AXEL BUCHER, HOLGER DETTE AND FLORIAN HEINRICHS

SUPPLEMENTARY MATERIAL ON
“DETECTING DEVIATIONS FROM SECOND-ORDER
STATIONARITY IN LOCALLY STATIONARY FUNCTIONAL
TIME SERIES”

ABSTRACT. This supplementary material contains the additional proofs for the main
paper. In Appendix A, we provide the remaining proofs for the results in Sections 3.5
and 3.6. Proofs related to Section 4 are provided in Appendix B. Finally, some auxiliary
results are collected in Appendix C.

APPENDIX A. PROOFS FOR SECTION 3.5 AND 3.6
Proof of Proposition 3.11. By the definition of X; 7, we can rewrite

[uT)

T — |u
Urtn7) = (X Vi) —u i) - et
t=1

+ \/1T((1 —u) [ ANT|1T(\ < u) + (|uT] —u|AT])L(A > u)){ul(T) —p2(7)}. (A)

By Corollary 3.5,
[uT |

(S oFa)

converges to a centred Gaussian process G. In particular, the norm ||- ||2,2 of the previous
display is Op(1). The norm of the second summand in (A.1) is of order O(T~'/2) and the
norm of the last summand diverges to infinity as 7" tends to infinity. Thus, ||Ur|2,2 — oo
in probability, and therefore the test statistic S}m) diverges to infinity in probability.

In the proof of Theorem 3.8, we have seen that HB%@ — By |la3 = op(1) as T — o0
under the assumption of local stationarity, where BY is defined in (C.3). The same
result can be shown with similar arguments in the setting of a change point. Further,

B(Tk) (u,7) — uB (k) (1 T)

[uT] R® (i+m=1)AT

AL Vs L Kat)-EXg0)
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1 <LMZTJ R® (z+mzl) (k) (HE)AT
= — : Yir(r Y r(r )>7
vT i=1 vm t=i
where the right-hand side converges according to Theorem C.3 to the process B as well
ThllS, HG%’—?)HQ’Q = Op(l) O
Proof of Lemma 3.13. We begin by proving the formula for the bias. We have
| Loy GHmoDAT
Elor(r,0)] = T Z o Z Cov (X, (1), Xe 1())
i=1 £t/ =i
1 T 1 (i+m—1)AT 4 4
=52 > Cov(XT(m), XD () + O
i=1 tt =i
1 T 1 m—1
i/T i/T _
72— > (m— k) Cov(xg " (1), X (p) + O(T ) (4.2)
i=1 k=—m+1
1 1
Cov (X, w) (w)( )) dw
+1 0

1
-2y S e (X ). x

lii/T)(QO))-FO(T_l).
i=1 k=—m+1

Further, by Lemma 3.11 in Dehling and Philipp (2002), we can rewrite

ou(r ) = / Cov(X§”) (1), X () duw

/ Cov(X§ (1), X\ (@) dw + Y / Cov(X{")(r

), X)) dw
k=—m+1 |k|>m
- 5 [ ot X w0,
k=—m+1
for some 0 < r < 1. By the previous display, Equation (A.2) and since O(a"™) +
O(T~1) = o(m™2), we obtain that

[, @ ol —oum ) )

/[0 2 { Z Z |k’|COV X( i/T) (r )aXlii/T)(@)) +0(m2)} d(r, ¢)

=1 k*—m—‘-l

_/[01]2{ mz_:l Lf;/o Cov(Xéw)(T),X,gw)(cp))dw}Z+0(mQ)d(ﬂ@)

]' w w
Z |k|/ Cov(x{™, X)) dw

k=—o00

2

22+0( %)

as asserted.
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Next, consider the formula for the variance. Observe that Var (61 (7, ¢)) = E[67:(7, ¢)]—
(EG7(T,¢))?. By Theorem 2.3.2 of Brillinger (1981), we can rewrite

(i+m—1)AT (' +m—1)AT
EJT T, 90 T2 Z Z Z Kty ta,ts,ts (7—7 30) + Kty ity (T’ (10)%1‘/3,1‘4 (7_7 (10)

0,0/ = 1 t1,ta=1 t3,tg=1’
+ Kty ts (7-7 T)Ht27t4(307 90) + Kty ts (7—7 90)’%2,753 (907 T)7
where £ty 1y 15,6, (T, 0) = cum (X, 7(7), X, 7(0), Xeg 7(7), Xty 7(9)) and kg, 1, (7, 0) =

Cov(Xy, 7(7), Xi,7(p)) for any tq,ta,t3,t4 € {1,---, T} and 7, € [0,1]. With this
notation, we can further rewrite

(i+m—1)AT (V' +m—1)AT

(EUT(T 90 T2 Z Z Z Kty ,to (77 90)/'%3,1&4 (Ta ‘:O)v

0,0 = 1 t1,ta=1 ts,ta=1’
thus,

1 T 1 (i+m—1)AT (¢/+m—1)AT

Var(&T(Tv 90)) = ﬁ Z W Z Z Kty,ta,t3,t4 (7—7 90)

i,1'=1 t1,to=1 t3,ta=i’

+ Kty 3 (T5 T) ity 14 (05 ®) + Kty 14 (T5 ) Kta 5 (0, 7).
In the following, we investigate the sums Bj, By and B3 over the three inner summands
separately.

First, observe that by the strong mixing condition and Theorem 3 in Statulevicius
and Jakimavicius (1988), the sum over the cumulants ky, ¢, +,.1,(7, ) vanishes with rate
2—2
m-T7 = ie.,

1 (i+m—1)AT (¢/+m—1)AT

T2 Z o) > S Bitataa(T,0) = O(m*T?)

i,7'=1 t1,ta=1 ts,tg=1'

To investigate Bg, we split the sum into By = Ba 1 + B2 + Ba 3, where
(i+m—1)AT (i'+m—1)AT

B2 1 7, 80 2 Z Z Z Z Kty ,t3 (T’ T)Ktz,t4 (307 So)a

i=1|i— z’|<m t1,t2=1 t3,ta=1v’

1
m2

i—m—1 1 (t+m—1)AT (' +m—1)AT
m2

Ba o 2 T, ) Z Z Z Kty,t3 (T, 7_)"{752,t4 (%)

i=m+2 i'=1 t1,to=1 t3,t4=1'
and
(i+m—1)AT (¢'+m—1)AT
Z Kty ,ts (7, 7_)’{t2,t4 (@, 9)-

t1,ta=i t3,ta=1'

1
2
i=1

—m— T
By 3(T,¢) Z >
' =i+m—+1

In the following, we will see that both Bz and Bs 3 are negligible, while By con-
tributes to the claimed limit expression. The covariances x¢, ¢, and k¢, ¢, can be bounded
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by Ca”(|t; — t3]) < Ca’lt=11 and Ca” (Jta — t4]) < Ca’*274l for some constants C' > 0
and 0 < r < 1, respectively. Therefore,
i—m—1 i+m—14'+m—1

T m
BQQT()O C Z Z % Z Z ar|t17t3|ar\t27t4\

i=m—+2 i'=1 t1,t2=1 t3,t4=17’

1 m
r(i—i +t1—t3) r(i—i' +ta—t4)
E 5 E a a
m
co ity

2 /=1 t1, =1
1

T
l=m-+
C T i— 1 m
— E § a,T(i—i/+m+t1—tg)aT(i—i/+m+t2—t4)
=m-+ t1, - ,ta=1
T

[~}

m
2¢=m+1

m

i—1
T a2r(i—i’)# S @ttt grimit—t) — (7,
'=m+1

t1,,ta=1

_¢
= T2 ‘
i=m+2i'=

Analogously, B 3(7,¢) = O(T™1). For By observe that

/ Ba1(1,0)d(1, ) = /[01] TQZ > oo Z Cov (X1 (), x V2 (7))

1= 1‘7, z’|<m t1,,ta=1
x Cov(X (), X1 () d(r, ) + O(m T 2).

The inner sums of the integrand in the above display, can be rewritten as

5L 3 om0 X500
i=i—m by, ta=1
:i ni Z Cov(X ), Xl (7)) Cov (X0, X))
:a im (1= 220) (1~ ) o () X)) Con (657 20 X))
i i (1*%> (1 ‘k2|)’Yk1+z (4/T|7)Vkytir (3/Tp), (A.3)

where i (ulz) = Cov(X(u)( ),X,i (2 )), for any k € N and u,z € [0,1]. Let £, be an
increasing sequence in N, with ¢,, < m, £2,/m — 0 and m3a™tm — 0 as m — oo, for
some 0 < 7 < 1, as m tends to infinity; for instance, ¢,, = m'/3. By the strong mixing
property and Lemma 3.11 in Dehling and Philipp (2002), we can rewrite the right-hand

side of (A.3) as

m —i 4+l

> (BB i) + omtarte)
i=—m k1 ko= —i'—fm

m b .,|

D (1_M)(1_m

i'=—m ky ka=—"Lm,

)0, G/ TI7) 30, 0/ T ) + O(ma )
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L m o o
= Y /T /Tle) > (1—%) (1—%%@@3@%) (A.4)
k1,ka=—lm, i'=—m

A tedious but straight-forward calculation based on splitting the next sum into the three
cases ¢ < k1 ANko, i = ki Nka,..., k1 Vksand ¢/ > k1 V ko implies that

i (1- w) (1- w) = Lo m).

, m m 3
'=—m

Plugging this into (A.4) leads, by the dominated convergence theorem and Lipschitz
continuity of v (u|7) in u, to

B i) = [ S S L G/Tr s (T10) 4 ) + ol

i=1 kq,ka=—tm,
_ﬁg/o (k; /0 COV(X5w>(T),X,§w>(T))d7>2dw+o(m/T),

since, by the strong mixing property, >z, fol Y1 (u|T) d7 is of order O(a"*). By similar
arguments, we have

/ Bs(7, ) d(1,¢)
(0,12

and the theorem’s statement follows. O

[0,1]2

Z Cov(X, w) X w)) dw + o(m/T)

2,2

APPENDIX B. PROOFS FOR SECTION 4

Proof of Lemma 4.1. Note that e, 1 = o(t/T)é; = 0(0)é; = &}, for any ¢ < 0. Further,
Ee{™ = 0 and E||e{||3 = 0%(u)E||&/|3, which is strictly greater than zero and finite.

Proof of (i): Similar to the proof of Theorem 3.1 of Bosq (2000), yet, with a random
operator, we have

[EACHE)

since

= E|| A (cus—j)ll2 < E[| ALl zllewt—;sll2] < C@Eleus—jll2 < CF

1A% e < [1ALlls < [ Aulls < o’

by Equation (1.55) of Bosq (2000) and submultiplicativity of the Hilbert-Schmidt norm.
We can now follow the proof of Theorem 3.1 of Bosq (2000) to deduce the assertions

in (i).

Proof of (ii): Similarly as before, we have

j—1
T s im0y =l T Ao, <[ T 4]

et

< ¢7Elerjrl; < Cq¥
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where, by convention, H:O Aty = idp2(o,1))- Therefore, for 1 <m < m/,

i (6o ]T)HQQX[OH (ngHAt Sty T HQQX[Ol) §C<2q3>

j=m

A = | ST

and the right-hand side converges to zero as m and m/ tend to infinity. As a consequence,
Yir = 352 Hg;é Ay r(et—jr) converges in L*(Q x [0,1],P ® A) by the Cauchy
criterion. Further,

t—1
T

o0 1
B7irlf < B[( 31 TT el sl (B.1)
7=0 =0
< E[( 3 quEt—j,TH2>2}
=0

1 2
§7E€2supa2u<oo.
(1=) Ellizold o)

Hence 252, || 1= Ag—iy/7| cllet—jrlla < oo almost surely, which implies almost sure
convergence in LQ([O, 1]) of the series defining Y; 7 by the Riesz-Fisher theorem.

Finally, we have

oo j—1 oo j—1
Yir — Ayr(Yieir) ZHAt i (Et—j,1) At/T(ZHAt 1-i (et—1 ]T)) =&y,
7=01=0 7=01=0

whence Y; 1 is a solution of (18) satisfying SUDe7, TeN E||Y:.r||3 < oo by (B.1) and, as we
will show below, is locally stationary of order p = 2.

Conversely, let Z; 7 be a locally stationary solution of (18) of order p = 2 which
satisfies supey, ren El| Ze,r||3 < 0o. By induction, we have

n

ZtT—ZHAtigt]T [TA=: (Zi—n-17)

7=01=0 T =0 T

Thus,

CIPE 51 YO )| PYS

7=01=0 T
< B[] 14 302in-1213
i=0 T
< ¢UTVE| Ze o rll3,

which converges to zero as n tends to infinity.
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It remains to show that f/;;T is locally stationary of order p = 2 with approximating
family {(Y,)sez : u € [0,1]}. Note that

f[Bz'—ﬁC%:zn:(nh ) C’m)< ﬁ Ck)
=1 i=1 m=1 k= k=m-+1
= zn: (nﬁ Bk:) n—m+1 — Cn—m—l—l)( ﬁ Ck)
m=1 k=n—m-+2

for all n € N, B;,C; € L, the empty product being defined as the identity on L?([0, 1]).
As a consequence

oo j—1 e’}
YtT—Y(u) ZHAtz€t 5T) ZA(Eutfj)
7=017=0 7=0
oo j—1 Jj—1 J

i
=> 11 ApiEegr) = | ] At (Fuey) + 11 Atzipt (Sus—j) = [T Au(eui-y)
i—0 i= i=1

§=0 =0 i=0 i=1

i g-il-m
— HAt;i(Etfj,T*5u7t*j)+ Z ( H A
£ . =0

Since ||Aylls < ¢ for any u € [0, 1] (with probability one) and ||Az||2 < ||A/s]|z||2 for
any A € L,z € L*([0,1]), it follows that

)(Atfjer — A)AT  eui—g)-
T

t—1
T

J
Wiz~ ¥l < 3 (1o () - ollermslle + 0@ 3 la(=52) — afu)lévsle)

j=0 m=1
< (P14l + )l J||2+qﬂz & —ul+ 52) 2 112)
j=0
<O @ esl2(G+ D% —ul + &)
j=0

o0
<O(J& —ul+3) > G +1E2
7=0

The assertion finally follows from the fact that Pt(’“T) =372 ¢ (j+1)?||&:—;]l2 has a finite
second moment. O

APPENDIX C. AUXILIARY RESULTS FOR THE PROOFS IN SECTION 3

Lemma C.1. Cy is a symmetric, positive trace class operator. As a consequence (The-
orem 1.2.5 of Maniglia and Rhandi (2004)), B is a Gaussian random variable in Hyo.

Proof. To ensure readability, we will denote the scalar product of L2([0, 1]7) by (-, ), p =
2,3 and consider the case H = 0 only. The arguments for H > 1 are the same, yet
notationally more involved.
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Symmetry: Let (g1, f1) and (gg f2) be elements in Ho. Then,

1)
(Calg1, 1), (g2, fa)) = ({1 L91())2, 92(%))y + (S (5, ), F1()) 3, 92(%)),

({rf

)

+ “” 00910802, F2 () + ((rSQ 0, )y f(D)ss fo(%))g (C1)

Now, writing u = (u1, uz) and v = (v1,v2),
<<,r,(m)(*’ ')791 :

()2, 92(%)),
= /[0 . Z Am/@l COV(X(SU’) (U2), X]gw)(UQ)) dwg; (U)g2(u) d(u7 1))

= /[0 . z /Ou1/\vl COV(X(SU’) (Uz), X]gw) (1)2)) dwgy (U)gg(v) d(u, U)
A% 2"
= <91 (%), ( ,«(Tn)(>,< 3, 92(,)>2>2

and similarly <(r00( ), [1())3, fa(¥))y, = <f1(*),<rc( ), f2(+))3) 5. Further, writing
u = (u1,u2) and v = (v1,va,v3), we have

(8" Gy ), (D)3, 926)) + (6™ (), 1 (1))as Fa ()
= o & con ), X{ ) X 04)

% (F1(0)g2(u) + fo(0)g1 (u)) dw d(u, v)
= o E [ o), X{ ) X 0)

% (01.(u) fo(0) + go(u) 1 (v) duw d(u, v)

= (g1(0), (1™ (), F2()a)y + (F10), (5™ (5,7), g2 () 2)

Thus, by (C.1), it follows (Cg(g1, f1), (92, f2)) = (91, f2), CB(92, f2))-
Positivity: The positivity of Cp can be seen by similar elementary calculations. Let
(g, f) be in Ha and observe that

(Cr(g, f) (9,./))
/ {/ (w < wup A vl)Cov(X(()w) (ug),X,gw) (v2))g(u)g(v) d(u,v)

/[0 " L(w < ug Awvi)Cov(X, é )(uz), Xlgw) (UQ)X]Si)h(Ug))(f(v)g(u) + g(u) f(v)) d(u,v)
+ /[0 1]6 1(w < ug Avy)Cov (X (UQ)X}(Lw)(uza), X]gw) (UQ)Xlgial(vg))f(u)f(v) d(u, v)} dw

_/ S EYo()Yilw) + 2¥0(w) Ze(w) + Zo(w) Zi(w)] duo

k=—o00
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- / S ElYo(w) (Veluw) + Zu(w)) + (Yo(w) + Zo(w)) Zi(w)] du, (C.2)

k=—o00
where, for k € Z and w € [0, 1],
Viw) = [ 10w <)o" () B 0)]) d
Zi(w) = /W L(w < ) F )" () X (us) = B (o) X1 () d
As Y, and Z; are defined based on a family of stationary processes, we may write

E[(Yo(w) + Zo(w))Zk(w)] = E[(Y_i(w) + Z_g(w)) Zo(w)]. As the summation runs over
all k € Z, we can rewrite the right-hand side of (C.2) as

[ 5 B (a0 + Zew) + (Vi) + Zuw) Zo(w)]

k=—00
_ 01 S El(Yo(w) + Zo(w) (Yilw) + Zy(w))] du
k=—o00

= hm Z E[(Yo(w) + Zo(w)) (Yi(w) + Zk(w))] dw,
which is non-negative since

S E[(Yo(w) + Zo(w) (Ve(uw) + Zi(w)]

k=—n

2
[( zyk )+ Zi >) }+ S [RIE](Yo(w) + Zo(w)) (Viw) + Zu(w))]

k=—n

:Var< ZYk )+ Zi( )>+0(n—1)

by Assumption (A3).
Trace class: Let (1" )en and (15 )een be orthonormal bases of L2([0,1]%2) and

L?([0,1]?) respectively. Then the union {(wél),O)}geN U {(0,9,”)}sen is an orthonor-
mal basis of Hs. By the definition of the trace norm, we have

Hcmwzfj@wé ,0), (15,0 +§Oj N, 0,457))
/=1 =1
=3 (5, ), 08 ()2, 05 (1)) + (S (e, ) 0P ()3, 0D (%)),

(=1
= |

1™+ [1CS) |,
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where C(™) and C(gc) are the operators defined by the kernels (™) and r((f()) respectively.
By the proof of (D3) in the proof of Proposition C.5, Fatou’s lemma and Fubini’s theo-
rem,

1C™ | = Z< M Dy

(=1

- > 0 uAv (w) (w)
_;/[0’1}414:2—300/0 Cov(Xp™ (), X ())de (¢, W ) (7, u) d(u, v, 7, )

_Z lim Cov((BT,W )5 (BTawél)»

T—>oo
- . 5 (1)\2
_ZTIH};OEKB%W )]
=1
P = T
<
< thigéf;E[(BT’w )7l

L > (1)\2
thilorcl)fE[;(BT?wé ) ]
:hminfEHBTH%%

T—o0 '

which is finite since for any T" € N since

BBrl3, =E| [ Bhu.r)d(wr)]
[0,1]2

= [ BlBHw ) d(w,1)
[0,1)?

T
- 0.1] E[; > (X 1(r) = EXyy 1(7) (Xt (1) — EXy (7)) | d(u, 7)

t1,to=1
1 [uT]
/[0 1] T Z COV(Xt17T(T)7 th,T(T)) d(u, 7-)

2
’ T t1,ta=1

IN
’%\

3 [ CovEnirr). Xiua(n) ar

IN
Nl =

T
2
T
Z tg — tl < C < .
t1,t2=1
By similar arguments, it follows that HCOC)HN < C, thus ||C|lx < 0. O

Lemma C.2. Suppose that {Xi7 :t =1,...,T}ren is a locally stationary time series
of order p > 1. Then, for any 1 < p < p,

E[| X - XV < Cplu—olP ¥V u,ve0,1],
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where Cp, = 2r—1 SUP¢=1,..., T,TeN,ue[0,1] E‘P;TP)
Proof. By the triangle inequality and convexity of x — |z|P,
E[|x:" - XV |B] < 221X = X{ury 2l + 1 Xy — X:715)
< Cp(lu— o[+ T) )
for any T' € N. O

Recall the notations introduced in Section 3.4. For k € N, define

1 [uT | R( ) (i+m—1)AT
> AXur(n) = per(n)}, (C.3)
t=1

where p; 7(7) = E[X; 7(7)] and, for any 0 < h < H, let

B(k (u,T)

" | WTIAT=h) (k) (iFm-DAT—h)
T (U, T, T2) = Nis ; \/zm tZ:; { X (1) Xenr(m2) — e n(m1,72)
(C.4)

where Nt,T,h(Tla 7'2) = E[Xt7T(T1)Xt+h T(Tg)]. Finally, let
k) _ (g*) gk 5 (k)
B}’ = (Byp BTO,...,BT’H).
We then have the following joint asymptotic behaviour of the primary process By and

the non-observable multiplier versions IB%;@. Note that Theorem 3.4 is an immediate
consequence.

Theorem C.3. Suppose that Assumptions (A1)-(A3) and (B1) and (B3) are met.
Then, for any fited K € N,

®B7,BY, ... BY)) w B,BY,... BX)
in {L2([0,1]2) x (L2(]0, 1]3)) HH1E+ where BY), ... . BU) are independent copies of the

centred Gaussian variable B from Theorem 3.4 (see also Lemma C.1).

Proof of Theorem C.3. We only prove the assertion for K = 1; the general case follows
by the same arguments but is notationally more involved. The theorem is then an
immediate consequence of the fundamental approximation Lemma 6.1, together with
Lemma C.4 and C.8. 0

Let {9} }nen and {4y, }nen be orthonormal bases of L2([0,1]?) and L%(]0, 1]®) with

sup sup |¢)(z)] < C < oo and sup sup |¢,(z)] < C < .
neN ze[0,1]2 neN ze€[0,1]3

Note that such bases can be constructed as tensor products of the orthonormal basis
B = {V2cos(2mnz),V2sin(2rnz) : n € Ny U {1} in L*([0, 1])
(c.f. Kadison and Ringrose (1983), Example 2.6.11).
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Lemma C.4. Let assumptions (A1)-(A3) and (B1) and (B3) be satisfied. Then, for
any p € N,

(B, Do (B n) o b (B 0Dy, LB n)oc H )
= (B o LB Y (B, 0y {UBY v it i)

in R2H+2)p,

Proof of Lemma C.4. Fix some p € N. By the Cramér-Wold device, it is sufficient to
show that
P

H
Zr=Y <cn<BT,¢;> +dn(BY W)+ S cn(Brons tn) + dn,h@ﬁi,w) (C5)

n=1 h=0
converges weakly to
p

H
Z:=3% (cn<B,¢;> + dn (BN, ) + 3 enn(Bastn) + dn,h<BSWn>), (C.6)

n=1 h=0
for any real numbers c,,dy,cpp.dpp € R,1 < n < p,0 < h < H. By Theorem 30.1
and Example 30.1 of Billingsley (1995), the normal distribution is determined uniquely
by its moments. Since there is a one-to-one correspondence between moments and
cumulants, this also holds true for the latter ones. The only non-zero cumulants of a

normal distribution are the first two, which equal the mean and the variance (Holmquist,
1988).

It is easy to see that EZr = 0 since BT,BTJL,B’F}I ) and B}l ;1 are centred, for any
0 < h < H. For example, we have by the Fubini-Tonelli theorem
B{(Br v =E| [ Br(u,m mnum, ) dw )
= Joup E[Br(u, 71, 72) ]t (u, 71, 72) d(u, 71, 72) = 0.

The theorem is applicable since, by the moment condition (A2), E[|Bz(u, 1, m2)|] < 0.
From Proposition C.5 follows the convergence of the second moments and by Proposi-
tion C.6, the higher-order cumulants vanish. Thus, we can conclude the convergence of
Zr to Z by Theorem 2.22 of van der Vaart (1998). O

Proposition C.5. Let assumptions (A1)-(A3) and (B1) and (B3) be satisfied. Then,
lim Var(Zr) = Var(Z),
T—o00

with Zp and Z as defined in (C.5) and (C.6).

Proof of Proposition C.5. Since Z7 is a linear combination of (B, 1),), (Bth, Un), (B}l), (0
and <Bépl)h, ), for 0 < h < H and 1 < n < p, it is sufficient to prove that

N Cov((Br, 4), (Br, 7)) = Cov((B,4},), (B, v})), (D1)
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dim Cov((Br, v4), (Br, ve) = Cov((B, ), (Bn, ve)), (D2)
Jim Cov({Br, ¥), (Bre, e)) = Cov((Bn, ), (Burs ), (D3)
dim Cov((BY,w4), (By, ) = Cov((BM, ), (BM, ), (D4)
dim Cov((B, 1), (BRy,.the)) = Cov((BW, ), (By ), (D5)
L Cov(BY)vn), (Browswe)) = Cov((BL ), (BL), ), (D6)
Jim Cov((Br. ). (By,ug)) = Cov((B.44), (BY,0f)) =0, (D7)
Jim Cov((Br. ), (B ve)) = Cov(B, ). (B} ve)) =0, (D8)
Jim_ Cov((Bra, va), (BY,04)) = Cov((Br, ), (BY, 7)) = 0, (DY)
Jim Cov(Bra, ), (Brav, ve)) = Cov(Bu ), (BYy) i) = 0, (D10)

for any h,h' € {0,...,H} and n,¢ € {1,...,p}. For that purpose, observe that all scalar
products have mean zero.
Proof of (D3). Fix h,h' € {0,..., H}. We have

St3 = Cov({(Br.n, ¥n)s (Brpe))
=E |:/ BT,h(u7 T1, T2)1/}n(u> T1, TQ)BT,h’ (u/7 T{a Té)wf(u/7 T{? 7-2/> d(u7 ul> T1, 7—{7 T2, TQ/):|
(0,116
T—hT—h'

TZ > E [ | P, 71, 7)o (0, 71, o) { X (1) X7 (72) — pe, 70 (115 72) }
t=1 t'=1 [0,11¢

X {Xt'T(Tl)Xt’Jrh/ ( ) ot T, h 7—177—2 }]l i< LUTJ t' < Lu TJ) (u7u,v7—177{77_2»7—2l):|

T— hT h
DY /[ Cov(Xuia(r) Xepnz (r2), Xo 2 () X (7))
01

t=1 t’'=1

X P (w, 71, To) e (w71, To)L(E < |uT |, ¢ < |W/'T])d(u,u’, 71,7, T2, T5),
where we applied Fubini’s theorem in the last equality. Further, we can rewrite

Cov(Xy 1 ® Xetn1, X7 @ Xpyn 1) = Cov((Xer — X(t/T)) @ Xisn,r Xew @ Xpgnr 1)
+ Cov(X, t/T) (Xitnr — Xt(i/hT)),Xt',T ® Xorhr,1)

+Cov(XMD @ XD (X r = XY @ Xy )
—+ Cov( (t/T) & Xti/hT)v Xt(,t/T) & (Xt’-i—h’,T - Xt(/tJ/rz;r))

+ Cov(Xt(t/T) ® Xt(i/hT)v Xt(/t/T) ® Xt(’tﬁ;’)))

Invoking this decomposition, we can split each integral appearing in St 3 into five sum-
mands. By (A3), Proposition C.7 and the Cauchy-Schwarz inequality, the sums over all
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of this summands are of the order O(T~!), except for the last one. Thus, we obtain that

L(wAuw))T)
1
St = /[ N {T S Cor(x D) xUD (5, XD ()X (7)) (C.7)
t=1
LuTJ [u'T] (t/T) (t/T) (t/T) (t/T)
T Z Z COVX )X t4h (m2), Xy (T )Xt’+h’( ))
t=1 t'=t+1

[u T] |uT]
T T T T
F1 303 oD mX YD ) X)X ) |
t'=1 t=t'+1

X U (w, 71, 7o) (W, 11, 7)) d(u, o/, 70, T, T2, T5) + O(T ™).
The convergence of the integral over the first sum is straightforward:
[ (uAu)T|

1 t/T t/T (t/T)
T 2 Corl D). X ) )

X Ql)n(u 7_177-2)1/][(” 77-177—2) d(u7ulv7—177—{77—277-2/)

/ 6/ Cov (Tl)X( )(7'2) Xow)( )X,(;,ﬂ)( )) dw
[0,1]
X P (w, 71, T2)e (0, 71, 7)) d(uy ! 11, T, T2, TS,

where the limit and the integral can be interchanged, by (A2) and Lebesgue’s dominated
convergence theorem. The convergence of the remaining two sums is technically more
involved, and we only present details for the case t < t'. By stationarity of (Xt("))tez,

luT| [T

1

/[0 ” {T Z Z COV(Xt(t/T) (Tl)Xt(i/hT)(Tz),Xt(f/T) ﬁi)Xﬂ?(Tﬁ))}
t=1 t'=t+1

X T/)n(% T1, TZ)W(U/a T{a 7—2/) d(u7 ula 71, T{7 T2, Té)

[(uAu)T] [u'T]—t
1
[ AT T ol e XL o) |
[0,1]° t=1 k=1

X ’l/)’ﬂ(’uﬂ T1, T2)¢£(Ula T{7 7—2/) d(ua ’LL/, T1, 7-{7 T2, Té)

| W= T T) k)
T T T T
:/[01]6{T > > Cov(X§"D (r) X (70), XD () XS P (7 ))}
’ k=1 t=1

X wn(uv T1, TQ)wf(ul7 7—{7 7_2/) d(uv ’U/, T1, T{v T2, Té)

By Lebesgue’s dominated convergence theorem and Lemma C.9, the right-hand side of
the latter display converges to

0 uAu’
/ {Z/ Cov(Xéw)(Tl)X;(Lw)(TQLX(w)( )Xlg?h/( 73)) dw}
(0,16 L= J0

X P (w, 71, 7o) (W, 71, 7)) d(uy ! T, T T2, TS).
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Thus, we have

Th—I>noo ST,?) - wn(ua T1, T2)¢Z(U/7 T{) Té)COV(Bh(U7 T1, T2)7 Bh’ (’LL/, 7—1/7 7-2/)) d(u7 ul7 T1, T{7 T2, 7—2/)
[0,1]¢

= COV((Bh, ’Q/Jn>7 <Bh’ ) ¢Z>)7

which proves (D3).

Proof of (D6). By the independence of the standard normally distributed random vari-
ables (R;)ien = (R{")ien, we have

STG - COV(< Thﬂ/}n> <BT,h’7w£>)
T—hT—h'
DI [RZ-RZ-/ / U, 7, o) (! 7, T < (T, 7 < [W/'T))
=1 =1 [0,1]6
(i+m—1)A(T—h)
X ( Z Xir(m)Xign,r(m2) — MuT,h(TuTz))
t=1
(i’ +m—1)A(T—h")
( > Xt/,Tv{)XM,T(T;)—ut/,T,h«T{,T;))d(u,u’,m{,w@
t/=/L'/
1 T—(hVh') 1

T Z m]E{ [0’1]6d’n(uaThTz)W(u/aT{,Tﬁ)]l(i < [uT| A [W'T))

(i+m—1)A(T—h)

X < Z X (1) Xegn(m2) — /lt,T,h(TlaTZ)>
t=i
(i+m—1)A(T—h")
X( Z Xy (71)Xt'+h' (15) — Mt/Th’(ThTQ)) d(uaulleaT{aT2yTé):|
t'=i
T— (h\/h)

T Z U (uy 71, o) e (0, 71, )10 < [(wAW)T)

m [0,1]8

(i+m—1)A(T—h) (i+m—1)A(T—h")

( 3 3 COv(Xt,Tm)XHh,T(n),Xﬂ7T<r{>th+hf,T<rs>))
t=1 t'=1
d(uaulaTlaT{aT%Té)a

by Fubini’s theorem. By the same arguments that led to (C.7), we further have
St = Z wn w, 71, T2)e(u’, T, )1 < [(uAu)T)

i+m—1i+m—1

i T i/ T i/ T i/T

( > o ) XD X ) )
t'=1

d(u,u', 71,7, 79, m5) + O(m™1).
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As before, we split the above sum into three sums Li, Lo, L3, for t =t .t <t and t > t/,
respectively. For Li, we have

T i+m—1
1 1 i/T i/T i/T i/T
n=gYn [ (% o)X ) X XD () )

X P (w, 71, T2) e (u, 71, T2) (i < |uT| A [W'T)) d(u, ', 71,71, T2, T5)
[(uAu)T |

1 . ) ) i
/[0 M( 2 COV<X£’/T><71>X,§”T><Tz>,Xé””(ﬁ)X,S/T’(Tg)))

X 1/1n(u, T1, 7_2)7/)2(“7 1, TQ) d(ua ula 1, T{a T2, Té)a
by stationarity of (X\“)sez. The right-hand side converges to

o (U, 1, 72) e (u, 71, T2)
0,1

uAu’
< [ Cov(XE )X (), X ()X (1) dw ol o 7o ),
0

as T tends to infinity, by Lebegue’s dominated convergence theorem.

The sums Ly and L3 can be treated in a similar manner, and we only provide details
for Ls. By the same arguments as before and the stationarity of (Xt(“))tez, it follows

[(uAu)T | i+m—2i+m—1

1 1 :
L— /WT > oa X 3 v el ) XD X e)

t=i t'=t+1
X Uy (u, Tl,Tg)wp(u',T{,TQ/) d(u, ', 11,7, T2, T5)

L(uAu')T ] itm—2i+m—1—t

1 . i i
_ /[O T Z Z Z Cov(X, XM () x5 (1), X /T>(T{)X,§+/,f,)(r§))
’ t=1

X w’n(uleaTQ)wf(u lea 7—2) d(u7u 57-177-177-237-5)
m—1 [(unu')T |

m—k1 T T . o
:/[0 W2 T Z Cov (XM (1) X6/ (7). X/ () X /D) ()
k=1

X wn(U, T1, T2)¢Z(U/a Tla T2) d(u7 ’LL y T1, 7-{7 T2, Té)
The right-hand side of the previous display converges to
oo uAu’
A CUBIICIL DY | Cor I m X (r). X XL (7)) do
0,1 P
d(ua ulv 71, T{? T2, Té)v

as T tends to infinity, by Lebegue’s dominated convergence theorem. Thus, (D6) follows
by Fubini’s theorem, since

00 uAu’
i S — C X(U’) X(w) X(w) /X(U’)/ / d
Tl—I>r<l>o T,6 /[0 o § /o OV( o (1) h (T2), k (1) k+h (Tz)) w

X U (u, 71, T2) e (u, 71, 72) d(u, o', 71, 71, T2, Th)

E[(¢n, BYV) (00, BY)] = Cov({vn, BYY), (e, BYYY).
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Proof of (D7)-(D10). The convergences (D7) to (D10) follows from the fact that the
multipliers R; = Rgl) are independent from the data and centred. For example, we have
Cov((Bron, ), (B}, )
=E[(Br.s,vn){BY) ,Wﬂ

(i+m—1)A(T—h)

T—h
[ (Br.1y ¥n) z:: \/— fz; /[071]3 (X0 (71) Xepn,r(72) — p,m 0 (71, 72))

X Wp(u, 71, 72)1(E < [uT]) d(U,Tl,TQ):| =0,

which implies (D10).

Proof of (D1)-(D2), (D4)-(D5). Convergences (D1)-(D2) and (D4)-(D5) can be shown
with the same arguments as (D3) and (D6), respectively, but they are technically less
involved. O

Proposition C.6. Let assumptions (A1)-(A3) and (B1) and (B3) be satisfied. Then,

1 Zr) =
Tl_Igocum]( T) =0,

for any j > 3, where Zp is defined in (C.5).

Proof. By linearity of cumulants, we have

cumj(ZT)

p
= cumy ( Z (CH<BT7 w;) + dn<B§})a @ZJ;L> + Cn,h<BT,h7 wn> + dn,h< Th7 ¢n>>)

H
n=1 h=0
% ! (wi) (w1) (w;)
= Z Z <Hai ¢ ) cum((A;" ,me>,...,(Aj 7 ;)
ny,...,n;=1 w=(w1,...,w;) i=1

where
2(0 = ci, AEO - Br, al(o’h) = ¢, and AZ(-O’h) = Bry,

and further,

A1 = g, A = 5O 00 g ang AGH = B

K3 » "

for h =0,...,H and i = 1,...,j. Fix some integers ni,...,n; € {1,...,p}. Further,
denote the cumulants in the above sum by

cumi(w) = cum((AL, g, ), (AS ).

In the following, we restrict our attention to the subset ({0,1} x {0,..., H})? of the set
({0,1} x {—1,..., H})’ since the proof for the latter follows the same arguments but is
notationally more involved.
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First, fix w = (w1, ..., w;) with w; € {0} x {0,..., H}. Thus, for any w; there is a

hi € {0,...H} such that A" = Bry.. By the deﬁnition of cumulants and Fubini’s
theorem, we obtain that

Cum(<BT,h17¢m> ce <BT hja¢nj>)

SR SICILEERE | Y

3
{vi,....vr} 1€V, 0,1]

LuDTIA(T—hy)

1 i i DG
o Y (KX () man (n ) dw®,n >>}
t=1
R
PP I ICE A ) CACER ARy
{vi,....,vr} r=1 [0,1]31vr! S 2
1 LT |A(T—h;) . .
X NG (Xt7T(T1(Z))Xt+hi7T(T2(1)) — Wt T h; (i ))) A, " )i € Vr)]
t=1
0 (1)
_ _1\R-1 _ (7,
B Z /[01]31( Y (B UlUE[me Tl 77-2 )
{vi,....vr} r=1 i€V,
1LWW§?'M (@) (@) @ ()
X —= (Xt,T(7'1z )Xt+h¢,T(7'2l ) — Ht, T hs (711 ,7'21 ))]
VT o

d(u®, ", 71 <i < )

luPT|A(T—h1)

1
= / “cum (f S X ) Xeon (1) (u®, 7Y VY,
[0,1]37 t=1

Lu DT A(T—hy)

1 , .
gE 2 X)X () (u“,n‘”,é”))

t=1
d®, 79 2911 < i < )
T—hy T—h;

1
= /[013 TJ/Q Z Z cuin thT )th-‘rhl (2())7'~'>Xt_7‘,T( )Xt +hj T( ()))
J

ti=1 tj=1

wa u®, 7D FN (< [wOT])d(w®, 70, 7101 < i < j)

where the summation extends over all partitions {v1,...,vg} of the set {1,...,;5}. The
absolute value of this expression is bounded by

T—h, 1/2
S 2: WD, 7Pt < DT ]) A, 7D 7011 < i < )
1 > 1 = j)
TJ/2 by =1 (/[01]3%' 1

g </[ ]Q‘Cum2 (Xer o ()Xo b 0 (r31), o Xy 2 (7)) Xm0 (7))
0,1]27
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1/2
A M <i < J>)

C T—hy T*hj
< Ti/? Z T Z ” cum (XthT ® Xt1+h17T7 s ’th,T ® th+h,T) ||272j

t1=1 tj=1

since, by assumption, ¢, (z) < C uniformly in z and n.

In the following, we will bound the expression

T—h1 T-hj
Z Z chm(th,T®Xt1+h1,T7' . '7th7T®Xt]'+h]',T)H2,2j'
t1=1 th].

For that purpose, consider the table

(Lo (L1
Si= :

(4,0) (1),

where j > 3. In the following, the tuple (¢, 0) will be identified with the index ¢; and (i, 1)
will be identified with ¢; + h;. Let {v1,...,14} be a partition of S. Two sets v; and v, of
the partition hook if there is an index k such that (k,0) € v; and (k, 1) € vy or vice versa.
The sets v; and vy communicate if there is a sequence v; = Dq,..., U = 1y such that 7y
and U4 hook, for any 1 <4’ < k — 1. The partition {v1,...,1,} is indecomposable if
all pairs of sets communicate. By Theorem 2.3.2 of Brillinger (1981), we can rewrite

cum(th’Tth_s_hl,T, ce 7th,Tth+h,T) = Z H cum Xl S2X

tsl+h317T7 5 € Vk)’
{vi,. v} k=1

(C.8)

where s = (s1,s2), where the summation extends over all indecomposable partitions

{v1,...,v,} of S and where we omit the arguments 7, for the ease of notation. Observe
1 1—

that X; SQXff they T = = Xt,, 7 if 52 =0 and X; 82X29521+h31,T = Xty +hy,,m i s2 =1

Clearly, Equation (C.8) leads to the bound

T—h1 T*hj

Zl e Zl H Cum(th’T ® Xt1+h17T, e ,th7T ® th+hj7T)||272j
t1= ti=

T—h1

T—h; q
< Z Z Z Uchm (Xl S2th21+hs T EW)HZ,IW\

{v1,eg} ©1=1 tj=1 (=1
Fix an indecomposable partition {v1,...,v,} of S. If ¢ = 1, the sum

T—h1 T*hj

Cum(th,T7Xt1+h1,T7" Xt T,Xt3+h],T)H )
2,27
t1=1 ti=1
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is of order O(T') by (A3). For g > 2, there exist 1, ..., jtg—1 such that

Vim{(Mho)v"-7(:“"]—1?0)7(:“171)7' :uq 1’ }#Q

for any i = 1,...,q. Informally speaking, the indices p1,...,11q—1 ’'connect’ the sets
of the partition. Without loss of generality, we assume p; = 1,...,p04—1 = ¢ — 1,
(i,0) = (7,0) € v; and (p;,1) = (4,1) € vj4q fori =1,...,q — 1. Then,

>

T—hy T—h; q
1—
Z - H ’cum (X 752X521+hs 15 € W)HQ,ml
t1=1 ta:l =1
T—hy -
5 Z cun (Xo,r XL 5N s €\ (00D,
t1=1 : -
X (th,T7Xt1+h1,T,X1 f2X 2+h UREAS ”2\{ (2,0),(, )})H2\ |
s|V2

% || cum (th_hT,th_ﬁhq_%T,Xl—SZijﬁh 8 € v\ {(g—1,0), (q—2,1)}>H

v 2,vg—1]

X || cum (th 14hg 1,T>X1 ,S2X 31+h T8 € ve \ {(g - 1’1>})H2 val
1 1¥q

Consider the sets 77 := v1 \ {(1,0)},72 := 1 \ {(2,0), (1, 1)},...,0g—1 = vg—1 \ {(g —
1,0),(¢—2,1)},04 = v4\ {(¢ —1,1)}, and observe that these sets forrn a partition of the
set {(q,0 7...,(],0),( q,1),...,(j,1)}. Let m; be the cardinality of 7, for i = 1,...,q.
By adding summands, we can bound the above sum by

T e}
cum (Xt T X(l) .. X(l) )H
2 > s Xy o X )
1=1 ) =—oo

t1yetg1=1 \ 1) ()
100
o0
X H cuimn (th,T7 Xt1+h1,T7 Xt(2) T X (2) T) H
Z 1 s 2,ma+2
12 @
------ 2
o0
X E chm (th_l,Tath_ﬁhq_Q,T,Xt<q—1> e Xyla1) T)H
(a=1)  la=1) * ’ Mq-1? 2,mq_1+2
8t 1 =—00
rg—1"
o0
X E chm (th—1+hq—17T7Xt(q) T Xt(q) T)H .
1 mg> 2,mq+1
ey pla) _
1 seotmy

The last inner sum is bounded by some constant Cy, ., by Assumption (A3). The outer

sum over the index t,_1 can be pulled in front of the last inner sum and we obtain

T o]

E E H cum (th,17T7 th,2+h,Ta XtE‘J*U’Ta cee ’th(ijl),T) H S Cmq,l-&-Q

2,mg_1+2
tg—1=1 tiqﬁl),...,tsgfl)lzfoo
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Doing this successively, we have the bound

Congi1 | | Gy Y j | cum (Xo, 7, X, 1 X )|
10 2,m1+1
ti=1,00 () _ ’

1 oenbmy =
q—1

< Cpors1Comy i1 ( II Omﬁg):r —o(T).
=2

We finally obtain that cum((Br,¥n,),. .., <BT,¢nj>) = O(T'7/?), which vanishes as
T tends to infinity since 7 > 3. Thus, we have proven the statement for any w =
(wi,...,w;) with w; € {0} x {0,...,H}.

In the following, we investigate the cumulant cum(w), for w = (wy, ..., w;) with w; €
{1} x {0, ..., H}. The cumulants corresponding to arbitrary w € ({0,1} x{0,...,H})!
can be bounded by using the same arguments. By similar arguments as for the case
w; € {0} x {0,...,H}, we obtain that

|cum<<B<T{21,wm>,...,<B<T{L.7wnj>>|

= / cum (Bél% (U(l) (1))¢n1( a (1)a 7-2(1))’ e
[0,1]27 o
.’B(T{) (D, 7 “W (u () T (J)))d( @ 7 <”|1 <i <])’

luDTIA(T—hy)  [wDTIA(T—hy)

J
_ G () @) 1
_‘,/[071]31‘ (Z]:[ll/Jm(U yT1 T2 )) (mT)j/z Z Z

11:1 ij:].

(i1+m—1)A(T—h1)

o (RZI Z Xi T( )Xt+h1 (T2(1))7 s
t=is
(ij4m—1)A(T—h;)
R, Z Xy T( )Xt+h (T (]))> d(u, 7'1(1),7'21)‘1 <i< ])'
t=i;
T—hy T—h; (i1+m—1)A(T—h1)

cum (R” Z X @ Xiphy 150 -
t=11
(i5+m=1)A(T—hy)
o Ry Z Xer ® Xt+hj,T)

t=i;

(C.9)

2,25

Most of the cumulants on the right-hand side of the above equation are zero. More
specific, if there is an index iy with iy # iy for any ¢’ # £, then by Theorem 2.3.1 (iii)
and Theorem 2.3.2 of Brillinger (1981), the corresponding cumulant in the above sum
equals zero. Thus, we can bound the right-hand side of (C.9) by

li/2]
mT .7/2 Z Z Z ||Cum(Ri1}/;17"' aRilifila"' 7R’Lk}/lk7 ’RikY;k)||272j’

k=1 My, nk>211, ’Lk 1

Zf:l ni=j
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where ny determines how often the product R;,Y;, occurs in the cumulants and
(ig+m—1)A(T'—hy)
Yi, = > X1 ® Xithy s
t=iy
for any ¢ € {1,...,k}. By Theorem 2.3.2 of Brillinger (1981), we can again rewrite
each cumulant in the above sum as a sum over products of cumulants of single random
variables, where the sum ranges over all indecomposable partitions of the table

R;, Y;
R, Y,
R, Y
R, Y.

By making use of the same technique as before, we can use the indecomposability to
prove that

T
Z Z chm(R’LjEla”' 7Ri1}[i17”' 7R’Lk}[zk7 7Rik}/7zk)"272j

Ny g >2d1 =1

Zf:l ni=j
is of order O(m?~(*=DT). Now we can see that the right-hand side of (C.9), and thus,
cum({Br ;s Yny ), - - - (BT s, ¥ny)) are of order O(m?/2T'=9/2), which vanishes as T
tends to infinity. Similar, cam(w) vanishes for any w € ({0,1} x {0,...,H})/, as T
tends to infinity and, by this, cum;(Z7) does so as well. O
Proposition C.7. Let Assumptions (A1)-(A3) be satisfied. Then, for any h,h’ € Ny,

T—hT—H

1
T > > ICov((Xer — XN @ Xypnr, Xor @ Xoyo ) |24
t=1 t'=1
+1Cov (X @ (Xppna — XY, X 10 @ Xy 1) |20
+ 1 Cov(x{" @ XD, (Xur — XYY @ X 1)l
+lICov (XM @ xWD X @ (Xpiwr — XY l2a = OT ).

Proof. To ensure readability, we focus on the sum over the first summand. The other
summands can be treated with similar arguments. First, define Y7 = X7 — Xt(t/ D,
From the definition of cumulants, Theorem 2.3.2 of Brillinger (1981) and the triangular
inequality, we get the bound
||COV(Yt,T @ Xipnr, Xpy7 ® Xt’+h’,T) l2,4 < cum (Yt,T, Xipnr, Xp 1) Xt’-i—h’,T) l|2,4
+ [l eum (Ve 7) |2l cum(Xepn, 7, X, Xerpn 1) |23

+ [ eum (Xop, )l com (Yo, Xo s Xovi 1) 2,3
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+ || cum (Xyr 7)||2]| com (Y, 7, Xeyn, 7y Xeronr 1)
+ [ cam (Xyrynr 1) |2l cam (Y, 7, Xeyn, 7, Xor 1)

2,3

(

( 2,3

+ [ cam (Y, 1) |2l cum (X 1) |2 || cum (X qp, 7, Xoronr, 1) [|2,2

+ || cum(Xeyp, 72| com(Xe 7)[|2]] cam (Ve 7, Xpnr 1) 2,2

+ || cum(Ye,7) |2l cum( Xy pr 7)) |2 ]| com(Xesn, 1, Xo 1) 2,2

+ || cum(Xeyn, 72| cum(Xe g 1) |2 cum (Y7, Xor1)[|2,2

+ || cum (Y7, Xor 1) |22/l cum(Xesn,m, Xein 1) 2,2
(

+ [ cum(Ye, 7, Xy tn 1) 2,2l com( Xy 7y X 1) || 2,2

< c{lleum (Vir, Xonr, Xo v, Xovs 1) 2

1
+ TH cum( Xyt p. 1, Xo vy Xevn ) |23 + || com(Ye o, Xor 7y Xoven 1) 2,3

+ || cum(Yz, 1, Xeqn,rs Xerwnr 1) (Y, Xeqnr, Xerr)||2,3

1
+ TH cum( X yn,7, Xerpnr 7)|l2,2 + [ cum(Ye 7, Xorpnr 1) [|2,2

1
+ TH cum (Xyin,7, Xor,7)l2,2 + cum(Yy 1, Xov 7)][2,2
+ [eum (Ve 2, Xor |22/ com (X yn , Xorpnr 1) 2.2
o+ llewn(Yi,r, X o).l cam (X v, Xor ) 2.2}
where we made use of (1) in the second inequality. Now, we can investigate the sums

over all summands separately. We focus exemplary on three summands, as the remaining
summands can be treated with the same arguments. By (A3), we have

| T=hT=H
T 0> leum (Yo, Xepnr Xo s Xerpnr,r) [l2,4
t=1 t'=1
1 T
= T Z ||cum (Kl,TVth,Tﬂth,T7Xt4,T)
1 & 1
< T Z T’I74(t2—t1,t3—t1,t4—t1):O(T_l)_
Jta
Similarly,
1 T—hT—h' 1
= Z Z *||Cum(Xt+h 7, X1, Xeryn 7)ll2,3
t=1 t'=1
1 T
< Ti Z ||Cum(Xt1,T7Xt2,T7Xt3, )

t1,ta,t3=1

t2 — 11,13 —tl) O(T_l).

IA
el
M%

tl,

o~
N

t3=1
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and

T—hT—h
= Z > lleum(Yer, Xor)llzoll com(Xon rs Xernr ) |,2
t=1 t'=1

T—hT—h
1
<7 o > IBIYr) Ul EXE plllzll com(Xesn,z, Xt 7) 2.2

t=1 t'=1
T—hT—h

C

< T2 Z Z I Cum(Xt+h,T,Xt'+h’,T)||2,2
t=1 t'=1

% Z no(t —t') = O(T™1).

tt'=1

The proof for the third and fourth summand relies on the summability assumption of
(1 + ’tj|)Vk(t1, ... 7tk—1) rather than I/k(tl, - ,tk—l)' O

Lemma C.8. Let Assumptions (A1)-(A83) and (B1) and (B3) be satisfied. Then,

lim limsupE
n—oo T—00

oo H
> ((Bru? + (B, w4 Y- (Bra v + (BE) 0i?) | 0.
h=0

l=n+1

Proof of Lemma C.8. By linearity of the expectation, we can prove the property for
every process separately. We restrict our attention to the cases

lim limsupE Z <BT7h,¢g>2:| =0 (C.10)
n—00 T_ o Pl

and
hm hmsupE[ Z <B§ﬂ1}l,¢e>2} =0; (C.11)

the assertions regarding By and Béf) follow by similar arguments.
First, by linearity of expectation,

o0

0 < lim sup lim SupE[ Z <BT,h7 ¢£>2}
n—oo T—o00 f=n+1

o n
= limsuplimsupE[Z Br,ve)* = > (Br, te) ]
(=1

n

— liminf lim inf E [ Z<BT7h, ¢e>2}

n—oo T
—00 -

o0

> (Brn, te)®

(=1

<limsupE
T—o0

:limsupE[Z(BTh,d}g ] thlnfE[(BTh,l/Jg)]

T—o00 /=1

= lim SUPEHBT,hH%,s - EHBth,?ﬂ
T—o0
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where we used Equation (D3) from the proof of Proposition C.5 in the last step. Thus,
it is sufficient to prove limsupy_,
have

27 . By Fubini’s theorem, we

1 T—h

=7 > /[0 " Cov (X 7(11) Xegn1(12), X 0 (71) Xy (72)) A (8 < [uT']) d(u, 71, 72).
=1

As in the proof of (D3) in the proof of Proposition C.5, we split the above sum into
three sums S7,1, S12, S73 according to t =t',¢t < t' and t > ¢, respectively.

For the convergence of the first sum, we obtain, by stationarity,

St1= Z o Var (X 7 (71) Xen,r(72))1(t < [uT']) d(u, 71, 72)
= Z " Var /T)( 1)X, ffr/h)( 2))]1(15 < |uT])d(u, 1, 72) +(’)(T‘1)

N /0 1)3 % z_: Var(Xét/T)(Tl)Xf(zt/T)(TQ))]l(t < |uT])d(u, 71, 72) + O(T )

THOO/ /Var 7'1) }(Lw)(Tg))dw(u,Tl,Tg).
[0,1]3

Next, the double sum involving ¢ < t' can be treated as follows:

(T—R)A|uT | (T—h)A|uT |

1
T Z Z /[ . Cov(Xe,7(11) Xen(12), Xor 7 (11) X (12)) d(u, 71, 72)
t=1 t=t+1 0,1]°
1 [uT] |uT] ) ) o .
=7 [01}32 Z Cov (X (m) X,y (12), X' (1) X0 (12)) d(u, 7, 72) + O(T )
J t=1 t'=t+1
1 [uT] [uT]—t
T T T T -
- [01]32 3 Cov(XD )X (a), XD () XU (2) Ay 71, m2) + O(TY)
’ t=1 k=1
1 [uT] [uT]—t

=_ e Z Z COV(X(gt/T)(Tl)X’(lt/T)(TQ),X}gt/T)(Tl)XISZ}?)(TZ)) d(u, 71, 72) + O(TY).
AP d=1 k=1

By Lebesgue’s dominated convergence theorem, the integral and the limit, as T" tends

to infinity, are interchangeable in the last equality. Thus, the right-hand side converges
according to Lemma C.9 to

/[O 133 / Cov X(() )(Tl)X( )(7_2) X( )(Tl)Xngr)h(T?)) dwd(u, 1, T2).
k=1

A similar assertion holds for the double sum involving ¢ > t. Altogether, we obtain
that E||BT’h||%73 converges to
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/[0’1}3 :Z_:OO/O Cov(Xéw)(n)X,Sw)(Tz),X,gw)m)X,gﬁ)h(m))dwd(u,ﬁ,Tz)

= Jou Var(By(u, 71, 72)) d(u, 71, 72) = E[|Bhll3 5

by Fubini’s theorem, which proves (C.10).
For the proof of (C.11) observe that

o0

0< lim hmsupuz[ Z<B<T{L,w>2}sn;nsupEnB%Ln%g E| 31”13,
—00

as before, and we can conclude the statement by showing lim sup; —><><>EHB§FI W33 <
E| B} H273. Fubini’s theorem and the independence of the family (R;);en lead to

~(1
E[BY) 113

| WTIAT-h) (i+m—1)A(T—h) (@ +m—1)A(T—h)
:E[/ — R;Ry X7 (11) Xegn7(12)
0,112 mT “2:31 tZ:; ;:; { '

— w0 (71, 72) H{ X (1) Xyt (12) — por o (71, 72) § A, 71, 72)

=871+ St2+ S13,

where
| WTIAT=h) | (+m=DAT—h)
Sty = oup T ; o ; Var (X 7(71) Xenr(12)) d(u, 71, 72),
| WTIAT=h) | (m=DAT=h) (i+m—D)A(T~h)
St = = —
o172 T ; m ; tfzzm

Cov( Xy (11) Xinr(12), Xy 7(11) Xy 7(12)) d(u, 71, 72),
| WTIAT=h) | (m=2AT=h) (i+m=DAT—h)

T 4w X 2

Cov(Xy, (1) Xyan1(12), Xpr 0 (10) Xy 0 (72)) d (1w, 71, 72).

We investigate the three previous terms separately. By the same arguments as in the
proof of Proposition C.7 and the stationarity of (X;")scz, we have

)

\_uTJ (H—m DA(T—h)
/0 . T ST Var(X P () XD (1)) d(u, i, ) + O(mT Y

t=1

LU«TJ i+m—1

/0 " T Z Z Var X(t/T) )X}(Lt/T)(7-2)) d(u, 11, 72) + O(mT™Y).

For u < 1, the previous integrand can be rewritten as
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m—1 . |uT|
L Var (XS (7) X HT) 1 (t/T) (t/T)
T ; E (m1)X,, (7‘2)) + T Lzz% Var(XO (11)X,, (7'2))
|[uT |+m—1 .
1 [T +m —i t/T /T
T > e Var(X ()X (m),
i=uT|+1
which implies that
lim S7 :/ / Var (X 7'1) }(L )(7'2)) dw d(u, 11, 72),
T—o00 [0,1)3

by Lebesgue’s dominated convergence theorem. The sums St and St 3 can be treated
similarly, which finally implies that

hm supIEHB H2 3

= /[013 Z /0 COV(X(()w)(Tl)X}(Lw)(TQ),Xt(w)(Tl)Xt(_H)L( 2)) dwd(u,Tl,TQ)

- [01]3\/&1"( (u 71,72)) d(u, 71, 72) = EHB H23

Thus (C.11) holds true, which proves the lemma. O

Lemma C.9. Let (fx)ren be a sequence of integrable functions on the unit interval
[0,1], such that fi(x) < v(k), for all x € [0,1], with > 5=, v(k) < co and let (an)nen be
a sequence of integers with a, — oo as n tends to infinity. Then,

Qn I_unj

lim Z IEICEDY /O fila) da
for any u € [0,1].

Proof. The statement is an immediate consequence of Lebesgue’s dominated convergence
theorem, applied to the sequence of functions g,(k,z) = 1(k < a,) 5% fr(f/n)l(z €

(¢ —1)/n,t/n]). O
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