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Abstract

This paper is about nonparametric regression function estimation. Our estimator is
a one-step projection estimator obtained by least-squares contrast minimization. The
specificity of our work is to consider a new model selection procedure including a
cutoff for the underlying matrix inversion, and to provide theoretical risk bounds that
apply to non-compactly supported bases, a case which was specifically excluded of
most previous results. Upper and lower bounds for resulting rates are provided.

Keywords Hermite basis - Laguerre basis - Model selection - Nonparametric
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1 Introduction

Consider observations (X;, ¥;)1<;<, drawn from the regression model
Y; =b(X;) 4+ &, E(e) =0, Var(g)) =02, i=1,...,n. (1)

The random design variables (X;)1<;<y are real-valued, independent and identically
distributed (i.i.d.) with common density denoted by f, the noise variables (&;)1<i<n
arei.i.d. real-valued and the two sequences are independent. The problem is to estimate
the function b(.) : R — R from observations (X;, ¥;)1<i<n.

Classical nonparametric estimation strategies are of two types. First, Nadaraya
(1964) and Watson (1964) methods rely on quotient estimators of type b =bf f/ f
where bf f and f are projection or kernel estimators of bf and f. Those methods are
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popular, especially in the kernel setting. However, they require the knowledge or the
estimation of f (see Efromovich 1999; Tsybakov 2009) and in the latter case, two
smoothing parameters.

The second method, proposed by Birgé and Massart (1998) and Barron et al. (1999),
improved by Baraud (2002), is based on a least-squares contrast, analogous to the one
used for parametric linear regression:

12[% — (X)),
n i=1

minimized over functions ¢ that admit a finite development over some orthonormal
A-supported IL2(A, dx) basis, A C R. In other words, this is a projection method
where the coefficients of the approximate function in the finite basis play the same
role as the regression parameters in the linear model. This strategy solves part of the
drawbacks of the first one. It provides directly an estimator of b restricted to the set
A, a unique model selection procedure is required and has been proved to realize an
adequate squared bias-variance compromise under weak moment conditions on the
noise (see Baraud 2002). Lastly, there is no quotient to make and the rate only depends
on the regularity index of b, while in the quotient method it also generally depends
on the one of f. These arguments are in favour of the second strategy. Noting that the
least-squares contrast can be rewritten

N 2 oy ok
yn(0) = = 3 [7(X0) = 2Xit (X)), )

i=1

it can be seen that, for a given function ¢ in a finite-dimensional linear space included
in ]LZ(A, dx), three norms must be compared: the integral ]LZ(A, dx)-norm, ||t||31 =
f A t2(x)dx, associated with the basis, the empirical norm involved in the definition
of the contrast, ||t||% =n! > t?(X;), and its expectation, corresponding to a
L*(A, f(x)dx)-norm, [[¢[|5 = [, 1*(x) f (x)dx. Due to this difficulty, only compactly
supported bases have been considered, i.e. the set A on which estimation is done is
generally assumed to be compact. This allows to assume that f is lower bounded on
A, a condition which would not hold on non-compact A. Then, if f is upper and lower
bounded on A, the LZ(A, f(x)dx) and the LZ(A, dx) norms are equivalent and this
makes the problem simpler. Moreover, the equivalence of the norms ||7||, and [|z]|
for ¢ in a finite-dimensional linear space must be handled. This is done by Cohen et al.
(2013) and we take advantage of their findings.

However, Cohen et al. (2013)’s work has drawbacks: their stability condition is
settled in terms of an unknown quantity; the regression function is assumed to be
bounded by a known quantity and the definition of the estimator depends on this
known bound; they do not study the model selection problem. Due to their statistically
simplified setting, they do not deal with the entire partially inverse problem hidden in
the procedure.

Our aim in this work is to obtain theoretical results in regression function estimation
by the least-squares projection method described above, and we want to handle the
case of possibly non-compact support A of the basis. This explains why we must
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Regression function estimation as a partly inverse problem 1025

avoid boundedness assumption on b. A consequence is that the cutoff which has
to be introduced in the definition of the estimator depends on the behaviour of the
eigenvalues of a random matrix. This requires a specific study to obtain a bound on
the integrated I.? risk and makes the model selection question near of an inverse
problem with unknown operator.

What is the interest of non-compactly supported bases? In general, the estimation
set and the bases support are considered as fixed in the theoretical part, while are
in practice adjusted on the data. With a non-compact support, it is not necessary to
fix a preliminary definition. Moreover, we have at disposal non-compactly supported
bases such as the Laguerre (A = R™) or the Hermite (A = R) basis which have
been used recently for nonparametric estimation by projection (see e.g. Comte and
Genon-Catalot 2015, 2018; Belomestny et al. 2016), showing that theses bases are
both convenient and with specific properties. They are especially useful in certain
inverse problems (see Comte et al. 2017; Mabon 2017).

Before giving our plan, let us highlight our main findings.

— First, we propose a new procedure of estimation relying on a random cutoff, and
generalize Cohen et al. (2013)’s results, with a more statistical flavour.

— We deduce from the bias-variance decomposition upper rates of the estimator on
specific Sobolev spaces, for which lower bounds are also established. We recover
the standard rates of the “compact case” but also exhibit non-standard ones when
considering Laguerre or Hermite bases and spaces.

— We propose a model selection procedure for regression function estimation on a
set A whether compact or not, where the collection of models itself is random
and prove that it reaches automatically a bias-variance tradeoff. We highlight the
regression problem as a partially inverse problem: the eigenvalues of the matrix
which must be inverted play a role in the problem not directly as a weight on the
variance term but in the definition of the collection of models.

The framework and plan of the paper is the following. We fix a set A C R and
concentrate on the estimation of the regression function b restricted to a set A, by :=
bls. As A may be unbounded, we do not want to assume that by € ILZ(A, dx)
which would exclude linear or polynomial functions. Our main assumption is that
ba € L*A, f(x)dx), i.e. Eb%(X1) < +oo which is rather weak. In Sect. 2, we
define the projection estimator of the regression function b4 and check that the most
elementary risk bound holds without any constraint on the support A or the projection
basis. In Sect. 3, we prove a risk bound for the estimator on one model, borrowing
some elements to Cohen et al. (2013)’s results to extend them. Then, we study rates
and optimality for the integrated I.?(A, f (x)dx)-risk. Introducing regularity spaces
linked with f, we prove upper and matching lower bounds for our projection estimator.
Then we quickly show how to recover existing results for compactly supported bases
and more precisely illustrate the case of non-compact support with the Hermite and
Laguerre bases for estimation on A = R and A = R™ respectively. In Sect. 4, we
propose a model selection strategy on a random collection of models taking into
account a possible inversion problem of the matrix allowing a unique definition of the
estimator. A risk bound for the adaptive estimator is provided both for the integrated
empirical risk and for the integrated L2(A, f (x)dx)-risk: it generalizes existing results
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1026 F. Comte, V. Genon-Catalot

to non-compactly supported bases. Section 5 gives some concluding remarks. Most
proofs are gathered in Sect. 6. An appendix in Supplementary material gives theoretical
tools used along the proofs and presents numerical illustrations of the method.

2 Projection estimator and preliminary results

Recall that f denotes the density of X. In the following, ||.||2, , denotes the euclidean
norm in R”. For A C R, ||.||a denotes the integral norm in L?>(A, dx), [I.Il s the
integral norm in L2 (A, f(x)dx) and ||.]|co the supremum norm on A. For any function
h,hy = hly.

2.1 Definition of the projection estimator

Consider model (1). Let A C R and let (¢j, j = 0,...,m — 1) be an orthonor-
mal system of A-supported functions belonging to L>(A,dx). Define S, =
span(go, . .., ¢m—1), the linear space spanned by (¢o, ..., ¢,—1). Note that the ¢;’s
may depend on m but for simplicity, we omit this in the notation.

We assume that for all j, [ ¢7(x) f(x)dx < +o00so that S, C L*(A, f(x)dx) and
define a projection estimator of the regression function b on A, by

l;m = arg min Y (1)
teSy

where y;, () is defined in (2). For functions s, ¢, we set

n

2 _ Iy 1 VX
ez =~ ;r (Xp) and (s, 1)y =~ 3 s(XDH(X0),

i=1

and write (u, 1), = % Y i uit(X;) when u is the vector (uy, ...,u,), u’ denotes
the transpose of u and ¢ is a function. We introduce the matrices

o~

—~ 1
P, = ((pj(Xi))lfifn,ijfm—la Y, = ((¢j7 §0k)n)0§j,k§m,l = Z(py/n(pmy
and
Uy = O¢j(x)¢k(x)f(x)dx) = E(Wy). 3)
0<j,k<m—1
SetY = (Yi,...,Y,) and define 4" = (El(m), ...,a"™ Y as the m-dimensional

» 1
vector such that bm = Z;" 01 A(m><p j. Assuming that lI/m is invertible almost surely

(a.s.) yields:
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Regression function estimation as a partly inverse problem 1027

2.2 Bound on the mean empirical risk on a fixed space

We now evaluate the risk of the estimator, without any constraint on the basis support.
Though classical, the result hereafter requires noteworthy comments.

Proposition 1 Let (X;, Y;)1<i<n be observations drawn from model (1) and denote by
ba = bl 4. Assume that by € L2(A, f(x)dx) and that &,,, is a.s. invertible. Consider
the least-squares estimator by, of b, given by (4). Then

E[llbwm —balz] = E <,i"sf I — bAn,%) +olt ®)
m
< inf [ f (ba - t)2(x)f(x)dx} +o22. ©)
teSy

It is not obvious from (6) or from the previous formula that the bias term is small
when m is large. Therefore, two questions arise: is ¥, invertible for any m, and does
the bias tend to zero when m grows to infinity? Lemmas provide sufficient conditions.
These conditions can be refined if the basis is specified.

Lemma 1 Assume that (A N supp(f)) > O where X\ is the Lebesgue measure and
supp( f) the support of f, that the (¢j)o<j<m—1 are continuous, and that there exist
X0 -+ Xm—1 € AN supp(f) such that det[(¢;(xx))o<j k<m—1] # 0. Then, Wy, is
invertible.

Lemma 2 Assume that by € L?(A, f(x)dx). Assume that (¢;) j>0 is an orthonormal
basis of L*(A, dx) such that, forall j > 0, f (pjz(x)f(x)dx < 400, that f is bounded
on A and that for all x € A, f(x) > 0.

Then inf;cg,, [f(bA — t)z(x)f(x)dx] tends to 0 when m tends to infinity.

Lemma 1 follows from the following equality. For all w = (ug, ..., uu—1) €
R\ {0}, for £(x) = "2 ujp; (), u’ W u = |t]|% = [, £2(x) f (x)dx > 0. Under
the assumptions, the result follows.

The proof of Lemma 2 is elementary. Note that f(bA — t)z(x)f(x)dx = ||ba —
t||§c = ||ba/f — t«/ﬂl%. Under the assumptions of Lemma 2, the system ¢; =
@j~/f, J = 0is a complete family of L2(A, dx). Indeed, if g € L2(A, dx), fgq&j =
[ 9i(g/f)=0Vj > 0implies g = 0 using our assumptions.

The result of Proposition 1 is general in the sense that it holds for any basis support,
whether compact or not. We stress that (5) is an equality, in particular the variance
term is exactly equal to aszm /n. In addition, the result does not depend on the basis.

Remark 1 We underline that the latter fact is not obvious. Consider the density estima-

. . A 1~ Lo~ . ..
tion setting, where f;,, = Z;’LO Cjpj withc; = (1/n) Y7, ¢;j(X;) is a projection
estimator of f. Then the integrated > —risk bound is

YIS0 Elgi XD | full®
; :

E(l fu — fal®) = inf || fa — 1> +
teSy n
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1028 F. Comte, V. Genon-Catalot

where f,, = Z'" Yf o i)g; is the Lz(dx) orthogonal projection of f on S,,. The

variance term has the order of Z E[(p (X1)]/n. For most compactly supported
bases, this term has order m/n (for 1nstance it is equal to m/n for histograms or
trigonometric polynomial basis, see Sect. 3.3); but it is proved in Comte and Genon-
Catalot (2018) that for Laguerre or Hermite basis (see Sect. 3.4), this term has exactly
the order /m/n (lower and upper bound are provided, under weak assumptions). This
is why it is important to see that, in regression context, the variance order does not
depend on the basis.

2.3 Useful inequalities

For M a matrix, we denote by || M ||, the operator norm defined as the square root of
the largest eigenvalue of M M’. If M is symmetric, it coincides with sup{|A;|} where
A; are the eigenvalues of M. Moreover, if M, N are two matrices with compatible
product M N, then, [MNllop < [IM|lopllN llop-

The possible values of the dimension m to study the collection (by) of estimators
are subject to restrictions, for which the following property is important:

Proposition 2 Assume that the spaces S,, are nested (i.e. m <m’ = S,, C S,) and
v, (resp. ) is invertible, then m +— ||lI/,;] llop (resp m — ||11/nj1 llop) is nondecreas-
ing.

Let us define

m—1

L(m) = sup Z ®; (x) and assume L(m) < +o00. (7)
xeA
j=0

This quantity is independent of the choice of the IL? (dx)-orthonormal basis of S,,,, and
for nested spaces S;,,, the map m +— L(m) is increasing. We need to study the set

¢ 2
Q.06 = sup % -1 <3 ®)
1€, 170 ||t||j

where the empirical and the L2(A, f(x)dx) norms are equivalent on S,,. Theorem 1
in Cohen et al. (2013) provides the adequate inequality. In our context, it takes the
following form:

Proposition 3 Let ':U\m, U, be the m x m matrices defined in Eq. (3) and assume that
W, is invertible. Then for all0 < § < 1,

—1/2

P@n () = P19 2Tt = 1dlop > 8]

n
<2mexp | —c(d) ,
p( Lom) (1% lop v 1))

where 1d,, denotes the m x m identity matrix and c(§) = § + (1 — §) log(1 — 9).
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Regression function estimation as a partly inverse problem 1029

By convention, we set ||¥, ! lop = +00 whenever ¥, is not invertible. As a conse-
quence, if m is such that

n . 1 —log(2)
log(n)” 5 ’

L) (1% op V 1) < % )

we obtain that, choosing § = 1/2, the set 2, := Q,,(1/2) satisfies P(Q2,) < 2n— 4.
Indeed, L(m)||¥,! llop = m (see Lemma 4 in the proof of Proposition 3). Condition (9)
can be understood as ensuring the stability of the least-squares estimator, as underlined
in Cohen et al. (2013). We can prove:

Proposition4 (i) Assume that f is bounded. Let @m be the m x m matrix defined
in Eq. (3). Then for allu > 0

nu*/2 )

P [I1¥ — @nllop = u] < 2mexp (‘L(m) (I fllos +2u/3)

(ii) Assume that lf/\m, v, are (a.s.) invertible. Then for a > 0,

~_ _ _ —1/2 anl
{||t1/,,,1—wm1||op>a||wml||op}c{nwm Tt }

—Idpllop >

3 Truncated estimator on a fixed space

We may consider from Proposition 1 that the problem is standard. However, it is known
that difficulties arise if we want to bound the integrated IL2-risk instead of the empirical
risk, even for fixed m. Actually, the general regression problem is an inverse problem
since the link between the function of interest » and the density of the observations
(Y;, X;); is of convolution type fy(y) = f fe(y — b(x)) f(x)dx where fy and f. are
the densities of Y and ¢;. This can also be seen from the fact that the estimator is
computed via the inversion of the matrix @,,. Thus we can expect that the procedure
depends on the eigenvalues of ¥,,,.

3.1 Integrated risk bound

Let us assume as above that b A € LZ(A f(x)dx). It is not poss1ble to deduce from
Proposition 1 a bound on E[ ||b —ba || ] for all m such that llf is invertible. On the
other hand, we introduce a cutoff and deﬁne

b = by (15 g v 1) <cn/ Togn)” (10)
where L(m) is defined by (7) and ¢ in (9). On the set {L(m)(||li7,,j1||0p vl <

cn/log(n)}, the matrix ¥, is invertible and its eigenvalues (A;)i<i<m satisfy
infi<;j<,(X;) = mlog(n)/(cn). Analogously, condition (9) is equivalent to the fact
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1030 F. Comte, V. Genon-Catalot

that ¥, is invertible and its eigenvalues are lower bounded by 2m log(n)/(cn). We
have:

Proposition 5 Assume that E(s‘f) < 4ooand by € LA(A, f(x)dx). Then for any m
satisfying (9), we have

~ 8¢ m c
E[by — ball2] < (1 + —— ) inf |bg — )% + 802 — + —, 11
[15m A“f]_( +10g(n)>t16nsm 1ba — 1% + ot (11)

where c is a constant depending on ]E(s‘l‘) and f bi (x) f(x)dx.

The proof of Proposition 5 exploits as a first step the proof of Theorem 3 in Cohen
etal. (2013). However, the estimator in Cohen et al. (2013) is mainly theoretical: indeed
they assume that b is bounded and the estimator depends on the bound, which has thus
to be known. As A may be unbounded, it is important to get rid of this restriction.

3.2 Rate and optimality

So far, the bias rate of the LZ(A, f(x)dx)-risk in (6) and (11) has not been assessed.
To this end, we introduce regularity spaces related to f by setting:

WH(A, R) = {h e L2(A, f(x)dx), Ve = 1, [h — h]|% < RE‘S} (12)

where we recall that & { is the L2(A, f (x)dx)-orthogonal projection of & on Sg.
From (11), we easily deduce an upper bound for the risk, which we state below.
The risk rate is optimal, as we also prove the following lower bound.

Theorem 1 Assume that by € W} (A, R) and that mopy := [n1/G+D] satisfies (9).

e Upper bound. IfE(s‘ll) < +o0, E(||b

Mopt

—ball}) = Cn=¥/6T,
e Lower bound. If e1 ~ N0, 2),

liminfinf  sup  Ep, [n"/C VT, —ba )21 =
n—>+00 T, ba€W$(A,R)

where infr, denotes the infimum over all estimators and where the constant ¢ > 0
depends on s and R.

The condition that mop; = [n 1/G+D7 satisfies (9) is actually mainly a constraint on
f, see the discussion at the end of Sect. 3.4.

The partly inverse problem appears here. The rate of ||¥, ! llop as a function of m
is to be interpreted as a measure of the degree of ill-posedness of the inverse problem,
in the context of regression function estimation.

Proposition 6 Under the assumptions of Theorem 1, if moreover L(m) < m and
1@, lop < m*, then Blllbyy, — ball3] < C(R)n™ G
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Regression function estimation as a partly inverse problem 1031

This result is due to the fact that the constraint L(m)[|¥,, lop < m* ™! < n/log(n)
has to be fulfilled for mp.

3.3 Case of compact A and compactly supported bases

In this section, we assume that A is compact and give examples of bases where, for
simplicity, A = [0, 1]. Classical compactly supported bases are: histograms ¢; (x) =
M im, +1ym(x), for j = 0,...,m — 1; piecewise polynomials with degree r
(rescaled Legendre basis up to degree r on each subinterval [j/m,, (j + 1)/m,[,
with m = (r + 1)m,); compactly supported wavelets; trigonometric basis with
odd dimension m, @o(x) = 1j,17(x) and ¢2;_1(x) = «/Ecos(erjx)l[o,l](x), and
0 (x) = \/isin(anx)l[oyl](x) forj=1,...,(m—1)/2.

For spaces generated by histograms and by trigonometric basis, L(m) = m, for
spaces generated by piecewise polynomials with degree r, L(m) = (r 4+ 1)m. Spaces
generated by compactly supported wavelets also satisfy (7) with L(m) of order m. The
trigonometric spaces are nested; for histograms, piecewise polynomials and wavelets,
the models are nested if the subdivisions are diadic (m = 2* for increasing values of
k).

Let Pr(x) = v2Li(2x — 1) 1j0,11(x), for k = 0,...,m — 1 be the Legendre
polynomial basis rescaled from [—1, 1] to [0, 1]. It is an LZ([O, 1], dx) orthonormal
basis of S, = span(Py, ..., Pyn—_1). As || Prllcc = V22k =1, we get L(m) = 2m?
(see Cohen et al. 2013).

If A is compact, one can assume that

dfp > 0, suchthatVx € A, f(x) > fo. (13)

This assumption is commonly and crucially used in papers on nonparametric regres-
sion.
In particular, it implies that ¥, is invertible, and more precisely:

Proposition 7 Assume that Assumption (13) is satisfied, then

Vm <n, ¥, Yop < 1/ fo.

Indeed (13) implies that, foru = (ug, ..., uy_1)" a vector of R”, u’ ¥, u is equal
to
m—1 2 m—1 2
f Y i) | fodx = fo/ D ujpi) |dx = folul3,,.  (14)
A\ A\ 4
j=0 j=0

Therefore, ||¥,; !llop < 1/fo and Proposition 7 is proved. A consequence of (13) is
that the matrix ¥, needs not appear in condition (9), thus the matrix ¥, needs not
appear in the definition of b,,. So we can define, as in Baraud (2002), for ¢’ a constant,

b = l3m1L(m>5c/n/1og(n)~ (1)
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1032 F. Comte, V. Genon-Catalot

Now, let us discuss about the usual rates in this compact setting. Assume that
ba € L>(A,dx) and | fleo < +00. (16)

Then ¥t € S, llba = tlI7 < | fllollba — 13 and thus

inf lba =117 < 1 fllooliba — bul; (a7

where by, is the (A, dx)-orthogonal projection of b4 on S,,. Thus we recover a
classical bias, and the bias-variance compromise leads to standard rates, typically
n=20/ QoD forpy € By.2.00(A, R) a Besov ball with radius R and regularity o (see
DeVore and Lorentz 1993, or Baraud 2002, section 2).

3.4 Examples of non-compact A and non-compactly supported bases

If A is not compact, assumption (13) cannot hold, therefore we cannot get rid of the
matrix ¥,,. Our contribution is to take into account and enlight the role of ¥,, and
to introduce a new selection procedure involving a random collection of models (see
Sect. 4).

Now we assume that

by € ]LZ(A, f(x)dx), A(ANsupp(f)) > 0, and f is upper bounded. (18)

We give two concrete examples of non-compactly supported bases: the Laguerre
basis on A = R* and the Hermite basis on A = R. See e.g. Comte and Genon-Catalot
(2018) for density estimation by projection using these bases.

e Laguerre basis, A = R*. Consider the Laguerre polynomials (L;) and the
Laguerre functions (£;) given by

J Nk

X
Lo =YD 1) 5 4@ =v2L e Lo, j20. (19

k) k!

k=0
The collection (¢;) j>o constitutes a complete orthonormal system on L2(R1), and is
such that (see Abramowitz and Stegun 1964):

Vj>0, Yx eRT, [£;(x)] <2 (20)
Clearly, the collection of models (S,, = span{fo, ..., £,—_1}) is nested, and (20)

implies that this space satisfies (7) with L(m) = 2m (the supremum is attained at
x =0).

e Hermite basis, A = R. The Hermite polynomial and the Hermite function of order
Jj are given, for j > 0, by:
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Regression function estimation as a partly inverse problem 1033

. dJ : -1/2
H/(x) = (_l)jexzﬁ(e_xz), h/(x) = CjHj(x)e_xz/z, cj = (2]]'!\/7'[) .
2D

The sequence (4, j > 0) is an orthonormal basis of L2 (R, dx).
The infinite norm of 4 ; satisfies (see Abramowitz and Stegun 1964; Szegd 1975,
p. 242):
I7jlloo < @0, Po = 1,086435/7/* ~ 0.8160, (22)

so that the Hermite space satisfies (7) with L(m) < q§§m, The collection of models is
also clearly nested.

Hereafter, we use the notation ¢; to denote £; in the Laguerre case and /; in the
Hermite case. We denote by S,,, = span(¢o, ¢1, ..., ¥n—1) the linear space generated
by the m functions ¢y, ..., ¢,—1 and by f,, = Z;":ol a;j(f)e; the orthogonal pro-
jection of f on §,,. Thena;(f) = (f, ¢;) will mean the integral of f ¢; either on R
oron RT.

As the bases functions are bounded, the terms | gojz. f are finite.

The matrices ¥,, ¥, in these bases have specific properties:
Lemma3 Forallm € N, forallm < n, @m is a.s. invertible.

The result below on ¥, is crucial for understanding our procedure.

Proposition 8 For all m, ¥, is invertible and there exists a constant c¢* such that,
—12
1%, llop = ¢*m. (23)

In the Laguerre and Hermite cases, inequality (23) clearly implies that | ¥, ! llop
cannot be uniformly bounded in m contrary to the case of compactly supported bases.
This means that the constraint in (9) leads to restrictions on the values m, as illustrated
by the next proposition.

Proposition 9 Consider the Laguerre or the Hermite basis. Assume that f(x) >
c/(1 + x)% for x = 0 and k > 2 in the Laguerre case or f(x) > c/(1 + x?)
forx € Randk > 1 in the Hermite case. Then for m large enough, ||l1’,,71 llop < Cm*.

We performed numerical experiments which seem to indicate that the order m* is
sharp.

If f is as in Proposition 9 and b4 € W;;(A, R), then Proposition 6 applies: the
optimal rate of order n~*/*1 can be reached by the adaptive estimator if s > k. Note

that in a Sobolev—Laguerre ball:
W R, R) = {h e L*(A,dx), Y j*(h.€;)* <R}, (24)
j=0
the index s (and not 2s) is linked with regularity properties of functions (see Section

7 of Comte and Genon-Catalot 2015 and Section 7.2 of Belomestny et al. 2016). The
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1034 F. Comte, V. Genon-Catalot

same type of property holds for Sobolev—Hermite balls, see Belomestny et al. 2019.
Therefore, the rate n =5/ is non-standard.’

In density estimation using projection methods on Laguerre or Hermite bases, the
variance term in the risk bound of projection estimators has order /m/n so that the
optimal rate on a Sobolev-Laguerre or Sobolev—Hermite ball for the estimators risk
is n=28/@2s+D) (see Remark 1). It seems that, in the regression setting, we cannot have
such a gain. Analogous considerations hold with the Hermite basis.

We do not know the order of [|¥,; ! llop for f exponential or Gaussian: it is likely
to increase exponentially fast. However, the bias term is then also likely to decrease
exponentially fast. Thus, the resulting risk may remain quite small: this is what we
observe in simulations.

4 Adaptive procedure

Let us consider now the following assumptions.

(A1) The collection of spaces S, is nested (that is S,, C S,y for m < m') and such

that, for each m, the basis (¢, ..., Pm—1) of S, satisfies
m—1
VYm >1, L(m)= Z (pjz- < cém for cé > 0 aconstant. (25)
j=0 00

(A2) [[flleo < +o00.

We present now a model selection procedure and associated risk bounds.
To select the most relevant space S,,, we proceed by choosing

A . ) 2m
M = arg min —||bm||,,+ic08; (26)

meM,

where « is a numerical constant, and /Wn is a random collection of models defined by

R R 1
M, = N, m(| T2 v 1) < 0—r } 0= :
{me (1 lop V1D = 0300y 1922( flloo v T+ (1/3))

(27)
The value of the constant 9 is determined by Lemma 7.
A theoretical counterpart of M,,, with 0 is defined in (27), is useful:
My={meNm ¥ 12 vl < ° . (28)
mTop ~ 4log(n)

Lf ba is a combination of I'-type functions, then the bias term inf,¢g,, [1ba — t||2 is much smaller
(exponentially decreasing) and the rate log(n)/n can be reached by the adaptive estimator (see e.g. Mabon
2017).
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Note that the cutoff for defining /m and l;,;, is different from the one used in (10).
As m(|Ty op vV 1) < m(| ;! ||gp v 1), this yields a smaller set of possible values
for m.

The procedure (26) aims at performing an automatic bias-variance tradeoff. Each
term is related to the bias or the variance obtained in Proposition 1. The squared bias
term is equal to [|ba — b,{,||§ = lIball% - ||b,f,§||} where b, is the L2(A, f(x)dx)-
orthogonal projection of b4 on S,,. The first term ||b4 ||§c is unknown but does not

depend on m; on the other hand, ||b,‘,f1||?c = E[||bh7;||%]. Thus, the quantity —||5m||,%

approximates the squared bias, up to an additive constant, while aszm /n has the vari-
ance order.

Theorem 2 Let (X;, Y;)1<i<n be observations from model (1). Assume that (A1), (A2)
hold, that E(«S‘?) < +o00 and E[b4(X1)] < 400. Then, there exists a numerical
constant ko such that for k > kg, we have

A 2 . . 2 2m C/
E[lby — ball;] < Cmg}\fAn (tlensfn lba — 117 + ko ;) + o (29)
and
A 2 . . 2 2m Ci
E[llbs — ball}] < €1 inf (é‘ki b = 1 + ko ;) +-L G0

where C, Cy are a numerical constants and C', C| are constants depending on | f || oo,
E[b*(XD)], E(e).

Theorem 2 shows that the risk of the estimator I;m automatically realizes the bias-
variance tradeoff, up to the multiplicative constants C, C1, both in term of empirical
and of integrated L2(A, f (x)dx)—risk. The conditions are general, rather weak, and
do not impose any support constraint. Theorem 2 contains existing results when the
bases are regular and compactly supported.

The numerical constant « provided by the theory (here « > k¢ = 32) is not optimal
from theoretical point of view and too large in practice. It is thus standard to choose
its value from preliminary calibration of the method, on simulated experiments. Here
we took k = 4, see the supplementary material.

The constant 0 in the definition of ./T/l\n depends on || f||sc Which is unknown. In
practice, this quantity may be replaced by an estimator, possibly rough. Otherwise,
to avoid looking for the value of 9, we can replace the bound 97/ log(n) in M, by
n/log!*€(n), € > 0, for n is large enough.

The constant %2 is also generally unknown, and must be re/pl\aced by an estimator.
We simply propose to use the residual least-squares estimator: 0> = (1/n) Y '_,(Y; —
l;m* (X ,~))2 where m* is an arbitrarily chosen dimension, which must be neither
too large, nor too small; for instance m* = | /n]. See e.g. Baraud 2000, section
6.
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5 Concluding remarks

In this paper, we study nonparametric regression function estimation by a projection
method which was first proposed by Birgé and Massart (1998) and Barron et al. (1999).
Compared with the popular Nadaraya—Watson approach, the projection method has
several advantages. In the Nadaraya—Watson method, one estimates b by a quotient of
estimators, namely b= 1;]\‘ / f Dividing by frequires a cutoff or a threshold to avoid
too small values in the denominator, determining its level is difficult. It is not clear
whether bandwidth or model selection must be performed separately or simultaneously
for the numerator and the denominator. The rate of the final estimator of b corresponds
to the worst rate of the two estimators; in particular, it depends on the regularity index
of b, but also on the one of f. Therefore, the rate can correspond to the one associated
to the regularity index of b, if f is more regular than b, but it is deteriorated if f is
less regular than b.

On the other hand, there is no support constraint for this estimation method. In the
projection method used here, the drawbacks listed above do not perturb the estimation
except that the unknown function b is estimated in a restricted domain A. Up to now,
this set was mostly assumed to be compact. In the present paper, we show how to
eliminate the support constraint by introducing a new selection procedure where the
dimension of the projection space is chosen in a random set. The procedure can be
applied to non-compactly supported bases such as the Laguerre or Hermite bases.
Several extensions of our method can be obtained.

First, note that the result of Proposition 1 holds for any sequence (X;)1<; <, provided
that it is independent of (¢;)1<;<, with i.i.d. centred ¢;.

We also may have considered the heteroskedastic regression the model ¥; =
b(X;) + o(X;)e;, Var(ey) = ]E(s%) = 1, and the same contrast. The estimator on
S, is still given by (4). Assuming that o->(x) is uniformly bounded, we can obtain
results similar to those obtained here.

Note that regression strategies have been used in other problems, for instance sur-
vival function estimation for interval censored data (see Brunel and Comte 2009),
hazard rate estimation in the presence of censoring (see Plancade 2011): our proposal
for classical regression may extend to these contexts, for which it is natural to use
R*-supported bases, see Bouaziz et al. (2018). Indeed, the variables are lifetimes and
thus nonnegative, and censoring implies that the right-hand bound of the support is
unknown and difficult to estimate; it is convenient that the Laguerre basis does not
require to choose it.

6 Proofs
6.1 Proof of Proposition 1
Let us denote by [T, the orthogonal projection (for the scalar product of R") on the

sub-space {(t(Xl), .. ,t(X,,))/, t e Sm} of R" and by I7,,,b the projection of the vector
(b(X1),...,b(Xy)) . The following equality holds,
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1w = bally = b — bally + b — Mublly = inf t—balz+1bm—Tnbll;.
3D
By taking expectation, we obtain

Bl — bal] < jnt [« b2 fedx + B [1by - mablZ]. G2

Now we have:

N m

E [||bm — nmb||ﬁ] = 03;. (33)
The result of Proposition 1 follows. O

Proof of equality (33) Denote by b(X) = (b(X}),...,b(X,)) and ba(X) =
(ba(X1),...,ba(Xyn)) . We can write

b (X) = (b (X1), ..., by (X)) = &, a",
where 4" is given by (4), and
b = @,a™, a"™ = (@ &,)"'® b(X).

Now, denoting by P(X) := D, (5;,1 5,,,)_1{5,’", we get
I 2 2 l "/ ! " 1 "/ "
bm — bl = [IPX)"[];, = - PX)PX)" = - P(X) (34)

as P(X) is the n x n-matrix of the euclidean orthogonal projection on the sub-
space of R" generated by the vectors ¢o(X), ..., ¢u—1(X), where ¢;(X) =
(@j(X1), ..., 9j(Xy))". Note that E(IP(X)"I5,) < E(I"l3,) < -+oo. Next, we
compute, using that P(X) has coefficients depending on the X;’s only,

n
E["'P(X)"] = ZE[g,-g,-P,-,j(X)] =02 ZE[PZ-J-(X)] = oE[Tr(P(X))],
i.J i=1
where Tr(.) is the trace of the matrix. So, we find

Tr(P(X)) = Tr((®), &) ' @, @) = Tr (L) = m

where I, is the m x m identity matrix. Finally, we get E [||13m — nmbuﬁ] = 02(m/n).
This is (33). o

6.2 Proof of Proposition 2

Lett = 27;01 ajpj, and a = (ao, ...,an_1), then |1|* = ||lal2., = a’a and

1/2 /2

||t||§( =a'Y,a= ¥, a||§,m, where l,l/,,l1 is a symmetric square root of ¥,,,. Thus
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sup  7]? = sup a’a.
1€Su.lltll y=1 acR™, |,/ a2 m=1

Setb = w,\/?a, thatis a = ¥,, \/*b. Then

2 ray—1 -1
sup 7] = " sup DW= [|¥, [lop-
1€Sulltl =1 beR", b2, =1

As, form < m’, we assume S,,, C S,,/, we also have

-1 2 2 -1
¥, llop=sup lzll" = sup  [Iz[I” =¥, llop-
1€Sm. 1t y=1 r€S,. Nl =1
The same holds for sup,cg iy, =1 21> = ||llfnj1 llop- m]

6.3 Proof of Proposition 3

The first equality holds by writing

n

1 -
sup — Z[tz(X,-) — Etz(Xi)] = sup |X/WmX — X’llfmx|
€8S el =1 " ;5 XER™M || /T X[l2.m=1
~ —1 ~ —1
= sup X (B — Wy)x| = sup U By — U/ u‘
XERm’”\/ "I/mXHZ,m:1 llERm,”qu_m:l

-1~ -1
V¥ Pm —Ym)vV¥m  llop-

Now, Theorem 1 in Cohen et al. (2013) yields that for 0 < § < 1, P(2,,(§)€) <
2mec@n/Km) where, for ®j)o<j<m—1an L2(A, f(x)dx)-orthonormal basis of S,,,,

m—1

K(m) = sup Y 07 (x), (35)

xeA =0
provided that K (m) < +00.2 Note that K (m) is independent of the choice of the basis
(0j)o<j<m—1. Then, the following lemma:

Lemma4 Assume that W, is invertible and L(m) < 400 (see (7)). Then K (m) <
+00, and for @i (x) = (9o(x), - .., Pn—1(x))', we have

m < K(m) = sup gom) () W' @iy () < L) [y, lop-

x€A

2 In Cohen et al. (2013), the condition K (m) < o0 is not clearly stated; it is implicit as the result does
not hold otherwise. Actually all examples of the paper are for A compact, in which case K (m) < +o0. If
A is not compact, then K (m) may be +o0o. Therefore, our condition (7) and Lemma 4 clarify Cohen et al.’s
result.
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gives the result of Proposition 3. O
Proof of Lemma 4 We have Z’}:O] i Qf(x) f(x)dx = m < K(m). Now, let

09(_m))(x) = (Bp(x),...,0,_1(x)). There exists an m x m matrix A,, such that
6(_m))(x) = Amtﬂn?)(x). By definition of the basis (6;)o<j<m.

— —
e(m)(x)e(m) (x) f(x)dx =1d,,
A
and
— —>
/ G(m)(x)é’(m)(x)’f(x)dx = AmlI/mA;n.
A
This implies A,,'(A},)~! = (A}, A)~! = ¥, and A, A,, = ¥, 1. Thus
—_— e —
O ()0 (%) = @) (¥ Ay Am @Gy () = Py (X)W, ' @) ().
This gives the first equality. To end the proof of Lemma 4, note that the last term is
bounded by 1%, llop PG ()13, = 1%, llop X 72g 93 (x) - u

__Note that we can see also here that G in Cohen et al. (2013), that we denote here
G, is such that G,, = A, ¥, A}, where A/, is a square root of ¥, 1

6.4 Proof of Proposition 4

Proofof (1) To getthe announced result, we apply again a Bernstein matrix inequality
given in Tropp (2012) (see Theorem A.2 in Supplementary material). We write ¥, as

a sum of a sequence of independent matrices @m = - Z?:l K, (X;), withK,,(X;) =
n
(0 (X))o (Xi))o<j k<m—1. We define

1 n
S, = - ;Km(Xi) — E[Kn(X)]. (36)

e Bound on ||K;, (X1) — E[K;; (X1)] lop/n. First we can write that
1Km (X1) — E [Kn (XD llop < K (XD llop + 1 E [Kin (X1)] llops

and we bound the first term, the other one being similar. As K, (X1) is symmetric and
nonnegative a.s., we have a.s.

IKn(XDlop = sup Y xjxlKn (X))
||X||2,m:105j’k5m,]
= sup Y xnme(XD@(X1)

IXll2,m=1 0<j,k<m—1
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= sup Zngol,'(Xl) < L(m).

1xll2,m=1

So we get that, a.s.

2L(m)

1K (X1) — E K (XD] llop/n < =L. (37)

e Bound on v(S,) = | Y1 E [ (K (X)) —E [Kpu (X)]) K (Xi)—E K,y (X)) ]
llop/n%. We have

1
vSn) == sup E[Kn(X1) —E[K,(XDDxI3,, -

T xll2,m=1

It yields that, for X' = (xg, ..., Xpn_1),

m—1
Ei :=E[(K;»(X1) —E[Km(Xl)])XH%,m ZVar |:Z (@i (XDg(X1)) xk:|

k=0
m—1 m— 2
<) E (Z 0; (XD@e(X1)) x ) Z/ ( w;(u)w(u))xk) fdu.
j=0  \k=0
Therefore as, by (A2), f is bounded,
m—1 m—1 2 m—1
Ei < I flloo 2/ > (o) x| du < | fllooLm) Y xi = Il fllcoL(m).
j=0 k=0 k=0
L
Then we get that v(S,,) < M Applying Theorem A.2 in Supplementary
n
material (see Tropp 2012) gives the result (i) of Proposition 4. O
Proof of (i1i) First note that
185 = lop = 19 /2 (028, 0 — 1 ) @2 o)

1/25 1/2
< 1 Nopll > @ " — 1o llops
so that
~_ _ _ 1725 1/2
(195" = op > 19 op | © {19028, 00 — Mdnllop > ] . 38)
Now, we write the decomposition {||LI/]/2W Ly, 12 _ Idy, llop > oc} := B1 U By with
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125 1,2 125 o —1)2 1
B = {||lI/,n/ G — 1dylop >a}ﬁ{||w V2gu — Tdylop < 5}
_ _ 1

e 1
Clearly By C { |¥n " * @ = 1dpnlop = 3

Applying Theorem A.1 (see Stewart and Sun 1990 and Theorem A.1 in supple-
mentary material) with A = Id,, and B = w2, w1~ 1d,, yields

—12~ 12

Y T —Id 12~ o — 1

BIC{ o - mllop >a}ﬂ{||lpm1/2wmwml/2_ldm”0p<2}
— 19 2T~ T lop

—1)2~ - —1/25 —1/2 1
{1 2w, —Idm||op>a/2]ﬂ{||wm 7 —Idm||op<5}

—1/2 = —-1/2
{1 2w 1 llop > a2}

12~ o _ Al
Thus B; U By C 3 ||¥,, 1/2lI/mlI/m 12 _ Idpllop > aT}’ which ends the proof of

(11) and of Proposition 4. O

6.5 Proof of Proposition 5

We define the sets (see (10)),

A = {L(m)(ll Hlop v 1) < ¢ gn( )}’ e

|

Lemma5 Under the assumptions of Proposition 5, for m satisfying condition (9), we
have

2
t 1
I ”; -l <=, VteSu;.
12 2

Below, we prove the following lemma.

P(AS) < ¢/n*, P(QC) < c/n*

where c is a positive constant.

Now, we write

1B = ball} = llbw — ballF1a,, + IballF1a
= llbw — ball51a, 00, + b — ballF1a,nqg + I1ballF1ag.  (39)

From the proof of Theorem 3 in Cohen et al. (2013), we get

teSy

~ . m
E (Ilbn = b4l anne, ) < (1 + ) inf (1 = ball}) + 8027 (40)

c
log(n)
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Now we bound the two remaining terms. Clearly, with Lemma 5,
E(IballF1ag) < [baIFP(AG) < c/n*. (41)

Next we deal with IE(||b — by ||f1Aanc ). We have ||b — bA||f < 2(||b ||2
Ib11%) and

2

b I3 = / Za,so,(x) fdx = @YW, 8" < [ WllopA™ |3,

First,
m—1 2
1Ynllop = sup X/lI/,;lX = sup / Z xj(pj(u) fw)du
Ixll2,m=1 Ixll2,m=1 =0
m—1
= e 1/ Z Zw,(u) f)du < L(m).
x|l2.m=

Next, "3, = (1/n®) 1@, '@, Y3, < (1/n®)| ¥, @}, |2,I1Y3, and
185 112, = homas (P B B ) = W) = 1 o,

Therefore, for all m satisfying (9),

A L(M)II@J1||op . 2 ¢ - 2
1bm ) < ———"—F <Z Yi) = oz (; Y; ) : (42)

i=1

and thus on A,,, for n > 3, ||by, ||2 < C (X7, Y?). Then as E[(}]_, YH)?] <
2]E(Y“), we get

E(I1bm171a,005) < EUbn I PDPE) < CEV2(YHnP'2(Q5) < ¢'/n.
On the other hand, ]E(||bA||§1Amm%) < ||bA||§P(szfn) < ¢”/n*. Thus

E (Ibn — bal3 a,nes,) < c1/n. 43)
Taking expectation of (39) and plugging (40)—(41)—(43) therein gives the result. O
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6.6 Proof of Lemma 5

The bound on P(£2y,) follows from Proposition 3 under condition (9).

We study now P(AS,) for m satistying condition (9). On A¢,, for m satistying con-
dition (9), we have L(m)|[¥,; lop < cn/2log(n) and L(m)|[¥,; " op > cn/log(n).
This implies, as

n _ Lo |
clog(n) < L)1, lop < L)1, — @ Hlop + L) 1%, lop
n

_ ~_ C
< L)1, =& op + 3 iog )’

that L(m) ||, — w;! llop > cn/(21log(n)). Therefore, we have

~_ _ C ~_ _ _
AS, AL, — v, op > YU = op > 119, lop)-

2 log(n)

Applying Proposition 4 (i1) and Proposition 3, we get

1~ 1
P(AS) < P(nwm VG — Tdyllop > 5) < n%

6.7 Proof of Theorem 1

We use the strategy of proof of Theorem 2.11 in Tsybakov (2009). We define proposals
bo(x) = 0and for* = (0p, ..., 0n—1) with0; € {0, 1},

m—1

—1/2«
b = Sua0e Y [ 73] 05000
j=0 /
where ¥, 245 a symmetric square root of the positive definite matrix ¥, L

We choose v2 = 1/n and m = [n!/6+D],

e We prove that by, bg € W}(A, R).
As by € Sy, (b = by and (bg)] = by for all £ > m. Indeed, S, C S;. Thus,
for ¢ = m, |lbg — (ba){ I} = 0.

Next, by — (bo)/ I1% < Ibo 1% and as [ ¢gi f = [Wn 1), we get

m—1
—1/2« —1/2«
Ibg I3 = 620202 3" [q/m / ] , [u/m / ]k [Wnj k= 820202 Y 62 < 8%0202m.

0<jk<m—1 J =0
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Thus for £ < m,

€ by — (bg)! I < bl < 8*vpoimt’ < 8*violm ™t = 6%,

Choosing 6 small enough, we get the result.

e We prove that we can find {#©, ..., 0™} M elements of {0, 1} such that
lboir — by ||§c > cn™/6+D for0 < j < k < M. As above, we find

Ibg — ber 13 = 8%v; Z(e = 8%02020(0,0"),

where p(0,0) = Y10 - 0)? = Y1 1y, 4o, is the Hamming dis-
tance between the two binary sequences 6 and 6’. By the Varshamov-Gilbert
Lemma (see Lemma 2.9 p.104 in Tsybakov 2009), for m > 8, there exists
a subset {8, ... 6} such that #© = (0,...,0), p(@,00) > m/8,
0<j<k<M,and M >2"/3,

Therefore, ||by) — byw |12 > 8*v202m/8 = §202n=5/6+1D /8,

e Conditional Kullback. Consider first the design X1, ..., X, as fixed. Let P 00 the
density of ¥; = by (X;) + &;, i.e. the Gaussian distribution N (by() (X;), o 2y,
and Py the distribution of (Y1, ..., Y,). Then,

d bsm <X ) n )
M+] ZK(%» Pyo)) = M+] ZZ = 50T Doz anm/)nn.

Then on 2, = Upy<cn/togn) $2m» We have ||bgg) ”2 < 2lby( ”30’ thus

M m—1 2

, 85
Z >0 < ns*vim < log(M).
Py log(2)

K Py, Pyoy) <

M=

For 82 small enough so that 8% /1log(2) := o < 1/8,
M

1
——— > K@y, Pyo)lg, < alog(M)lg,.
M+1 =

Now, following Tsybakov (2009), p. 116,

sup By, [n/ VT, — bal ]
bA€WS(A,R)

> 91 max P, (||T —bally > mn—s/[%”l)])
baelbyiy.j=0,...M) AN f
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log(M + 1) —log(2
L qe (e M+ D —log® N\ o
log(M)
For n large enough and m satisfying (9), it follows from Lemma 5 that P(€2,) >
1-— (c/n3) > 1/2. Therefore, the lower bound is proved. O

6.8 Proof of Lemma 3 and Proposition 8

For all w = (uo,....un—1) € R™\ {0}, for 1(x) = """ uje;(x), u' @ u =
)12 > 0. Thus ||t]l, = 0 = #(X;) = 0fori = 1,...,n. As the X; are almost
surely distinct and ¢ (x)w(x) is a polynomial with degree m — 1 where w(x) = ¢* in
the Laguerre case and w(x) = e’“z/ 2 in the Hermite case, for m < n, we obtain that
t = 0. This implies u = 0 and Lemma 3. O

The invertibility of ¥, follows from Lemma 1 under (18). Now we prove (23).
First note that, for j large enough, f (pjz.(x) fx)dx < % where ¢ is a constant.
The proof of this Inequality in the Hermite case is given in Belomestny et al. 2019,
Proposition 2.1. and in Comte and Genon-Catalot (2018) in the Laguerre case. As ¥,
is a symmetric positive definite matrix, ||, ! lop = 1/Amin(¥m), where Amin(¥n)
denotes the smallest eigenvalue of ¥,,,. By (14), we get that for all j € {1,...,m},
denoting by e; the jth canonical vector (all coordinates are O except the jth which is

equal to 1), ej'¥;,ej = f§0]2-fa and

min u'¥,u < min e¥,ej= min I f < —.
j= m j=1,..m J

”“H2,m=1 j—l ,,,,,

,,,,,

As a consequence, Amin(¥,,) < ¢/+/m which implies the result of Proposition 8. 0O

6.9 Proof of Proposition 9

We need results on Laguerre functions with index § > —1. The Laguerre polynomial
with index 8§, § > —1, and degree k is given by

L((S)(x) — lexx*5£ (x5+kefx)
k k! dxk ‘
We consider the Laguerre functions with index §, given by

k!

e](ca)(x) — 2(5+1)/2
Ck+68+1)

12
) LY @x)e™*x%2, (44)

and E,({O) = {). The family (Z,(f))kzo is an orthonormal basis of L2(R™).
In the following, we use the result of Askey and Wainger (1965) which gives
bounds on 6,((6), depending on k: for v = 4k + 25 + 2, and k large enough, it holds

Iél(f) (x/2)] < Ce™“* for x > 3v/2, where cy is a positive fixed constant.
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We need similar results for Hermite functions. These can be deduced from the
following link between Hermite and Laguerre functions, proved in Comte and Genon-
Catalot (2018). For x > 0,

hon(6) = (=D"Vx/2 672 (2/2), hosr (0) = (=D"Vx/2 672 2 /2).
This is completed by the fact that Hermite functions are even for even n, odd for odd n.
We treat the Laguerre basis first. The result of Askey and Wainger (1965) recalled

above states that, for j large enough, £;(x) < ce™ " for 2x > 3(2 + 1), where co2
is a constant. Thus for x € R™, [|x||2,,, = 1, we have

2 2
+oofm=1 3Qm+1) (m=] v o dv
"p, — p . (= ) =
X WX /0 (j;)xjej(u)) f(u)duz/() (Zx]e,(z) 7(3)3
2
32m+1)/2
inf 2 L | d
ve[0‘3l?2m+l)] /)/ (foéf(u)) !

=0

+oo [m=1 2
£ | du— ¢ d
= uelo, 3(m+1/2) fw) /0 jXZE)xJ ja) | du /3(m+1/2) Z Xjliu) | du

v

Then inf,c(o.30n41/2)] £ () > Cm~* and [;7 ( ey (u)) du=x|3,, =1
and, for m large enough,

+00 m—1 1
f ijﬁ w)*du < C "me~ 0" < —.
3m+1/2) S5 2

It follows that, for m large enough, x'¥,,,x > C m~k /2.

For the Hermite basis, we proceed analogously using that | (x)| < c|x|e™ 0¥ ? for
x2 > (3/2)(4j + 3). o

6.10 Proof of Inequality (29) of Theorem 2

We denote by 1\//7,1 the maximal element of ./\//Tn (see (27)) and by M,, the maximal
element of M,, (see (28)). We need also:

M= {m eN, m (|, 5, VD <40 (45)

n
log(n) }~
with 9 give in (27). Let M, denote the maximal element of M. Heuristically, with
large probability, con51der1ng the constants associated with the sets, we should have

M, < M < M,} orequivalently M,, C M,, C M}, and on this set, we really bound
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Regression function estimation as a partly inverse problem 1047

the risk; otherwise, we bound the probability of the complement. More precisely, we
denote by e
En = {M, C M, c M}, (46)

and we write the decomposition:
bis —ba = (b — b1, + (bis — ba)lgg =Ty + To. (47)
The proof relies on two steps and the two following Lemmas.

Lemma 6 Under the assumptions of Theorem 2, there exists ko such that for k > ko,
we have
/

A~ m
E[llbs — bal?1s,] < C inf <inf It — ball +KO'£2;> + =

meM, \teSn n

where C is a numerical constant and C’ is a constant depending on f, b, o.
.. — 2
Lemma 7 We have, for c a positive constant, P(ES) < c¢/n”.

Lemma 6 gives the bound on 77.
For T,, we use Lemma 7 as follows. Recall that I7,, denotes the orthogonal pro-
jection (for the scalar product of R") on the sub-space {#(X), ... ,t(Xn))/te S} of

R". We have (l;m(X1), e, l;m (Xn))/ = I1,,Y. By using the same notation for the
function ¢ and the vector (1(X1), ..., t(Xn))/, we can see that

n
b — billy = IIb = Mably + 1 Taelly < 1615 +n7" ) &f. (48)
k=1
Thus

- 1
E[lIb — billz1s;] < E[IbI71251+ — > Elelz]
k=1
< EP* XD+ B[P (E).

We deduce that E[||b — by ||21z: | < ¢//n. This, together with Lemma 6 plugged in
decomposition (47), ends the proof of Inequality (29) of Theorem 2. O

6.11 Proof of Lemma 6

To tjggin Wilh, we note that y,,(l;m) = —||1;m||3. Indeed, using formula (4) and
@) @, = n¥,, we have
Vu(bn) = [8nd™ | = 2(6")'E;, Y = —(@") &), Y = —[ 8,4 | .
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Consequently, we can write i = argmin,,_ 77 {Va (bm) + pen(m)}, with pen(m) =
2m "
KUE e
Thus, using the definition of the contrast, we have, for any m € M,, and any
by € Si, .
¥u(bi) + pen(rit) < yu(by) + pen(m). (49)

Now, on the set &, = {./\/ln C /ﬂn - ./\/l:[}, we have in all cases that m < 1\7,, <
M, and either M, < m < M, < M,} orim < M, < M,, < M;}". In the first case, 71
is upper and lower bounded by deterministic bounds, and in the second,

m= argmrél/i\r/ll {y,,(I;m) + pen(m)}.

Thus, on E,, Inequality (49) holds for any m € M, and any b,, € S,. The
decomposition y;, (1) —y,(s) = ||t—b||%—||s—b||%+2vn(t—s),where v, (1) = (", t)n,
yields, for any m € M,, and any b, € S,

Ibsy = by < 16w — blly + 2va (b = bi) + pen(m) — pen(ii).

We introduce, for [|t]|% = [ #*(u) f(u)du, the unit ball BnJ; (0, 1) = {t € Sy +
Swrs 2]l ¢ = 1} and the set

2
t
o { Il
113
We start by studying the expectation on £2,,. On this set, the following inequality holds:
I21% < 2ll¢]17. We get, on E, N

_15

Ve | St SN0} g (50)

m,m'e M,

A 1 4~ N
b = bllz < b = bliz + Wb —bmll 5 + B sup  vi(e) + pen(m) — pen(i))
reB! (0,1

m,m

1 1 A N
< (14 3) 1w = b1 + 3 1B =613 +8( swp vi() — plm.in))
2 2 reB! (0,1) +

+ pen(m) + 8p(m, m) — pen(im). (29
Here we state the following Lemma:

Lemma8 Assume that (A1) holds, and that E(9) < +oo. Then v,(t) = (", 1),
satisfies

S| O

E|( s v - poni) Tg,n, | =
teB) (O.1) *

where p(m, m') = 8082 max(m, m')/n.
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We see that, for k > ko = 32, we have 8p(m, m) — pen(ii) < pen(m). Thus, by
taking expectation in (51) and applying Lemma 8, it comes that, for all m in M, and
by, in S,

~ 16 C
E[lbs — ball21z,n0, ] < 3E[llbm — ball2] + 2pen(m) + —. 52

The complement of €2,, satisfies the following Lemma:

Lemma 9 Assume that (A1)-(A2) hold. Then, 2, defined by (50) is such that P(Q;) <

c/n> where ¢ is a positive constant.

We conclude as above [see Eq. (48)] by writing

E[lIb — by l215,00: ] < (\/E[b4(X1)] - \/E[sﬂ)\/IE”(Q,‘;).
This result, together with (52), ends the proof of Lemma 6. O

Proof of Lemma 8 We cannot apply Talagrand’s Inequality to the process v, itself as
the noise is not bounded. This is why we decompose the variables ¢; as follows:

e =ni +&, ni = el <k, — E[eile=k, |-

Then we have v, (t) = Vn,l(t) + Vn,Z(t)a Vn,l(t) =(n, ), "'n,Z(t) = (&,1)y, and

sup va () —pm.i) | < | sup  2v7 (1) — p(m. i)

1B (0.1) N zeBﬁ_m(o,l) N
+2 sup  vp, (). (53)
teB! (0,1)

m,m

We successively bound the two terms.
Let (¢;) je(1,...,max(m,m’)} be an orthonormal basis of S, + S, for the weighted
scalar product (-, -) 7. It is easy to see that:

1 1
B[ sup 0] = Y Svarng; ) = Y ~Elm@ (X))

teB;, (0.1) Jj<max(m,m’) j<max(m,m’)

m

1 _ o2 max(m, m’)
< El) X E[gon]=t =
j<max(m,m’)

since the definition of ¢; implies that | ¢]2. (x) f(x)dx = 1. Next

sup  Var(nt(X1) <E[ni] sup  E[F(XD] <0l =1
1eB), (0.1) 1eB! (0.1)

m’,
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since E[1*(X1)] = ||z||§.. Lastly

sup  sup (Jullj<, [1(X)[) <k, sup  suplr(x)l.
teBmf,.m(O,l)(”’x) teBW'[,m(O,l) x

Fort = Z']’.:O] ajp;j, we have ||t||3f =aVY,a= ||«/l1/ma||% - Thus, for any m,

sup  sup [1(x)] < cpv/m sup llall2,m
1eBh0,1) * I/ @mall2m=1
= Cpv/m  Sup [y ¥ u||2m = Cpvm ”"I/m ||0p
allz, =1

Under condition (45) on M,J{, we have

1/4
i1 g = (1)t < (0 ) s
o = Moz

We can take

1/4
My = coky (40—} (m v m)V4, (54)
¢ log(n)

Consequently, the Talagrand Inequality (see Theorem Klein and Rio (2005) and
Theorem A.3 in Supplementary material) implies, for p(m, m’) = 8%2 max(m, m’)/n,
and denoting by m* := max(m, m’),

1
E sup [ 112(1) — 5 pm,m)
reB’ (0,1
m,m +
i 2 *y1/2 aL/4 gy 1/4
Eﬂ(e—cw +knﬁ(m ) R y

n

So, we choose k, = n'/4 and we get,

1
E|l  sup [nal() = 5pom,m)
teB’, (0,1
m-,.m +
/

< % (eXp(—Cgm*) + (mH)/? exp(—c3(m*)1/4)) .

By summing up all terms over m’ € M,,, we deduce

E[( sup [vu1]%(t) — p(m,m))1g,]
teB’;-Im(O,l)

=10

< Y. EC sup  [va1l’(0) = plm,m))y <

!
meM;  1€B) (©0.1)

. (55)
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Let us now study the second term in (53). Recall that M,” < 4on/log(n) the
dimension of the largest space of the collection. Then we have

E sup n,2(t)lan = ZE ZV&I’ <%Zsl¢j(xl)>
i=1
n

reB! (0,1

m,m

+ 2+p
M, E[ler**7] <C 7
n 74 - n

et 21w [ ~2 Mo
= = ) EE]E[§](X0] = = E[eflje ok, ] <

where the last line follows from the Markov inequality and the choices k,, = n'/* and
p = 4. This, together with (55) plugged in (53) gives the result. O

Proof of Lemma 9 As the collection of models is nested, we have P()

Smerts B@ € Sy, |1y

1%

5, that P(Q)) < ¢/n* 1fm||t,z/,,;1||0p < (¢/2)(n/log(n)). Here

1 > %) = ZmeM,T P(£2¢,). Now we proved in Lemma

n

“1y|o0 < 4p—1
log(n) m lop = 20500

m(|@,, o, v 1) < 40

Therefore, the result holds if 40 < ¢/2, which is true. With the sum other a set of
cardinality less than n, we get that P(Q¢) < c/n3. O

6.12 Proof of Lemma 7

We study first P(M,, ¢ M\n) =PWM, > A//i,,). On this set, there exists k € M,, such
that k ¢ M,,.

For this index k, we have k||¥,~
This implies, as

|0p < on/4log(n) and k|| ¥, ||gp > on/log(n).

(n/log(n)) < k|| 2w =G, A+ 2k S,

< 2k = EZ, + 0/2)(n/ log(n)),

”()p =

that k| " — w2, = on/(4log(n)). Let A, = (m|¥; " — ¢ V2 >
(0/4)n/log(n)}, we have,

PMy € M) = Y P(Am) = D PAT" = @ llop > 1%, llop)-
meM, meM,

We have from (11i) of Propositions 3 and 4, that ]P’(||l/17njl — lI/,;] llop > ||l1/,,71 llop) <
c¢/n* for m satisfying (9) with ¢ given by (10). Indeed, we can conclude as in the proof

of Lemma 9, because 9/4 < ¢/2. Thus we proved that P(M,, ¢ /T/l\n) <c/n’.
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1052 F. Comte, V. Genon-Catalot

Now we study P(M,, & M;). On the set (M,, & M;), we can find a k satisfying

7

n —12
||op < ) and k|| ¥, > 40

lop (n)

therefore such that k|| &, "2, < 0oy and ko — w2, > 0 foay - Thus we
have
— _ n ~_ _ n
PMy g M < 3 PRITIG, <0 G kI S 7 =)
k=on/ log(n) & g
S W (3 [ A and @ = op = 19 lop)-

k<on/log(n) 1 g(

Now, proceeding with Proposition 4 (ii), interchanging @,, and ¥, we get

—1/2,, =-1/2

=_ _ ~_ 1
{19 = lop > 18, lop} © {uw Vi —Idm||op>5}.

Using ||, /2w, &, '/*

~dnllop < 1%, llop | — Finlop- we get
o1 -1 o1 7 1 o—1—1
8 =90 oy = 19, op} € {1 = Bnllop > 519,150 |

Therefore, by Proposition 4 and using the value of 9 (this is where 0 is chosen)

PMy g M = Y PRIF 2, <0 and % — Wellop =

n
k<on/log(n) log(n)

~ klog(n) c
< Y PU% - %llop = 5,/ )= 5 o

k<dn/log(n)

T)
2019, lop

6.13 Proof of Inequality (30) of Theorem 2

We have the following sequence of inequalities, for any m € M, and ¢ any element
of Sy,

Ibiy = balF = b — ballFlq, + b — ball}1ag
< 2lbs — 1131, + 20t = balFle, + Ibi — balFlog
< Hlby, — tl71lq, + 20t = ballFla, + I1b; —ballFlag
< 8llb;, — ballale, + 8l —balala, + 21 — bal3le, + by — balljlag
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where €2, is defined by (50). Therefore, using the result of Theorem 2 and E(||t —
bA||%) = ||t — ba|l%, we get that for all m € M,, and for any 7 € S,,,,

~ m Ch ~
Elbs = bal}) = €1 (It = bally + 027 ) + =2 +E (165 — balflag) . (56)

so only the last term is to be studied. First, recall that Lemma 9 implies that P(25) <

9/n3. Next, write that ||bA — bA||f < 2(||bm||f + ||bA|| ). As f is bounded, we use
a slightly improved version of (42). Indeed, for all m,

2

m—1
1Wnllop = sup xX'Wx= sup / > xjpi) | fadu < | flloo
j=0

”XHZ.m:l IXll2,m=1

H‘I’

. A~ o - ||o
yields, as for it € My, [W: " lop V 1 < e/m, 154115 < 1| flloo—2—2 (0, Y2) <

£ (Y, ¥?). Thenas E[(X1_, YH)?] < nE(Y}), we get

NG
E(Ibil1310s) < EUbH 1P < CEV2(¥{)/nP2(25) < ¢/n.

On the other hand, E(||b4 ||2f192) < |lba ||§IP>(Q;) < c”"/n?. ThusE (||13,;1 —by ||§192)
< c1/n and plugging this in (56) ends the proof of Inequality (30) in Theorem 2. 0O
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