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Abstract

In this supplemental material to the author’s paper ‘Nonparametric MANOVA in mean-
ingful effects’, we provide a computationally convenient representation of the wild boot-
strapped estimator, additional simulation results, and explicit formulas for the asymptotic
covariances.
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8 Computationally convenient representation of p*

We derive the simplified representation for each entry of the wild bootstrapped effects vector:
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The big advantage of this representation is that the involved mid-ranks do not need to be recal-
culated in every resampling iteration, and this saves many computer resources.



9 Additional simulation results

9.1 The Brunner-Munzel-Puri method

In case of the multivariate Behrens-Fisher problem with a = 2 we additionally compared our
results to the ANOVA-type testing procedure of Brunner et al. (2002). This approach is based on
approximating the unknown limiting distribution by an F'-distribution with estimated degrees of
freedom and thus does not provide an asymptotically valid procedure. The simulation scenarios
are identical to the ones in Section 5 for continuous and heteroscedastic data in the one-way
layout. The results are presented in Tables 5 and 6, respectively. For comparison, we also
kept the results of the two bootstrap procedures. In the homoscedastic setting it keep the F'-
approximation (BMP) proposed by Brunner et al. (2002) leads to similar results as the wild
bootstrap approach but with a more conservative behaviour for covariance setting S2 while less
liberal behaviour for covariance setting S1. In the heteroscedastic setting, it leads to even more
conservative results than the wild bootstrap for most scenarios. Here, the group-wise bootstrap
remains the method of choice. Finally, in the ordinal data setting the BMP method shows good
type-I error control for all settings except for covariance setting S2 with d = 8 dimensions
— here it shows an extremely conservative behavior and the wild bootstrap remains the best
method.

Table 5: Type-I-error results for the homoscedastic setting with normal and lognormal dis-
tributed data with d = 4 and d = 8 dimensions, varying sample sizes and different covariance
settings.

wild bootstrap | group-wise bootstrap BMP
distr Cov n m=1 2 5 1 2 5 1 2

3] (10,10) | 59 55 56|73 64 59 39 44 48
normal (10,20) | 56 55 52|66 63 5.5 40 44 47
9 (10,10) | 5.1 53 56|70 6.5 59 33 41 47
d—4 (10,200 | 52 50 51|68 63 53 3.8 4.0 46
3] (10,100 | 72 63 58|73 6.7 5.8 49 54 47
lognormal (10,20) | 68 62 56|74 63 5.5 52 56 49
5 (10,10) | 65 6.1 56|72 6.6 5.7 45 54 4.6
(10,20) | 66 59 55|70 6.5 5.7 46 5.1 46
3] (10,10) | 66 57 52|76 6.2 5.5 45 44 47
normal (10,20) | 61 59 51|69 65 54 42 49 438
5 (10,10) | 3.7 39 42|68 6.1 53 20 2.6 45
d—3 (10,20) | 3.8 39 46|65 5.7 5.1 2.1 2.7 45
3] (10,100 | 78 59 54|83 6.2 5.5 6.0 5.1 52
lognormal (10,20) | 77 63 53|81 64 5.5 6.1 54 49
5 (10,10) | 54 46 47|78 6.0 5.5 32 35 438
(10,20) | 53 52 46|71 62 5.1 33 4.1 46




Table 6: Type-I-error in % for the heteroscedastic setting.

wild groupwise BMP

o? n m=1l 2 5|1 2 5 1 2 5
(10,10) | 0.6 1.3 31163 52 55| 02 06 4.1
(1,2) | (10,20) | 0.7 1.7 35|56 52 5.1 0.2 1.1 39
(20, 10) 1.3 20 3365 54 52| 04 1.3 3.6
(10,10) | 0.5 12 32| 6 53 53| 01 07 40
(10,20) | 0.8 1.7 37,59 58 54| 03 1.3 3.8
(10,10) | 0.6 12 32162 53 55| 01 0.7 4.1
(1.2, 1) | (10,20) | 0.9 19 37162 59 53| 03 1.3 40
(20,10) | 0.9 19 35|59 56 52| 03 1.2 39
(10,10) | 0.1 04 25|48 47 46| <0.01 0.1 3.7
(1,2) |(10,20)| 0.1 09 32143 43 53|<0.01 03 3.6
(20,100 | 02 09 34,43 48 50| 01 03 34
(10,10) | <0.01 04 25|51 49 46| <001 02 35
(10,20) | 0.1 1.1 32|47 44 54|<0.01 04 33
(10,10) | <0.01 03 23|48 49 48| <001 02 34
(1.2,1) | (10,20) | 0.2 1.1 34149 44 54 |<0.01 04 34
(20,10) | 0.1 0.7 34143 48 56| <0.01 04 3.6

d=4| (1,1)

d=8| (1,1

9.2 A one-way layout with three groups

In addition to the simulation results presented in Section 5.1 we furthermore considered a one-
way layout with a = 3 groups. Covariance settings and distributions were the same as in Section
5.1, 1. e., we considered the following covariance settings:

Setting 1: Vi =1,+05J;—1;) = Vo = V3,
Setting 2: ~ Vy = ((0.6)" )" =V, =V,

However, we restricted the simulations to balanced designs starting with n = (10, 10, 10)’
here. Sample sizes were again increase by a factor m € {1,2,5}.

For the heteroscedastic setting, we again considered normally distributed random vectors
with 6% = (0,02,03)" € {(1,2,3),(1,1,1)’}. Ordinal data was simulated as in Section 5.1.
The results presented in Tables 8 — 10 are very similar to the ones obtained for a = 2 groups.
In particular, the wild bootstrap behaves preferably in the homoscedastic setting and for ordinal
data, but is very conservative in the heteroscedastic setting, where the group-wise bootstrap
performs better.



Table 7: Type-I-error in % for ordinal data with different sample sizes and different covariance
structures.

wild groupwise BMP
n m=1 2 5 1 2 5 1 2 5
(10,100 | 63 55 50|81 6.6 54|45 45 52

d—4 S (10,200 | 6.7 55 51|77 62 56|51 44 49
5 (10,10) | 59 51 52|78 6.8 55|41 41 5.1
(10,20) | 63 52 52|78 64 56|45 42 47

S (10,100 | 64 56 59|78 64 6.1|44 48 54

d—3 (10,20) | 72 53 52|82 59 55|49 45 52

(10,100 | 36 38 51|76 62 62|18 29 46

52 (10,200 | 45 38 44|74 56 48|26 27 49

Table 8: Type-I-error results in % for the homoscedastic setting with @ = 3 groups, normal and
lognormal distributed data with d = 4 and d = 8 dimensions and different covariance settings.

wild groupwise
distr Covim=1 2 5 1 2 5
normal S1 59 53 52|70 63 54
d—4 S2 59 50 53|73 64 58
lognormal S1 79 59 57|79 63 5.7
S2 69 54 59|74 6.1 6.0
normal S1 64 54 53|77 62 56
d—3 S2 31 38 43,68 6.1 49
lognormal S1 85 63 55|85 6.6 55
S2 51 54 49|76 6.7 53

9.3 Runtime comparisons

To further investigate the advantages and disadvantages of the two proposed bootstrap ap-
proaches, we compared their computational cost in yet another simulation study. Here, we
considered three different distributions in a 2 x 2 design:

1. A normal distribution N (0, 1)

d

r,s=1

2. A normal distribution with an autoregressive covariance structure V = ((0.6)"~*/)

3. A multinomial distribution with success probability 1/d

The distributions were the same for all groups. Furthermore, we considered different sample
sizes n = n; = Ny = ng = ny and dimensions d. Runtimes are computed in seconds for
5000 bootstrap runs averaged over 500 simulation runs. It turned out that the wild bootstrap is
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Table 9: Type-I-error results in % for the heteroscedastic setting with d = 4 and d = 8 dimen-
sions.

wild groupwise
o? m=1 2 5 1 2 5
(1,2,3)| 0.8 1.8 34|62 59 53
(1,1,1)| 0.6 1.7 3.6 58 6.1 5.6
(1,2,3) | <0.01 05 28|44 40 5.1
(1,1,1) | 0.1 05 3.0|43 42 49

Table 10: Type-I-error rates in % for ordinal data with different covariance structures.
Covim=1 2 5 1 2 5

S1 70 54 57|86 6.1 6.1
S2 6.1 50 57,79 6.7 63
S1 7.1 57 57|85 66 58
S2 39 38 48|78 62 55

d=14

d=38

between 1.2 and 5.7 times faster than the group-wise bootstrap in the considered scenarios, see
Table 11.

In addition, we also compared the runtimes for the simulation settings in Section 5.1. Here
we restricted our simulations to m = 1, n = (10, 20)’ in the one-way and n = (10, 20, 20, 50)’
in the two-way case, covariance setting S1 as well as normally distributed data for the ho-
moscedastic setting and o = (1, 2) in the heteroscedastic setting. The results are displayed in
Table 12. The results are similar to the ones seen in Table 11, with the wild bootstrap always
outperforming the group-wise bootstrap.

10 Covariances

In this section we derive the covariance matrix 3 of the multivariate limit normal distribution
in Theorem 1. The exact representation may not be strictly necessary for the practical purposes
in this paper because a covariance estimator is not required due to the wild bootstrap asymp-
totics as described in Theorem 3. But the covariances below will give some insights into the
asymptotically independent components of v/ N (p — p) and what kind of studentization may be
applied if one wishes to test sub-hypotheses. Furthermore, it is important to see that the limit
distribution is not degenerate. Therefore, let W be the vector consisting of all

" I I RO . .
wfij:/FZjdEj:__ZZC(Xijk_Xéjr); f,z:l,...,a, jzl,...,d.

T i k=1 r=1

This estimator is consistent for the vector, say, w consisting of the different wy;;. As an inter-
mediate result, we are interested in the asymptotic covariance matrix of the v/ N (W — w) vector,
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i.e. in the limits oy;; ¢3» of

N-COU(/F@dEJ,/ﬁg/j/dl/ﬁi/j/),

To this end, we consider an asymptotically linear development which is due to the functional
delta-method: Let ¢ : (f,g) — [ fdg again denote the Wilcoxon functional; cf. Section 3.9.4.1
in van der Vaart and Wellner (1996). As N — oo and limn;/N — X;, limn,/N — A,
(according to Condition 1),

\/N(/F\g]dﬁ;] — /FngFw> = \/N(w(ﬁzpﬁm) - w(Ffﬁ E]))
= VN, n, (Fyj = Fij, By — Fyj) + 0,(1)
= /\/N(ng — Fy)dF; + / VNFy,d(Fy; — Fyj) + 0,(1)

~VN| - / JdE, + /F@jdﬁij +/F AFy, — /ngdﬂj} +0,(1)
1 1
= W[— H—EZFZ-]-(X@T) +— > Fr(Xi) /F dFy; — /Féde } +0,(1).
r=1 ' k=1

Thus, we know that 0y;; ¢/ 1s the limit of

1 ng 1 ng
N - cov( - n_g ZEj(XZjT> + n_ Z Foi(Xijn),
n[/

_n_e,ZE’] X@’jr +_ZF5'/ Z]/k')

N

N N
= 5ze’n—£COU(Fz‘j (Xej1), Firr(Xgjn)) — 5éi’n—ZCOU(Fz‘j (Xej1), Forjr (Xejn))

N N
+ 0jir—cov(Fyj (Xij1), Forjr (Xijn)) — 5@'4';(30”(}%()%1)7 Fyj(Xijn)),

Z 3

where 0;; = 1{i = i’} is Kronecker’s delta. We continue by calculating any of the above
covariances, but we need to distinguish between two cases:
Equal coordinates j = j':

cou(Fy(Xepn), Fry(Xepn)) = / Foy () Fi (u)AFy (o) — / Fy(u)dFy (u) / Fyj(u)dFyy (u)
= Tty — Wi Wirgy-

Unequal coordinates j # j': Denote by Fj;;» the joint normalized distribution function of X
and Xj.

coo(Fiy(Xen), Foyp (Xepn)) = / Foy(w) Fay (0)d gy (, 0) — / Foy(u)dFyy (1) / Fuy (u)dFyp ()
= Piitegj — WiggWyrgjr .

7



Recall that w;;; = % To sum up, we have the following asymptotic covariances (symmetric
cases not listed):

;

0 {i, }n{@ 0}y =0ori=0=3 =1
%(Tiiéj — wyy;) + %(TMU — wy;;) j=ji=7#0="0
_%(Tik’i]‘ — WiijWerij) + %(Tié’ij — WiijWerij) jg=7i=9=0#1
2 (Titey — Wiggwaey) — 2o (Tiees — Wi Wees) j=jiFil =L="1
— - (Tigg — wiy) — o (Tueij — wiyy) j=gi=0#i=1
%(Téé’ij — WeijWerij) j=gi=dFLFEUF#1
_%(Téi’ij — WyijWirij) j=7i=0F#id #0F#i
2 (piitjyr — wigjwigyr) + 2 (Peeigy — WeiWeiy) JF#F I i=7FL=0
_%(Pif’i]’j’ — WiijWeijr) + %(ﬂié’ijj’ — WijWej) JFJ =9 =L0FL
(it — Wiejweeyr) — 2 (Pieesjr — WiejWeeyr) jEJAFT=L=1
—%(Pz‘z‘m' — WigjWigjr) — %(ﬂezz’j;’/ — wejwey) JFG =0 F#T =1
2 (purijy — weijwpiy) JA G i=i ALEC £
\—%(P&'z‘jj' — WeijWirgjr) JEGi=0£T £LH£0
(0 {i,(yn{i', 0} =0ori=0=i =
ori=i=0#lori#i=0=1"
2 (Tiiey — wiy;) + 2 (Towis — wi;) j=jli=iA0=1
_%(Tiifj - w?ﬁj) - %(Téliij - wgij) jg=gi=0#i=1
.y %SVTM’M — WeijWeri;) j = j:/,l: =1 # E #£V + z
— o (Teij — Weijwis) j=7i=0#id #0F#i
X piitjy — wiegwiey) + o (peiy — wegwey)  JF# G i=1# L=
_%(piiﬁjj/ — WigjWigjr) — %(péﬁijj’ — Wejweyr) JF G A= F0 =1
%(Pf@/z’jg" — WeijWerijr) JFEJ =0 FLAECF
(= (P — weijwirsyr) JFESi=0FTFLFE

In order to present the above covariances in a more compact matrix notation, we introduce
the following matrices: Denote by 0,,, € RP*? the (p x ¢)-matrix of zeros, by 0, € R" the
r-dimensional column vector of zeros, by ;.. = diag(Tie, . .., Tirea) € R¥*? the (d x d)-
diagonal matrices of 7’s, by

0 Piie12 Pires  ---  Piield
Pii' 21 0 Pii’ 023 ce Pii'e2d
_ . . . . . dxd
Piirg.. = : : : - : €R
Piite(d—1)1  Piire(d—1)2  Piite(d—1)3 -+ Pii’e(d—1)d
Piied1 Piired2 Piieds - - 0
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the (d x d)-matrices of p’s with zeros along the diagonal entries, and the vector of treatment ef-

fects between groups ¢ and i’ by w;;r. = (wjir, wipra, - -

L wirg)T € RZ Recall that, in the whole

w-vector, we first first the ¢-value, then the i-value, so that we first go through the component
index 7. With the above notation, we thus obtain the following first block of the covariance
matrix in which ¢ = ¢’ = 1 which, for general indices ¢ and ', we denote by X, € R *da;

0d><d 0d><d Od><d 0d><d 0d><d Od><d 0d><d 0d><d
N
Odxd T221. To31. T 94l Oaxa -Ti12.  Ogxa Odxa
N "2
N
i = — Odgxa T321. T331. T3a1- | + Oagxa  Ogxd g T 113 Odxd
nq . .
0 T T T 0 0 0 N
dxd a2l a3l aal- dxd dxd dxd na T 11a:
0d><d 0d><d 0d><d 0d><d ded ded 0d><d ded
N
N Oixa P21 Posi.. P2q1.. Odxa g P112.. Odxa Odxa
N
+ 2| Ogxad  P321.. P331.. P3ai. | + | Odxa  Odxa  5;P113- Oixa
Tq . . . . .
0 0 0 0 i
dxd Pa21.. Pa3l- Paal.. dxd dxd dxd na Plla--
T
0, 0,4 Odxd Odxd Odxd 04xa
N T
It Woq. Woq. Odxa 5, Wi2.-Wia. Odxd Odxd
N T
— | W31. W31 — Od><d 0d><d n_3w13-W13- OdXd
ni
N T
Wal. Wal. Odxa Odxa Odxa 2o Wia. Wi,

Note that the other X,,-matrices have a similar structure but with the 04 4-matrices in the ¢th

block row and block column and with all 1’s replaced by ¢’s. In the same way,

Yo = ——
ng

no

04xa
04x4a
04xa
Odxd

Odxa
Odxa
Odxa

Odxd
Odxd

Odxa

T112.
04xa
T 132
T 142

T1a2-

P112..
Odxa

P132..
P142..

Pia2-

Odxd
Odxd
Odxd
Odxd

Odxa

04xda
04xa
04xaq
04xd

O4xd

04x4a
04xda
04xa
O4xd

Odxa

04xa
04xa
O4xd
Odxd

Odxa

ni

04xa
04xa
04xa
O4xd

Odxa

04xa
04xa
O4xd
Odxd

Odxa

T221.
04xa
04xa
Odxd

Odxa

Poo1..
04xa
O4xd
Odxd

Odxa

T231.
04xa
04xa
O4xd

Odxa

P31
04xa
04xd
04xd

O4xa

T2a1-
04xa
04xa
04xa

O4xd

P2a1.-.
04xa
O4xd
O4xd

Odxa



Odxa Odxa  Ogxa Odxd Odxd
Odxd Odxd  Ogxa Odxd Odxd
N
Oaxd Odaxd ;7213 Odxd Odxd
N
T 00xa Ouxa  Ouxa w T214 Oaxa
0 0 0 0 N
dxd Ydxd dxd dxd na T 21a-
Odxa Odxa  Ogxa Odxa Odxa
Odxd Odxd  Ogxa Odxa Odxd
N
Oaxd Odxa 7;P2n3. Odxd Odxd
N
T 00xa Ouxa  Ouxa i P214.. Oaxa
0 0 0 0 N
dxd VYdxd dxd dxd na P21a--
T
leg,
O
N Wi,
+ — | Odaxa | wZ | ® Wi2. Odaxd(a—2)
Noy 12.
T
Wa2~
T T T
n Od(a—l)xda
Odxd Odxd Odxd Odxd Odxd
Oaxa Odxa Odxa Odxa Odxa
N T
Odxa Odxd 5;W23-Wis. Odxd Odxa
- N T
Odxda Odxa Odxd e Woa. Wiy, Odxa
N T
Odxd Odxd Odxd Odxd 7o Waq. Wi,

The representation of the general block matrix 3, with ¢ # (' is similarly obtained, where
the zero-rows have to shifted to the row block number ¢ and the zero-column to the column
block number ¢’. Furthermore, the repeating 1’s and 2’s in the above representation need to be
replaced with ¢"’s and ’s, respectively.

Since each p;; is the mean of @y;;, Waj, . .

matrix of v/ N (p — p) is given by

1
= lim —

N—oo a,2

(=1 0'=1

10
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., Wai;, we conclude that the limit covariance
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Table 11: Run times for 5000 bootstrap runs in seconds, averaged over 500 simulations

Setting Sample size N | d | wild bootstrap group-wise bootstrap
1 0.18 0.22
2 0.37 0.59
25 4 0.32 0.78
8 0.23 0.74
1 0.17 0.23
2 0.21 0.42
N(0. 1) 50 4] 02 0.53
8 0.22 0.97
1 0.20 0.28
2 0.30 0.61
100 4 0.22 0.65
8 0.30 1.73
1 0.17 0.23
2 0.30 0.51
25 4 0.48 1.05
8 0.38 1.60
1 0.31 0.42
2 0.24 0.46
N(0,AR(0.6)) 50 4 0.36 0.89
8 0.41 1.55
1 0.38 0.55
2 0.38 0.93
100 4 0.21 0.73
8 0.51 2.25
1 0.19 0.23
2 0.21 0.35
25 4 0.26 0.58
8 0.57 1.76
1 0.18 0.22
. . 2 0.30 0.58
Multinomial(V, 1/d) 50 4 0.29 0.84
8 0.22 0.81
1 0.18 0.23
2 0.48 0.89
100 4 0.26 0.78
8 0.47 1.98
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Table 12: Run times for 5000 bootstrap runs in seconds, averaged over 500 simulations

Setting d | wild bootstrap group-wise bootstrap
homoscedastic | 4 0.47 1.15
data 8 0.47 1.69
one-way heteroscedastic | 4 0.28 0.71
data 8 0.29 1.09
ordinal 4 0.27 0.69
data 8 0.24 0.60
homoscedastic | 4 0.74 2.47
two-way | heteroscedastic | 4 0.46 1.33
ordinal 4 0.44 1.26
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