sections 5.2 and 5.3 of Kutoyants (1998). Statistical inference for
point processes can be found, for example, in Karr (1991), in Snyder and Miller (1991)
and in Streit (2010). Our interest to this class of models has the following motivation.
There are two large classes of models: regular, where the characteristics of the models
are sufficiently smooth with respect to unknown parameter and change-point-type
models, where the functions describing the models are discontinuous. The properties
of estimators and especially the rate of convergence in these two classes are essentially
different. If we consider the problem of detection by a physical device (detector) of the
time of positive signals arriving, then the data have strongly increasing at the moment of
signal arriving characteristic function. The electrical current of the detector according
to physical law cannot have jumps and the pure jump model does not fit to the real data.
One way to describe such data can be cusp-type models. Therefore, the statistical study
of such models corresponds well to certain real data. What happens if the continuous or
change-point-type models used in the situations, where the true signal is of cusp-type
were described in Kutoyants (2017) and in Chernoyarov et al. (2018). That is why
by our mind, the cusp-type models have to be studied as much as the change-point
models. For diffusion processes, such models were studied in Dachian and Kutoyants
(2003) and in Kutoyants (2019).

Let us recall the definitions of the MLE and BE. The functions 1 ; (-) are bounded
and the constant A9 > 0; therefore, the measures induced by the processes X ; in
the space of their realizations are equivalent (see Liptser and Shiryayev 2001). The
likelihood ratio function L (¥, X") is

; ! wi(t—1)) (7
1nL(19,X)=Z/ In(1+=2—2 dxj(z)—nZ[ wi (e — ;) dr.
Tj j=17Ti
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Poisson source localization on the plane: cusp case 1141

Of course, 7; = t; (¢) and the observations X" = (X1,..., Xy), where X;’ =

(Xj t),0<t< T) ,j = 1,...,k are counting processes from k detectors. The
intensity functions w; (-) is given below in (5).

The maximum likelihood estimator (MLE) B, and Bayesian estimator (BE) O, for
the quadratic loss function are defined by the “usual” relations

L (én, X") = sup L (9, X") )
Ved

and

- JoPP L@ X"
" o p@ L@ XMdY

3)

Here, p (¢) , 0 € © is the prior density. We suppose that it is positive, continuous
function on ®. In this work, we study the BE only. We do not describe here the behavior
of the maximum likelihood estimator (MLE) ? for two reasons. First, this estimator is
not asymptotically efficient and second, its study requires additional technical lemma
which we suppose to prove later. We give some details in the section Discussion below.

2 Main result

Suppose that there exists a source of Poisson signals at some point 99 = (xo, yo) €
® C R? and k > 3 sensors (detectors) on the same plane located at the points
v = (xj, y j) ,j =1,..., k. The source was activated at the (known) instant t = 0
and the signals from the source (independent inhomogeneous Poisson processes) are
registered by all k detectors. The signal arrives at the j-th detector at the instant 7;. Of
course, T; = 7, (¥o) is the time necessary for the signal to arrive in the j-th detector
defined by the relation

7j (Do) = p! ”17]‘ — Yo

’

where v > 0 is the known speed of propagation of the signal and ||-|| is the Euclidean
norm (distance) in R?.

The intensity function of the Poisson process X 7 = (X j(@®,0=<t= T) registered
by the j-th detector is

Ajn (Do, 1) =nS; (t —1j Vo)) +nro, 0=<t=<T, 4)

where nS; (t — 7 (o)) is the intensity function of the signal and n > 0 is intensity
of the noise. We suppose that the function S; (-) of the signal can be presented as
follows:

t—r1i ¢

Sj(t—7j) =2 (t—1) ‘ Mo —rj<s) T 25 (0 = 7)) Upy_gjngy. (5)
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1142 0. V. Chernoyarov et al.

Here, 6 > 0 is some known (small) parameter. This work is devoted to the problem
of parameter estimation in the model with cusp-type singularity. This singularity is
provided by the choice of the parameter « € (0, 1/2). Recall that we consider cusp-
type models as smoothed version of the change-point models.

The log-likelihood ratio formula in our case is

l—‘Ej

n Ti+8 At —1; K
InL (79, Xl‘l) — j;/ J In (1 + J (t tj) ) dX] ([)
j=1"Ti A0 8

n T )L(t_f)
+ {1+ =212 )ax,; @
Z/rj+5n< A0 ) i @)

j=1
T;+6 K T

_n/'/ Aj(t—rj)’t 8?/ dt—n/ Aj(t—1j)dr,
T Tj+d

J

where for simplicity of expression, we omitted in 7; (¢) the dependence on .

Introduce the notations: ¢, = n_ﬁ andfor j =1,...,k
7j (90 + vgutt) = 7 (90) = ga(m . ) + ]2 O (7)),
Xj—X0 Yj— yo)
mp=(~—=.2—2).  p; =9 -
j= (AR ),
a; = inf 7; (¥), Bj = sup 1; (?), sz[aj,ﬂj]. (6)
ve® ed

o mil =1

Conditions €.

1. The set © is open, convex, bounded and such that 0 < o; < B; < T for all
Cjﬁ; Yl“i’zeie ’eljc'ists e > 0 such that Hﬂj — 1 H > ¢ for all ¥g € © and for all
‘jK:Tll;é };}z’rl;ﬁerers k€ (0,1)ands € (0, 7).

©4. The functions %j (t) > 0 have continuous derivatives )Jj () for all j =
(25'. Theie are at least three detectors which are not on the same line.

By the condition 4>, we have min; p; > 0. This condition is quite restrictive
because if we take as ® the region including ¥y and all ##;, we have to suppose that
there exists ¢ > 0 such that the disks C; = {99 : |#; — 99| < &} are excluded
from @, but in this case, the set @ is no more convex. Note that it is possible to
modify the proof in such a way that the consistency and convergence to the limit
distribution are uniform on compacts K C & which do not include the positions of
the detectors ;. Another point, when we do the re-normalization 9 = ¥y +vg,u with
uelU, ={u:9 +vp,u € @}, we have to exclude the values # which correspond to
v € C;. To avoid such problems, we extend the normalized likelihood ratio random
field to include these values u, but the true value vy is always separated from ;.
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Poisson source localization on the plane: cusp case 1143

Introduce the notations: A; = A; (0),

)\’A
sz{u:(mj,u)<0}, qu{u:(mj,u)zO}, Y= U
/ LSV
2
Jj(w) =17 _ (u) H{MeB/_} +Jj+ W) H[uij}’ ueR,
*° K
Ji— ()= yjfo [|s + (mj,u) Wiso ) — |s|K] dw; (s),
*° K
Jj+ )= ij [|s + (mj, )| = s W=y ] dW; (),
—{m,u)
2
Rj(u)= Rj),]l{uij} + Rj‘Jr]I{MEIB;}, ueR,
o 2
Rjy,:yjz/() [|S—1|K II{S>1}—|S|K] ds
o 2
R+ = y%/l [|S + 1 = Is]¢ ]I{s>()}] ds.
Here, W; (-), j = 1, ..., k are independent Wiener processes. The limit likelihood

ratio field is

k

j’u>|2x+l ,
Z (u) = exp Z J; (u) — ij(u) . ueR.

Note that this is a product of k independent random fields

k |(mj, u>‘2k+l
Z(u):HZj(u), Z; (u) = exp Jj(u)—ij(u) .

Introduce as well the random vector Z’, which has the same distribution as the limit of
the normalized BE

Jr2uZ (u)du
=y
Jr2 Z (u) du

LN

Remark that if all detectors are on the same line, then the consistent identification
is impossible because the same signals come from the symmetric with respect to this
line possible locations of the source.

We have the following minimax lower bound on the mean square errors of all
estimators ,,: Let the conditions C be fulfilled; then, for any 9 € ©

lim lim  sup nﬁEﬁ 190 — 17”2 = Ey, ngz

80 n—00 |9y <8
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1144 0. V. Chernoyarov et al.

For proof see, for example, Theorem 2.12.1 of Ibragimov and Khasminskii (1981).
The simple explication of the construction of such bounds can be given as follows. Let
us introduce a prior density ps (¢) on the set ®s = {9 : |9 — 99| < 8} and denote
55, » the corresponding Bayes estimators. Suppose as well that we have the uniform
convergence of the second moments of this estimator. Then for any estimator ©,,, we
can write

2 - 2 2 - 2
sup  n3TEy |5, — 9| zn/ Ey [, — o[ ps (9) v
[0 —doll<é O

2 ~ ~ ~
> n*fo Ej 95, — 917ps (9)d0 — | EgllZ)*ps (9) d9 —> EplIZ ||
s

Os

as n — oo and then § — 0.

The numerical calculations of the limit variances of MLE and BE for the cusp-type
models can be found in Kordzakhia et al. (2018) and in Dachian et al. (2018).

We call the estimator %, asymptotically efficient, if for all %9 € @, we have the
equality

o 2 - 2 ~
lim lim  sup a%FEy |9, — 0| = Eg 12117,
8=>0m=00 19 —po| <5

Theorem 1 Let the conditions C be fulfilled; then, the BE 9, is uniformly consistent,
converges in distribution

n#—%—l <7§n - 190) - Ey
forany p >0

p
. pran) <
Jim_ n T Ep, 19, — 90ll” = Ey,

~||P
e[
and BE is asymptotically efficient.

Proof The properties of estimators mentioned in this theorem will be verified with
the help of the approach developed in Ibragimov and Khasminskii (1981). Let us note
that we already used a similar method in Chernoyarov and Kutoyants (2019) and in
Farinetto et al. (2018). For the convenience of understanding, we remind it here once
more. Introduce the normalized likelihood ratio random field

L (9o + veuu, X")

Zy (u) = L G0, X ., uelU,={u: % +vouc®)

L
where the normalizing function ¢, = n™ 2+T.

Suppose that we already proved the convergence
Zn ()= Z().
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Poisson source localization on the plane: cusp case 1145

Then, the limit distribution of the BE can be obtained as follows (see Ibragimov and
Khasminskii 1981). Below, we change the variables ¥ = 9, = 99 + vo,u.

- Jo0p @ L©O.X")do Ju, up 0) L (0, X") du

T [Lp@OL®, X" 0+ Ve P ©) L By, X") du
e U,

flUn up (0y) Zn (u) du

= 19 + n )
O D 6) Zn ) du
Hence,
< 0.) Zy d )
%—1 <ﬁn_ﬂ0):vfu,up( )Z, (u)du vazuZ(u)duzg.
fU,, P (914) Zn (M) du fRz 7 (M) du

Recall that p (6,) — p (¥9) > 0.

The properties of Z,, (1) required in Theorem 1.10.2 of Ibragimov and Khasminskii
(1981) are checked in three lemmas below. Remind that this approach to the study of
the properties of these estimators was applied in Kutoyants (1979, 1998). Here, we
use some there obtained inequalities. O

Lemma 1 Let the conditions € be fulfilled; then, the finite-dimensional distributions
of the random field Z, (u) ,u € U, converge to the finite-dimensional distributions
of the limit random field Z (u) , u € R?* and this convergence is uniform on compacts

Keo.

Proof Let us denote dr; , (1) = dX; (t) —n [S; (t — 7 (90)) + Ao] df and put ¥, =
Yo + veuu, T; = t; (¥9). Then, we can write

— 7 (W ))+)¥0 '
InZ, (u) = Z/ < Z—T])-i-)» )dﬂj,n(t)
_ t_":j(19 ))+)\O
nZ/ [ Si(t—1j)+*o

(L) ) e

Sj(t=1j) + 20

k T k T
=Z/0 Fj(t,9,)dm;, (t)—nZ/O Gj(t,9,)dt
j=1 j=1

with obvious notation.
Letu € B;. Then, t; (¢#,) > t;. Following the same arguments as those given in
Dachian (2003), we obtain the asymptotic (n — o0) relations:
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1146 0. V. Chernoyarov et al.

T ‘[/'-‘rts
Jjn () = /0 Fj@t,9y)dmjn (1) = / Fj@t,9y)dmj, (1) (1+0(1)

Tj
T Tj+8
1j,n(u)=n/ Gj(t,ﬁu)dtzn/ Gj(t,9,)dr (1+0(1)).
0 T;

Fort € [1j,Tj — gn(mj, u)] as ¢, — 0, we obtain the expansions

At —Ti(0) =2 0) + (t — (%)) 2i0) (T4+o0 1) =2 +o(1)
3 = T3 0)) = Ayl = 7))+ gulm w06 = 7)) + 0 (92l
t—1; (Uy «

8

=8

K
t—tj+ou(mj,u)+ 0 (fpf,)

=4§" |t -1 +g0n(mj,u)|'( + 0 (go,%)

Here, we used the inequality |a 4+ b|“ < |a|* + |b|*.
Further, for t; <t < t; — ¢,(m;, u) and ||u|| < L for any L >, we can write

ln(s,»(z—zj (m,))+,\o) . 20
= —
Sj(t=1j) +20 At —1) | S5L] + o
t—‘L'j K
=—1In 1+ —_— (14 O (¢n))
0
)\.j t—1j ( 5
4 1 0( K))
o 3 + @y
Fort € [tj — @n(mj, u), §], the similar relations are
A (O I_Tj(ﬂu) K A
| (S(t—r,-(z? ))+,\0> | j (=7 @) |—5| +2o
n = —
St =)+ 2o 1 (=) |52+ 0
1= (D) |© 1—7; ¢
At =1 @) | =5 =4 (t—1) |
_r. K
)»j(t—'l.’j) r(srj + Ag
_ A=) [t—fj"‘%(mﬁ”)l(_t_rfk}(l—i-O((pgk)).
S(I—Tj)+)»0 8

Therefore, (below 7; , = Tj — @u(m, u))
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Poisson source localization on the plane: cusp case 1147
2 T 2
El?() (Jj,n (Lt)) = / Fj (@, %) )\j,n (Do, 1) dt
0
)\3” Tju  — -L'j 2k
= — —| dt4+o(1)
) 7 1)
2 2
+/8 naj (t = 1)) [ t=titen(mj )< |t—7; K} dr
2
Tju [S (t — ‘L'j) + )»()] 8 8
A2n —(mj.u)
_ J 2k+1 ’ 2k
= Wgﬂn /O |S| dS+0(l)
n T sen) )
2ic+1 on j%n K Kk
+ -0 / — |5+ (m;,u)| —|s|*| ds
52/{ n —(m ) S] (S(pn) +)‘*0 [| J | ]
1
2k+1
=} ([P
0
87
2u+1 [ Tmju)en 2
+y7|(mjw)|™ /1 T o = 1 = €] dv 4+ 0 (1)
8—1'/-
241 [ Tmjuden 2
:yj2|<mj,u)| * / T v = 1F sy — wf] dv + o (D)
0
2k+1
=7 [mp )| ™ Ry +0 (D),
where we changed the variables t = t; + s, and s = —v(m;, u). Recall that
ng¥+! = 1 and y/? = A%Aglé’z". Note that for any L > 0, we have uniform
convergence ' '
2
Mg A
sup -_— — 0
—mjuy<s<L |Sj (S@n) + Ao Ao

and the corresponding integral above is converging.
Hence for u € B_, we obtain the following limit

571/-

~ Tmu)en
R,,:/ e [lv—1/ H{vzl}—|v|’(]2dv
0

o0 2
— [ D= 1 gy — o P o = R
0

These arguments allow us to write the representation

(Sf'rj
$n

Jin ) = yjfo [|s + m o) [ Mo ) — |s|K] dW; , () +o(l).
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1148 0. V. Chernoyarov et al.

Here,

1
Win(s)= an
n

Tj+S¢n
|:Xj (tj +s¢n) — X (Tj)_/r Xjn (z?o,v)dv:| ,

J

) n Tj+S¢n
Ep,Win ()" = / Ajn (o, v)dv=s+0(1),
AONYp 7

Ep,Win(s) =0, Ep,W;,n (1) Wjn(s2)=s1As2+0(1).

The standard central limit theorem provides us the corresponding convergence of
stochastic integrals. Forany uy, ..., uy € B, we have the joint asymptotic normality
of the stochastic integrals

Vi = (Ljon @)oo o Gan)) == ¥y = (45 @) d an),

where
* K
sy =y [ [l ol Mgy = 1w 0.
o .
Moreover, the similar arguments give us the convergence
Yns(Yl,n,...,Yk,n)zwz(Yl,...,Yk). %)

Consider now the values u € IB%j.. Then, 7; (¥,) =< t; (¥o) or asymptotically

T (Do) — @n(mj, u) + O (go%) < 7 (¥o). The similar arguments allow us to ver-
ify the convergence (7) with the limit process

Jj(u) = yj/ [|s 4+ (mj, )| Ws<op + [|s + (mj. u)|* — [s|]] dW (s).

—(m,u)

Therefore, we have the convergence of finite-dimensional distributions of the
stochastic integrals.

For the ordinary integral /; , (1), we have the similar representation (. € B, G ; ;, =
G;(t,u))

] ’

7j Tj(ﬂu) rj+6
Ij,n(u)zn'/ Gj,,dt—i—n/ Gj,tdt—l—n/ Gj,dt
0 T Tj(ﬂu)

T (045 T
+n/ Gj,fdt-i-n‘/ Gj,fd[
Tj+6 7 (%y)+4

7 (%) Tj+8 T (90)+8
:n/ Gj,,dt—}—n/ Gj,,dt—i—n/‘ Gj,dt+o(1).
Tj Tj () Tj +5

@ Springer



Poisson source localization on the plane: cusp case 1149

Fort € [0, 7;], wehave G (,u) = O and for r € [7; + 8, T ], the function G ; (¢, u)
has continuous bounded derivative and we can write

T
n/ Gj,dt §Cng05 ||u||2:0(l).
Tj(ﬂu)""s

Consider the case ¢t € [rj, T; (ﬁu)]. Using expansion In (1 + x) = x — % + 0 (x3),
we can write

)Lj,n(ﬂuat) _1_1n<)\j,n(79uat))_ AQ

. . - TS
Ajn (Do, 1) Ajn (Do, 1) Aj (l‘ _ ‘L’j) ! 5’./ + 2

2
Ao A5 2%
—1—1In . = lt—; " (1+0(1).
7 2 J
M=) |52 420 ) 2R

Fort € [tj (94) . Tj + 8], we have

— K

i @)y <M,n (ﬁu,n) 2 (6= ) | Z522 1 4,
Mm@ - K

)\.j,n (Do, 1) )»j,n (Do, 1) )&j (I—Tj) ,_T.Ej o

—_T K
hj (0 =17 00) | =522 4 g
—1—1In —
M (=) |52+ 20
2

K )\ 2
zzngszx(|f‘ff<ﬁu>| =) a+ow.

These relations allow us to write

naZ 7 (90) o
Ij',n = _12/{ / |[—Tj|
2A06 7

na2 Tj+d ) 5
+ / (z—r»(ﬁ)“—r—r- K)dt—i—o(l)
20087 J;0.) o=z @l o=l

_n(p’%’(+1)¥2' /—( jou) |S|2de
T 2x08%¢ Jo

nAZ(p%K—H

€0n 2
L (st e

(mj,u
2K+1

2
_ )”J {mj,u | 2 s
o 20 aZK
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+ [ —
2A082¢

T (ﬁu)ﬁﬂn 2
/ (|U—1|"—|v|") ds +o (1)
1
2

- = /O [|s| « H{S<_<m,.,u>}+( |s + (mj, u)|[* — |s|”) H{p_(mj,m}} ds.
Note that all convergences mentioned above are uniform on compacts K C ®. O

Lemma 2 Let the conditions 6> be fulfilled, then there exists a constant C > 0, which
does not depend on n such that for any R > 0

2

1 1
sup  sup  lug —ual TV By, |Z7 (1) — Z7 (u2)| < C (1+R).

D0€O |lupll+lluzll<R

Proof We have the estimate (see, e.g., Kutoyants 1998)

T é/{f [\/x‘,,n (B 1) =\ 2pn (9 t)Tdt

_ I[85 (r =75 (9u,)) = Sj (1 = 7 (%))]2
gfo [\//\,n Dy 1) +\/A,n (D, 1 ] !

2 [ 150 0u) 5 5 T

1 1
Ey, |Zi (u1) — Zy (u2)

t

~

IA
“I

where we used the estimate A , (¥, t) > nig. Suppose that 7;(¥,,) < 7;(¢,,) and
denote A, = /n[S; (t — 7j (9u,)) — Sj (t — 7j (V)] Then,

T 7j (Du, ) Tj (19,,2) T
/ A = / A2dr + / At + / A2dr
0 0 ) 7 (D)

7 (Du,) T
J 2 2 2
:/ 4m+/ Ajdre.
‘[j(l?ul) Tj(ﬂuz)

Remark that the function A, = 0 on the interval [0, 7;(9,)] and A; = nS; (D, 1)
on the interval [rj (Puy), 75 (19”2)]. Therefore,

t— (0, [*

Tj(ﬂuz) ‘[1'(19“2)
/ A2dt = n/ Mt =7 @)’ dt
Tj(l?ul) Tj(ﬂul) 8
T (0us) e 2K . R 2k+1
< Cn/ ) — T () dt <Cn Tj(Duy) — T (D))
) 8 8

< Cng* M luy — ug > = C flug — uy L.
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Further,

T 7 (9uy)+8 T (uy) 48 T
2 2 2 2
/ A,dr:/ A,dt+[ A,dt+/ Arde. (8)
T (Duy) i (Duy) 7 (Duy )48 7j(Duy)+8

Using the estimate
. , . , 2 2 2
[ (£ = 7 @) = 2 (1 = 7 @) | = Coylluz — |
we obtain for the first integral

Tj(l?ul)+5 5 Tj(ﬁul)‘i"s
/ Ardr = n/ |:)»j (t —1;(%u,))
T T

j(ﬁuz) j(ﬁuz)
2
t— 1 () K] dr
Tj(ﬂul)"l‘a

K

t— 'L’j(l?uz)
8

=hj (= 7))

8

[t = 1 @] = |t — 7, )| ] dr

K2
:|ds

< Cng? luz — uy|)? +Cn/
7 (Puy)
<Col Nug — uy|I?

T (Duy )*Tj (Dup)+8
$n

s Tj(l?ul) - T](ﬁuz)
Pn

Is| —

+Cn¢3”+1/
0

1-2 2 2k+1
<Co, “lluy —utll” + C lluz — uy| S

where we used the relations

Tj(ﬁul) - Tj(l?uz) +
Pn

/0 (11 = |s — ., w1 — ua) [P ds

o0
K12
< ||u2—u1||2k“f [0l = v = (). )| T dv < € s — g |2+
0

2
(mj,ur) — (mj,uz)| < Copluz —urll”,

Here, we sets = v ||lup — uy|| and e = |lup — ulll’1 (ur —uy).
As on the interval [r i (Puy) + 6, T], the function S (¢) has a bounded derivative
S’ (t), we can write

T
/ A2t < Cng? uz — w2 < € (14 R) fluz — uy |+
Tj(19142)+5

The other cases can be estimated by a similar way. O
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Lemma 3 Let the conditions € be fulfilled, then there exists a constant k > 0, which
does not depend on n such that

1 2
sup Ep,Z;7 (u) < el 9)
Yoe@

Proof Let us denote 6, = ¥y + vg,u and put

Zin )= {/Tl <—Aj’"(9”’t))dx~(t)
pn @ =e® 5 G0 )

T
—/0 [Ajon Ous 1) = Ajn (B0, )] dt} .

By Lemma 2.2 of Kutoyants (1998), we can write

1 1 T 2
Es 2}, (u):exp{—E/(; (V35 @ = iy @0, 1) dt}.

Hence,

1 k 1
EpZi W) =[[Es 2}, )
j=1

R 2
— exp _EZ/O [\/,\j,n(eu,z)—\/x‘,,n (z?o,t)] al. o
=

First for simplicity of calculation, we write

T 2
/0 [\/)»j,n @, 1) = /2jn (%J)] dr

_ /T [hjon (3, 0) = hjon 90, D]
o[

dr
Sin @D+ i B0 D]

T
zcjn/O [Sj (l‘—‘fj (ﬂ))_Sj (t_fj)]zdt’ an

where ¢; = (@a)~ ' > 0and Ay = Ao + max;e7; S (). Therefore, it is sufficient
to study the integral

T
Iﬂm=£[%0—nwn—%0—MFw

:/TT [S; (t —7j ) = S; (1 — ;)] de.

1‘(19)/\1']'
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We evaluate these integrals on two sets A = { : || — ¥o| < h} and A°. Here,
h > 0is some small number. Recall that we denoted 7; = 1; (9).

Let ¥ € ANB, where B = {9 € A: 1; (9) > 1; (%0)}. Moreover, 7; () —
7j (¥9) < 4. Then,

;i () 2 Tj+d 2
1j (9) > / Si(t—t;)de +/ [Si(t—7 ) =S;(t—1;)] dr
‘L'j ‘L'j(ﬂ)

T (0)—1; ) Tt (@)+8 5
= / Sj(s)"ds +/ [Sj(s) -5 (s — Atj)] ds,
0 0

where A (t;) = t; — 7; (9). Further, (below 4,, = min;e7; 4; (1) > 0)

2k+1

) — () — 2
/‘T_/(ﬁ) 7| N (S)z (E)ZK ds > )"_51 T ()—7; S2de _ )‘m |'L'J (19) — Tj|
0 / 8 =82 Jo 82 (2% + 1)

Recall that

1 (0) — ;= (mj, 9 — Vo) + O (h2> = (mj.e) 9 — Vol + O (hz) ,

where the unit vector e = (% — 99) |® — P9l ~". Therefore,

2k+1
- )%1 (mj, e)‘

Z ey 1P~ Yol Aol = Bl

and we can take such / that
|2/c+1

7;(0)—1; 2% 22 lim e
/ by (s)2 (%) ds > m|</—>
0

7.9 _ 19 2K+1 .
2% 2+ 1) | ol

For the second integral, we have (8 = 7; — 7; (¥) +6 > 0)

/06* [S; ()= Sj (s — A ()] ds

1 8% 2
— 5 [ ot = = a () s - ()T as

p 6* K 2 2
—a% 5 [s“ = |s — A (rj)|“] ds = C |19 — Dol

3%
A2 [Ac)
> 62r:1( J [UK _ |U _ 1|K]2dUA (_L_j)ZKJrl _C ||29 _ 190”2
0
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2 ok
. 2»? [v* — v — 1|"]2dv|(m,, >|2K+1

—C |9 — Doll*,

”19 l? ||2K+1

where we used the relation A ; (s —A (rj)) = Aj(s)+ 0 (A (rj)) and set s =
vA (r j).
These estimates from below of the integral allow us to write

k k
2k+1
YL@ =y Y [my e[ 0 = 0ol = C 19— vol%.
- po
As k > 3, we have

Q)= Z|<m,, | inf 0 () =q1>0.

Indeed, if g1 = 0, then there exists a vector e, such that Q (e,) = 0 and this vector is
orthogonal to all m;, j = 1,..., k. Of course, this is impossible. Therefore, we can
take such sufficiently small % that for € A N B, we obtain the estimate

Z / (1= @) =S (t —7; @) de = y1 19 —0ol**' (12)

with some positive y;. For the other values of ¥ € A, we have the similar estimates.
Let us consider these integrals for the values ¥ € A°. According to (11), we have
to study the function

k

T
2
g = 1906() 9 — 00f”>h Z/o [Sj (=7 (@) = 8; (t = 77 ¥))]"dr

and show that g (h) > 0.
Suppose that g () = 0, then this implies that there exists at least one point 9* € &
such that ||[9* — 9|l > hand forall j =1, ..., k, we have

T
/o [8) (r =7 (97)) = S; (c = = o) dr = 0.
Let 7; (9*) > ;. Then forall 7 € |7}, T; (9*)], we have
(=)t =7l =0
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and fort € [t; (%), 7j + 4]

(0= 0 |t —7 (09 =2, (=) [t — "

Of course, we can have these two equalities if and only if 7; (#*) = t; (¥p) for all
J =1,..., k. Recall that A () are strictly positive functions. From the geometry of
the model, it follows that it is impossible to have two different points such that the
distances from these points and £ > 3 detectors coincide.

Therefore, for 9 € A€

k T
Z/o (S0 = @) = 8, =7 )] de = g ()
j=1

_ 2k+1
_ g1 =l

= e > 72 19 = Dol >, (13)

where D = supy, g,co 191 — all.
From estimates (12) and (13), it follows that if we put ¢ = ¥¢ + ve,u, then

k T 2

> [ [V @t = i @an | dr = yn o — a0l
: 0

j=1

— yv2K+] ||u||2K+1 .
This estimates and (10) proves (9).

The properties of the likelihood ratio field Z,, (-) established in Lemmas 1-3 are
sufficient conditions for Theorem 1.10.2 of Ibragimov and Khasminskii (1981). There-
fore, Theorem 1 is proved. O

3 Discussion

There are several problems which naturally arise for this model of observations. Note
that the properties of the MLE D, can be studied too. This requires a special modifi-
cation of Lemma 2 to verify the tightness of the corresponding family of measures. If
this modification is proved, then we obtain the convergence

T (19,,_190) =i, Z(i)= sup Z W)
ueR?

and convergence of moments.

If the position ¥y is known and we have to estimate unknown « € (0, 1/2), then we
have regular statistical experiment, and the MLE and BE are asymptotically normal
and asymptotically efficient with regular rate /7.

The joint estimation of 99 and « € (0, 1/2) is essentially much more difficult
problem because the rate of convergence of one estimator (¢}) depends on another
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unknown parameter «. The general method applied in this article does not work in
such cases.

For simplicity of the exposition, we supposed that the noise level in all detectors is
known and is the same. It is possible to consider the problem of the joint estimation
of ¥ and Xg. To do it, we have to add one variable else in the normalized likelihood
ratio process

L (190 + vpuu, Ao +n" v, X”)
L (9o, 20, X™)

Zy (u,v) = , uelU,, veV,

and verify the convergence of this random function to the limit random process

2

7w, v) =7 ) Zp (v), Zx(u)=exp{un—v7lk}, veR.

Here, Z (-) is the same random function as in Sect. 2, n is Gaussian random variable
independent of Z (-) and I, is the corresponding Fisher information. As aresult, we will
obtain the joint convergence of 9, (see Theorem 1) and /n (5»,, — )»o> =N (O, IA_I).

In this work, we supposed that the source starts emission at the instant ¢+ = 0. It is
interesting to consider the more general statement with unknown start of the emission.

The limit distribution of the BE is described in this work with the help of the
random field Z («) , u € R?* and it will be interesting to have some pictures obtained
by numerical simulations for the densities of Z. In one-dimensional models with cusp-
type singularity, such densities were numerically calculated in Kordzakhia et al. (2018).

Note that it is possible to construct a consistent estimator of ¥ in two steps as it
was proposed in Chernoyarov and Kutoyants (2019). First, we estimate X moments
T = (11, ..., T¢) of arriving signals in detectors, say, 71, - . ., Tk.n. Recall that

~ i B P .
é;:j,n:nz"Jrl (Tj,n_fj):>§j, j=1,...,k

where éi are independent random variables (see Dachian 2003). Hence, we have

szj,n = szjz + 2§0n‘5j§j,n + <P,%§,2,n = :0/2' + zvpjéj,nﬁon +0 (903) .

Then, we write the equations

2 2 ~ = .
(xj —xa‘) + (yj - y(")‘) = vztj,n = p12~ +2v0;&; nen + O ((p,%) , j=1,...,k,

and obtain the least squares estimator ¢, which is consistent and has the same rate of

convergence as the BE ¥, studied in this work. See details in Section 3 of Chernoyarov
and Kutoyants (2019).
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