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SUPPLEMENTARY MATERIAL ON
“DETECTING DEVIATIONS FROM SECOND-ORDER

STATIONARITY IN LOCALLY STATIONARY FUNCTIONAL
TIME SERIES”

Abstract. This supplementary material contains the additional proofs for the main
paper. In Appendix A, we provide the remaining proofs for the results in Sections 3.5
and 3.6. Proofs related to Section 4 are provided in Appendix B. Finally, some auxiliary
results are collected in Appendix C.

Appendix A. Proofs for Section 3.5 and 3.6

Proof of Proposition 3.11. By the definition of Xt,T , we can rewrite

UT (u, τ) = 1√
T

( buT c∑
t=1

Yt,T (τ)− u
T∑
t=1

Yt,T (τ)
)
− uT − buT c√

T
µ2(τ)

+ 1√
T

(
(1− u)bλT c1(λ ≤ u) + (buT c − ubλT c)1(λ > u)

){
µ1(τ)− µ2(τ)

}
. (A.1)

By Corollary 3.5,

1√
T

( buT c∑
t=1

Yt,T (τ)− u
T∑
t=1

Yt,T (τ)
)

converges to a centred Gaussian process G̃. In particular, the norm ‖·‖2,2 of the previous
display is Op(1). The norm of the second summand in (A.1) is of order O(T−1/2) and the
norm of the last summand diverges to infinity as T tends to infinity. Thus, ‖UT ‖2,2 →∞
in probability, and therefore the test statistic S(m)

T diverges to infinity in probability.
In the proof of Theorem 3.8, we have seen that ‖B̂(k)

T − B̃
(k)
T ‖2,3 = oP(1) as T → ∞

under the assumption of local stationarity, where B̃(k)
T is defined in (C.3). The same

result can be shown with similar arguments in the setting of a change point. Further,

B̃
(k)
T (u, τ)− uB̃(k)

T (1, τ)

= 1√
T

{ buT c∑
i=1

R
(k)
i√
m

(i+m−1)∧T∑
t=i

[Xt,T (τ)− EXt,T (τ)]

− u
T∑
i=1

R
(k)
i√
m

(i+m−1)∧T∑
t=i

[Xt,T (τ)− EXt,T (τ)]
}
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= 1√
T

( buT c∑
i=1

R
(k)
i√
m

(i+m−1)∧T∑
t=i

Yt,T (τ)− u
T∑
i=1

R
(k)
i√
m

(i+m−1)∧T∑
t=i

Yt,T (τ)
)
,

where the right-hand side converges according to Theorem C.3 to the process B̃ as well.
Thus, ‖Ĝ(k)

T ‖2,2 = Op(1). �

Proof of Lemma 3.13. We begin by proving the formula for the bias. We have

E[σ̃T (τ, ϕ)] = 1
T

T∑
i=1

1
m

(i+m−1)∧T∑
t,t′=i

Cov
(
Xt,T (τ), Xt′,T (ϕ)

)
= 1
T

T∑
i=1

1
m

(i+m−1)∧T∑
t,t′=i

Cov
(
X

(i/T )
t (τ), X(i/T )

t′ (ϕ)
)

+O(T−1)

= 1
T

T∑
i=1

1
m

m−1∑
k=−m+1

(m− |k|)Cov
(
X

(i/T )
0 (τ), X(i/T )

k (ϕ)
)

+O(T−1)

=
m−1∑

k=−m+1

∫ 1

0
Cov

(
X

(w)
0 (τ), X(w)

k (ϕ)
)

dw

− 1
T

T∑
i=1

1
m

m−1∑
k=−m+1

|k|Cov
(
X

(i/T )
0 (τ), X(i/T )

k (ϕ)
)

+O(T−1).

(A.2)

Further, by Lemma 3.11 in Dehling and Philipp (2002), we can rewrite

σc(τ, ϕ) =
∞∑

k=−∞

∫ 1

0
Cov(X(w)

0 (τ), X(w)
k (ϕ)) dw

=
m−1∑

k=−m+1

∫ 1

0
Cov(X(w)

0 (τ), X(w)
k (ϕ)) dw +

∑
|k|≥m

∫ 1

0
Cov(X(w)

0 (τ), X(w)
k (ϕ)) dw

=
m−1∑

k=−m+1

∫ 1

0
Cov(X(w)

0 (τ), X(w)
k (ϕ)) dw +O(arm),

for some 0 < r < 1. By the previous display, Equation (A.2) and since O(arm) +
O(T−1) = o(m−2), we obtain that∫

[0,1]2

(
E[σ̃T (τ, ϕ)]− σc(τ, ϕ)

)2 d(τ, ϕ)

=
∫

[0,1]2

{
1
T

T∑
i=1

1
m

m−1∑
k=−m+1

|k|Cov
(
X

(i/T )
0 (τ), X(i/T )

k (ϕ)
)

+ o(m−2)
}2

d(τ, ϕ)

=
∫

[0,1]2

{ m−1∑
k=−m+1

|k|
m

∫ 1

0
Cov

(
X

(w)
0 (τ), X(w)

k (ϕ)
)

dw
}2

+ o(m−2) d(τ, ϕ)

= 1
m2

∥∥∥∥ ∞∑
k=−∞

|k|
∫ 1

0
Cov(X(w)

0 , X
(w)
k ) dw

∥∥∥∥2

2,2
+ o(m−2)

as asserted.
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Next, consider the formula for the variance. Observe that Var
(
σ̃T (τ, ϕ)

)
= E[σ̃2

T (τ, ϕ)]−
(Eσ̃T (τ, ϕ))2. By Theorem 2.3.2 of Brillinger (1981), we can rewrite

Eσ̃2
T (τ, ϕ) = 1

T 2

T∑
i,i′=1

1
m2

(i+m−1)∧T∑
t1,t2=i

(i′+m−1)∧T∑
t3,t4=i′

κt1,t2,t3,t4(τ, ϕ) + κt1,t2(τ, ϕ)κt3,t4(τ, ϕ)

+ κt1,t3(τ, τ)κt2,t4(ϕ,ϕ) + κt1,t4(τ, ϕ)κt2,t3(ϕ, τ),

where κt1,t2,t3,t4(τ, ϕ) = cum
(
Xt1,T (τ), Xt2,T (ϕ), Xt3,T (τ), Xt4,T (ϕ)

)
and κt1,t2(τ, ϕ) =

Cov
(
Xt1,T (τ), Xt2,T (ϕ)

)
for any t1, t2, t3, t4 ∈ {1, · · · , T} and τ, ϕ ∈ [0, 1]. With this

notation, we can further rewrite

(Eσ̃T (τ, ϕ))2 = 1
T 2

T∑
i,i′=1

1
m2

(i+m−1)∧T∑
t1,t2=i

(i′+m−1)∧T∑
t3,t4=i′

κt1,t2(τ, ϕ)κt3,t4(τ, ϕ),

thus,

Var
(
σ̃T (τ, ϕ)

)
= 1
T 2

T∑
i,i′=1

1
m2

(i+m−1)∧T∑
t1,t2=i

(i′+m−1)∧T∑
t3,t4=i′

κt1,t2,t3,t4(τ, ϕ)

+ κt1,t3(τ, τ)κt2,t4(ϕ,ϕ) + κt1,t4(τ, ϕ)κt2,t3(ϕ, τ).

In the following, we investigate the sums B1, B2 and B3 over the three inner summands
separately.

First, observe that by the strong mixing condition and Theorem 3 in Statulevicius
and Jakimavicius (1988), the sum over the cumulants κt1,t2,t3,t4(τ, ϕ) vanishes with rate
m2T−2, i. e.,

B1 = 1
T 2

T∑
i,i′=1

1
m2

(i+m−1)∧T∑
t1,t2=i

(i′+m−1)∧T∑
t3,t4=i′

κt1,t2,t3,t4(τ, ϕ) = O(m2T−2)

To investigate B2, we split the sum into B2 = B2,1 +B2,2 +B2,3, where

B2,1(τ, ϕ) = 1
T 2

T∑
i=1

∑
|i−i′|≤m

1
m2

(i+m−1)∧T∑
t1,t2=i

(i′+m−1)∧T∑
t3,t4=i′

κt1,t3(τ, τ)κt2,t4(ϕ,ϕ),

B2,2(τ, ϕ) = 1
T 2

T∑
i=m+2

i−m−1∑
i′=1

1
m2

(i+m−1)∧T∑
t1,t2=i

(i′+m−1)∧T∑
t3,t4=i′

κt1,t3(τ, τ)κt2,t4(ϕ,ϕ)

and

B2,3(τ, ϕ) = 1
T 2

T−m−1∑
i=1

T∑
i′=i+m+1

1
m2

(i+m−1)∧T∑
t1,t2=i

(i′+m−1)∧T∑
t3,t4=i′

κt1,t3(τ, τ)κt2,t4(ϕ,ϕ).

In the following, we will see that both B2,2 and B2,3 are negligible, while B2,1 con-
tributes to the claimed limit expression. The covariances κt1,t3 and κt2,t4 can be bounded



4 SUPPLEMENTARY MATERIAL

by Cαr(|t1 − t3|) ≤ Car|t1−t3| and Cαr(|t2 − t4|) ≤ Car|t2−t4|, for some constants C > 0
and 0 < r < 1, respectively. Therefore,

B2,2(τ, ϕ) ≤ C

T 2

T∑
i=m+2

i−m−1∑
i′=1

1
m2

i+m−1∑
t1,t2=i

i′+m−1∑
t3,t4=i′

ar|t1−t3|ar|t2−t4|

= C

T 2

T∑
i=m+2

i−m−1∑
i′=1

1
m2

m∑
t1,··· ,t4=1

ar(i−i
′+t1−t3)ar(i−i

′+t2−t4)

= C

T 2

T∑
i=m+2

i−1∑
i′=m+1

1
m2

m∑
t1,··· ,t4=1

ar(i−i
′+m+t1−t3)ar(i−i

′+m+t2−t4)

= C

T 2

T∑
i=m+2

i−1∑
i′=m+1

a2r(i−i′) 1
m2

m∑
t1,··· ,t4=1

ar(m+t1−t3)ar(m+t2−t4) = O(T−1).

Analogously, B2,3(τ, ϕ) = O(T−1). For B2,1 observe that

∫
[0,1]2

B2,1(τ, ϕ) d(τ, ϕ) =
∫

[0,1]2

1
T 2

T∑
i=1

∑
|i−i′|≤m

1
m2

m∑
t1,··· ,t4=1

Cov
(
X

(i/T )
t1+i (τ), X(i/T )

t3+i′ (τ)
)

× Cov
(
X

(i/T )
t2+i (ϕ), X(i/T )

t4+i′ (ϕ)
)

d(τ, ϕ) +O(m4T−2).

The inner sums of the integrand in the above display, can be rewritten as
i+m∑

i′=i−m

1
m2

m∑
t1,··· ,t4=1

Cov
(
X

(i/T )
t1+i (τ), X(i/T )

t3+i′ (τ)
)
Cov

(
X

(i/T )
t2+i (ϕ), X(i/T )

t4+i′ (ϕ)
)

=
m∑

i′=−m

1
m2

m∑
t1,··· ,t4=1

Cov
(
X

(i/T )
0 (τ), X(i/T )

t3−t1+i′(τ)
)
Cov

(
X

(i/T )
0 (ϕ), X(i/T )

t4−t2+i′(ϕ)
)

=
m∑

i′,k1,k2=−m

(
1− |k1|

m

)(
1− |k2|

m

)
Cov

(
X

(i/T )
0 (τ), X(i/T )

k1+i′(τ)
)
Cov

(
X

(i/T )
0 (ϕ), X(i/T )

k2+i′(ϕ)
)

=
m∑

i′=−m

m∑
k1,k2=−m

(
1− |k1|

m

)(
1− |k2|

m

)
γk1+i′(i/T |τ)γk2+i′(i/T |ϕ), (A.3)

where γk(u|x) = Cov
(
X

(u)
0 (x), X(u)

k (x)
)
, for any k ∈ N and u, x ∈ [0, 1]. Let `m be an

increasing sequence in N, with `m ≤ m, `2m/m → 0 and m3ar`m → 0 as m → ∞, for
some 0 < r < 1, as m tends to infinity; for instance, `m = m1/3. By the strong mixing
property and Lemma 3.11 in Dehling and Philipp (2002), we can rewrite the right-hand
side of (A.3) as

m∑
i′=−m

−i′+`m∑
k1,k2=−i′−`m

(
1− |k1|

m

)(
1− |k2|

m

)
γk1+i′(i/T |τ)γk2+i′(i/T |ϕ) +O(m3ar`m)

=
m∑

i′=−m

`m∑
k1,k2=−`m

(
1− |k1 − i′|

m

)(
1− |k2 − i′|

m

)
γk1(i/T |τ)γk2(i/T |ϕ) +O(m3ar`m)
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=
`m∑

k1,k2=−`m

γk1(i/T |τ)γk2(i/T |ϕ)
m∑

i′=−m

(
1− |k1 − i′|

m

)(
1− |k2 − i′|

m

)
+O(m3ar`m). (A.4)

A tedious but straight-forward calculation based on splitting the next sum into the three
cases i′ < k1 ∧ k2, i′ = k1 ∧ k2, . . . , k1 ∨ k2 and i′ > k1 ∨ k2 implies that

m∑
i′=−m

(
1− |k1 ∧ k2 − i′|

m

)(
1− |k1 ∨ k2 − i′|

m

)
= 2

3m+O(`2m/m).

Plugging this into (A.4) leads, by the dominated convergence theorem and Lipschitz
continuity of γk(u|τ) in u, to∫

[0,1]2
B2(τ, ϕ) d(τ, ϕ) =

∫
[0,1]2

1
T 2

T∑
i=1

`m∑
k1,k2=−`m

2
3mγk1(i/T |τ)γk2(i/T |ϕ) d(τ, ϕ) + o(m/T )

= m

T

2
3

∫ 1

0

( ∞∑
k=−∞

∫ 1

0
Cov

(
X

(w)
0 (τ), X(w)

k (τ)
)

dτ
)2

dw + o(m/T ),

since, by the strong mixing property,
∑
|k|>`m

∫ 1
0 γk(u|τ) dτ is of orderO(ar`m). By similar

arguments, we have∫
[0,1]2

B3(τ, ϕ) d(τ, ϕ) = m

T

2
3

∫ 1

0

∥∥∥∥ ∞∑
k=−∞

Cov(X(w)
0 , X

(w)
k )

∥∥∥∥2

2,2
dw + o(m/T )

and the theorem’s statement follows. �

Appendix B. Proofs for Section 4

Proof of Lemma 4.1. Note that εt,T = σ(t/T )ε̃t = σ(0)ε̃t = ε(0)
t , for any t ≤ 0. Further,

Eε(u)
t = 0 and E‖ε(u)

t ‖22 = σ2(u)E‖ε̃t‖22, which is strictly greater than zero and finite.
Proof of (i): Similar to the proof of Theorem 3.1 of Bosq (2000), yet, with a random

operator, we have

‖Aju(εu,t−j)‖2,Ω×[0,1] = E‖Aju(εu,t−j)‖2 ≤ E[‖Aju‖L‖εu,t−j‖2] ≤ CqjE‖εu,t−j‖2 ≤ Cqj

since

‖Aju‖L ≤ ‖Aju‖S ≤ ‖Au‖
j
S ≤ q

j

by Equation (1.55) of Bosq (2000) and submultiplicativity of the Hilbert-Schmidt norm.
We can now follow the proof of Theorem 3.1 of Bosq (2000) to deduce the assertions
in (i).

Proof of (ii): Similarly as before, we have

∥∥∥ j−1∏
i=0

A t−i
T

(εt−j,T )
∥∥∥2

2,Ω×[0,1]
= E

∥∥∥ j−1∏
i=0

A t−i
T

(εt−j,T )
∥∥∥2

2
≤ E

[∥∥∥ j−1∏
i=0

A t−i
T

∥∥∥2

L
‖εt−j,T ‖22

]
≤ q2jE‖εt−j,T ‖22 ≤ Cq2j
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where, by convention,
∏−1
i=0A(t−i)/T = idL2([0,1]). Therefore, for 1 ≤ m ≤ m′,

∆m′

m =
∥∥∥ m′∑
j=m

j−1∏
i=0

A t−i
T

(εt−j,T )
∥∥∥2

2,Ω×[0,1]
≤
( m′∑
j=m

∥∥∥ j−1∏
i=0

A t−i
T

(εt−j,T )
∥∥∥

2,Ω×[0,1]

)2
≤ C

( m′∑
j=m

qj
)2
,

and the right-hand side converges to zero asm andm′ tend to infinity. As a consequence,
Ỹt,T :=

∑∞
j=0

∏j−1
i=0 A(t−i)/T (εt−j,T ) converges in L2(Ω × [0, 1],P ⊗ λ) by the Cauchy

criterion. Further,

E‖Ỹt,T ‖22 ≤ E
[( ∞∑

j=0

∥∥ j−1∏
i=0

A t−i
T

∥∥
L‖εt−j,T ‖2

)2]
(B.1)

≤ E
[( ∞∑

j=0
qj‖εt−j,T ‖2

)2]
≤
( 1

1− q
)2
E[‖ε̃0‖22] sup

u∈[0,1]
σ2(u) <∞.

Hence
∑∞
j=0

∥∥∏j−1
i=0 A(t−i)/T

∥∥
L‖εt−j,T ‖2 < ∞ almost surely, which implies almost sure

convergence in L2([0, 1]) of the series defining Ỹt,T by the Riesz-Fisher theorem.
Finally, we have

Ỹt,T −At/T (Ỹt−1,T ) =
∞∑
j=0

j−1∏
i=0

A t−i
T

(εt−j,T )−At/T
( ∞∑
j=0

j−1∏
i=0

A t−1−i
T

(εt−1−j,T )
)

= εt,T ,

whence Ỹt,T is a solution of (18) satisfying supt∈Z,T∈N E‖Ỹt,T ‖22 <∞ by (B.1) and, as we
will show below, is locally stationary of order ρ = 2.

Conversely, let Zt,T be a locally stationary solution of (18) of order ρ = 2 which
satisfies supt∈Z,T∈N E‖Zt,T ‖22 <∞. By induction, we have

Zt,T =
n∑
j=0

j−1∏
i=0

A t−i
T

(εt−j,T ) +
n∏
i=0

A t−i
T

(Zt−n−1,T ).

Thus,

E
∥∥∥Zt,T − n∑

j=0

j−1∏
i=0

A t−i
T

(εt−j,T )
∥∥∥2

2
= E

∥∥∥ n∏
i=0

A t−i
T

(Zt−n−1,T )
∥∥∥2

2

≤ E
[ n∏
i=0
‖A t−i

T
‖2S‖Zt−n−1,T ‖22

]
≤ q2(n+1)E‖Zt−n−1,T ‖22,

which converges to zero as n tends to infinity.
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It remains to show that Ỹt,T is locally stationary of order ρ = 2 with approximating
family {(Y (u)

t )t∈Z : u ∈ [0, 1]}. Note that
n∏
i=1

Bi −
n∏
i=1

Ci =
n∑

m=1

(m−1∏
k=1

Bk
)
(Bm − Cm)

( n∏
k=m+1

Ck
)

=
n∑

m=1

( n−m∏
k=1

Bk
)
(Bn−m+1 − Cn−m+1)

( n∏
k=n−m+2

Ck
)

for all n ∈ N, Bi, Ci ∈ L, the empty product being defined as the identity on L2([0, 1]).
As a consequence

Yt,T − Y (u)
t =

∞∑
j=0

j−1∏
i=0

A t−i
T

(εt−j,T )−
∞∑
j=0

Aju(εu,t−j)

=
∞∑
j=0

j−1∏
i=0

A t−i
T

(εt−j,T )−
j−1∏
i=0

A t−i
T

(εu,t−j) +
j∏
i=1

A t−i+1
T

(εu,t−j)−
j∏
i=1

Au(εu,t−j)

=
∞∑
j=0

j−1∏
i=0

A t−i
T

(εt−j,T − εu,t−j) +
j∑

m=1

( j−1−m∏
i=0

A t−i
T

)
(A t−j+m

T

−Au)Am−1
u (εu,t−j).

Since ‖Au‖S ≤ q for any u ∈ [0, 1] (with probability one) and ‖Ax‖2 ≤ ‖A‖S‖x‖2 for
any A ∈ L, x ∈ L2([0, 1]), it follows that

‖Yt,T − Y (u)
t ‖2 ≤

∞∑
j=0

(
qj |σ

(
t−j
T

)
− σ(u)|‖ε̃t−j‖2 + qj

j∑
m=1
|a
(
t−j+m
T

)
− a(u)|‖ε̃t−j‖2

)

≤
∞∑
j=0

(
qj
(∣∣ t
T − u

∣∣+ j
T

)
‖ε̃t−j‖2 + qj

j∑
m=1

(∣∣ t
T − u

∣∣+ j−m
T

)
‖ε̃t−j‖2

)
≤ C

∞∑
j=0

qj‖ε̃t−j‖2
(
(j + 1)

∣∣ t
T − u

∣∣+ j2

T

)
≤ C

(∣∣ t
T − u

∣∣+ 1
T

) ∞∑
j=0

qj(j + 1)2‖ε̃t−j‖2.

The assertion finally follows from the fact that P (u)
t,T =

∑∞
j=0 q

j(j+1)2‖ε̃t−j‖2 has a finite
second moment. �

Appendix C. Auxiliary results for the proofs in Section 3

Lemma C.1. CB is a symmetric, positive trace class operator. As a consequence (The-
orem 1.2.5 of Maniglia and Rhandi (2004)), B is a Gaussian random variable in HH+2.

Proof. To ensure readability, we will denote the scalar product of L2([0, 1]p) by 〈·, ·〉p, p =
2, 3 and consider the case H = 0 only. The arguments for H ≥ 1 are the same, yet
notationally more involved.
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Symmetry: Let (g1, f1) and (g2, f2) be elements in H2. Then,

〈CB(g1, f1), (g2, f2)〉 =
〈
〈r(m)(∗, ·), g1(·)〉2, g2(∗)

〉
2 +

〈
〈r(m,c)

0 (∗, ·), f1(·)〉3, g2(∗)
〉

2

+
〈
〈r(m,c)

0 (∗, ·), g1(∗)〉2, f2(·)
〉

3 +
〈
〈r(c)

0,0(∗, ·), f1(·)〉3, f2(∗)
〉

3. (C.1)

Now, writing u = (u1, u2) and v = (v1, v2),〈
〈r(m)(∗, ·), g1(·)〉2, g2(∗)

〉
2

=
∫

[0,1]4

∞∑
k=−∞

∫ u1∧v1

0
Cov

(
X

(w)
0 (u2), X(w)

k (v2)
)

dwg1(v)g2(u) d(u, v)

=
∫

[0,1]4

∞∑
k=−∞

∫ u1∧v1

0
Cov

(
X

(w)
0 (u2), X(w)

k (v2)
)

dwg1(u)g2(v) d(u, v)

=
〈
g1(∗), 〈r(m)(∗, ·), g2(·)〉2

〉
2

and similarly
〈
〈r(c)

0,0(∗, ·), f1(·)〉3, f2(∗)
〉

3 =
〈
f1(∗), 〈r(c)

0,0(∗, ·), f2(·)〉3
〉

3. Further, writing
u = (u1, u2) and v = (v1, v2, v3), we have〈

〈r(m,c)
0 (∗, ·), f1(·)〉3, g2(∗)

〉
2 +

〈
〈r(m,c)

0 (∗, ·), g1(∗)〉2, f2(·)
〉

3

=
∫

[0,1]5

∞∑
k=−∞

∫ u1∧v1

0
Cov

(
X

(w)
0 (u2), X(w)

k (v2)X(w)
k+h(v3)

)
×
(
f1(v)g2(u) + f2(v)g1(u)

)
dw d(u, v)

=
∫

[0,1]5

∞∑
k=−∞

∫ u1∧v1

0
Cov

(
X

(w)
0 (u2), X(w)

k (v2)X(w)
k+h(v3)

)
×
(
g1(u)f2(v) + g2(u)f1(v)

)
dw d(u, v)

=
〈
g1(∗), 〈r(m,c)

0 (∗, ·), f2(·)〉3
〉

2 +
〈
f1(·), 〈r(m,c)

0 (∗, ·), g2(∗)〉2
〉

3.

Thus, by (C.1), it follows 〈CB(g1, f1), (g2, f2)〉 = 〈(g1, f2), CB(g2, f2)〉.
Positivity: The positivity of CB can be seen by similar elementary calculations. Let

(g, f) be in H2 and observe that

〈CB(g, f), (g, f)〉

=
∫ 1

0

∞∑
k=−∞

{∫
[0,1]4

1(w ≤ u1 ∧ v1)Cov
(
X

(w)
0 (u2), X(w)

k (v2)
)
g(u)g(v) d(u, v)

+
∫

[0,1]5
1(w ≤ u1 ∧ v1)Cov

(
X

(w)
0 (u2), X(w)

k (v2)X(w)
k+h(v3)

)(
f(v)g(u) + g(u)f(v)

)
d(u, v)

+
∫

[0,1]6
1(w ≤ u1 ∧ v1)Cov

(
X

(w)
0 (u2)X(w)

h (u3), X(w)
k (v2)X(w)

k+h(v3)
)
f(u)f(v) d(u, v)

}
dw

=
∫ 1

0

∞∑
k=−∞

E[Y0(w)Yk(w) + 2Y0(w)Zk(w) + Z0(w)Zk(w)] dw
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=
∫ 1

0

∞∑
k=−∞

E[Y0(w)
(
Yk(w) + Zk(w)

)
+
(
Y0(w) + Z0(w)

)
Zk(w)] dw, (C.2)

where, for k ∈ Z and w ∈ [0, 1],

Yk(w) =
∫

[0,1]2
1(w ≤ u1)g(u)(X(w)

k (u2)− E[X(w)
k (u2)]) du

Zk(w) =
∫

[0,1]3
1(w ≤ u1)f(u)(X(w)

k (u2)X(w)
k+h(u3)− E[X(w)

k (u2)X(w)
k+h(u3)]) du.

As Yk and Zk are defined based on a family of stationary processes, we may write
E[(Y0(w) + Z0(w))Zk(w)] = E[(Y−k(w) + Z−k(w))Z0(w)]. As the summation runs over
all k ∈ Z, we can rewrite the right-hand side of (C.2) as∫ 1

0

∞∑
k=−∞

E[Y0(w)
(
Yk(w) + Zk(w)

)
+
(
Yk(w) + Zk(w)

)
Z0(w)] dw

=
∫ 1

0

∞∑
k=−∞

E[
(
Y0(w) + Z0(w)

)(
Yk(w) + Zk(w)

)
] dw

=
∫ 1

0
lim
n→∞

n∑
k=−n

E[
(
Y0(w) + Z0(w)

)(
Yk(w) + Zk(w)

)
] dw,

which is non-negative since
n∑

k=−n
E[
(
Y0(w) + Z0(w)

)(
Yk(w) + Zk(w)

)
]

= E
[( 1√

n

n∑
k=0

Yk(w) + Zk(w)
)2]

+ 1
n

n∑
k=−n

|k|E[
(
Y0(w) + Z0(w)

)(
Yk(w) + Zk(w)

)
]

= Var
( 1√

n

n∑
k=0

Yk(w) + Zk(w)
)

+O(n−1)

by Assumption (A3).
Trace class: Let (ψ(1)

` )`∈N and (ψ(2)
` )`∈N be orthonormal bases of L2([0, 1]2) and

L2([0, 1]3) respectively. Then the union {(ψ(1)
` , 0)}`∈N ∪ {(0, ψ(2)

` )}`∈N is an orthonor-
mal basis of H2. By the definition of the trace norm, we have

‖CB‖N =
∞∑
`=1
〈CB(ψ(1)

` , 0), (ψ(1)
` , 0)〉+

∞∑
`=1
〈CB(0, ψ(2)

` ), (0, ψ(2)
` )〉

=
∞∑
`=1

〈
〈r(m)(∗, ·), ψ(1)

` (·)〉2, ψ(1)
` (∗)

〉
2 +

〈
〈r(c)

0,0(∗, ·), ψ(2)
` (·)〉3, ψ(2)

` (∗)
〉

3

= ‖C(m)‖N + ‖C(c)
0 ‖N ,
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where C(m) and C(c)
0 are the operators defined by the kernels r(m) and r(c)

0,0 respectively.
By the proof of (D3) in the proof of Proposition C.5, Fatou’s lemma and Fubini’s theo-
rem,

‖C(m)‖N =
∞∑
`=1
〈C(m)ψ

(1)
` , ψ

(1)
` 〉

=
∞∑
`=1

∫
[0,1]4

∞∑
k=−∞

∫ u∧v

0
Cov

(
X

(w)
0 (ϕ), X(w)

k (τ)
)

dwψ(1)
` (ϕ, v)ψ(1)

` (τ, u) d(u, v, τ, ϕ)

=
∞∑
`=1

lim
T→∞

Cov
(
〈B̃T , ψ(1)

` 〉, 〈B̃T , ψ
(1)
` 〉

)
=
∞∑
`=1

lim
T→∞

E[〈B̃T , ψ(1)
` 〉

2]

≤ lim inf
T→∞

∞∑
`=1

E[〈B̃T , ψ(1)
` 〉

2]

= lim inf
T→∞

E
[ ∞∑
`=1
〈B̃T , ψ(1)

` 〉
2
]

= lim inf
T→∞

E‖B̃T ‖22,2,

which is finite since for any T ∈ N since

E‖B̃T ‖22,2 = E
[ ∫

[0,1]2
B̃2
T (u, τ) d(u, τ)

]
=
∫

[0,1]2
E[B̃2

T (u, τ)] d(u, τ)

=
∫

[0,1]2
E
[ 1
T

buT c∑
t1,t2=1

(
Xt1,T (τ)− EXt1,T (τ)

)(
Xt2,T (τ)− EXt2,T (τ)

)]
d(u, τ)

=
∫

[0,1]2

1
T

buT c∑
t1,t2=1

Cov
(
Xt1,T (τ), Xt2,T (τ)

)
d(u, τ)

≤ 1
T

T∑
t1,t2=1

∫
[0,1]
|Cov

(
Xt1,T (τ), Xt2,T (τ)

)
|dτ

≤ 1
T

T∑
t1,t2=1

ν2(t2 − t1) ≤ C <∞.

By similar arguments, it follows that ‖C(c)
0 ‖N ≤ C, thus ‖CB‖N <∞. �

Lemma C.2. Suppose that {Xt,T : t = 1, . . . , T}T∈N is a locally stationary time series
of order ρ ≥ 1. Then, for any 1 ≤ p ≤ ρ,

E
[
‖X(u)

t −X(v)
t ‖

p
2
]
≤ Cp|u− v|p ∀ u, v ∈ [0, 1],
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where Cp = 2p−1 supt=1,...,T,T∈N,u∈[0,1] E|P
(u)
t,T |p.

Proof. By the triangle inequality and convexity of x 7→ |x|p,

E
[
‖X(u)

t −X(v)
t ‖

p
2

]
≤ 2p−1E

[
‖X(u)

t −XbuT c,T ‖
p
2 + ‖XbuT c,T −X

(v)
t ‖

p
2

]
≤ Cp

(
|u− v|+ 4

T

)p
,

for any T ∈ N. �

Recall the notations introduced in Section 3.4. For k ∈ N, define

B̃
(k)
T (u, τ) = 1√

T

buT c∑
i=1

R
(k)
i√
m

(i+m−1)∧T∑
t=i

{
Xt,T (τ)− µt,T (τ)

}
, (C.3)

where µt,T (τ) = E[Xt,T (τ)] and, for any 0 ≤ h ≤ H, let

B̃
(k)
T,h(u, τ1, τ2) = 1√

T

buT c∧(T−h)∑
i=1

R
(k)
i√
m

(i+m−1)∧(T−h)∑
t=i

{
Xt,T (τ1)Xt+h,T (τ2)− µt,T,h(τ1, τ2)

}
,

(C.4)

where µt,T,h(τ1, τ2) = E[Xt,T (τ1)Xt+h,T (τ2)]. Finally, let

B(k)
T = (B̃(k)

T , B̃
(k)
T,0, . . . , B̃

(k)
T,H).

We then have the following joint asymptotic behaviour of the primary process BT and
the non-observable multiplier versions B(k)

T . Note that Theorem 3.4 is an immediate
consequence.

Theorem C.3. Suppose that Assumptions (A1)–(A3) and (B1) and (B3) are met.
Then, for any fixed K ∈ N,(

BT ,B
(1)
T , . . . ,B(K)

T

)
 
(
B,B(1), . . . ,B(K))

in {L2([0, 1]2)×(L2([0, 1]3))H+1}K+1, where B(1), . . . ,B(K) are independent copies of the
centred Gaussian variable B from Theorem 3.4 (see also Lemma C.1).

Proof of Theorem C.3. We only prove the assertion for K = 1; the general case follows
by the same arguments but is notationally more involved. The theorem is then an
immediate consequence of the fundamental approximation Lemma 6.1, together with
Lemma C.4 and C.8. �

Let {ψ′n}n∈N and {ψn}n∈N be orthonormal bases of L2([0, 1]2) and L2([0, 1]3) with

sup
n∈N

sup
x∈[0,1]2

|ψ′n(x)| ≤ C <∞ and sup
n∈N

sup
x∈[0,1]3

|ψn(x)| ≤ C <∞.

Note that such bases can be constructed as tensor products of the orthonormal basis

B = {
√

2 cos(2πnx),
√

2 sin(2πnx) : n ∈ N} ∪ {1} in L2([0, 1])

(c.f. Kadison and Ringrose (1983), Example 2.6.11).



12 SUPPLEMENTARY MATERIAL

Lemma C.4. Let assumptions (A1)–(A3) and (B1) and (B3) be satisfied. Then, for
any p ∈ N,(

(〈B̃T , ψ′n〉)
p
n=1,

{
(〈B̃T,h, ψn〉)pn=1

}H
h=0, (〈B̃

(1)
T , ψ′n〉)

p
n=1,

{
(〈B̃(1)

T,h, ψn〉)
p
n=1

}H
h=0

)
 
(
(〈B̃, ψ′n〉)

p
n=1,

{
(〈B̃h, ψn〉)pn=1

}H
h=0, (〈B̃

(1), ψ′n〉)
p
n=1,

{
(〈B̃(1)

h , ψn〉)pn=1
}H
h=0

)
,

in R2(H+2)p.

Proof of Lemma C.4. Fix some p ∈ N. By the Cramér-Wold device, it is sufficient to
show that

ZT :=
p∑

n=1

(
cn〈B̃T , ψ′n〉+ dn〈B̃(1)

T , ψ′n〉+
H∑
h=0

cn,h〈B̃T,h, ψn〉+ dn,h〈B̃
(1)
T,h, ψn〉

)
(C.5)

converges weakly to

Z :=
p∑

n=1

(
cn〈B̃, ψ′n〉+ dn〈B̃(1), ψ′n〉+

H∑
h=0

cn,h〈B̃h, ψn〉+ dn,h〈B̃
(1)
h , ψn〉

)
, (C.6)

for any real numbers cn, dn, cn,h, dn,h ∈ R, 1 ≤ n ≤ p, 0 ≤ h ≤ H. By Theorem 30.1
and Example 30.1 of Billingsley (1995), the normal distribution is determined uniquely
by its moments. Since there is a one-to-one correspondence between moments and
cumulants, this also holds true for the latter ones. The only non-zero cumulants of a
normal distribution are the first two, which equal the mean and the variance (Holmquist,
1988).

It is easy to see that EZT = 0 since B̃T , B̃T,h, B̃
(1)
T and B̃

(1)
T,h are centred, for any

0 ≤ h ≤ H. For example, we have by the Fubini-Tonelli theorem

E[〈B̃T , ψn〉] = E
[ ∫

[0,1]3
B̃T (u, τ1, τ2)ψn(u, τ1, τ2) d(u, τ1, τ2)

]
=
∫

[0,1]3
E
[
B̃T (u, τ1, τ2)

]
ψn(u, τ1, τ2) d(u, τ1, τ2) = 0.

The theorem is applicable since, by the moment condition (A2), E
[
|B̃T (u, τ1, τ2)|

]
<∞.

From Proposition C.5 follows the convergence of the second moments and by Proposi-
tion C.6, the higher-order cumulants vanish. Thus, we can conclude the convergence of
ZT to Z by Theorem 2.22 of van der Vaart (1998). �

Proposition C.5. Let assumptions (A1)–(A3) and (B1) and (B3) be satisfied. Then,

lim
T→∞

Var(ZT ) = Var(Z),

with ZT and Z as defined in (C.5) and (C.6).

Proof of Proposition C.5. Since ZT is a linear combination of 〈B̃T , ψ′n〉, 〈B̃T,h, ψn〉, 〈B̃
(1)
T , ψ′n〉

and 〈B̃(1)
T,h, ψn〉, for 0 ≤ h ≤ H and 1 ≤ n ≤ p, it is sufficient to prove that

lim
T→∞

Cov(〈B̃T , ψ′n〉, 〈B̃T , ψ′`〉) = Cov(〈B̃, ψ′n〉, 〈B̃, ψ′`〉), (D1)
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lim
T→∞

Cov(〈B̃T , ψ′n〉, 〈B̃T,h, ψ`〉) = Cov(〈B̃, ψ′n〉, 〈B̃h, ψ`〉), (D2)

lim
T→∞

Cov(〈B̃T,h, ψn〉, 〈B̃T,h′ , ψ`〉) = Cov(〈B̃h, ψn〉, 〈B̃h′ , ψ`〉), (D3)

lim
T→∞

Cov(〈B̃(1)
T , ψ′n〉, 〈B̃

(1)
T , ψ′`〉) = Cov(〈B̃(1), ψ′n〉, 〈B̃(1), ψ′`〉), (D4)

lim
T→∞

Cov(〈B̃(1)
T , ψ′n〉, 〈B̃

(1)
T,h, ψ`〉) = Cov(〈B̃(1), ψ′n〉, 〈B̃

(1)
h , ψ`〉), (D5)

lim
T→∞

Cov(〈B̃(1)
T,h, ψn〉, 〈B̃T,h′ , ψ`〉) = Cov(〈B̃(1)

h , ψn〉, 〈B̃(1)
h′ , ψ`〉), (D6)

lim
T→∞

Cov(〈B̃T , ψ′n〉, 〈B̃
(1)
T , ψ′`〉) = Cov(〈B̃, ψ′n〉, 〈B̃(1), ψ′`〉) = 0, (D7)

lim
T→∞

Cov(〈B̃T , ψ′n〉, 〈B̃
(1)
T,h, ψ`〉) = Cov(〈B̃, ψ′n〉, 〈B̃

(1)
h , ψ`〉) = 0, (D8)

lim
T→∞

Cov(〈B̃T,h, ψn〉, 〈B̃
(1)
T , ψ′`〉) = Cov(〈B̃h, ψn〉, 〈B̃(1), ψ′`〉) = 0, (D9)

lim
T→∞

Cov(〈B̃T,h, ψn〉, 〈B̃T,h′ , ψ`〉) = Cov(〈B̃h, ψn〉, 〈B̃
(1)
h′ , ψ`〉) = 0, (D10)

for any h, h′ ∈ {0, . . . ,H} and n, ` ∈ {1, . . . , p}. For that purpose, observe that all scalar
products have mean zero.
Proof of (D3). Fix h, h′ ∈ {0, . . . ,H}. We have

ST,3 = Cov
(
〈B̃T,h, ψn〉, 〈B̃T,h′ , ψ`〉

)
= E

[ ∫
[0,1]6

B̃T,h(u, τ1, τ2)ψn(u, τ1, τ2)B̃T,h′(u′, τ ′1, τ ′2)ψ`(u′, τ ′1, τ ′2) d(u, u′, τ1, τ ′1, τ2, τ ′2)
]

= 1
T

T−h∑
t=1

T−h′∑
t′=1

E
[ ∫

[0,1]6
ψn(u, τ1, τ2)ψ`(u′, τ ′1, τ ′2)

{
Xt,T (τ1)Xt+h,T (τ2)− µt,T,h(τ1, τ2)

}
×
{
Xt′,T (τ ′1)Xt′+h′,T (τ ′2)− µt′,T,h′(τ ′1, τ ′2)

}
1(t ≤ buT c, t′ ≤ bu′T c) d(u, u′, τ1, τ ′1, τ2, τ ′2)

]

= 1
T

T−h∑
t=1

T−h′∑
t′=1

∫
[0,1]6

Cov
(
Xt,T (τ1)Xt+h,T (τ2), Xt′,T (τ ′1)Xt′+h′,T (τ ′2)

)
× ψn(u, τ1, τ2)ψ`(u′, τ ′1, τ ′2)1(t ≤ buT c, t′ ≤ bu′T c) d(u, u′, τ1, τ ′1, τ2, τ ′2),

where we applied Fubini’s theorem in the last equality. Further, we can rewrite

Cov(Xt,T ⊗Xt+h,T , Xt′,T ⊗Xt′+h′,T ) = Cov
(
(Xt,T −X(t/T )

t )⊗Xt+h,T , Xt′,T ⊗Xt′+h′,T
)

+ Cov
(
X

(t/T )
t ⊗ (Xt+h,T −X(t/T )

t+h ), Xt′,T ⊗Xt′+h′,T
)

+ Cov
(
X

(t/T )
t ⊗X(t/T )

t+h , (Xt′,T −X(t/T )
t′ )⊗Xt′+h′,T

)
+ Cov

(
X

(t/T )
t ⊗X(t/T )

t+h , X
(t/T )
t′ ⊗ (Xt′+h′,T −X(t/T )

t′+h′ )

+ Cov(X(t/T )
t ⊗X(t/T )

t+h , X
(t/T )
t′ ⊗X(t/T )

t′+h′ )
)
.

Invoking this decomposition, we can split each integral appearing in ST,3 into five sum-
mands. By (A3), Proposition C.7 and the Cauchy-Schwarz inequality, the sums over all
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of this summands are of the order O(T−1), except for the last one. Thus, we obtain that

ST,3 =
∫

[0,1]6

{
1
T

b(u∧u′)Tc∑
t=1

Cov
(
X

(t/T )
t (τ1)X(t/T )

t+h (τ2), X(t/T )
t (τ ′1)X(t/T )

t+h′ (τ ′2)
)

(C.7)

+ 1
T

buTc∑
t=1

bu′Tc∑
t′=t+1

Cov
(
X

(t/T )
t (τ1)X(t/T )

t+h (τ2), X(t/T )
t′ (τ ′1)X(t/T )

t′+h′ (τ
′
2)
)

+ 1
T

bu′Tc∑
t′=1

buTc∑
t=t′+1

Cov
(
X

(t/T )
t (τ1)X(t/T )

t+h (τ2), X(t/T )
t′ (τ ′1)X(t/T )

t′+h′ (τ
′
2)
)}

× ψn(u, τ1, τ2)ψ`(u′, τ ′1, τ ′2) d(u, u′, τ1, τ ′1, τ2, τ ′2) +O(T−1).

The convergence of the integral over the first sum is straightforward:

lim
T→∞

∫
[0,1]6

1
T

b(u∧u′)Tc∑
t=1

Cov
(
X

(t/T )
0 (τ1)X(t/T )

h (τ2), X(t/T )
0 (τ ′1)X(t/T )

h′ (τ ′2)
)

× ψn(u, τ1, τ2)ψ`(u′, τ ′1, τ ′2) d(u, u′, τ1, τ ′1, τ2, τ ′2)

=
∫

[0,1]6

∫ u∧u′

0
Cov

(
X

(w)
0 (τ1)X(w)

h (τ2), X(w)
0 (τ ′1)X(w)

h′ (τ ′2)
)

dw

× ψn(u, τ1, τ2)ψ`(u′, τ ′1, τ ′2) d(u, u′, τ1, τ ′1, τ2, τ ′2),

where the limit and the integral can be interchanged, by (A2) and Lebesgue’s dominated
convergence theorem. The convergence of the remaining two sums is technically more
involved, and we only present details for the case t < t′. By stationarity of (X(u)

t )t∈Z,∫
[0,1]6

{
1
T

buTc∑
t=1

bu′Tc∑
t′=t+1

Cov
(
X

(t/T )
t (τ1)X(t/T )

t+h (τ2), X(t/T )
t′ (τ ′1)X(t/T )

t′+h′ (τ
′
2)
)}

× ψn(u, τ1, τ2)ψ`(u′, τ ′1, τ ′2) d(u, u′, τ1, τ ′1, τ2, τ ′2)

=
∫

[0,1]6

{
1
T

b(u∧u′)Tc∑
t=1

bu′Tc−t∑
k=1

Cov
(
X

(t/T )
0 (τ1)X(t/T )

h (τ2), X(t/T )
k (τ ′1)X(t/T )

k+h′ (τ ′2)
)}

× ψn(u, τ1, τ2)ψ`(u′, τ ′1, τ ′2) d(u, u′, τ1, τ ′1, τ2, τ ′2)

=
∫

[0,1]6

{
1
T

bu′Tc−1∑
k=1

buTc∧(bu′Tc−k)∑
t=1

Cov
(
X

(t/T )
0 (τ1)X(t/T )

h (τ2), X(t/T )
k (τ ′1)X(t/T )

k+h′ (τ ′2)
)}

× ψn(u, τ1, τ2)ψ`(u′, τ ′1, τ ′2) d(u, u′, τ1, τ ′1, τ2, τ ′2).

By Lebesgue’s dominated convergence theorem and Lemma C.9, the right-hand side of
the latter display converges to

∫
[0,1]6

{ ∞∑
k=1

∫ u∧u′

0
Cov

(
X

(w)
0 (τ1)X(w)

h (τ2), X(w)
k (τ ′1)X(w)

k+h′(τ
′
2)
)

dw
}

× ψn(u, τ1, τ2)ψ`(u′, τ ′1, τ ′2) d(u, u′, τ1, τ ′1, τ2, τ ′2).
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Thus, we have

lim
T→∞

ST,3 =
∫

[0,1]6
ψn(u, τ1, τ2)ψ`(u′, τ ′1, τ ′2)Cov

(
B̃h(u, τ1, τ2), B̃h′(u′, τ ′1, τ ′2)

)
d(u, u′, τ1, τ ′1, τ2, τ ′2)

= Cov(〈B̃h, ψn〉, 〈B̃h′ , ψ`〉),

which proves (D3).

Proof of (D6). By the independence of the standard normally distributed random vari-
ables (Ri)i∈N = (R(1)

i )i∈N, we have

ST,6 = Cov(〈B̃(1)
T,h, ψn〉, 〈B̃T,h′ , ψ`〉)

= 1
T

T−h∑
i=1

T−h′∑
i′=1

1
m
E
[
RiRi′

∫
[0,1]6

ψn(u, τ1, τ2)ψ`(u′, τ ′1, τ ′2)1(i ≤ buT c, i′ ≤ bu′T c)

×
( (i+m−1)∧(T−h)∑

t=i
Xt,T (τ1)Xt+h,T (τ2)− µt,T,h(τ1, τ2)

)

×
( (i′+m−1)∧(T−h′)∑

t′=i′
Xt′,T (τ ′1)Xt′+h′,T (τ ′2)− µt′,T,h′(τ ′1, τ ′2)

)
d(u, u′, τ1, τ ′1, τ2, τ ′2)

]

= 1
T

T−(h∨h′)∑
i=1

1
m
E
[ ∫

[0,1]6
ψn(u, τ1, τ2)ψ`(u′, τ ′1, τ ′2)1(i ≤ buT c ∧ bu′T c)

×
( (i+m−1)∧(T−h)∑

t=i
Xt,T (τ1)Xt+h,T (τ2)− µt,T,h(τ1, τ2)

)

×
( (i+m−1)∧(T−h′)∑

t′=i
Xt′,T (τ ′1)Xt′+h′,T (τ ′2)− µt′,T,h′(τ ′1, τ ′2)

)
d(u, u′, τ1, τ ′1, τ2, τ ′2)

]

= 1
T

T−(h∨h′)∑
i=1

1
m

∫
[0,1]6

ψn(u, τ1, τ2)ψ`(u′, τ ′1, τ ′2)1(i ≤ b(u ∧ u′)T c)

×
( (i+m−1)∧(T−h)∑

t=i

(i+m−1)∧(T−h′)∑
t′=i

Cov
(
Xt,T (τ1)Xt+h,T (τ2), Xt′,T (τ ′1)Xt′+h′,T (τ ′2)

))
d(u, u′, τ1, τ ′1, τ2, τ ′2),

by Fubini’s theorem. By the same arguments that led to (C.7), we further have

ST,6 = 1
T

T∑
i=1

1
m

∫
[0,1]6

ψn(u, τ1, τ2)ψ`(u′, τ ′1, τ ′2)1(i ≤ b(u ∧ u′)T c)

×
( i+m−1∑

t=i

i+m−1∑
t′=i

Cov
(
X

(i/T )
t (τ1)X(i/T )

t+h (τ2), X(i/T )
t′ (τ ′1)X(i/T )

t′+h′ (τ
′
2)
))

d(u, u′, τ1, τ ′1, τ2, τ ′2) +O(m−1).
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As before, we split the above sum into three sums L1, L2, L3, for t = t′, t < t′ and t > t′,
respectively. For L1, we have

L1 = 1
T

T∑
i=1

1
m

∫
[0,1]6

( i+m−1∑
t=i

Cov
(
X

(i/T )
t (τ1)X(i/T )

t+h (τ2), X(i/T )
t (τ ′1)X(i/T )

t+h′ (τ ′2)
))

× ψn(u, τ1, τ2)ψ`(u, τ1, τ2)1(i ≤ buT c ∧ bu′T c) d(u, u′, τ1, τ ′1, τ2, τ ′2)

=
∫

[0,1]6

1
T

( b(u∧u′)Tc∑
i=1

Cov
(
X

(i/T )
0 (τ1)X(i/T )

h (τ2), X(i/T )
0 (τ ′1)X(i/T )

h′ (τ ′2)
))

× ψn(u, τ1, τ2)ψ`(u, τ1, τ2) d(u, u′, τ1, τ ′1, τ2, τ ′2),

by stationarity of (X(u)
t )t∈Z. The right-hand side converges to∫

[0,1]6
ψn(u, τ1, τ2)ψ`(u, τ1, τ2)

×
∫ u∧u′

0
Cov

(
X

(w)
0 (τ1)X(w)

h (τ2), X(w)
0 (τ ′1)X(w)

h (τ ′2)
)

dw d(u, u′, τ1, τ ′1, τ2, τ ′2),

as T tends to infinity, by Lebegue’s dominated convergence theorem.
The sums L2 and L3 can be treated in a similar manner, and we only provide details

for L2. By the same arguments as before and the stationarity of (X(u)
t )t∈Z, it follows

L2 =
∫

[0,1]6

1
T

b(u∧u′)Tc∑
i=1

1
m

i+m−2∑
t=i

i+m−1∑
t′=t+1

Cov
(
X

(i/T )
t (τ1)X(i/T )

t+h (τ2), X(i/T )
t′ (τ ′1)X(i/T )

t′+h′ (τ
′
2)
)

× ψn(u, τ1, τ2)ψ`(u′, τ ′1, τ ′2) d(u, u′, τ1, τ ′1, τ2, τ ′2)

=
∫

[0,1]6

1
T

b(u∧u′)Tc∑
i=1

1
m

i+m−2∑
t=i

i+m−1−t∑
k=1

Cov
(
X

(i/T )
0 (τ1)X(i/T )

h (τ2), X(i/T )
k (τ ′1)X(i/T )

k+h′ (τ
′
2)
)

× ψn(u, τ1, τ2)ψ`(u′, τ ′1, τ ′2) d(u, u′, τ1, τ ′1, τ2, τ ′2)

=
∫

[0,1]6

m−1∑
k=1

m− k
m

1
T

b(u∧u′)Tc∑
i=1

Cov
(
X

(i/T )
0 (τ1)X(i/T )

h (τ2), X(i/T )
k (τ ′1)X(i/T )

k+h′ (τ
′
2)
)

× ψn(u, τ1, τ2)ψ`(u′, τ ′1, τ ′2) d(u, u′, τ1, τ ′1, τ2, τ ′2).

The right-hand side of the previous display converges to∫
[0,1]6

ψn(u, τ1, τ2)ψ`(u′, τ ′1, τ ′2)
∞∑
k=1

∫ u∧u′

0
Cov

(
X

(w)
0 (τ1)X(w)

h (τ2), X(w)
k (τ ′1)X(w)

k+h′(τ
′
2)
)

dw

d(u, u′, τ1, τ ′1, τ2, τ ′2),

as T tends to infinity, by Lebegue’s dominated convergence theorem. Thus, (D6) follows
by Fubini’s theorem, since

lim
T→∞

ST,6 =
∫

[0,1]6

∞∑
k=−∞

∫ u∧u′

0
Cov

(
X

(w)
0 (τ1)X(w)

h (τ2), X(w)
k (τ ′1)X(w)

k+h′(τ
′
2)
)

dw

× ψn(u, τ1, τ2)ψ`(u, τ1, τ2) d(u, u′, τ1, τ ′1, τ2, τ ′2)

= E[〈ψn, B̃(1)
h 〉〈ψ`, B̃

(1)
h′ 〉] = Cov(〈ψn, B̃(1)

h 〉, 〈ψ`, B̃
(1)
h′ 〉).
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Proof of (D7)–(D10). The convergences (D7) to (D10) follows from the fact that the
multipliers Ri = R(1)

i are independent from the data and centred. For example, we have

Cov(〈B̃T,h, ψn〉, 〈B̃(1)
T,h, ψ`〉)

=E[〈B̃T,h, ψn〉〈B̃(1)
T,h, ψ`〉]

=E
[
〈B̃T,h, ψn〉

T−h∑
i=1

Ri√
mT

(i+m−1)∧(T−h)∑
t=i

∫
[0,1]3

(
Xt,T (τ1)Xt+h,T (τ2)− µt,T,h(τ1, τ2)

)
× ψ`(u, τ1, τ2)1(i ≤ buT c) d(u, τ1, τ2)

]
= 0,

which implies (D10).
Proof of (D1)-(D2), (D4)-(D5). Convergences (D1)-(D2) and (D4)-(D5) can be shown
with the same arguments as (D3) and (D6), respectively, but they are technically less
involved. �

Proposition C.6. Let assumptions (A1)–(A3) and (B1) and (B3) be satisfied. Then,

lim
T→∞

cumj(ZT ) = 0,

for any j ≥ 3, where ZT is defined in (C.5).

Proof. By linearity of cumulants, we have

cumj(ZT )

= cumj

( p∑
n=1

(
cn〈B̃T , ψ′n〉+ dn〈B̃(1)

T , ψ′n〉+
H∑
h=0

cn,h〈B̃T,h, ψn〉+ dn,h〈B̃
(1)
T,h, ψn〉

))

=
p∑

n1,...,nj=1

∑
w=(w1,...,wj)

wi∈{0,1}×{−1,...,H},1≤i≤j

( j∏
i=1

a
(wi)
i

)
cum(〈A(w1)

1 , ψn1〉, . . . , 〈A
(wj)
j , ψnj 〉),

where
a

(0,−1)
i = ci, A

(0,−1)
i = B̃T , a

(0,h)
i = ci,h and A(0,h)

i = B̃T,h,

and further,

a
(1,−1)
i = di, A

(1,−1)
i = B̃

(1)
T , a

(1,h)
i = di,h and A(1,h)

i = B̃
(1)
T,h,

for h = 0, . . . ,H and i = 1, . . . , j. Fix some integers n1, . . . , nj ∈ {1, . . . , p}. Further,
denote the cumulants in the above sum by

cum(w) := cum(〈A(w1)
1 , ψn1〉, . . . , 〈A

(wj)
j , ψnj 〉).

In the following, we restrict our attention to the subset ({0, 1} × {0, . . . ,H})j of the set
({0, 1} × {−1, . . . ,H})j since the proof for the latter follows the same arguments but is
notationally more involved.
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First, fix w = (w1, . . . , wj) with wi ∈ {0} × {0, . . . ,H}. Thus, for any wi there is a
hi ∈ {0, . . . H} such that A(wi)

i = B̃T,hi
. By the definition of cumulants and Fubini’s

theorem, we obtain that

cum(〈B̃T,h1 , ψn1〉, . . . , 〈B̃T,hj , ψnj 〉)

=
∑

{ν1,...,νR}

(−1)R−1(R− 1)!
R∏
r=1

E
[ ∏
i∈νr

∫
[0,1]3

ψni
(
u(i), τ

(i)
1 , τ

(i)
2
)

× 1√
T

bu(i)Tc∧(T−hi)∑
t=1

(
Xt,T (τ (i)

1 )Xt+hi,T (τ (i)
2 )− µt,T,hi(τ

(i)
1 , τ

(i)
2 )
)

d(u(i), τ
(i)
1 , τ

(i)
2 )
]

=
∑

{ν1,...,νR}

(−1)R−1(R− 1)!
R∏
r=1

E
[ ∫

[0,1]3|νr|

∏
i∈νr

ψni
(
u(i), τ

(i)
1 , τ

(i)
2
)

× 1√
T

bu(i)Tc∧(T−hi)∑
t=1

(
Xt,T (τ (i)

1 )Xt+hi,T (τ (i)
2 )− µt,T,hi(τ

(i)
1 , τ

(i)
2 )
)

d(u(i), τ
(i)
1 , τ

(i)
2 |i ∈ νr)

]

=
∑

{ν1,...,νR}

∫
[0,1]3j

(−1)R−1(R− 1)!
R∏
r=1

E
[ ∏
i∈νr

ψni
(
u(i), τ

(i)
1 , τ

(i)
2
)

× 1√
T

bu(i)Tc∧(T−hi)∑
t=1

(
Xt,T (τ (i)

1 )Xt+hi,T (τ (i)
2 )− µt,T,hi(τ

(i)
1 , τ

(i)
2 )
)]

d(u(i), τ
(i)
1 , τ

(i)
2 |1 ≤ i ≤ j)

=
∫

[0,1]3j
cum

(
1√
T

bu(1)Tc∧(T−h1)∑
t=1

Xt,T (τ (1)
1 )Xt+h1,T (τ (1)

2 )ψn
(
u(1), τ

(1)
1 , τ

(1)
2
)
, . . .

. . . ,
1√
T

bu(j)Tc∧(T−hj)∑
t=1

Xt,T (τ (j)
1 )Xt+hj ,T (τ (j)

2 )ψn(u(j), τ
(j)
1 , τ

(j)
2 )
)

d(u(i), τ
(i)
1 , τ

(i)
2 |1 ≤ i ≤ j)

=
∫

[0,1]3j

1
T j/2

T−h1∑
t1=1

· · ·
T−hj∑
tj=1

cum
(
Xt1,T (τ (1)

1 )Xt1+h1,T (τ (1)
2 ), . . . , Xtj ,T (τ (j)

1 )Xtj+hj ,T (τ (j)
2 )
)

×
j∏
i=1

ψni
(
u(i), τ

(i)
1 , τ

(i)
2
)
1(ti ≤ bu(i)T c) d(u(i), τ

(i)
1 , τ

(i)
2 |1 ≤ i ≤ j)

where the summation extends over all partitions {ν1, . . . , νR} of the set {1, . . . , j}. The
absolute value of this expression is bounded by

1
T j/2

T−h1∑
t1=1

· · ·
T−hj∑
tj=1

(∫
[0,1]3j

j∏
i=1

ψ2
ni(u

(i), τ
(i)
1 , τ

(i)
2 )1(ti ≤ bu(i)T c) d(u(i), τ

(i)
1 , τ

(i)
2 |1 ≤ i ≤ j)

)1/2

×
(∫

[0,1]2j
cum2 (Xt1,T (τ (1)

1 )Xt1+h1,T (τ (1)
2 ), . . . , Xtj ,T (τ (j)

1 )Xtj+hj ,T (τ (j)
2 )
)



SUPPLEMENTARY MATERIAL 19

d(τ (i)
1 , τ

(i)
2 |1 ≤ i ≤ j)

)1/2

≤ C

T j/2

T−h1∑
t1=1

· · ·
T−hj∑
tj=1

‖ cum
(
Xt1,T ⊗Xt1+h1,T , . . . , Xtj ,T ⊗Xtj+h,T

)
‖2,2j

since, by assumption, ψn(x) ≤ C uniformly in x and n.
In the following, we will bound the expression

T−h1∑
t1=1
· · ·

T−hj∑
tj=1

∥∥ cum(Xt1,T ⊗Xt1+h1,T , . . . , Xtj ,T ⊗Xtj+hj ,T )
∥∥

2,2j .

For that purpose, consider the table

S :=
(1, 0) (1, 1)
...

...
(j, 0) (j, 1),

where j ≥ 3. In the following, the tuple (i, 0) will be identified with the index ti and (i, 1)
will be identified with ti + hi. Let {ν1, . . . , νq} be a partition of S. Two sets νi and ν` of
the partition hook if there is an index k such that (k, 0) ∈ νi and (k, 1) ∈ ν` or vice versa.
The sets νi and ν` communicate if there is a sequence νi = ν̃1, . . . , ν̃k = ν` such that ν̃i′
and ν̃i′+1 hook, for any 1 ≤ i′ ≤ k − 1. The partition {ν1, . . . , νq} is indecomposable if
all pairs of sets communicate. By Theorem 2.3.2 of Brillinger (1981), we can rewrite

cum(Xt1,TXt1+h1,T , . . . , Xtj ,TXtj+h,T ) =
∑

{ν1,...,νq}

q∏
k=1

cum(X1−s2
ts1 ,T

Xs2
ts1+hs1 ,T

, s ∈ νk),

(C.8)

where s = (s1, s2), where the summation extends over all indecomposable partitions
{ν1, . . . , νq} of S and where we omit the arguments τ (k)

i for the ease of notation. Observe
that X1−s2

ts1 ,T
Xs2
ts1+hs1 ,T

= Xts1 ,T
if s2 = 0 and X1−s2

ts1 ,T
Xs2
ts1+hs1 ,T

= Xts1+hs1 ,T
if s2 = 1.

Clearly, Equation (C.8) leads to the bound

T−h1∑
t1=1
· · ·

T−hj∑
tj=1

∥∥ cum(Xt1,T ⊗Xt1+h1,T , . . . , Xtj ,T ⊗Xtj+hj ,T )
∥∥

2,2j

≤
∑

{ν1,...,νq}

T−h1∑
t1=1
· · ·

T−hj∑
tj=1

q∏
`=1

∥∥∥ cum
(
X1−s2
ts1 ,T

Xs2
ts1+hs1 ,T

, s ∈ ν`
)∥∥∥

2,|ν`|

Fix an indecomposable partition {ν1, . . . , νq} of S. If q = 1, the sum

T−h1∑
t1=1
· · ·

T−hj∑
tj=1

∥∥∥ cum
(
Xt1,T , Xt1+h1,T , · · · , Xtj ,T , Xtj+hj ,T

)∥∥∥
2,2j
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is of order O(T ) by (A3). For q ≥ 2, there exist µ1, . . . , µq−1 such that

νi ∩
{
(µ1, 0), . . . , (µq−1, 0), (µ1, 1), . . . , (µq−1, 1)

}
6= ∅,

for any i = 1, . . . , q. Informally speaking, the indices µ1, . . . , µq−1 ’connect’ the sets
of the partition. Without loss of generality, we assume µ1 = 1, . . . , µq−1 = q − 1,
(µi, 0) = (i, 0) ∈ νi and (µi, 1) = (i, 1) ∈ νi+1 for i = 1, . . . , q − 1. Then,

T−h1∑
t1=1

· · ·
T−hj∑
tj=1

q∏
`=1

∥∥∥ cum
(
X1−s2
ts1 ,T

Xs2
ts1 +hs1 ,T

, s ∈ ν`
)∥∥∥

2,|ν`|

=
T−h1∑
t1=1

· · ·
T−hj∑
tj=1

∥∥∥ cum
(
Xt1,T , X

1−s2
ts1 ,T

Xs2
ts1 +hs1 ,T

, s ∈ ν1 \ {(1, 0)}
)∥∥∥

2,|ν1|

×
∥∥∥ cum

(
Xt2,T , Xt1+h1,T , X

1−s2
ts1 ,T

Xs2
ts1 +hs1 ,T

, s ∈ ν2 \
{

(2, 0), (1, 1)
})∥∥∥

2,|ν2|

· · ·

×
∥∥∥ cum

(
Xtq−1,T , Xtq−2+hq−2,T , X

1−s2
ts1 ,T

Xs2
ts1 +hs1 ,T

, s ∈ νq−1 \
{

(q − 1, 0), (q − 2, 1)
})∥∥∥

2,|νq−1|

×
∥∥∥ cum

(
Xtq−1+hq−1,T , X

1−s2
ts1 ,T

Xs2
ts1 +hs1 ,T

, s ∈ νq \ {(q − 1, 1)}
)∥∥∥

2,|νq|
.

Consider the sets ν̃1 := ν1 \ {(1, 0)}, ν̃2 := ν2 \ {(2, 0), (1, 1)}, . . . , ν̃q−1 := νq−1 \ {(q −
1, 0), (q− 2, 1)}, ν̃q = νq \ {(q− 1, 1)}, and observe that these sets form a partition of the
set {(q, 0), . . . , (j, 0), (q, 1), . . . , (j, 1)}. Let mi be the cardinality of ν̃i, for i = 1, . . . , q.
By adding summands, we can bound the above sum by

T∑
t1,...,tq−1=1

( ∞∑
t

(1)
1 ,...,t

(1)
m1 =−∞

∥∥∥ cum
(
Xt1,T , Xt

(1)
1 ,T

, . . . , X
t

(1)
m1 ,T

)∥∥∥
2,m1+1

×
∞∑

t
(2)
1 ,...,t

(2)
m2 =−∞

∥∥∥ cum
(
Xt2,T , Xt1+h1,T , Xt

(2)
1 ,T

, . . . , X
t

(2)
m2 ,T

)∥∥∥
2,m2+2

...

×
∞∑

t
(q−1)
1 ,...,t

(q−1)
mq−1 =−∞

∥∥∥ cum
(
Xtq−1,T , Xtq−2+hq−2,T , Xt

(q−1)
1 ,T

, . . . , X
t

(q−1)
mq−1 ,T

)∥∥∥
2,mq−1+2

×
∞∑

t
(q)
1 ,...,t

(q)
mq=−∞

∥∥∥ cum
(
Xtq−1+hq−1,T , Xt

(q)
1 ,T

, . . . , X
t

(q)
mq ,T

)∥∥∥
2,mq+1

)
.

The last inner sum is bounded by some constant Cmq+1 by Assumption (A3). The outer
sum over the index tq−1 can be pulled in front of the last inner sum and we obtain

T∑
tq−1=1

∞∑
t

(q−1)
1 ,...,t

(q−1)
mq−1 =−∞

∥∥∥ cum
(
Xtq−1,T , Xtq−2+h,T , Xt

(q−1)
1 ,T

, . . . , X
t

(q−1)
q−1 ,T

)∥∥∥
2,mq−1+2

≤ Cmq−1+2
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Doing this successively, we have the bound

Cmq+1

q−1∏
i=2

Cmi+2

T∑
t1=1

∞∑
t
(1)
1 ,...,t

(1)
m1=−∞

∥∥∥ cum
(
Xt1,T , Xt

(1)
1 ,T

, . . . , X
t
(1)
m1 ,T

)∥∥∥
2,m1+1

≤Cm1+1Cmq+1

( q−1∏
i=2

Cmi+2

)
T = O(T ).

We finally obtain that cum(〈B̃T , ψn1〉, . . . , 〈B̃T , ψnj 〉) = O(T 1−j/2), which vanishes as
T tends to infinity since j ≥ 3. Thus, we have proven the statement for any w =
(w1, . . . , wj) with wi ∈ {0} × {0, . . . ,H}.

In the following, we investigate the cumulant cum(w), for w = (w1, . . . , wj) with wi ∈
{1} × {0, . . . ,H}. The cumulants corresponding to arbitrary w ∈ ({0, 1} × {0, . . . ,H})j
can be bounded by using the same arguments. By similar arguments as for the case
wi ∈ {0} × {0, . . . ,H}, we obtain that

| cum(〈B̃(1)
T,h1

, ψn1〉, . . . , 〈B̃
(1)
T,hj

, ψnj 〉)|

=
∣∣∣∣ ∫

[0,1]3j
cum

(
B̃

(1)
T,h1

(u(1), τ
(1)
1 , τ

(1)
2 )ψn1(u(1), τ

(1)
1 , τ

(1)
2 ), . . .

. . . , B̃
(1)
T,hj

(u(j), τ
(j)
1 , τ

(j)
2 )ψnj (u(j), τ

(j)
1 , τ

(j)
2 )
)

d(u(i), τ
(i)
1 , τ

(i)
2 |1 ≤ i ≤ j)

∣∣∣∣
=
∣∣∣∣ ∫

[0,1]3j

( j∏
i=1

ψni(u(i), τ
(i)
1 , τ

(i)
2 )
)

1
(mT )j/2

bu(1)Tc∧(T−h1)∑
i1=1

· · ·
bu(j)Tc∧(T−hj)∑

ij=1

× cum
(
Ri1

(i1+m−1)∧(T−h1)∑
t=i1

Xt,T (τ (1)
1 )Xt+h1,T (τ (1)

2 ), . . .

· · · , Rij
(ij+m−1)∧(T−hj)∑

t=ij

Xt,T (τ (j)
1 )Xt+hj ,T (τ (j)

2 )
)

d(u(i), τ
(i)
1 , τ

(i)
2 |1 ≤ i ≤ j)

∣∣∣∣
≤ C

(mT )j/2
T−h1∑
i1=1

· · ·
T−hj∑
ij=1

∥∥∥∥ cum
(
Ri1

(i1+m−1)∧(T−h1)∑
t=i1

Xt,T ⊗Xt+h1,T , . . .

. . . , Rij

(ij+m−1)∧(T−hj)∑
t=ij

Xt,T ⊗Xt+hj ,T

)∥∥∥∥
2,2j

. (C.9)

Most of the cumulants on the right-hand side of the above equation are zero. More
specific, if there is an index i` with i` 6= i`′ for any `′ 6= `, then by Theorem 2.3.1 (iii)
and Theorem 2.3.2 of Brillinger (1981), the corresponding cumulant in the above sum
equals zero. Thus, we can bound the right-hand side of (C.9) by

Cj
(mT )j/2

bj/2c∑
k=1

∑
n1,··· ,nk≥2∑k

i=1 ni=j

T∑
i1,··· ,ik=1

∥∥ cum(Ri1Yi1 , · · · , Ri1Yi1 , · · · , RikYik , · · · , RikYik)
∥∥

2,2j ,
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where n` determines how often the product Ri`Yi` occurs in the cumulants and

Yi` =
(i`+m−1)∧(T−h`)∑

t=i`
Xt,T ⊗Xt+h`,T ,

for any ` ∈ {1, . . . , k}. By Theorem 2.3.2 of Brillinger (1981), we can again rewrite
each cumulant in the above sum as a sum over products of cumulants of single random
variables, where the sum ranges over all indecomposable partitions of the table

Ri1 Yi1
...

...
Ri1 Yi1
...

...
Rik Yik
...

...
Rik Yik .

By making use of the same technique as before, we can use the indecomposability to
prove that∑

n1,··· ,nk≥2∑k

i=1 ni=j

T∑
i1,··· ,ik=1

∥∥ cum(Ri1Yi1 , · · · , Ri1Yi1 , · · · , RikYik , · · · , RikYik)
∥∥

2,2j

is of order O(mj−(k−1)T ). Now we can see that the right-hand side of (C.9), and thus,
cum(〈B̃T,h1 , ψn1〉, . . . , 〈B̃T,hj

, ψnj 〉) are of order O(mj/2T 1−j/2), which vanishes as T
tends to infinity. Similar, cum(w) vanishes for any w ∈ ({0, 1} × {0, . . . ,H})j , as T
tends to infinity and, by this, cumj(ZT ) does so as well. �

Proposition C.7. Let Assumptions (A1)–(A3) be satisfied. Then, for any h, h′ ∈ N0,

1
T

T−h∑
t=1

T−h′∑
t′=1
‖Cov

(
(Xt,T −X(t/T )

t )⊗Xt+h,T , Xt′,T ⊗Xt′+h′,T
)
‖2,4

+ ‖Cov
(
X

(t/T )
t ⊗ (Xt+h,T −X

(t/T )
t+h ), Xt′,T ⊗Xt′+h′,T

)
‖2,4

+ ‖Cov
(
X

(t/T )
t ⊗X(t/T )

t+h , (Xt′,T −X
(t/T )
t′ )⊗Xt′+h′,T

)
‖2,4

+ ‖Cov
(
X

(t/T )
t ⊗X(t/T )

t+h , X
(t/T )
t′ ⊗ (Xt′+h′,T −X

(t/T )
t′+h′ )

)
‖2,4 = O(T−1).

Proof. To ensure readability, we focus on the sum over the first summand. The other
summands can be treated with similar arguments. First, define Yt,T = Xt,T − X(t/T )

t .
From the definition of cumulants, Theorem 2.3.2 of Brillinger (1981) and the triangular
inequality, we get the bound

‖Cov
(
Yt,T ⊗Xt+h,T , Xt′,T ⊗Xt′+h′,T

)
‖2,4 ≤ ‖ cum

(
Yt,T , Xt+h,T , Xt′,T , Xt′+h′,T

)
‖2,4

+ ‖ cum(Yt,T )‖2‖ cum(Xt+h,T , Xt′,T , Xt′+h′,T )‖2,3
+ ‖ cum(Xt+h,T )‖2‖ cum(Yt,T , Xt′,T , Xt′+h′,T )‖2,3
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+ ‖ cum(Xt′,T )‖2‖ cum(Yt,T , Xt+h,T , Xt′+h′,T )‖2,3
+ ‖ cum(Xt′+h′,T )‖2‖ cum(Yt,T , Xt+h,T , Xt′,T )‖2,3
+ ‖ cum(Yt,T )‖2‖ cum(Xt′,T )‖2‖ cum(Xt+h,T , Xt′+h′,T )‖2,2
+ ‖ cum(Xt+h,T )‖2‖ cum(Xt′,T )‖2‖ cum(Yt,T , Xt′+h′,T )‖2,2
+ ‖ cum(Yt,T )‖2‖ cum(Xt′+h′,T )‖2‖ cum(Xt+h,T , Xt′,T )‖2,2
+ ‖ cum(Xt+h,T )‖2‖ cum(Xt′+h′,T )‖2 cum(Yt,T , Xt′,T )‖2,2
+ ‖ cum(Yt,T , Xt′,T )‖2,2‖ cum(Xt+h,T , Xt′+h′,T )‖2,2
+ ‖ cum(Yt,T , Xt′+h′,T )‖2,2‖ cum(Xt+h,T , Xt′,T )‖2,2

≤ C
{
‖ cum

(
Yt,T , Xt+h,T , Xt′,T , Xt′+h′,T

)
‖2,4

+ 1
T
‖ cum(Xt+h,T , Xt′,T , Xt′+h′,T )‖2,3 + ‖ cum(Yt,T , Xt′,T , Xt′+h′,T )‖2,3

+ ‖ cum(Yt,T , Xt+h,T , Xt′+h′,T )‖2,3 + ‖ cum(Yt,T , Xt+h,T , Xt′,T )‖2,3

+ 1
T
‖ cum(Xt+h,T , Xt′+h′,T )‖2,2 + ‖ cum(Yt,T , Xt′+h′,T )‖2,2

+ 1
T
‖ cum(Xt+h,T , Xt′,T )‖2,2 + cum(Yt,T , Xt′,T )‖2,2

+ ‖ cum(Yt,T , Xt′,T )‖2,2‖ cum(Xt+h,T , Xt′+h′,T )‖2,2

+ ‖ cum(Yt,T , Xt′+h′,T )‖2,2‖ cum(Xt+h,T , Xt′,T )‖2,2
}
,

where we made use of (1) in the second inequality. Now, we can investigate the sums
over all summands separately. We focus exemplary on three summands, as the remaining
summands can be treated with the same arguments. By (A3), we have

1
T

T−h∑
t=1

T−h′∑
t′=1
‖ cum

(
Yt,T , Xt+h,T , Xt′,T , Xt′+h′,T

)
‖2,4

≤ 1
T

T∑
t1,··· ,t4=1

‖ cum
(
Yt1,T , Xt2,T , Xt3,T , Xt4,T

)
‖2,4

≤ 1
T

T∑
t1,··· ,t4=1

1
T
η4(t2 − t1, t3 − t1, t4 − t1) = O(T−1).

Similarly,

1
T

T−h∑
t=1

T−h′∑
t′=1

1
T
‖ cum(Xt+h,T , Xt′,T , Xt′+h′,T )‖2,3

≤ 1
T 2

T∑
t1,t2,t3=1

‖ cum(Xt1,T , Xt2,T , Xt3,T )‖2,3

≤ 1
T 2

T∑
t1,t2,t3=1

η3(t2 − t1, t3 − t1) = O(T−1).
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and

1
T

T−h∑
t=1

T−h′∑
t′=1
‖ cum(Yt,T , Xt′,T )‖2,2‖ cum(Xt+h,T , Xt′+h′,T )‖2,2

≤ 1
T

T−h∑
t=1

T−h′∑
t′=1
‖E[(Yt,T )2]‖2‖E[X2

t′,T ]‖2‖ cum(Xt+h,T , Xt′+h′,T )‖2,2

≤ C

T 2

T−h∑
t=1

T−h′∑
t′=1
‖ cum(Xt+h,T , Xt′+h′,T )‖2,2

≤ C

T 2

T∑
t,t′=1

η2(t− t′) = O(T−1).

The proof for the third and fourth summand relies on the summability assumption of
(1 + |tj |)νk(t1, . . . , tk−1) rather than νk(t1, . . . , tk−1). �

Lemma C.8. Let Assumptions (A1)–(A3) and (B1) and (B3) be satisfied. Then,

lim
n→∞

lim sup
T→∞

E
[ ∞∑
`=n+1

(
〈B̃T , ψ′`〉2 + 〈B̃(1)

T , ψ′`〉2 +
H∑
h=0
〈B̃T,h, ψ`〉2 + 〈B̃(1)

T,h, ψ`〉
2
)]

= 0.

Proof of Lemma C.8. By linearity of the expectation, we can prove the property for
every process separately. We restrict our attention to the cases

lim
n→∞

lim sup
T→∞

E
[ ∞∑
`=n+1

〈B̃T,h, ψ`〉2
]

= 0 (C.10)

and

lim
n→∞

lim sup
T→∞

E
[ ∞∑
`=n+1

〈B̃(1)
T,h, ψ`〉

2
]

= 0; (C.11)

the assertions regarding B̃T and B̃(1)
T follow by similar arguments.

First, by linearity of expectation,

0 ≤ lim sup
n→∞

lim sup
T→∞

E
[ ∞∑
`=n+1

〈B̃T,h, ψ`〉2
]

= lim sup
n→∞

lim sup
T→∞

E
[ ∞∑
`=1
〈B̃T,h, ψ`〉2 −

n∑
`=1
〈B̃T,h, ψ`〉2

]

≤ lim sup
T→∞

E
[ ∞∑
`=1
〈B̃T,h, ψ`〉2

]
− lim inf

n→∞
lim inf
T→∞

E
[ n∑
`=1
〈B̃T,h, ψ`〉2

]

= lim sup
T→∞

E
[ ∞∑
`=1
〈B̃T,h, ψ`〉2

]
−
∞∑
`=1

lim inf
T→∞

E
[
〈B̃T,h, ψ`〉2

]
= lim sup

T→∞
E‖B̃T,h‖22,3 − E‖Bh‖22,3,
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where we used Equation (D3) from the proof of Proposition C.5 in the last step. Thus,
it is sufficient to prove lim supT→∞ E‖B̃T,h‖22,3 ≤ E‖Bh‖22,3. By Fubini’s theorem, we
have

E‖B̃T,h‖22,3

= 1
T

T−h∑
t,t′=1

∫
[0,1]3

Cov
(
Xt,T (τ1)Xt+h,T (τ2), Xt′,T (τ1)Xt′+h,T (τ2)

)
1(t, t′ ≤ buT c) d(u, τ1, τ2).

As in the proof of (D3) in the proof of Proposition C.5, we split the above sum into
three sums ST,1, ST,2, ST,3 according to t = t′, t < t′ and t > t′, respectively.

For the convergence of the first sum, we obtain, by stationarity,

ST,1 = 1
T

T−h∑
t=1

∫
[0,1]3

Var
(
Xt,T (τ1)Xt+h,T (τ2)

)
1(t ≤ buT c) d(u, τ1, τ2)

= 1
T

T−h∑
t=1

∫
[0,1]3

Var
(
X

(t/T )
t (τ1)X(t/T )

t+h (τ2)
)
1(t ≤ buT c) d(u, τ1, τ2) +O(T−1)

=
∫

[0,1]3

1
T

T−h∑
t=1

Var
(
X

(t/T )
0 (τ1)X(t/T )

h (τ2)
)
1(t ≤ buT c) d(u, τ1, τ2) +O(T−1)

T→∞−−−−→
∫

[0,1]3

∫ u

0
Var

(
X

(w)
0 (τ1)X(w)

h (τ2)
)

dw(u, τ1, τ2).

Next, the double sum involving t < t′ can be treated as follows:

1
T

(T−h)∧buTc∑
t=1

(T−h)∧buTc∑
t′=t+1

∫
[0,1]3

Cov
(
Xt,T (τ1)Xt+h,T (τ2), Xt′,T (τ1)Xt′+h,T (τ2)

)
d(u, τ1, τ2)

= 1
T

∫
[0,1]3

buTc∑
t=1

buTc∑
t′=t+1

Cov
(
X

(t/T )
t (τ1)X(t/T )

t+h (τ2), X(t/T )
t′ (τ1)X(t/T )

t′+h (τ2)
)

d(u, τ1, τ2) +O(T−1)

= 1
T

∫
[0,1]3

buTc∑
t=1

buTc−t∑
k=1

Cov
(
X

(t/T )
t (τ1)X(t/T )

t+h (τ2), X(t/T )
k+t (τ1)X(t/T )

k+t+h(τ2)
)

d(u, τ1, τ2) +O(T−1)

= 1
T

∫
[0,1]3

buTc∑
t=1

buTc−t∑
k=1

Cov
(
X

(t/T )
0 (τ1)X(t/T )

h (τ2), X(t/T )
k (τ1)X(t/T )

k+h (τ2)
)

d(u, τ1, τ2) +O(T−1).

By Lebesgue’s dominated convergence theorem, the integral and the limit, as T tends
to infinity, are interchangeable in the last equality. Thus, the right-hand side converges
according to Lemma C.9 to∫

[0,1]3

∞∑
k=1

∫ u

0
Cov

(
X

(w)
0 (τ1)X(w)

h (τ2), X(w)
k (τ1)X(w)

k+h(τ2)
)

dw d(u, τ1, τ2).

A similar assertion holds for the double sum involving t > t′. Altogether, we obtain
that E‖B̃T,h‖22,3 converges to
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[0,1]3

∞∑
k=−∞

∫ u

0
Cov

(
X

(w)
0 (τ1)X(w)

h (τ2), X(w)
k (τ1)X(w)

k+h(τ2)
)

dw d(u, τ1, τ2)

=
∫

[0,1]3
Var

(
B̃h(u, τ1, τ2)

)
d(u, τ1, τ2) = E‖B̃h‖22,3

by Fubini’s theorem, which proves (C.10).
For the proof of (C.11) observe that

0 ≤ lim
n→∞

lim sup
T→∞

E
[ ∞∑
`=n+1

〈B̃(1)
T,h, ψ`〉

2
]
≤ lim sup

T→∞
E‖B̃(1)

T,h‖
2
2,3 − E‖B̃(1)

h ‖
2
2,3,

as before, and we can conclude the statement by showing lim supT→∞ E‖B̃(1)
T,h‖22,3 ≤

E‖B̃(1)
h ‖22,3. Fubini’s theorem and the independence of the family (Ri)i∈N lead to

E‖B̃(1)
T,h‖

2
2,3

=E
[ ∫

[0,1]3

1
mT

buT c∧(T−h)∑
i,i′=1

RiRi′
(i+m−1)∧(T−h)∑

t=i

(i′+m−1)∧(T−h)∑
t′=i′

{
Xt,T (τ1)Xt+h,T (τ2)

− µt,T,h(τ1, τ2)
}{
Xt′,T (τ1)Xt′+h,T (τ2)− µt′,T,h(τ1, τ2)

}
d(u, τ1, τ2)

]
=ST,1 + ST,2 + ST,3,

where

ST,1 =
∫

[0,1]3

1
T

buT c∧(T−h)∑
i=1

1
m

(i+m−1)∧(T−h)∑
t=i

Var
(
Xt,T (τ1)Xt+h,T (τ2)

)
d(u, τ1, τ2),

ST,2 =
∫

[0,1]3

1
T

buT c∧(T−h)∑
i=1

1
m

(i+m−2)∧(T−h)∑
t=i

(i+m−1)∧(T−h)∑
t′=t+1

Cov
(
Xt,T (τ1)Xt+h,T (τ2), Xt′,T (τ1)Xt′+h,T (τ2)

)
d(u, τ1, τ2),

ST,3 =
∫

[0,1]3

1
T

buT c∧(T−h)∑
i=1

1
m

(i+m−2)∧(T−h)∑
t′=i

(i+m−1)∧(T−h)∑
t=t′+1

Cov
(
Xt,T (τ1)Xt+h,T (τ2), Xt′,T (τ1)Xt′+h,T (τ2)

)
d(u, τ1, τ2).

We investigate the three previous terms separately. By the same arguments as in the
proof of Proposition C.7 and the stationarity of (X(u)

t )t∈Z, we have

ST,1 =
∫

[0,1]3

1
T

buTc∑
i=1

1
m

(i+m−1)∧(T−h)∑
t=i

Var
(
X

(t/T )
t (τ1)X(t/T )

t+h (τ2)
)

d(u, τ1, τ2) +O(mT−1)

=
∫

[0,1]3

1
T

buTc∑
i=1

1
m

i+m−1∑
t=i

Var
(
X

(t/T )
0 (τ1)X(t/T )

h (τ2)
)

d(u, τ1, τ2) +O(mT−1).

For u < 1, the previous integrand can be rewritten as
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1
T

m−1∑
i=1

i

m
Var
(
X

(t/T )
0 (τ1)X(t/T )

h (τ2)
)

+ 1
T

buTc∑
i=m

Var
(
X

(t/T )
0 (τ1)X(t/T )

h (τ2)
)

+ 1
T

buTc+m−1∑
i=buTc+1

buT c+m− i
m

Var
(
X

(t/T )
0 (τ1)X(t/T )

h (τ2)
)
,

which implies that

lim
T→∞

ST,1 =
∫

[0,1]3

∫ u

0
Var

(
X

(w)
0 (τ1), X(w)

h (τ2)
)

dw d(u, τ1, τ2),

by Lebesgue’s dominated convergence theorem. The sums ST,2 and ST,3 can be treated
similarly, which finally implies that

lim sup
T→∞

E‖B̃(1)
T ‖

2
2,3

=
∫

[0,1]3

∞∑
t=−∞

∫ u

0
Cov

(
X

(w)
0 (τ1)X(w)

h (τ2), X(w)
t (τ1)X(w)

t+h(τ2)
)

dw d(u, τ1, τ2)

=
∫

[0,1]3
Var

(
B̃(u, τ1, τ2)

)
d(u, τ1, τ2) = E‖B̃(1)‖22,3.

Thus (C.11) holds true, which proves the lemma. �

Lemma C.9. Let (fk)k∈N be a sequence of integrable functions on the unit interval
[0, 1], such that fk(x) ≤ ν(k), for all x ∈ [0, 1], with

∑∞
k=1 ν(k) <∞ and let (an)n∈N be

a sequence of integers with an →∞ as n tends to infinity. Then,

lim
n→∞

an∑
k=1

1
n

bunc∑
`=1

fk
(
`
n

)
=
∞∑
k=1

∫ u

0
fk(x) dx

for any u ∈ [0, 1].

Proof. The statement is an immediate consequence of Lebesgue’s dominated convergence
theorem, applied to the sequence of functions gn(k, x) = 1(k ≤ an)

∑bunc
`=1 fk(`/n)1(x ∈

((`− 1)/n, `/n]). �
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