Supplementary Material: Theoretical properties of bandwidth selectors
for kernel density estimation on the circle
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Appendix B

We will derive the conditional expectation ~;. If ¢ is odd, then we obtain that the term

J7_~(y)y'dy = 0, because the function y(y) is symmetry. By the binomial theorem, [* ~(y)y*dy
is reduced to
/ Yydy = /K /K w)* dwds — 200, (K,,)
- Z - QtCmam(Kn)OQtfm(Kn) - 2a2t(Kn)~ (58)

Recalling that the kernel K, is second-order, by combining (58) and Lemma 3 , it is derived
that
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LA = sy s o), 1= o

O(k™3), t=3.

Noting v(y) is a symmetric function, from (59), the conditional expectation ~; is given by
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f / Y(y)y*dy + O ( / v(y)y6dy)
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Appendix C

We derive each term of the variance Vary[CV(x)]. We present the expectation E; [fyfj] as
Ey [%QJ] = / v2(0; — 0,)£(0;) f(0,)d0;db;
= / f(6;) / V2 (w) f(0; + u)dudb;

— {10 / "2 ()f(6;) + O(R)]duds,
= R(f)R(v) + O(R(v(v)y)- (60)

We produce the following lemma regarding R(v(y)y").

2
Lemma 5. We set Qu(L) := f_oooo{Ql,an(L)n(z) — 21/2u51(L)L(22/2)} 2?'dz. Then, the
term R(y(y)y') is given by

R(y(y)y)t = k=B D2[Qu (L) + 0(1)], t=0,1.

Proof of Lemma 5. Let y = =2z, Then, applying cos(k~'/22) = 1 — 22/(2r) + O(k~?), the
Taylor expansion of L,(k~'/22) is given by

Li(r7"22) = L(k[1 = {1 = 2*/(2r) + O(x*)}])
= L(2*/2) + O(x ™). (61)

It follows from (61) that

T K2
/ Ln(w)Lm(w + /{,_1/22)dw = / Ln(/{_l/gt)L,{(/{_l/Q(t + Z))/{_l/th
- _kl/21

K2
= /{‘1/2/ L(tQ/Q)L((t + Z)Q/Q)dt + O(KJ_?’/Q)
_kl/2n

= 2[(2) + o(1)]. (62)

2
We put Q12 9,(L) := fH;ii;rﬂ{Q_luOQ(L)n(z) - 21/2u01(L)L(22/2)} z?dz. Then it holds from

(b) and (e) that Q,1/2 5,(L) = Qa¢(L) +o(1) for t = 0, 1. By combining (62) and Lemma 2, the



term R(y(y)y") is given by

R(y(y)y') = /7r { 'K, (w) K, (w+y)dw—2Kn(y)}2y2tdy

K1/20

2
:/ {/ K (w4 £7Y22)dw — QKK(/{_IQZ)} (k™ Y22) %712,
k12

wl/2 )
= / {C’;Q(L)/ L.(w)Le(w + £7Y22)dw — QK,.;(K_I/QZ)} (k= V/22)2 12
_xkl/2n 77r

/2,

R / ,1/2 {CTLE(2) + o(1)] = 207 (D)[L(=/2) + O(n )]} 2 d
k27

- 2(1{‘1/221/2,%([/) + O(k™3PNTHL(2%/2) + O(m_l)]} 2*dz

2
e [* [ L) - 2 0/ o) |

_ K_(Qt 1)/2 [Q 2t( +o 1

(1)
wCD2(Qu(L) + o(1)],
O

Noting that Qo(L) = Q(L), from combining (60) and Lemma 5, the expectation Ez[y7] is
given by

Eflyi] = £2[Q(L)R(f) + o(1)]. (63)

From combining (18) and (63), it follows that Var[y;;] is equivalent to (20).
Noting that ~; = [7_~(0; — 6;) f(0;)d0;, then, from (17) we derive Ey[v;;v;]. That is,

] = /_W /_W /_W (6 — 0,)7(6; —Hk)f(e)f(Hj)f(Hk)dHidOjde
SIRC { JRECEO )

-7

R(f*%) = 2R((f )2 )ug* (L) (L)k ™2 + o(k™2). (64)

By combining (18) and (64), we obtain that Cov[v;;, vix] is equivalent to (22).
From (18), we derive that E¢[v,;;f(0;)] is given by

o, / ﬂ / ﬂ £(6,)£(6;)7(6,)d6,d6,
R(f*) +R<<f<4 12 s (L)2(L)s~ + o(s~?). (65)

From combining (18) and (65), we derive that Covy[v;;, f(©;)] is given by (23).
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The variance Vars[f(©;)] is equivalent to

Var[f(0;)] = E;[f*(0;)] — E;[f(©:)]?
= R(f*?) = R(f)?

= Is.
Appendix D

we derive the expectation E;[U7"]. That is,

(U2 = / w / T 0= 0,77 (0005 o
_/_Wf(@/w T (W)™ (0, + u)dudd,

—T

= [ 50 [ 106 + 0t duds
— Yo RUTOY™) + O(RUTS () ). (66)

Lemma 6. The term R({T\"(0)}™0") is given by
RUTO(0)}70") = 12012 (G, () + o(1)} (67)

fort=0,1 and m =0, 1.

Proof of Lemma 6. The Taylor expansions of cos(g~'/2z) and sin g~'/2z are reduced to
cos(g22) = 1 - 22/(29) + O(g7?), (68)
and,
sin(g™122) = g Y22 + O(g7%/?), (69)

respectively. From considering (9), (61), (68), and (69), the approximation of S5”(g=/2z) is
given by

Sy (g7%2) = g*{SP(27/2) + 6225 (2% /2) + 2'SW (27 /2) + (1)}
= ¢*{Si(=*/2) + o(1)}. (70)

We set §,1/2,(S fg 1a, S1™(2%/2)2*"dz. Then, it holds from (g) that 0,1/2 ,(SJ*) = 6,(S7")+
o(1) for t =0, 1, and m = 1,2. By combining Lemma 1 and (70), The term R({T, 790 (6)}™0") is



reduced to

m —zMm " m 2
RATM(0)}m0") = C,*™(S) [ {SW(0)™0"} db
91/27r )
:Cg—Qm(S)/ {554)<g—1/2z)m(g—1/22)t} g—l/ZdZ
791/271-

1/2,0

= CmS)g [ G2+ ol

/2,
— {21/2M71(S)g 1/2 +O( (p+1)/ )}72mg(8m72t+1)/2 {691/2,t(51n) +0<1>}
= 27" (8)g 102V (5, (ST) + o(1))
— g(IOm 2t—1)/2 {Gm,t(84) _'_0(1)}'

[
From combining (66) and Lemma 6, the expectation Ef[U7"] is given by
Ef[UZ"] = g"" 2 oGl (Sa) + 0(1)]. (71)
It follows from (33) that
Ef[U7] = Ef[{/(©:) + o(1)}]
= E4[f"(©:)%] + o(1).
Appendix E
We calculate “Lv(y;;). We derive
d
d/{L (W)L (w+y) =L (w)Ly(w+ y){1 — cos(w)} + L (w) L, (w + y){1 — cos(w + y) }.
(72)

We set LC, (L) = CL(L) and ay(¢,) := |"_¢n(y)y'dy . It follows that

KCH(L)CL(L) = KOS (L) / "4 )

o dk
= ao(¢n)- (73)
We provide the following lemma regarding «;(¢,,).
Lemma 7. The term o (¢,) is given by
—3 = sty (Lpa(L)s™ + O(k7%), =0,

au(de) = =35 (D(L)r™' +0(k7), =2,
241 (L)p3(L)k~2 = O(k72), t=4.



Proof of Lemma 7. From (b), the partial integration of p, (L) :== [ L
is
/ vz =17 (1-3)/2
post(L) = [L(r)r™ 7y — — L(r)r> dr
0
-1

- _TMK,LQ(L) +O(k7%).

The term ag (¢, ) is divided into the following two terms. That is,

w/2 T
am(r) = 2 /0 u(0)62d0+2 [ 6.(6)6%do.

/2

(r)r=12dy for [ < 4

(74)

(75)

Recalling that we chose the second-order kernel for LSCV, the second term of (75) is ignored

from combining (d), (74), and Lemma 2. That is,

2 [ ¢.(0)0%d0 <27 | ¢.(0)do
/2 /2

< 27r2tC;1(L)/ L'(k{1 — cos(0)})r{1 — cos(6) }db

w/2

= 27r2tC’;1(L)/ K L'(r)yr{r(2 —r/x)}"2dr

2K
= 27T2tC;I<L)Ii_1/2/ L' (r)yrt2dr{27Y2 +

= O(rk?).

O(k)}
(76)

By considering (d), (74), and (75),we derive the terms (¢, ), az(py), and ay(¢,). That is,

/2
co(dn) = 2 / 6x(0)d0 + O(x™?)

K

=2C.1(L) /OIi L'(r)yr{rs(2 — 7%)}’1/20% +O(Kk™)

=201 (L)r™ V2 / L'(r)yrt/?[27Y2 — 2752 /i + O(k72)]dr + O(k73)

0

=20, (L) kP27 P g o (L) = 2792k g (L)) + O (k%)) +
1 3 _ _
=75 g#ol(L)l@(L)’f "+ O0(k7?),

O(k™%)

/2
() = 2C (L) /0 L'(k{1 — cos(0)})k{1 — cos(0)}6%dO + O (k™)

=20-1(L) /0“ L'(r)r[r/k2 —7r/k) + Ok ) {rs(2 — r/m)}_1/2d7“ +O(Kk™)

= 20 (L) / L2 — r/x) Pdr + O(k™2)
0

= 20, (LR (L2 + O 1)} + O(572)
= 2u5 " (L)(=3p2(L) /2)s ™" + O(r?)
= =3uy (L)a( L) + Ok ),



and

/2
as(py) = 2/0 0x(0)0*d0 + O(k7?)

=20, (L) /0“ L'(r)r[{r/k(2 = r/rk)}* + O(&™*){rr(2 = r/K)} " 2dr + O(k™?)
=O(k™?). (78)
Ol
Then, by combining (72), (73), and Lemma 7, it follows that

dvcgzz'j) _ % {052@) /7r Ly (w) Ly (w + yg5)dw — QCﬁl(L)Ln(’yz’j)}

—T

™

— —QCK?’(L)C;(L)/ Li(w) Ly (w + yy5)dw

—T

0 [ L) Lalw + ) b

20 L)OUL) L) — 207 (L)Ll

=7 [ =200(00) [ Kl ol )

n /i{%(w)m(w +¥ij) + Ke(w)ge(w + yij) dw

+ 2000 () K (i) — 2%(%)}

— U_: Ko (w) Ky (w + yij)dw — 2K, (y3)

)+ [ {000+ ) + K)o+ )b = 26, ()

5 (0 [ Rl Ko+ ) - Kol

= 17 [v(yig) + p(yis) + 3/4pg " (L) (L)~ 7 (yij)]

= fi_l/2v;j. (79)
We obtain (40) from (39) and (79).

Appendix F
Let p; := Ef[p;;|©;] and 7; := E;[7;;/©;]. Then, the conditional expectation V; is presented as
the following linear combination of the three conditional expectations: v;, p;, and ;.

3

Vi= s v+ i+ Zﬂgl(L)H2(L)f<_lTi : (80)

We present the following lemma regarding p;.



Lemma 8. The conditional expectation p; is given by

@) (e, B B B
pi= 100 -3 | 722k p0e))] o + 06,
Proof of Lemma 8. The term ax(p) = [7_p(y)y*'dy is given by
az(p) = an(Ky
+RO;? / {000 4 9) + K(w)(w + )y dwdy — 200,(6).

The second term of (82) is reduced to

/ﬂ {on) Kl + ) + K)ol + )}y dudy

—T T

= 2/_7r _ﬂ K.(w)p(s)} (s — w)* dwdy
:2/ﬂ ’ K. (w)on(s) [Z(— )P oy Crpw™s? ™ | dwds

) Z )™ 2 Co s (K ) Qg (1)

It follows from (82) and (83) that

ap(p) = ao(Ky) = 1,

and

042t(P) = a2t + 2 Z tC Qm Kﬁ)a%—m((bn) t Z 1.

From combining Lemmas 3 and 7, and (85), it follows that

3 - -
042(0) = _5,“0 2#3([/)5 S O(“ 3)7
ay(p) = =200 % p5 (L)% + O(k %),

and,

as(p) = O(k7).

(81)

(82)

(83)



By combining (84), (86), (87), and (88), we obtain the conditional expectation p;. That is,

pPi = /_7r (0; — ©,)f(0;)do;
= /_7r p(y) f(©i +y)dy
2 2@,
-3 E iy aa(o) + O(auo)
- 7093 [F2O ey iy + 0. (%)
O

We present the following lemma regarding 7;.
Lemma 9. The conditional expectation T; is given by
7 = [P (O)pg pa(L)w " + O(x72).
(90)
Proof of Lemma 9. We set a;(7) := ffﬂT(y)ytdy. Then, it follows that

2t

(1) =Y (—1)" 2 Crntm (K )agy i (K) — e (K.). (91)

m=0

From combining Lemma 3 and (91) It follows that the terms ag(7), as(7) and a4(7) are equal
to,

ap(T) =0, (92)

0x(7) = 2415 (L) L)t + O(7Y), (93)
and,

au(r) = O(k7), (94)
respectively. It is shown from (92), (93) and (94) that

/ f(6;)do;

= / f(©i +y)dy
f2(e)

F(®i)ao(r) + ———az(7) + Ofau(7))
FAO)ue (L)pa(L)s™! + O(k72).



By combining (17), (80), and Lemmas 8 and 9, The conditional expectation V; is reduced
to

3 _
S (D),

= —2fW(Oi) g * (L3 (L) + o(k/2). (95)

The expectations of V; and V? are given by

Vi=w""2 9+ pi+

Es[Vil = =2R(f")ug > (L) (L)% + o(57°?), (96)
and

Ef[V?] = 4[R(fY f/2)lug " (L)a(L)s™° + o(k ), (97)

respectively. We obtain the variance of X; from (96) and (97). That is,

Vars[X;] = 4[R(fY %) = R(f"))ug " (L)a(L)w ™ + o(k ). (98)

From (98), we show that the variance Var;[X;] is finite. Thus, we obtain (42) from the central
limit theorem.

Appendix G

We derive the expectation Ef[V;3"]. That is,
V2m / / —1/2{”7 0 —6;)+ p(0; — 0;) + O(m—l)}]me(ei)fwj)deidgj

= [ [ 00 0+ 6~ 81" 1007000000, {1+ o(1)
= 1" [R((y + p)")R(f) + O(R((v + p)"y))] - (99)

Lemma 10. The term R((y + p)™y") is given by

R((y +p)"y") = k" 27D M (L) + o(1)].

Proof of Lemma 10. We set

P(y) = /_7T L' (k{1 — cos(w)}) k{1 — cos(w) } L(k{1 — cos(w + y)})dw.

Then, the term [*_ -L{L, (w)L,(w + y)}dw reduces to

[ L) el + ) = () + (). (100)
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We set A 1/2(L) := ff;f;; L'(t?)2) L((t+2)?/2)t*/2dt. Then, it holds that \,1/2(L) = A(L)+o(1)
from (f). Thus, it follows that

k2
Y(™V%2) = / 5 L' (k{1 — cos(k™Y2)VWr{1l — cos(k™Y2t)}L(k{1 — cos(k~2(t + 2))}) s~V 2dt
k12
= k12 [/ D L((t+ 2)?/2) L (£?/2)t*/2dt + O(k™ 1)

=k 2 [Nan(z) + O(k™)]

= w2 [{A(z) +o(1)} + O(x7")]

= kY2 I\(2) + o(1)]. (101)
We set My (L) := [*7 m(L)*™z*dz. Then, it holds from combining (b), (), and (f) that

My imi(L) = My (L) + o(1). From considering this, (62), and (101), The term R({y + p}"y")
is reduced to

R((y+p)™y') = / W {7(y) + p(y) "y dy
1/2

- / /7; [C;Q(L) { / " L) L + 122 )dew + b (k22) (Y 22)}

—Tr

— C’;l(L){L,{(/flﬂz) + 2L (k{1 — cos(fi’l/Qz)})m{l — 008(51/22)}}] "

% (I{_l/QZ)%I{_l/QdZ
/2,

— ez [ {C?(L)K-l/? {1(z) + A(2) + M—2) +o(1)}

2m

— CHD{L(Z*/2) + L'(2*/2)2* + O(x™ 1) }| 2*dz

N R

x 22dz
— /‘f(zm_Qt_l)/z[Mn,m,t(L) + 0(1)]
= k@Em=2=D/2001 (L) + o(1))].

From combining (99) and Lemma 10, it follows that
Ef (V™ = &7 2 [ Moo (L)R(f) + o(1)]. (102)
From (95), it follows that V; = O(k~*/2). Then, The expectation E; [H7"] is reduced to
Ef[H"] = By[{Vij — Vi = V; + B[V ] }"]
= Ef V" {1 +o(1)}
= 2 [Muo(L)R(f) + o(1)]. (103)
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Noting that Vj; is a constant, it follows that
Gij = Ey[Hii Hij]
= By [{Vi + BV = 2ViHVy — Vi = Vi + B[V}
=0 — 2B [V7’] + 2B [V7’] + 2E;[V;]* — 2E,[V}]?
= 0. (104)

From (103) and (104), it follows that the U-statistic H;; satisfies (43). That is,

Ef[GHl +n "By [HG] 0[5 [Myo(L)R(f) + o(1)]
Ef[HZ]? (k=12 M o(L)R(f) + o(1)]?
= o(1). (105)

We obtain the asymptotic normality for (44) from (105).

Appendix H

Let g~9*W;; = Q. From (38), the expectation Ef[Q?%] is given by

Ef[Q7] = g By (W]
= G170<S4)w0 + 0(1) (106)
From combining (33), (34), and Lemma 6, it follows that
Ef[ ?j] = QigEf[W;;]
-9 4
=4 Ef[Uij]{]' +o(1)}
= g"*{G20(S1)v0 + o(1)}. (107)
By combining G;; = 0, (106), and (107), it follows that that
Ef[G3] +n ' Ef Q1] 0+ n Y Gap(Sa)og'? + o(g'?)]

B4 [QF)? B [G1,0(Sa)to + o(1)]?
= o(1). (108)

the d-generate U statistic ();; satisfies Lemma 4 by (108). Therefore, as n — oo, it holds that

Z Qij LN N(0,n*G1,0(S4)100/2). (109)

1<j

We obtain the asymptotic normality for (53) from (109).
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