Annals of the Institute of Statistical Mathematics (2020) 72:1055-1094
https://doi.org/10.1007/s10463-019-00721-7

®

Check for
updates

Detecting deviations from second-order stationarity in
locally stationary functional time series

Axel Biicher! - Holger Dette? - Florian Heinrichs?

Received: 10 August 2018 / Revised: 16 February 2019 / Published online: 17 June 2019
© The Institute of Statistical Mathematics, Tokyo 2019

Abstract

A time-domain test for the assumption of second-order stationarity of a functional time
series is proposed. The test is based on combining individual cumulative sum tests
which are designed to be sensitive to changes in the mean, variance and autocovariance
operators, respectively. The combination of their dependent p values relies on a joint-
dependent block multiplier bootstrap of the individual test statistics. Conditions under
which the proposed combined testing procedure is asymptotically valid under station-
arity are provided. A procedure is proposed to automatically choose the block length
parameter needed for the construction of the bootstrap. The finite-sample behavior of
the proposed test is investigated in Monte Carlo experiments, and an illustration on a
real data set is provided.

Keywords Alpha mixing - CUSUM test - Autocovariance operator - Block multiplier
bootstrap - Change points

1 Introduction

Within the last decades, statistical analysis for functional time series has become
a very active area of research [see the monographs Bosq (2000), Ferraty and Vieu
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(2006), Horvéth and Kokoszka (2012) and Hsing and Eubank (2015), among others].
Many authors impose the assumption of stationarity, which allows for developing
advanced statistical theory. For instance, Bosq (2002) and Dehling and Sharipov (2005)
investigate stationary functional processes with a linear representation and Hérmann
and Kokoszka (2010) provide a general framework to model functional observations
from stationary processes. Frequency domain analysis of stationary functional time
series has been considered by Panaretos and Tavakoli (2013), while van Delft and
Eichler (2018) propose a new concept of local stationarity for functional data. The
assumption of second-order stationarity is also of particular importance for prediction
problems [see Antoniadis and Sapatinas (2003), Aue etal. (2015), Hyndman and Shang
(2009) among others] and for dynamic principal component analysis (Hormann et al.
2015).

Ideally, the assumption of stationarity should be checked before applying any statis-
tical methodology. Several authors have considered this problem, in particular within
the context of change point analysis where the null hypothesis of stationarity is tested
against the alternative of a structural change in certain parameters of the process; see
Aue et al. (2009), Berkes et al. (2009), Horvath et al. (2010), Aston and Kirch (2012)
among others. Tests that are designed to be powerful against more general alternatives
are often based on an analysis in the frequency domain. For example, Aue and van
Delft (2017) generalize the approach of Dwivedi and Subba Rao (2011) and Jentsch
and Subba Rao (2015) to functional time series. More precisely, they begin by showing
that the functional discrete Fourier transform (fDFT) is asymptotically uncorrelated at
distinct Fourier frequencies if and only if the process is weakly stationary. The corre-
sponding test is then based on a quadratic form based on a finite-dimensional projection
of the empirical covariance operator of the fDFT’s. Consequently, the properties of
the test depend on the number of lagged fDFT’s included. As an alternative, van Delft
et al. (2017) construct a test using an estimate of a minimal distance between the
spectral density operator of a non-stationary process and its best approximation by a
spectral density operator corresponding to a stationary process (see also Dette et al.
2011 for a discussion of this approach in the univariate context). The test statistic con-
sists of sums of Hilbert—Schmidt inner products of periodogram operators (evaluated
at different frequencies) and is asymptotically normal distributed.

In the present paper, we propose an alternative time-domain test for second-order
stationarity of a functional time series. More precisely, we suggest to address the
problem of detecting non-stationarity by individually checking the hypothesis that the
mean and the autocovariance operators at a given lag, say /4, of a collection (indexed by
time) of approximating stationary functional time series are in fact time independent.
As explained in the next paragraph, the individual tests are then combined to yield a
joint test including autocovariances up to a given maximal lag H. Thus, the approach
investigated here is similar in spirit to the classical Portmanteau tests for serial cor-
relation of a univariate time series, where the hypothesis of white noise is checked
by investigating whether correlations up to a given lag vanish (see Box and Pierce
1970; Ljung and Box 1978). For the problem of checking stationarity in real-valued
time series, similar approaches have been taken by Jin et al. (2015) and Biicher et al.
(2018).
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To combine the individual tests for stationarity of the mean and the autocovariance
operators at a given lag h, we use appropriate extensions of well-known p value
combination methods dating back to Fisher (1932). Each individual test is relying
on a block multiplier approach making necessary the choice of a joint block length
parameter m. Following ideas put forward in Politis and White (2004), a procedure
is proposed to automatically select that parameter data adaptively in such a way that,
asymptotically, a certain MSE criterion is optimized.

The remaining part of this article is organized as follows: In Sect. 2, we collect nec-
essary mathematical preliminaries. In Sect. 3, we first propose individual tests for the
hypothesis of second-order stationarity which are particularly sensitive to deviations
in the mean, variance and a given lag / autocovariance, respectively. The tests are
then combined to a joint test for second-order stationarity which is sensitive to devi-
ations in the mean, variance and the first H autocovariances. In Sect. 4, we discuss
an exemplary locally stationary time series model in great theoretical detail, while
finite-sample results and a case study are presented in Sect. 5. The central proofs are
collected in Sect. 6, while less central proofs and auxiliary results are provided in a
supplementary material.

2 Mathematical preliminaries
2.1 Random elements in LP-spaces

For some separable measurable space (S,S,v) with a o-finite measure v and
p > 1, let LP(S, v) denote the set of measurable functions f : § — R such that
I£1l, = (f1£17 dw)/P < co. For f € LP(S,v), let [£] be the set of all functions
g such that f = g, v-almost surely. The space L? (S, v) of all equivalence classes
[ f] then becomes a separable Banach space, and standard weak convergence theory
is applicable. If S is a subset of R? and v is the Lebesgue measure, we occasionally
write £LP(S) and L?(S).

Let (2, A, P) denote a probability space and let X : S x Q — R be (S ® A)-
measurable such that X (-, w) € LP(S, n) for P-almost every w. It follows from
Lemma 6.1 in Janson and Kaijser (2015) that w — [X (-, ®)] is a random variable
in L7 (S, i) (equipped with the Borel o-field). Conversely, note that for any random
variable [Y] in L? (S, u), we can choose a (1 ® P)-a.s. unique (S ® A)-measurable
mapping Y’ : § x @ — R such that Y/(-, w) € [Y](w) for P-almost every w. We
can hence (a.s.) identify random variables in L? (S, u) with measurable functions on
S x € which are p-integrable in the first argument (P-a.s.); slightly abusing notation,
we also write X for the equivalence class [X].

A random variable X in L2([0, 1]%) is called integrable if E|| X ||» < oo. Inthatcase,
it follows from the Riesz representation theorem that there exists a unique element
ux = EX e L%([0, 11%) such that E(X, f) = (ux, f) for all f € L*([0, 1]9),
where (f, g) = f[o.ud fgdAy. If X is even square integrable, that is, ]E||X||% < 00, the
covariance operator of X is defined as the operator Cy : Lz([O, 14 ) — Lz([O, l]d)
given by Cx(f) = E[{f, X — ux)(X — ux)]. Cx is nuclear and hence a Hilbert—
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Schmidt operator (Bosq 2000, Sect. 1.5), whence, by Theorem 6.11 in Weidmann
(1980), there exists a kernel cx € L2([0, 114 x [0, 1]19) such that

Cx(NH)(D) =/ cx(t,0) f(o)do
[0,114

for almost every 7 € [0, 1]¢ and every f € L*([0, 1]%). Similarly, for square inte-
grable random elements X, Y € L2([O, l]d) we define the cross-covariance operator
Cx.y : L*([0, 1])) — L*([0,1]9) by Cx.y(f) = E[(X — ux. f)(¥ — uy)]. By
the same reasoning as above, there exists a kernel cx y € L2([0, 11 x [0, 11%) such
that

Cxy(f)(r) =/

cx,y(t,0)f(0)do.
(0,114

If X is in fact a (B([O, 119) ® A)-measurable function from [0, 1]1¢ x Q to R with
X(-, w) € L2([0, 119) a.s., then it can be shown that, in the respective L2-spaces,

u(r) = E[X(7)],
cx(r,0) = CoviX (1), X(0)}, cx.y(r,0)=Cov{X(7),Y(0)}.

By the preceding paragraph, this notation also makes sense for equivalence classes
X, Y e L*([0, 119).

2.2 Functional time series in L2([0, 1])

Foreacht € Z,let X; : [0, 1] x & — R denote a (B][o,1] ® A)-measurable function
with X; (-, w) € £2([0, 1]). By the preceding section, we can regard [X,] as a random
variable in L2 ([0, 17), which we also write as X;. The sequence (X;);cz will be referred
to as a functional time series in L2([0, 1]).

The functional time series will be called stationary if, for all ¢ € Z and all
h,tl,...,l‘q e

d
Xey+ns ooy Xiyn) = Xiyy oo, Xiy)

in L2([0, 17)4.

Let p > 0. A sequence of functional time series (X; 7);cz, indexed by T € N,
is called locally stationary (of order p) if, for any u € [0, 1], there exists a strictly
stationary functional time series {X;”) | + € Z} in L%([0, 1]) and an array of real-
valued random variables {P; | t = 1, ..., T}ren with E[P}|? < oo, uniformly in
1<tr<T,T e€Nandu € [0, 1], such that ’

t 1
n&;—ﬂ%uz@7—4+7)ﬁ? (1)
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Detecting non-stationarities in functional time series 1059

forallt =1,...,T,T € Nand u € [0, 1]. This concept of local stationarity was first
introduced by Vogt (2012) for p-dimensional time series (p € N). By the arguments in
the preceding section, we may assume that X ;“) isinfacta (B([0, 1]) x A)-measurable
function from [0, 1] x €2 to R such that X;‘” (-, w) € £2([0, 1]) for P-almost every w. In
the subsequent sections, we will usually assume that p > 2 and that E[|| X ,(") ||%] < 00
for all u € [0, 1]. Despite the fact that {(X; r):ez : T € N} is a sequence of time
series, we will occasionally simply call (X; 1):ez a locally stationary time series.

2.3 Further notation

In the following, we will deal with different norms on the spaces L” ([0, l]d), for
p > 1,d € N. To avoid confusion, we denote the corresponding norms by || - || 4.
As a special case, we will write || - ||, instead of || - || ,1. Further, we introduce the
notation || - || , g o.1¢ for the p-norm on the space L7 (2 x [0, 117, P ® A¢). Finally,
we define (f ® g)(x, y) = f(x)g(y) for functions f, g € L?([0, 1]).

3 Detecting deviations from second-order stationarity

3.1 Second-order stationarity in locally stationary time series

Before we can propose suitable test statistics for detecting deviations from second-
order stationarity in a locally stationary functional time series, we need to clarify
what is meant by second-order stationarity. Loosely speaking, we want to test the null
hypothesis that the mean and/or the (auto)covariances do not vary too much over time.

Meaningful asymptotic results will be obtained by formulating these null hypotheses
in terms of the approximating sequences {X\" : t € Z} defined in Sect. 2.2. More

precisely, we will subsequently assume that E[|| X ,(”) ||§] < oo forall u € [0, 1] and
consider the hypotheses

H™ < |E[X{)1 = BIX Nl =0 forallu, v e [0,1] 2)
and, for some lag 2 > 0,
HE" EXS @ X1 - E[XS” ® X" 122 =0 forallu,ve[0,1]. (3)
Note that the intersection
Ho=H{" nH " nHn...

corresponds to the case where the approximating sequences {X\" : ¢ € Z}, indexed by
u € [0, 1], all share the same first- and second-order characteristics. We will therefore
call the sequence of time series (X, 1)/ez, indexed by T € N, second-order stationary
if the global hypothesis Hy is met. The test statistics we are going to propose will be
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particularly sensitive to deviations from (weak) stationarity in the mean, the variance,
and the first H autocovariances, which leads us to define

(H) _ g o @0 A gD (c.H)
1" =H" 0B nHO 0 HST, @)

where H € Ny is fixed and denotes the maximum number of lags under consideration.

Remark 1 The hypotheses H(()’") and Hé"’h ) are independent of the choice of the approx-
imating family {X\" : t € Z},c[0.1]. Indeed, suppose there were two approximating
families {X\" : 1 € Z}uefo,1) and v :.te Z}uelo,1) satistying (1). By stationarity
and the triangle inequality, we have, forany t, T € N,

EIX" -y =EIX{y — Y7 2

<EIX{p = Xuryrla + ElXwryr — Yy 2 <

c
LT} T

This implies E|| X! — ¥, ||, = 0 and hence || X" — Y|l = 0 almost surely. O

The following lemma provides two interesting equivalent formulations of each of
the above hypotheses. Introduce the notations M : [0, 11> — R, M}, : [0, 1] — R,
where

u 1
M(u,t):/ E[X(()w)(t)]dw—u/ E[X{" (x)] dw, (5)
0 0
u 1
My(u, 11, 02) = / ELXS" (o) X" (12)] dw — u f ELXS" (r) X" (r2)] dw.
0 0

6)

Lemma1 Let {(X; 1)iez : T € N} denote a locally stationary functional time series

of order p > 4 with approximating sequences (Xf‘)),ez satisfying E[||X(()”) ||‘21] < 00

forall u € [0, 1]. Then, the hypothesis Hé'") in (2) is met if and only if

[M]j2,2 = 0. )

Likewise, for any h € Ny, Héc‘h) in (3) is met if and only if
[Mpll2,3 = 0. (®)

Moreover, the hypothesis H(;"’) is equivalent to
C
3C>0: |EXur)r]—E[Xorlll2 = T forallu € (0,11, T e N,  (9)

and H(gc’h) is equivalent to

1K)

3C>0: |EXurr ® Xurj+hr — Xo,r @ Xp,rlll2,2 <
forallu € [0,1],T € N. (10)
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Detecting non-stationarities in functional time series 1061

The lemma is proven in Sect. 6.2. We will heavily rely on conditions (7) and (8)
when constructing the test statistics in the next section. Assertions (9) and (10) are
interesting in their own rights, as they provide a sub-asymptotic formulation of the
hypothesis of second-order stationarity. They are used in the next section for showing
that the tests are consistent and will also be crucial when extending consistency results
to the case of piecewise locally stationary processes in Sect. 3.5.

3.2 Test statistics

In the subsequent sections, we assume to observe, for some 7' € N, an excerpt
X1.1,..., Xr,r from a locally stationary time series {(X; 7);cz : T € N}. We are
interested in testing the hypotheses H(()m) and H(()“’h) formulated in the preceding sec-
tion, which can be done individually by a CUSUM-type procedure. More precisely,
foru, v € [0, 1], let

(uT] T

1
Ur(u,7) = — Xer(r)—u ) X 7(7) (1D

denote the CUSUM process for the mean, and, for u, t1, 12 € [0, 1] and h € Ny, let

Ur.n(u, 11, 72)
| [ WTIAT ) T—h

=— | > Xr@Xunr@ —u) Xer@)Xenr(m) | (12)
ﬁ t=1 t=1

denote the CUSUM process for the (auto)cross-moments at lag h. Under the null
hypothesis H.", T~Y2Ur(u, t) can be regarded as an estimator of the quantity
M (u, t) defined in (5), and a similar statement holds for 7~'/2Ur ;,, which esti-
mates the M, in (6). Hence, by Lemma 1, it seems reasonable to reject Hé’") or H(()”')
for large values of

- h
SY = |Urlly or S = Uz pllas, (13)

respectively.

Alternatively, one could use the L2?-norm in 7 and (11, T2), respectively, and the
supremum in i, as proposed in Sharipov et al. (2016). However, preliminary simulation
results suggested that a test based on the L?-norm in u performs better in applications
with small sample sizes.

In Sect. 3.4, we will propose a procedure that allows to combine the previous tests
statistics to obtain a joint test for the combined hypothesis Hj,"’, with maximal lag
H e Ny fixed. For that purpose, we will first need (asymptotic) critical values for the
individual test statistics S;m) and S;C’h), which in turn can be deduced from the joint
asymptotic distribution of the CUSUM processes in (11) and (12). The basic tools are
the following partial sum processes
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1062 A. Biicher et al.

(uT]
Br(u,t)=—=Y_ X, 7(t) = E[X,7(1)],
VT 5
luT | A(T—h)
Brawm m) = —= Y Xer () Xipn () = BIX 1 () Xion 7 (02)],
r t=1

where u, 7, 71, 72 € [0, 1] and & € Ny. The expected values within the sums will be
denoted by

w7 (t) = E[X, 7(0)] and w7 0(71, ©2) = E[X; 7(t1) Xp 3,7 (22)].

The following assumptions are sufficient to guarantee weak convergence of these
processes.

Condition 1 (Assumptions on the functional time series)

(A1) Local stationarity The observations X1 r, ... X7, are anexcerpt from alocally
stationary functional time series {(X; 1)iez : T € N} of order p = 4 in
L2([0, 1], R).

(A2) Moment condition For any k € N, there exists a constant Cy < oo such that
E[| X, 7]l5 < Cxand E||X{ |5 < Cy uniformlyint € Z, T € Nandu € [0, 1].

(A3) Cumulant condition For any j € N, there is a constant C; < oo such that

o0

Yo lemr . X0, <€) < o0, (14)

I, lj—1=—00

forany ¢; € Z (for j = 1, the condition is to be interpreted as |[EX;, 7> < C;
for all #; € Z). Further, for k € {2, 3, 4}, there exist functions 5y : 71 S R
satisfying

e¢]

Yoo A+inl+F o Dmn . o) < 00

Iy lp—1=—00

such that, forany T e N, 1 <1t,..., % < T,v,uy,...,ux € [0, 1], h1, ho €
Z,Z}"y € {X,r, X"}, andany Y, j 7 (11, ) € (X, 7(20), Xo,7 (0) Xron, 7 (22)),
we have
() Jeum(Xy 7 — X0, 202 20N 0 < Fma — 11, e 1),
(i) | cum(x{" — X(’” 78 2N g < ey = vl — 11, — 1),
(i) [leum(X; 7, ..., Xy D)2k < mea — 11, e —11)s

(V) fio 192 leum (Ye, oy, 7 (D), Yoy iy, 7(D)1dT < m2(t2 — 17).
[0,1]

Assumption (A2) is needed to ensure existence of all cumulants. The cumulant
condition (A3) is a (partially) weakened version of the assumptions made by Lee
and Subba Rao (2017) and Aue and van Delft (2017) and has its origins in classical
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Detecting non-stationarities in functional time series 1063

multivariate time series analysis (see Brillinger (1981), Assumption 2.6.2). Lemma
2 shows that the cumulant conditions in (A3) hold, provided (A1), (A2), a further
moment condition and a strong mixing condition are satisfied. In particular, they are
met for the models employed in Sect. 5 within our simulation study (see in particular
Lemma 4).

The following theorem, proven in Sect. 6.2, shows that B and BT, 1 jointly converge
weakly with respect to the L2-metric. For H € Ny, let the Cartesian product

Hpsa = L2([0, 11%) x (L*([0, 1%} +!

be equipped with the sum of the individual scalar products, such that H y 4> is a Hilbert
space itself.

Tl]eorgm1 Suppose that Assumptions (Al1)~(A3) are met. Then, the vector Br =

(IET,~BT,Q, s Br 1) converges weakly to a centered Gaussian variable B =
(B, By, ..., By) in Hpyp with covariance operator Cp : Hy4+2 — Hp4o defined
as
8 (u, 7)
Jo (1o, T01, T02)
Cp| . )
Sfu (UH, TH1, TH2)

O, 1), ), 8) + S (L 1), )y fi)
(rém’c)(w (uo, T01, T02)), &) + Zf:o(ré;),((uo, 701, 702), ), fn)

(i G T, ), 8) + Yoo (e (Wa T Ta2), ) fi)

Here, the kernel functions r™, r}(lcgl, and r}(lm’c) are given by

r™ ((u, 7), (v, 9)) = Cov(B(u, 1), B(v, 9))

S UAV
= Z/ ck,1(w) dw,
k=—o00 0
(©)

oy (@, 11, 72), (U, @1, 92)) = Cov(Bi(u, 71, 12), By (v, @1, ¢2))

o UAV
= [ acwan,
k=—00 0
r;(lm’c)((u, 71, 1), (v, @1, 92)) = COV(B(M, ), By(v, @1, ¢2))

00 UAV
= [ aawan,
k=—o00 0
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1064 A. Biicher et al.

with
ck1(w) = ce1(w, 7, 9) = Cov(Xg" (0), X" (),
cro(w) = cro(w, h, b, 11, 12, 91, 92)
= Cov(X§" (tD X" (1), X" (@) X (02).
ck3(w) = cp3(w, h, 1,01, 02) = COV(X(()w)(T), Xiw)(wl)xéﬁ)h(cﬁz)),
forany 0 < h, W' < H. In particular, the infinite sums and integrals converge.

The following corollary on joint weak convergence of the CUSUM processes
defined in (11) and (12) is essentially a mere consequence of the continuous map-
ping theorem. Let

Gr(u,7) = Br(u,v) —uBr(1,7)
Gra(u, 71, 12) = Bry(u, 71, ©2) — uBr 4(1, 71, 12)
Gr =(Gr,Gra,...,Gr.p)

and, similarly,

G(u,t) = Bu,7) —uB(,7)
Gu(u, 71, 12) = By(u, 71, ) — uBy(1, 71, )
G=(G,Gi,...,Gp). (15)

Corollary 1 Suppose that Assumptions (Al)—(A3) are satisfied. If H(()m) holds, then

|Ur — Grlla2 = op(1).

If H" holds, then

1UT.1 = Gr.pll2z = op(1).
As a consequence, if the hypothesis H(;H) in (4) holds, then,
Ur =WUr,Ura,...,Ur.5) =Gr +op(l) ~ G.

On the other hand, ifHém) or Héc’h) does not hold, then S;m) — o0 or S;C’h) — ooin
probability, respectively.

The corollary suggests to reject Hy" or H\™" for large values of S(Tm)~or S;C’h),
respectively. However, the corresponding null-limiting distributions | Gl|22 and
G l2,3 depend in a complicated way on the functions ¢y ; defined in Theorem 1
and cannot be easily transformed into a pivotal distribution. We therefore propose to
derive critical values by a suitable block multiplier bootstrap approximation worked
out in detail in Sect. 3.4.
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Detecting non-stationarities in functional time series 1065

3.3 Strong mixing and cumulants

In this section, we will demonstrate that under the assumption of a strong mixing
locally stationary functional time series, Assumption (A3) is met. To be precise, let
and G be o-fields in (L2, A) and define

a(F,G) =sup{|P(ANB) —P(AP(B)|: A e F, B e}

A functional time series {(X; r)rez : T € N} in L2([0, 1) is called a- or strongly
mixing if the mixing coefficients

o (k) = sup supa<a({xs,f(r)|r e 0, 1Y), o({X,.r(v)l7 €0, 1]};’1t+k))
TeNteZ

vanish as k tends to infinity. Analogously, we define

o (k) = sup supa(a({X§“>(r)|u, r [0, 11Y.__), o (X (D)lu, T € [0, 1]};';+k))
uel0,1] teZ

as mixing coefficients of the family of approximating stationary processes. Further,
we define a(k) = max{a’(k),a”(k)}. A locally stationary, functional time series
is called strongly mixing, if a(k) vanishes, as k tends to infinity and exponentially
strongly mixing if o (k) < ca® for some constants ¢ > 0 and a € (0, 1). Note that we
can define the mixing coefficients in terms of a function in £2([0, 1) rather than an
element of the space L?([0, 1]) of equivalence classes by Lemma 6.1 in Janson and
Kaijser (2015). The main result of this section provides sufficient conditions for the
theory developed so far for strong mixing processes.

Lemma2 Let {(X; 1)iez : T € N} be a strongly mixing locally stationary functional
time series in L*([0, 1], R) such that Assumptions (Al), (A2) and the condition

sup | X¢,7llr,.x[0,1] < Cr < 00
T

are satisfied for any integer r > 2. If {(X;.1)tez : T € N} is exponentially strongly
mixing, then it also satisfies the summability conditions for the cumulants in Assump-
tion (A3).

3.4 Bootstrap approximation

The bootstrap approximation will be based on two smoothing parameters: a block
length sequence m = mt needed to asymptotically catch the serial dependence within
the time series, and a bandwidth sequence n = n1 needed to estimate expected values
locally in time. We will impose the following condition.
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1066 A. Biicher et al.

Condition 2 (Assumptions on the bootstrap scheme)

(B1) Letm = m(T) < T be aninteger-valued sequence, to be understood as the block
length within a block bootstrap procedure. Assume that m tends to infinity and
m/T vanishes, as T — oo.

(B2) Letn = n(T) < T/2 be an integer-valued sequence such that both m /n and
mn?/T? converge to zero, as T tends to infinity.

(B3) Let {R;k)}i, reN denote independent standard normally distributed random vari-
ables, independent of the stochastic process {(X; 7)ez : T € N}.

Under this set of notations, we define

" | WT) g Gtm=DAT
By (u, 1) = — — X 7(v) — fir,7(T)
T ﬁ ; \/% { ¢ t }

r=i
as a bootstrap approximation for By (i, ), where

%)

.7 (T) = — Xiyj.1(7)
t nt,O Z t+J

J=ne
denotes an estimator for u, 7(7) relying on the bandwidth sequence n via
np=nANT —t—h), np=-nv{A-1t), np=np—n+1,  (16)

f9r 0 < h < H. Similarly, for any 0 < h < H, bootstrap approximations for
Br j(u, 11, 72) are defined as

T AT —h) k)
5 (k) R;
BT,]/, (M, Tl» t2) =

7 X O
(i+m—1)A(T—h)
Z (X0 ) Xiqn1(12) — 70 (T1, ),

=i
where

it h
0 (T1, T2) = — D Xipjr (@) Xegjin 7 (T2).
t,h

Jj=nt
Finally, for fixed k € N, collect the bootstrap approximations in the vector

A0 _ (g0 a0 5
BY = By, By, ... By ).

The following theorem shows that the bootstrap replicates can be regarded as asymp-
totically independent copies of the original process B from Theorem 1.
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Theorem 2 Suppose that Assumptions (Al)—(A3) and (B1)—(B3) are met. Then, for
any fixed K € Nand as T — oo,

(Br,BY, ..., BS) ~ (B,BY, ..., BK)

in {L2([0, 11%) x (L2([0, 1P)H+ 1K+ \phere B® (k = 1, ..., K) are independent
copies of the centered Gaussian variable B from Theorem 1. Equivalently (Biicher and
Kojadinovic 2017, Lemma 2.2),

B
dgy (P27 X011 X0T PET) = op(1), T — oo,

where dg], denotes the bounded Lipschitz metric between probability distributions on
L2([0, 11%) x (L*([0, 1)+,

The proof is given in Sect. 6.2. The preceding theorem, together with Corollary 1,
suggests to define the following bootstrap approximation for the CUSUM processes
defined in (11) and (12):

GPw,t)=BYw, ) —uBP, 1),
Ak n» (k A (k
G 1. w) = BY) (w11, 1) — uBy (1. 11, 1),
~(k Ak) Ak A (k
G =GP, Gy ....GPp.

Theorem 2, Corollary 1 and the continuous mapping theorem then imply that, under
the hypothesis H(;H) in (4),

(7,80, .., 85 = (@, DG, ..., DG
= (®(Gr), DG, ..., DGY)) + op(1)
~ (B(G), (G, ..., dGH) = (S, 8V, ..., §5),

where ®(G_1, Go,...,Gg) = (IG-1ll2.2,1Goll2,3, ..., [IGHll2,3) and where
GY, ..., G™ are independent copies of G. Individual bootstrap-based tests for, e.g.,
Hé"“h) are then naturally defined by the p value

K
1 k
Prk(Sa) = < Y 1SE), = ST,
j=1

where S;ffh and St 5 denote the (/2 4 2)nd coordinate of S? and S7, respectively; in

particular, St _1 = S(T'") and St = S;f’h) as defined in (13). Indeed, we can show the
following result for each individual test.
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Proposition 1 Suppose that Assumptions (Al)—(A3) and (B1)—(B3) are met. Then, for
all h € Z=_y, provided K = Kt — oo, and with H(C D H(m) we have
Uniform(0, 1) if H"" is met
pr.kr (ST 1) ~> 0 I/ Hy

else.

Moreover, we can rely on an extension of Fisher’s p value combination method
(Fisher 1932) as described in Sect. 2 in Biicher et al. (2018) to obtain a combined
test for the joint hypothesis HéH ) in (4). More precisely, let ¢ : (0, DH+2 . Rbea
continuous function that is decreasing in each argument (throughout the simulations,
we employ ¥ (p—1,..., pa) = ZiH:_l w; &1 (1 — p;) with weights w_; = wo =
1/3and w; = --- = wy = (3H)~'.) The combined test is defined by its p value
calculated based on the following algorithm.

Algorithm 1 (Combined Bootstrap test for H(;H))

(1) Let §7 = S7.

(2) Given a large integer K, compute the sample of K bootstrap replicates
S(Tl), e, S(K) of the vector S(O)

(3) Then, for allz €{0,1,. K} and h € {—1, ..., H}, compute

K
@ ® - o)
P& (S = 277 { k§—1 1 (ST,h = ST,h) }

(4) Next, foralli € {0, 1, ..., K}, compute
Wiy = vipr.x (5§ (S}
T.K PT.K <o PT.KO7 H)J-

(5) The global statistic is W;) ) x» and the corresponding p value is given by

pr, K(W]("O Z 1 (Wi("k)K W;O)K)

Consistency of this procedure is a mere consequence of Proposition 2.1 in Biicher
et al. (2018); details are omitted for the sake of brevity.

3.5 Consistency against AMOC-piecewise locally stationary alternatives

In the previous section, the proposed tests were shown to be consistent against locally
stationary alternatives. In classical change point settings, the underlying CUSUM prin-
ciple is also known to be consistent against piecewise (locally) stationary alternatives,
notably against those that involve a single change in the signal of interest (AMOC =
at most one change). We are going to derive such results within the present setting.

@ Springer



Detecting non-stationarities in functional time series 1069

For the sake of brevity, we only consider AMOC alternatives in the mean. More
precisely, we assume that {(X; 7):ez : T € N} follows the data-generating process

_ i+ Yerfore <AT]

T = {uzw,,Tforr > AT +1. (a7

forsome A € (0, 1), y, u2 € £2([O, 11) and {(Y;,7):ez : T € N} alocally stationary
time series satisfying Condition 1. In the literature on classic change point detection,
one would be interested in testing for the null hypothesis that |11 — 2|2 = 0, against
the alternative that this L2-norm is positive.

Now, if || — pnall2 = 0, we are back in the situation of the preceding sections.
However, one can show (by contradiction) that if |1 — u2ll2 > 0, {(X; 7)rez :
T € N}is not locally stationary, whence additional theory must be developed to show
consistency of the test statistic S(TH). Note that even the formulation of HO(H) relying
on (2) and (3) is not possible anymore, so that we need to rely on their equivalent
sub-asymptotic counterparts (9) and (10) in Lemma 1.

Proposition 2 Let {(X; 7)icz : T € N} be a sequence of functional time series as
defined in (17), with w1 # py in L?([0, 11) and with {(Y:.7)iez : T € N} satisfying
Conditions (Al)—(A3). Then, the test statistic S(T'") = St._1 based on observations
X1.1, ..., X7 1 diverges to infinity, in probability. If, additionally, (B1)—(B3) are met,
then the bootstrap variables S';]f) _ are stochastically bounded. As a consequence, the
proposed test is consistent.

Remark 2 A careful inspection of the proof of Proposition 2 shows that the testing
procedure is also consistent against local alternatives of the form uy = u1 + dr, for
any sequence dr with dr~/T — oo.

3.6 Data-driven choice of the block length parameter m

The bootstrap procedure depends on the choice of the width of the local mean estimator,
n, and the length of the bootstrap blocks, m. Preliminary simulation studies suggested
that the performance of the procedure crucially depends on the choice of m, while it is
less sensitive to the choice of n (which may also be chosen by other standard criteria in
specific applications, like adaptations of Silverman’s rule of thumb, cross-validation
or visual investigation of respective plots). In this section, we propose a data-driven
procedure for choosing the block length m based on a certain optimality criterion.

Recall that the limiting null distributions of the proposed test statistics depend
in a complicated way on the covariances Cov{B(u, 1), B(v, 0}, Cov{éh (u, 71, 1),
Eh/(v, ©1,¢2)} and Cov{é(u, 7), Eh(v, ¢1, ¢2)}. Following Sect. 5 in Biicher and
Kojadinovic (2016), the procedure we propose essentially chooses m in such a way
that the bootstrap approximation for o.(t, ¢) = Cov{B(1, 1), B(1, @)} is optimal,
with respect to m, in a certain asymptotic sense. More precisely, we propose to first
minimize the integrated mean squared of the “bootstrap estimator”

5r(t,9) = Cov(BV (1, 1), B (1, @) X1 10, X7.7)
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considered as an estimator for o, (7, ¢), with respect to m theoretically (see Lemma 3),
and then use a simple plug-in approach to obtain a formula that solely depends on
observable quantities. Observe that 67 (7, ¢) can be rewritten as

5r(t,9) = BB (1,0), BV (1, o)1 X1 7, ..., X7.7]

(i+m—1)AT (i+m—1)AT

11
:?ZZ Y X () = per (o Y Xir(@) — i (p)
i=1

t=i t=i

whence 67 (7, @) is not a proper estimator as it depends on the unknown expectation
s, 7. The asymptotic integrated bias and integrated variance satisfy the following
expansions. For simplicity, we replace Condition (A3) by a strong mixing condition
as in Sect. 3.3.

Lemma 3 Let m = m(T) be an integer-valued sequence, such that m tends to infinity
and m? /T vanishes, as T tends to infinity. If conditions (Al) and (A2) are met and
{(Xt.17)iez : T € N} is exponentially strongly mixing, then, as T — 0o,

1
f (Bl (2 )] — ez, )2 d(x, ) = —5 A + 0m ™),
[0’1]2 m
f Var(61(t, )) d(t, @) = =T + o(m/T),
[0’1]2 T

where

o] 1 2
A=| Y |k|/0 Cov(X§", X)) dw

k=—00

2,2

and

1 0 1 2
r= %/ ( 3 / cov(xg“”(r),x,iw)(z))dr)
0\ oo

2

dw.
2,2

o0
+ Z Cov(X(()w),Xlgw))

k=—00

As a consequence of this lemma, we obtain the expansion

IMSE7 (m) = MSE(67 (7, ¢)) d(, @)
0,112

N /[O P Var(67(z. 9)) + (EI67 (1. 9)] — 00(7, ) d(z. )

m 1 2
=—F—|——2A+0(m )+ o(m/T),
T m
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which can next be minimized with respect to m to get a natural choice for the block
length. More precisely, the dominating function A(m) = 2T + # A is differentiable

in m with A'(m) = E — 2% and A" (m) = 4, whence m = (ZATT)I/3 is the unique

minimizer of A. In practlce both T and A’ are unknown and must be estimated in
terms of the observed data. This leads us to define

m = (ZATT/IC‘T)I/3
where, for some constant L € N specified below,

2

T—-L L
. 1
Ar = d > Ikl , d(z,
T /[0’1]2 (T—zL klvi k(T w)) (. 9)

i=L+1k=—L

and

A 2
FT=§ (Z/ Yik,1(T, T)df>
k=L

2

&7 (T, w)) d(z, ¢).

E3)
[M?(XL:

Here y; 7 is defined by

1 Mi+k,0 Mi4j,0
VikT(T,90) = m Z Xiyjr(T) — Z Xitjte,7(T)
i+k,0 i j=n; I+/ 0,= =niyj
1 Nt j+k,0
X | Xiyjrk, (@) — —— Z Xitjtk+t,7(®)
Rikj k0 =i+ j

and n; p, n; and 7, are given in (16). Note that the above estimators depend on the
choice of the integer L. Following Biicher and Kojadinovic (2016) and Politis and
White (2004), we select L to be the smallest integer, such that

” T—k Zz 1 yl k, T”
T A
H% > iz Vi,o,T”

2,2

A

Pk, T =

2,2

is negligible for any k > L; more precisely, L is chosen as the smallest integer such

that pr4x. 7 < 2/10g(T)/T,forany k =1, ..., Ky, with K7 = max{5, /logT}.
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4 Time-varying random operator functional AR processes

We consider an exemplary class of functional locally stationary processes and specify
the approximating family of stationary processes. The results in this section are similar
to Theorem 3.1 of Bosq (2000).

Let £ = L(L*([0, 11), L*([0, 1])) be the space of bounded linear operators on
L2([0, 1]). Further, denote by || - ||z and || - ||s the standard operator norm and the
Hilbert—-Schmidt norm, respectively, i.e.,

- 1/2
el = sup €2,  lels =D 43
j=1

lxll2=1

for £ € L with eigenvalues A; > A2 > .... By Eq. (1.55) in Bosq (2000), we have
I-llz <1l |ls. Forany T € N, consider the recursive functional equation

Xer =Y +u@/T), Yir=AyrYi—17)+er, t€4Z, (18)

where (¢; 7):ez is a sequence of independent zero mean innovations in L2([0, 1]) and
where A, 7 : L%([0, 1]) — L?([0, 1]) denotes a possibly random and time-varying
bounded linear operator. The equation defines what might be called a (time-varying)
random operator functional autoregressive process of order one, denoted by tvrFAR (1)
(see also van Delft et al. (2017), Sect. 4.1) for the non-random case with &; 7 not
depending on 7.

In the following, we will only consider the case where p is the null function.
In the more general case of u being Lipschitz, if there exists a locally stationary
solution Y; 7 of the equation on the right-hand side of (18) with approximating family
(Y|t € Z}uepo.1], then X, 7 = Y, 7 + u(t/T) is obviously locally stationary with
approximating family X = Y, + w(u).

To be precise, we restrict ourselves to the following specific parameterization

=0, Ayr=at/T)A, &1 =0(t/T)E,

where a and o > 0 are measurable functions on [0, 1]. The following lemma pro-
vides sufficient conditions for ensuring local stationarity of the model and provides an
explicit expression for the approximating family of stationary processes. For a related
result in the case where A;/7 is non-random and &; 7 does not depend on T, see
Theorem 3.1 in van Delft and Eichler (2018).

For a sequence of operators (B;); in £, we will write ]_[?:O B, = Byo---0B, for
n € N. The empty product will be identified with the identity on L?([0, 1]), that is,
iz Bi = id 2q0,1)

Lemma4 Let (£;),c7 be strong white noise in L2([0, 11). Further, let a and o be
measurable functions on (—oo, 1] such that ¢ > 0, a(u) = a(0) and o(u) = o(0)

forallu < 0. Finally, let &;, 7 = o (t/T)é, 8,(“) = o ()& and A, = a(u)A, where
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A denotes a random operator in L that is independent from (8/);cz and satisfies
sup,epo.1] l1Aulls < g < 1 with probability one. Then:

(i) For any u € [0, 1], there exists a unique stationary solution (Y");cz of the
y q ry '
recursive equation

v =4, )+, rez,

namely
r ZA (Eui—j):

where the latter series converges in LZ(Q x [0, 1], P ® A) and almost surely in
L*([0, 1]).

(ii) If o and a are Lipschitz continuous, then there exists a unique locally stationary
solution (Y, 1) of order p = 2 satisfying sup,cz, ren E[||Y,,T||%] < 00 of the
recursive equation

Yir =Ayr(Yeoi1) + e, teZ,T eN,

namely

Yt,T—Z HAtt (St]T)

j=0 \i=0

the series again being convergent in L*>(2 x [0, 1], P ® ) and almost surely in

L%([0, 11). The locally stationary process has approximating family {(Yt(")),ez :
u € [0, 1]}.

Remark 3 The previous lemma provides sufficient conditions for local stationarity of
the random operator FAR model. In the simulation study of the following section, we
use specific models for the parameter curves and the functional white noise and show
that those models satisfy the cumulant condition in Assumption (A3) as well.

5 Finite-sample results
5.1 Monte Carlo simulations

A large-scale Monte Carlo simulation study was performed to analyze the finite-
sample behavior of the proposed tests. The major goals of the study were to analyze
the level approximation and the power of the various tests, with a particular view on
investigating various different forms of alternatives, notably models from H,", H,*”
and H 1(”'”. All stated results related to testing the joint hypothesis HéH) are for the

combined test described in Algorithm 1, with Y (p_1, ..., py) = ZiH:_l w; 1 (1—
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pi) with weights w; = wg = 1/2for H =0and w_; =wp=1/3andw; =--- =
wyg = 3H) ! for H > 1.

For the data-generating processes, we employed 10 different choices for the param-
eters in (18), which will be described next. Let (1/;);cn, denote the Fourier basis of
L2([0, 1]), that is, for n € N,

Vo=1, Yam_1(t) =~2sinQ2rnt), VYou(r) = V2 cos(2mnr).

Let (&;);ez denote an i.i.d. sequence of mean zero random variables in L2([0, 1]),
defined by &, = Z}SO u; i i, where u;; are independent and normally distributed
with mean zero and variance Var(u; ;) = exp(—i/10). Independent of (&;),c7, let
G = (Gj,})i, j=0,..,16 denote a matrix with independent normally distributed entries
with Var(G; ;) = exp(—i — j). Let A : L>([0, 1]) — L?([0, 1]) denote the (random)
integral operator defined by

16
AN = ez Y Gl vy ()
i,j=0
16

1
- [ 5 X om0 ) roas

i,j=0

where ||G ||| denotes the Frobenius norm (note that the Hilbert—Schmidt norm of A
is equal to 1/3, see Horvath and Kokoszka 2012, Sect. 2.2). Finally, let

ao(u) = 1, ar) =5 +u,
a(u) = 1 — % cos(2mu), az(u) = 5+ 1(u > 1/2),
foru € [0,1] and let aj(u) = a;(0) for u < 0 and a;(u) = a;(1) for u > 1. The

following ten data-generating processes are considered:

e Stationary case. Let

u=0, Ayt = A, &7 = &. (19)

e Models deviating from Hé’"). For j =1, ..., 3, consider the choices
w() =aj(r), Ayr=A4, er=5. (20)

e Models deviating from Hé"’o). For j =1, ..., 3, consider the choices
n=0, Ayr=A4A, er=ajt/Ti. 21)

e Models deviating from Hé”’l). For j =1, ..., 3, consider the choices
nw=0, Ayr=a;jt/T)A, &1 =F5. (22)
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Remark 4 The models defined in (19)—(22) satisfy condition (A3) if the functions a
and o are Lipschitz continuous. To see this, we exemplarily derive (14), as the other
parts follow by similar arguments. Observe that in all models, the mean function u
is in L?; thus, (14) is trivial for j = 1. For j > 2, consider first the case that Ais
non-random first. Then, by Lemma 4 (ii), the definition of A;;r and &, 7, and linearity

of both (powers of) the operator A and the cumulants,

I cum(Xy, 7, ... Xe; 1) 2,
= |[cum(Yy T, ..., Y,j T)||2j
= |cum (Z (1_[ Ay 1) (&n—k,T), - Z (l_[ ) (&1;—k, T))
k=0 \i k=0 \i=0 2,j
oo [k—1 ' B 16
= |lcum (Z (Ha ("T_’)) Ak (G (#) Zunk,ellfe) ;
k=0 \i=0 =0
oo [k—1 B 16
S(i) )
k=0 \i=0 2.

bghe) A%y, )

I
Mg
M

—:

2,j

By independence of the random variables u; ¢, the camulants on the right-hand side of
the previous display are zero if there is an index v € {2, ..., j} such that £; # ¢, or
t; — ki # t, — k,. Further, the random variables u; , are normally distributed and the
higher cumulants, for j > 2, are zero. Thus, (14) is trivial for j > 2. Now, let j =2
and consider t, > t; without loss of generality. Then, by the previous considerations,

I Cov(Xy,1, Xip,7)l2,2

B»> <kH (ot ’)) o (47) Ao (ﬁk a (?))

k=0 ¢=0 i=0

xor (2=t ) Ak () Var(uy —1.0)

3

2,2

which can be bounded by
9 00 tr—t1+2k 16 ¢ 1 et
2—1
2(3) T Tew(p)=e)
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since ||A||3 = %, Var(u; o) = exp(—£/10), and both a and o can be bounded from
above by 3/2. Thus,

-~ t 1 th—1 o0 1 -t
Z Cov(Xyy.7. Xt 7)ll22 < C Z (5) + Z (E) =G

1 =—00 H=—00 t=tr+1

which proves (14) in case ANis non-random. The random case follows since the upper
bound does not depend on A and since A is assumed to be independent of &;.

Subsequently, the respective models will be denoted by (My) and (M, j), (M, ;)

and (M, ;) for j = 1,...,3. Note that the model descriptions are non-exclusive:
For instance, the models in (20) exhibiting deviations from Hé’") also deviate from
H.

0

Preliminary simulation studies showed that the data-driven choice of m, as intro-
duced in Sect. 3.6, yields similar results as a manual choice of m and should be
favored. Further parameters of the simulation design are as follows: The number of
bootstrap replicates is set to K = 200. Two sample sizes were considered, namely
T = 256 and T = 512. Observe though that, unlike many frequency domain-
based methods for functional time series, the proposed testing procedure does not
require the sample sizes to be a power of two to work effectively. The hyperpa-
rameter n for estimating local means is set to n = 45,60, 75,90, T. Finally, the
maximum number of lags considered was set to H = 4. Empirical rejection rates
are based on N = 500 simulation runs each and are summarized in Tables 1
and 2.

From the previous results, it can be seen that different choices of n do not
lead to crucially different results. For T = 256, the tests for the hypotheses Hé'")
and Hé"’o) already have good power against the alternatives (M, 1), (M, 3) and
(My,1), (My2), (M, 3), respectively. When combining H;" and H\"” and taking
even more autocovariances into account, the test does not loose significant power.
For T = 512, the power further increases such that all tests have good power
against the alternatives (M, ;) and (M, ;), i = 1, 2, 3. Detecting non-stationarities
in models (M, ;),i = 1,2,3 turns out to be more difficult. Even though the
power increases with 7', for small values of T, the results are not too convincing.
These findings can be explained by the fact that the measures of non-stationarity
|M]||2,2 and || M} |23, as introduced in (5) and (6), are comparably small for models
(My.i), i = 1,2, 3. This can be deduced from Table 3, where these measures of non-
stationarity are approximated by their natural estimators ||Mrll22 = [|[Urll2.2/ JT
and |Mr pll23 = Ur.n ||2,3/«/T, based on 2000 Monte Carlo repetitions and for
various choices of T'. It is noticeable that the values for models (M, 1) and (M, 2)
are close to those for (My), which perfectly explains the results of the simulation
study.

As pointed out by a reviewer, it is of interest to investigate the sensitivity of the
test with respect to the number of components included in the procedure. For this
purpose, we highlight in Table 4 the rejection probabilities of the tests for the different
hypotheses in the models (M, 1) and (M, 1), which correspond to a change in the
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Table 1 Empirical rejection rates for various combined tests, based on a sample size of T = 256 and a
block length parameter m calculated as proposed in Sect. 3.6

Model  n g™ owe”  w®  w  w®P B HY W sd(m)
(Mo) 45 72 04 30 10 08 08 10 577 041
60 70 02 26 04 04 04 04 578 041

75 54 08 2202 02 04 04 580 040

90 52 02 18 02 02 02 02 58 04l

256 40 02 18 00 00 00 00 58 038

My 1) 45 92.8 64.4 89.6 89.8 90.8 90.6 91.2 5.82 0.41
60 91.8 61.2 88.8 87.8 88.6 89.4 89.0 5.81 0.41

75 90.2 59.2 87.8 86.4 87.2 87.6 87.6 5.82 0.41

90 89.8 58.2 86.4 85.2 86.4 86.2 86.8 5.83 0.40

256 88.2 50.4 81.8 79.4 81.8 82.8 83.2 5.82 0.42

M 2) 45 57.6 31.2 55.8 53.8 55.0 55.0 56.0 5.79 0.41
60 53.0 26.2 49.2 48.2 48.6 48.4 49.4 5.78 0.42

75 49.0 20.8 45.0 42.8 43.4 42.8 43.0 5.78 0.42

90 41.8 16.0 38.8 33.8 35.8 35.8 36.4 5.78 0.42

256 31.0 9.0 24.8 21.4 23.4 22.4 22.0 5.89 0.60

M;n.3) 45 99.8 97.0 99.8 99.8 99.8 99.8  100.0 5.78 0.43
60 99.6 96.6 99.8 99.8 99.8 99.8 99.8 5.78 0.44

75 99.6 96.2 99.8 99.8 99.8 99.8 99.8 5.78 0.44

90 99.8 95.8 99.8 99.8 99.8 99.8 99.8 5.80 0.44

256 99.6 94.8 99.4 99.0 99.2 99.2 99.2 6.15 1.42

My 1) 45 8.0  100.0 99.6 84.8 81.2 79.4 79.0 5.50 0.59
60 8.0 100.0 99.8 82.4 71.6 76.8 75.4 5.53 0.59

75 7.4  100.0 99.8 78.8 74.4 72.8 74.2 5.60 0.58

90 7.2 100.0 99.6 75.4 732 72.4 73.0 5.69 0.53

256 3.6  100.0 96.6 63.0 56.6 56.0 53.4 6.00 0.45

(My2) 45 6.2  100.0 99.4 76.2 71.4 70.4 70.4 6.34 2.84
60 5.0 100.0 98.2 64.8 60.2 59.0 60.0 6.81 3.70

75 4.6 99.0 90.8 51.8 48.6 47.2 45.6 7.86 5.38

90 3.4 87.4 69.8 31.4 27.2 26.2 26.8 9.75 7.40

256 3.6 96.6 65.6 22.4 20.2 21.0 20.6 6.60 2.28

(My3) 45 20.2  100.0 100.0 95.8 93.6 92.4 91.8 14.15 10.14
60 13.6  100.0 100.0 93.8 89.2 88.4 87.8 13.85 9.65

75 10.2  100.0 100.0 90.6 88.2 85.0 84.6 14.05 9.47

90 8.6  100.0 100.0 87.6 86.2 82.0 80.8 13.63 8.96

256 3.4 100.0 96.4 78.0 71.2 67.6 67.0 11.43 7.25

(Mg, 1) 45 6.6 4.8 5.6 5.0 4.6 4.2 3.6 5.82 0.41
60 5.8 3.8 5.2 4.0 32 34 2.6 5.83 0.40
75 52 2.6 4.2 32 3.0 2.8 2.0 5.85 0.39
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Table 1 continued

Model  n P S A A S A A sd(m)
9 48 22 38 28 24 20 16 58 039

256 3.0 10 12 06 06 04 06 58 043

M) 45 18 24 48 34 28 24 28 582 042
60 70 16 36 20 12 12 14 584 042

75 64 10 32 12 10 08 08 587 044

9 64 08 26 06 06 06 06 590 044

25 54 02 1202 02 02 02 58 052

(Mg3) 45 102 164 132 206 168 130 116 593 057
60 86 144 112 170 136 102 92 594 055

7576 126 92 150 1.6 90 82 596 059

% 72 118 92 146 108 82 76 596 0.6l

256 54 56 56 66 54 42 40 593 056

The last two columns provide the mean and standard deviation of the selected value of m

mean (and as a consequence in all second-order moments) and changes in all second-
order moments (with no change in the mean), respectively.

We observe that the impact of the number of components on the power of the
tests shows no clear pattern. For example, the power is almost constant under model
(M,y,1) if additional components are included in the test statistic. Conversely, under
model (M, 1), the power decreases with the number of components.

We also list results for the functional moving average model

Xi1 =8 +0@/T)é 2, (Mma)

with o(u) = 1(u < 0.5) — L(u > 0.5) and &, as for the autoregressive model.
This model has constant mean and covariances, except of the covariance with lag 2,
and consequently only the tests for hypotheses HéH) (H > 2) should reject the null
since all moments besides E[ X, r X;+2 7] are constant. This effect is clearly visible
in the last rows of Table 4, where we observe the largest rejection probabilities by
the test constructed for the hypotheses Héz). The power decreases for the hypothe-

ses Hé3) and H(§4), which can be explained by the fact that in this case the statistics
combines stationary and non-stationary parts of the serial dependence. Compared to
the other cases, the test has less power in model Mya. An intuitive explanation for
this observation consists of the fact that the weights of the p values, as introduced
in Sect. 3.4, favor changes in the mean and the second moment (the correspond-
ing weights in the test statistic are larger), which makes it more difficult to detect
changes in models that are only non-stationary in the second-order moments at higher
lags. On the other hand, it is worthwhile to mention that the null hypothesis Héc’z)
is rejected in nearly 100% of the cases in the Mya model (these results are not
displayed).
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Table 2 Empirical rejection rates for various combined tests, based on a sample size of T = 512 and a
block length parameter m calculated as proposed in Sect. 3.6

Model  n ™o w1 w” wY w® HP B a sdm)
(Mo) 45106 52 78 44 40 38 34 724 043
60 100 38 66 30 22 24 26 725 044
75 84 20 38 14 10 16 14 728 046
%0 76 18 34 12 12 10 10 728 046
512 46 10 26 08 08 08 08 730 046

My, 1) 45 100.0 97.4 100.0 99.8 99.8 100.0 100.0 723 043
60 99.8 97.0 100.0 99.6 99.6 99.8 1000 723 042

75 100.0 96.8 99.8 99.6 99.8 99.8 99.8 725 044

90 100.0 96.6 99.8 99.4 99.6 99.8 99.8 727 045

512 99.0 91.2 98.8 98.4 98.4 98.6 98.6 735 0.54

M 2) 45 95.6 82.4 95.6 95.2 95.6 96.4 96.0 723 042
60 94.2 78.8 94.6 94.2 94.6 94.6 95.0 725 043

75 94.0 752 94.0 932 93.4 94.2 940 726 045

90 932 73.4 93.4 932 93.0 93.6 93.6 727 044

512 83.4 51.8 79.2 79.6 81.6 82.0 834 740 055

Mpm3) 45 100.0 100.0 100.0  100.0 100.0 100.0 100.0 7.24 043
60 100.0 100.0 100.0  100.0 100.0 100.0 100.0 7.27 045

75 100.0 100.0 100.0  100.0 100.0 100.0 100.0 7.28  0.46

90 100.0 100.0 100.0  100.0  100.0 100.0 100.0 729  0.46

512 100.0 99.6 100.0  100.0  100.0 100.0 100.0 847  3.45

My, 1) 45 9.2 100.0 100.0 97.8 95.6 95.4 95.0 6.85 0.44
60 8.4 100.0 100.0 95.8 932 91.0 89.2 6.88 046

75 7.2 100.0 100.0 94.8 92.6 89.6 87.6 6.89 044

90 6.0 100.0 100.0 94.4 90.6 89.6 85.8 691 0.43

512 4.0 100.0 100.0 90.4 84.0 80.8 79.2 743  0.54

(My2) 45 7.2 100.0 100.0 96.6 94.0 93.6 924 679  0.60
60 6.6 100.0 100.0 94.2 90.4 88.2 87.6 6.86 0.57

75 6.2 100.0 100.0 93.2 88.6 85.4 824 696 0.63

90 5.6 100.0 100.0 90.8 86.8 84.2 81.0 7.05  0.66

512 3.8 100.0 99.8 87.2 82.4 80.0 782 750  0.75

(My3) 45 8.2 100.0 100.0 99.4 97.8 96.0 964 789 341
60 7.2 100.0 100.0 98.6 96.4 95.0 934 779  3.08

75 6.4 100.0 99.8 98.6 94.8 92.0 912 787 312

90 6.0 100.0 100.0 98.4 95.4 92.0 904 798 3.14

512 4.6 100.0 100.0 98.0 95.8 93.4 90.2 858 258
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Table 2 continued

Model  n g™ ow”  m”  w" wv® B HY o sdom)
(Mg 45 110 238 198 310 262 230 214 726 046
60 102 202 166 244 204 180 154 730 049
75 98 180 134 220 188 164 132 730 047
90 96 172 132 200 168 152 13.0 731 048
512 56 74 5270 48 42 40 735 050
(Mg2) 45 88 92 92 108 88 84 74 729 050
60 74 60 58 64 52 42 34 731 051
75 68 42 56 50 40 30 24 733 053
90 64 34 52 44 30 16 22 735 055
512 48 16 16 1.0 06 06 04 739 059
(Mg3) 45 104 424 320 592 476 406 376 738 059
60 103 378 278 532 426 356 308 740 0.0
75 82 352 254 512 402 332 282 743 0.64
90 78 334 242 474 370 314 250 743 065
512 70 268 162 354 254 206 164 752 0.8

The last two columns provide the mean and standard deviation of the selected value of m

5.2 Case study

Functional time series naturally arise in the field of meteorology. For instance, the
daily minimal temperature at one place over time can be naturally divided into yearly
functional data.

To illustrate the proposed methodology, we consider the daily minimum tempera-
ture recorded at eight different locations across Australia. Exemplary, the temperature
curves of Melbourne and Sydney are displayed in Fig. 1. The results of our testing
procedure can be found in Table 5, where we employed K = 1000 bootstrap repli-
cates, considered up to H = 4 lags and chose n = 25, based on visual exploration
of the respective plots. The null hypotheses of stationarity can be rejected, at level
a = 0.05, for all measuring stations except of Gunnedah Pool, for which the p values
exceed o by a small amount.

6 Proofs

Throughout the proofs, C denotes a generic constant whose value may change from
line to line. If not specified otherwise, all convergences are for T — oo.
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Table3 [[Mrl22 and M7 pll2,3.h =0,...,4, calculated by 2000 Monte Carlo repetitions
T Model IMrl22  IMroll23  IIM71ll23  IMr2ll23  IM73l23  IM7 42,3
256 (My) 0.0759 0.2344 0.2273 0.2272 0.2274 0.2277
(My,1)  0.1180 0.3208 0.3152 0.3145 0.3146 0.3138
(Mpy2)  0.0952 0.2812 0.2754 0.2754 0.2758 0.2760
(My,1)  0.0803 0.5394 0.3124 0.2989 0.2979 0.2977
(My2) 0.0698 0.3681 0.2471 0.2412 0.2412 0.2422
(Mg,1)  0.0764 0.2426 0.2389 0.2328 0.2306 0.2301
(Mg2)  0.0758 0.2358 0.2304 0.2277 0.2273 0.2273
512 (My) 0.0540 0.1659 0.1607 0.1603 0.1604 0.1604
(M,,,1)  0.1049 0.2590 0.2562 0.2556 0.2547 0.2549
(Mu0)  0.0781 0.2144 0.2097 0.2095 0.2097 0.2100
(My,1)  0.0572 0.4939 0.2313 0.2121 0.2105 0.2099
(My2)  0.0494 0.3241 0.1791 0.1702 0.1695 0.1697
(Mg1)  0.0542 0.1743 0.1743 0.1665 0.1632 0.1624
(Mg2)  0.0537 0.1683 0.1652 0.1620 0.1606 0.1602
1024 (M) 0.0383 0.1172 0.1134 0.1132 0.1131 0.1133
(M,1) 0.0987 0.2250 0.2233 0.2229 0.2230 0.2223
(M,2)  0.0681 0.1710 0.1685 0.1685 0.1684 0.1684
(My,1)  0.0403 0.4696 0.1776 0.1518 0.1489 0.1486
(My2)  0.0349 0.3000 0.1336 0.1210 0.1196 0.1198
(Mg, 1) 0.0386 0.1289 0.1321 0.1215 0.1169 0.1152
(Mg,2) 0.0381 0.1212 0.1206 0.1162 0.1141 0.1134
2048 (M) 0.0270 0.0831 0.0802 0.0801 0.0800 0.0801
(Mp,1) 0.0949 0.2047 0.2041 0.2038 0.2035 0.2036
(Mp2)  0.0624 0.1449 0.1431 0.1431 0.1431 0.1431
(My,1)  0.0283 0.4568 0.1430 0.1097 0.1055 0.1049
(My)  0.0245 0.2869 0.1035 0.0866 0.0846 0.0844
(Mg, 1) 0.0272 0.0973 0.1040 0.0906 0.0845 0.0821
(My2)  0.0269 0.0884 0.0898 0.0839 0.0814 0.0804

Table 4 Empirical rejection rates for various combined tests, based on sample sizes of T = 256, 512, the
bandwidth of the local mean estimator n = 60 (for T = 256), n = 90 (for T = 512), and a block length

parameter selected automatically

T Model Hém) H(gc,()) H(gO) Hél) H(§2) H(§3) H(§4)
256 (Mu.1) 91.8 61.2 88.8 87.8 88.6 89.4 89.0
My, 1) 8.0 100.0 99.8 82.4 77.6 76.8 75.4
(Mma) 42 8.0 5.0 3.2 23.8 12.6 8.4
512 (Mu.1) 100.0 96.6 99.8 99.4 99.6 99.8 99.8
My, 1) 6.0 100.0 100.0  94.4 90.6 89.6 85.8
(Mpia) 6.2 74 5.2 3.4 28.2 15.2 11.8
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(a) Melbourne (b) Sydney

Fig. 1 Temperature curves of Melbourne (7' = 161 years) and Sydney (T = 160 years), where the x axis
corresponds to a year in rescaled time and the y axis denotes temperature in degree Celsius

Table 5 p values of the (combined) tests for the respective null hypotheses in percent, and selected value
of m

: (m) (c,0) ) [¢Y] (2) 3) 4)
Location T H, H, Hy Hy Hy Hy H,

m
Boulia Airport 131 03 0.0 0.0 0.0 0.0 0.0 0.0 5
Gayndah Post Office 117 0.0 0.0 0.0 0.0 0.0 0.0 0.0 4
Gunnedah Pool 136 6.4 5.8 5.8 5.9 5.8 5.3 5.1 6
Hobart 137 0.0 0.0 0.0 0.0 0.0 0.0 0.0 8
Melbourne 161 0.0 0.0 0.0 0.0 0.0 0.0 0.0 5
Cape Otway Lighthouse 155 0.5 0.4 0.4 0.1 0.0 0.0 0.0 7
Robe 135 45 1.0 1.9 1.0 1.0 0.6 0.5 6
Sydney 160 0.0 0.0 0.0 0.0 0.0 0.0 0.0 5

6.1 A fundamental approximation lemma in Hilbert spaces

Lemma5 Fix p e N. Fori = 1,...,pand T € N, let X; t and X; _denote ran-
dom variables in a separable Hilbert space (H;, (-, -);). Futher, let (W/il))keN be an
orthonormal basis of H; and for brevity write (-, -) = (-, -);. Suppose that

() Y= (X v Oy (X 0P D))

o (XD (X D))
o P
) lim limsupIP’( S S i > s) —0 foralle > 0.

T T N O IT

:Y" as T — oo, foranyn € N,

Then, using the notation || (xr)keNll2 = Zzozl x,%,

Y2 = (X1 v D s (K WP DE)
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1 .
o (XL YN s (X WD) = Y in (2N, || - [l2)P
and, as a consequence,
X170, Xp1) > (X1, ..., Xp) inHy X --- X Hp.

Proofof Lemma 1 To prove the first part, we employ Theorem 2 of Dehling et al.
(2009). Expand the random variables Y7 and Y, in R”" to

5 . y
Yro, = ((a(T,)k)keN, . (a(TI?])()keN) and 72° = ((a{")ken, - - » (@”)ken)

in (2(N), [|-2)7, where ay, = (X; 7. ¥) anda = (X;, ¥;”), forany 1 <k <n,

anday, =a =0,foranyk > n,i =1, ..., p. By the continuous mapping theorem,
Y°O converges weakly to YOo in ((2(N), || - [2)?, for any n € N and as T tends to
1nﬁn1ty

By assumption (2) and since the space (L2(N), II-12)? is separable and complete,
there is a random variable Y € (¢2(N), || - ||l2)? such that Y% ~» Y, as T tends to

infinity, and Y,fo ~ Y as n tends to infinity, by Theorem 2 of Dehling et al. (2009).

Due to the latter convergence, the finite-dimensional distributions of Y and Y are

the same. Thus, by Theorem 1.3 of Billingsley (1999) and Lemma 1.5.3 of van der

Vaart and Wellner (1996), Y and Y have the same distribution in (£2(N), - 12)7.
Next, observe that, for an arbitrary Hilbert space H, the function

B {EZ(N) — H
T Oiken = X2 kv

is continuous, provided (¥ )ken is an orthonormal basis of H. Indeed,
2
|2 (k) = (@e) |~ = 202 ok — 200 = lly — zll3-
Thus, the mapping

o { (O, 11~ 1) - Hyx - x H,
T 1
(G Dkens - > O pken) = (20 1wl 2 i)

is continuous too, and the continuous mapping theorem implies that

1 1
(XI,T,-'pr,T)Z (Zk 1X1T,1/f() () . Zk 1 pT W(p)>w(p))

(Zk l Xl I/f(l) w(l)’“ Zk ] Xp,l/f(p))l/f(p))
= (X1,..., X)),

as T tends to infinity. O
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6.2 Proofs for Sects. 3.1, 3.2, 3.3 and 3.4

Proof of Lemma 2 We only prove the equivalence concerning Ho(h); the equivalences
regarding Hé’") follow along similar lines.

Step 1: Equivalence between (3) and (8). Suppose that (8) is met. To prove (3), it
is sufficient to show that

1
[Ex @ x;01 - f ELXG” ® X" ldw| =0 (23)
0 )

for any u € [0, 1].
Fix u € [0, 1) and let 6 > 0O be sufficiently small such that u + 6 < 1. By the
reverse triangle inequality, we obtain that

1 u+3o
(w) (w) (u) (u)
0<||l— E|l X, X - X X dw
=3 /L: (X" ® X, 0o ®X,"] -
1
—‘ / E[X" ® X" — x{" @ X" dw
0 22

1 u+98 1
<5 H / E[X§" @ X" ]dw — & / E[x" ® X" ] dw
u 0

2,2

1 u+6 1
== H / E[x{" ® X" ] dw — (u + ) f E[xg" ® X" ] dw
0 0

u 1
- / E[X{" ® X{" ] dw + u / E[X)"” ® X} ] dw
0 0

2,2

1 u+34 1
55H / E[X{" ® X\ ] dw — (u + 5)/ E[X)" ® X;" ] dw
0 0

2,2

L[ e ) o ) @) o )
+5H/0 E[X," ®th]dw—u/0 E[Xy"” ® X, ] dw

2,2

By continuity of integrals in the upper integration limit, it follows from (8) that both
summands on the right-hand side of this display are equal to zero. As a consequence,

1
H / EX"” © X" dw — E[x{" ® X}
0

2,2

1 u+s
= H - / Elx{” @ x;” — X§¥ @ X\"1dw (24)
u

8

2,2

By Jensen’s inequality, we can bound the right-hand side of this display from above
by

L[t (w) (w) ) W) 2 i
(/0 , 8_2/ (]E[Xow (Tl)th (1) — Xou (Tl)Xhu (fz)]) dwd(ry, Tz))
[0.1] u

(25)
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By employing Jensen’s inequality again, we can bound the integrand by
2
E[(x5" X, () — X5 @ X, (22))°].

Thus, by Fubini’s theorem, (25) is less than or equal to

Lo W) o v@) ) o )2 12
(8_2/u E[XS" @ x™ — x{ @ X! ||2’2]dw>

This term is of the order O (8'/?) due to the inequality

]E”X(w) ® X(w) _ X(”) ® X(“) ”2 )
_ E”X(W) ® X(w) X(()u) ® X(w) + X(“) ® X(w) X(()”) ® X(M)”Z’Z
< BN - X$) @ X 13, + EIXS © (X — XE)13.,)
< 2{E0Ixg"” — X5 1312 EU X, 1312 + B0 X 1317 EBOLX," = X,213177)
< Clu —w?, (26)

where the final bound follows from Lemma C.2 in the supplementary material. Since
8 was chosen arbitrarily, we obtain that the right-hand side of (24) is equal to zero.
This proves (23) for u € [0, 1), and the case u = 1 follows from (26), which is also
valid foru = 1.

Conversely, if (3) holds true, we have by a change of variables, linearity of the
integral, Jensen’s inequality and Fubini’s theorem,

u 1 2
”/ E[x{" ® X" ] dw — u/ E[X)"” ® X} ] dw
0 0

2,3

1 2
o [ ELXE @ i) - B @ X au
0 2,3

1 1
< / / P EXS™ © X1 - EIXS © X135, dwdu = 0.
0 Jo ’

Step 2: Equivalence between (3) and (10). Note that, irrespective of whether (3) or
(10) is met, local stationarity of X; 7 of order p > 4 and stationarity of (X ;”)) rez, With
E||X;”|I3 < oo implies that

IE[X \ur).7 & X\uT)+h.T — LuTJ ®X uTJ+h]||2 2

IA

EIX r).7 @ Xt +h1 — Xy ® X (i a3 2]

IA

2AEN(X ur),7 = U,TJ)®XLMTJ+h 7113 ]
+EX () ® Xpur a1 — X{ar )32}

< 2{E0X )7 — X0 131X pr 4,7 113
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+EUX [ B X r s — X{ip 131}
< (C/TH{EPY) P T PEIX 713172
+EX [ 131 2ELP 4 ) 112)
< C/T?, (27)

for any u € [0, 1] and T € N and for some universal constant C > 0.
Now, suppose that (3) is met. Then, the previous display implies that

IELX ur).7 @ X|urj+h.7] — E[X0.7 ® X, 7]ll2,2
< NEX ur).r @ X(urj+h,1] — E[XEZ)TJ ® XEZ)THh]”M
+IEXS @ X1 - BIXY @ X1 + IE[XS © X1

—E[Xo,r ® Xpn,7lll2,2
< C/T+0+C/T =2C/T,

forany u € [0, 1]and T € N, that is, (10) is met.
Conversely, if (10) is met, then, by (27) and (1), for any u, v € [0, 1]and T € N,

IEXY @ x5 — x0 @ XV,

(u) (u) v) (v)
= IEIX 7 ® X7 )40 — X o) © X1 )4a]l12

< IIE[X(LZ)TJ ® XEZ)THh — X\ur),7 @ Xjurj+h,7]ll2
+ EX (ur),7 @ X(ur) 40,7 — Xo,7 & Xn,7]ll2
+ |E[Xo,7 ® Xp,7 — Xo1),7 @ X|or 40,72

+IELX |77 ® X o1t — X{op) ® X{op plll2
< 4C/T.

Since T was arbitrary, the left-hand side of this display must be zero, whence (3). O

Proof of Theorem 1 This theorem is an immediate consequence of Theorem C.3 of the
supplementary material. O

Proof of Corollary 1 Suppose that H((f’h) is met. Then, by the triangle inequality and a

slight abuse of notation (note that  is a variable of integration in the norm || - [|2.3),
forh <T,

1UT.h = G112 oxo.173
luT | A(T —h) T—h

al
e ]E[XI,T®XI+I'1,T]_M ]E[X/T®X/ hT])H
luTIA(T—h) T—h

1 1
7 H - > Y EXir ® Xipn 1] —ElXp 7 ® Xy 7]
=1 =1
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1 ; \uT IN(T—=h) T—h
+<T7h - \_uTJ/\(Tfh)) D D EXyr®Xypnr]
t=1 t'=1
C T—h C T—h
< 2o 2 IBXer @ Xeon 1] = ElXy r ® Xy rllan + —5 5 Zl WELX; 7 & Xrn, 7122
t,t'=1 t=

2,3

This expression is of the order o(T~1?%) by (10) and Assumption (A2). Hence,
WUr.n — GT,;, l2,3 = op(1), and the assertion for Ur follows along similar lines.
Now, consider the assertion regarding the alternative Hl(H) = Hl('") U Hl(“o) u---u
Hf"‘m. We only treat the case where Hf"‘h) is met for some i € {0, ..., H} and the
case Hl(’”) is similar. It is to be shown that || Uz ;2,3 — oo in probability.
By the reverse triangle inequality, we have

10Uz nll23 = 1Gr.n +EUr pllo3z = [1GT a2 — IEUT all2,3]-

The term ||GT,h||2,3 converges weakly to ||Gh||2,3. Thus, it suffices to show that
the second term || EU7 j||2,3 diverges to infinity. For that purpose, note that another
application of the reverse triangle inequality implies that

1 luT JA(T —h) T—h
IEU7 k25 = | = Y ElXer ® Xepnrl—u Y EIXi7 ® Xeyn 7]
T t=1 t=1 23
> |Sir — Sarls
where
| luT JA(T—h)
(t/T) (t/T)
Sir=|—= [B1X,.7 © Xpnr) - BIX 0 X[/
\/T ; t t+h
T—h
T T
—u Y {EXer © Xeon ) - BT @ X[ H})
t=1 2,3
and
1 luT IAN(T —h) T—h
=l X E[Xmexil]-u T e[ e xiy]
T t=1 t=1 23

In the following, we will show that S 7 vanishes as 7 increases and that S> 7 diverges
to infinity. We have
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N A W/T) o +(t/T)
SiT < / — > |Exr e X -Ex e x|
o \VT S ! o ! t+h a0

1/2

2
T—h
u t/T) (t/T)
+ﬁ ; HE[Xt,T ® Xe+nr] —EIX; " ® X, ]HM) du g

which is of order O (T ~!/2) since |E[X;,7 ® Xi14,7]1 - E[X;"" ® X}/}1ll2.2 < C/T
by (1). For the second term S> 7, we have, by stationarity

| luT |A(T—h) T—h
_ (t/T) g 5 (t/T) t/T) g 3 @/T)
Sor =T | 121: Elx," ® X, ]—M;E[XO ® X, :
= = 2,3

where the norm converges to

’

u 1
H / EX" © X\ 1dw —u / E[X§" © X} 1dw
0 0 2,3

by the dominated convergence theorem and the moment condition (A2). The expres-
sion in the latter display is strictly positive since (8) is not satisfied and by the continuity
of

u 1
H f EXS" @ X" dw —u / Ex{" @ X" ]dw
0 0

2,2
inu € [0, 1]. Thus, S, 7 — oo, which implies the assertion. |

Proof of Lemma 3 We will only give a proof of (14). Parts (i)—(iv) of the cumulant
condition (A3) follow by similar arguments, which are omitted for the sake of brevity.
According to Theorem 3 in Statulevicius and Jakimavicius (1988), we have

for any increasing sequence | < t, < --- < f;. Straightforward calculations com-
bined with Holder’s and Jensen’s inequality lead to

k
TTE0xX, 10k mse | = T B0, o104 w,

Jj=1 2.k j=1

I

Jj=1

5 1/2
( / E[|th»T(T)|(]+8)k]W‘dT>
[0,1]
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1

(T+8)k
( / E[|X,,,T(r>|“”>’<]dr>

[0,1]

=

J
B %6 1] ™

k
[1
j=1
k
[1
j=1

IA

145k 71/ (148
o [E

Cra.

Thus, combining the previous results leads to

leum(Xy, 7, ..., Xo. 1) N2k < 3k — D12K1Cp 10U (114 — 1)

< Cpad® U@ — 1),

foranyi =1,...,k — 1, where the constant C¢ 4 > 0 depends on k only. Hence,

k—1

8
leum(Xy, 7., Xy )2k < Cra [ [ «TED (111 — ).
i=1

Analogously, for arbitrary, not necessarily increasing 1, .. ., fx, we may obtain that

k—1
)
[ cum(Xy 7, ..., Xo 1)ll2k < Cra HO‘(M)(H) (ti+1) — 1))

i=1

where (t( Dy oees t(k)) denotes the order statistic of (#1, ..., ;). The latter expression

is symmetric in its arguments, and thus, we have, for any 7, € Z,

o0

Yoo X XD,

fyeth—1=—00

o] k—1 s
< Ciua Z 1_[ o TFHE=D (t(i-i-l) — l(i))

e li—1=—00 i=1
k—1 s
< Cratk— 1! 3 [Te™ 5D G =)
—oco<t] < <tf_1 <00 =1
00 5 k-1 )
SIS S D o 1100 s (s S TN
—00<f <+ =<ff_] <00 §|=—00 =2
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By assumption, {(X; 1)rez : T € N} is exponentially strong mixing, and the inner
sum is finite and can be bounded by some constant Cy . Thus,

e ¢]

oo feam(Xy g XD

1o lg— | =—00
k—1

8
< Cratk — )!Cra > [ [e™&D (61 — 1)

—00<) <. <ff_1<00 j=1]
Repeating this argument successively, we obtain finally (14) as asserted. O

Proof of Theorem 2 By Slutsky’s lemma and Theorem C.3 of the supplementary mate-
rial, it is sufficient to prove that

BY B, . BE _BO) = op1)

in {L2([0, 11%) x {L%([0, 11’} +1}K a5 T tends to infinity. This in turn is equivalent
to

A (k ~(k k k) A (k k)
(1B = B o3, 1By — Biglas .. 1BYY — B, I23),, g = 0p(D)

in RK(H+2) The last convergence holds true if and only if the coordinates converge,
ie,if | BY — BY |25 = op(1) and ||B<"’ — BY, o3 = op(1), forallk =1,..., K
and h = 0, ..., H. We only consider the latter assertion (the former can be treated
similarly), and in fact, we will show convergence in L%(Q, P), which is even stronger.
Forkthis purpose, observe that by Fubini’s theorem and the independence of the family
(R,{ v))ieN

k k

luT JA(T—h) (i+m—1)A(T —h)

1 k R 2
=EU{01J3E{ > rP Y m,r,h(n,rz)—m,r,hm,m} d(u,rl,m]

i=1 t=i
1 luT |A(T —h) (i+m—1)A(T —h)

2
= > EH > A,,1+At,z}]d(u,n,rz>,

3
017 5 =i

where
Ani(m, ) = 5+ Z: CELX 7 (t) Xigen, 7 (22)] = ELX o, 7 () Xk, 7 (12)]
and

Aa(t, 1) = ﬁ ZZ;‘Z, Xitk, 7 (T Xrphn, 7(2) — E[LX e, 7 (1) Xk, 7 (12) ]
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Since A, ; is deterministic and since A; 7 is centered, we can rewrite the expectation
in the previous integral as

(i+m—1)A(T—h) 2
E Y A ) + A n)
t=i
. 2 . 2
(i+m—1)A(T—h) (i+m—1)A(T—h)
= > Ani(t, ) | +E > Ar2(11, 2)
t=i t=i

In the following, we bound both parts separately. For the term A, i, first note that, by
stationarity of (X")cz,

E[X: 7 () Xepn, 7 ()] — E[ X i, 7 (T1) Xy ok an, 7 (72)]

= E[X,.7 (e Xen1 (@) — XD @ XD ()]

T T
— ElX .7 () Xetrn 7 () — XD @ x U ()

in L2([0, 11%). Thus, by Jensen’s inequality and Fubini’s theorem, we have

WT AT —h) [ G+m—1)A(T —h) 2
! Z Al d(u, 71, 1)
T t, s Tl
ml Joas o =i
| luT | A(T—h) (i4+m—1)A(T—h) 1 g o )
< — E — 3 X1 () Xpn ()= X ()X (1)
mT Joap = po i k:Zm ! * ! th

2
T T
=Xk, 7 T X k+h,7(T2) + X,(ir/k )(Tl)Xt(ir/klh(fz)l d(u, 71, 12)

| T=h (i4+m—1)A(T —h) | iy T T
t t
= W Z E " flr h Z XLT ® XH_h’T a XI ® XH_h
i=1 t=i " k=n;
2
(t/T) (t/T)

7Xt+k,T Q Xitk+h,T + Xt+k ® X,+k+h

2,2

The norm on the right-hand side of the previous inequality be bounded by the triangle
inequality by

(i+m—1)A(T—h) 7t h
T T
> i X XX =XV @ X{Pla
t=i & k=n,

T T
HI Xk, @ Xepkant — X,(:{k) ® Xl(zr/kj_hllz,z
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and the inner summands can be bounded due to the local stationarity of (X, r): first,

X(Z/T) X(Z/T)”

1 Xer & Xen,r — rh
T T
< 1Xr7 ® KXent — X T2z + 10 © e — Xl
T T
= X720 Xeenr — XL+ 10X 120X — X771
_ T T
< T Y+ DIXerll + 11X 12} P4
and similarly
T T
1 X4k, 7 @ Xighah, T — Xt(ﬂr/k) ®X,(t+/kih||2,2
— T T
Uk + 1l + DI Xesrr 2 + (kL + DIXE 12} RS

Assembling bounds, we obtain that

luT AT —h) ((H—m—l)/\(T—h)

2
1
— > > Az,l(n,m) du, 71.12)

ml ok o =i

- fwm %(T Y ntzh ﬂg [(\k|+l1+1)(\k’|+h+1)P(’/T)P(t//T)
mT i=l1 =i n, hnt,h k=n k'=n, ot or
(1% 702 + 10X + 1 X e r 2+ 11X 02)
x (1% + 1%l 41Xl + 10X D 1)
¢ TohGm=DAT=h) i iy g 2
< Y Y (kDK +h+ ) = 0(T ).

n I’l ’
i=1 11 =i L by =n k'=ny

which converges to zero by Assumption (B2).
For the term A; », first observe that, by Jensen’s inequality for convex functions,

(i+m—1)A(T—h) 2
E[( > At,2(fla7-'2)> ]

t=i

(i+m—1)A(T—h) 1 t.h
Z X1k, T OO X1k, 7(02). Xp g 7 (@O X 7 (@) )

=m =
=i t.h k k'

3

By the same arguments as in the proof of Proposition C.7 of the supplementary material
and Assumption (A3), one can see that the right-hand side of the inequality

(i+m—=1)A(T—h)

I=h 2
1
T ; /[0 2 [( > Ar,2(71y72)> ]d(rl,rz)

t=i

h (i+m—1)A(T —h) | 7y

LT
=7 > - > NCOVXi k7 ® Xppkn T Xei! 7 ® Xpptr i )12
N n
i1 - th k=,
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is of order O(m /n). The assertion follows since m/n = o(1) by Assumption (B2).
O

Proof of Proposition 1 The cumulative distribution function of the (2 +2)nd coordinate
of S is continuous by Theorem 7.5 of Davydov and Lifshits (1985). The assertion under
the null hypothesis follows from Lemma 4.1 in Biicher and Kojadinovic (2017). Con-
sistency follows from the fact that the bootstrap quantiles are stochastically bounded
by Theorem 2, whereas the test statistic diverges by Corollary 1. O
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