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Appendix B

We will derive the conditional expectation γi. If t is odd, then we obtain that the term∫ π

−π
γ(y)ytdy = 0, because the function γ(y) is symmetry. By the binomial theorem,

∫ π

−π
γ(y)y2tdy

is reduced to ∫ π

−π

γ(y)y2tdy =

∫
Kκ(w)

∫
Kκ(s)(s− w)2tdwds− 2α2t(Kκ)

=
2t∑

m=0

(−1)m2tCmαm(Kκ)α2t−m(Kκ)− 2α2t(Kκ). (58)

Recalling that the kernel Kκ is second-order, by combining (58) and Lemma 3 , it is derived
that

∫ π

−π

γ(y)y2tdy =


−1, t = 0,

0, t = 1,

24µ−2
0 (L)µ2

2(L)κ
−2 +O(κ−3), t = 2,

O(κ−3), t = 3.

(59)

Noting γ(y) is a symmetric function, from (59), the conditional expectation γi is given by

γi =

∫ π

−π

γ(Θi − θj)f(θj)dθj

=

∫ π

−π

γ(y)f(Θi + y)dy

=
2∑

t=0

f (2t)(Θi)

(2t)!

∫ π

−π

γ(y)y2tdy +O

(∫
γ(y)y6dy

)
= −f(Θi) + f (4)(Θi)µ

−2
0 (L)µ2

2(L)κ
−2 +O(κ−3).
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Appendix C

We derive each term of the variance Varf [CV(κ)]. We present the expectation Ef [γ
2
ij] as

Ef [γ
2
ij] =

∫ π

−π

∫ π

−π

γ2(θi − θj)f(θi)f(θj)dθidθj

=

∫ π

−π

f(θj)

∫ π

−π

γ2(u)f(θj + u)dudθj

=

∫
f(θj)

∫ π

−π

γ2(u)[f(θj) +O(u2)]dudθj

= R(f)R(γ) +O(R(γ(y)y). (60)

We produce the following lemma regarding R(γ(y)yt).

Lemma 5. We set Q2t(L) :=
∫∞
−∞

{
2−1µ−2

0 (L)η(z) − 21/2µ−1
0 (L)L(z2/2)

}2

z2tdz. Then, the

term R(γ(y)yt) is given by

R(γ(y)y)t = κ−(2t−1)/2[Q2t(L) + o(1)], t = 0, 1.

Proof of Lemma 5. Let y = κ−1/2z. Then, applying cos(κ−1/2z) = 1− z2/(2κ)+O(κ−2), the
Taylor expansion of Lκ(κ

−1/2z) is given by

Lκ(κ
−1/2z) = L(κ[1− {1− z2/(2κ) +O(κ−2)}])

= L(z2/2) +O(κ−1). (61)

It follows from (61) that∫ π

−π

Lκ(w)Lκ(w + κ−1/2z)dw =

∫ κ1/2π

−κ1/2π

Lκ(κ
−1/2t)Lκ(κ

−1/2(t+ z))κ−1/2dt

= κ−1/2

∫ κ1/2π

−κ1/2π

L(t2/2)L((t+ z)2/2)dt+O(κ−3/2)

= κ−1/2[η(z) + o(1)]. (62)

We put Qκ1/2,2t(L) :=
∫ κ1/2π

−κ1/2π

{
2−1µ−2

0 (L)η(z)− 21/2µ−1
0 (L)L(z2/2)

}2

z2tdz. Then it holds from

(b) and (e) that Qκ1/2,2t(L) = Q2t(L) + o(1) for t = 0, 1. By combining (62) and Lemma 2, the
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term R(γ(y)yt) is given by

R(γ(y)yt) =

∫ π

−π

{∫ π

−π

Kκ(w)Kκ(w + y)dw − 2Kκ(y)

}2

y2tdy

=

∫ κ1/2π

−κ1/2π

{∫ π

−π

Kκ(w)Kκ(w + κ−1/2z)dw − 2Kκ(κ
−1/2z)

}2

(κ−1/2z)2tκ−1/2dz

=

∫ κ1/2π

−κ1/2π

{
C−2

κ (L)

∫ π

−π

Lκ(w)Lκ(w + κ−1/2z)dw − 2Kκ(κ
−1/2z)

}2

(κ−1/2z)2tκ−1/2dz

= κ−(2t+1)/2

∫ κ1/2π

−κ1/2π

{
C−2

κ (L)κ−1/2[η(z) + o(1)]− 2C−1
κ (L)[L(z2/2) +O(κ−1)]

}2
z2tdz

= κ−(2t+1)/2

∫ κ1/2π

−κ1/2π

{
(κ−1/221/2µ0(L) +O(κ−3/2))−2κ−1/2[η(z) + o(1)]

− 2(κ−1/221/2µ0(L) +O(κ−3/2))−1[L(z2/2) +O(κ−1)]

}2

z2tdz

= κ−(2t+1)/2

∫ κ1/2π

−κ1/2π

[
κ1/2

{
2−1µ−2

0 (L)η(z)− 21/2µ−1
0 (L)L(z2/2) + o(1)

}]2
z2tdz

= κ−(2t−1)/2 [Qκ,2t(L) + o(1)]

= κ−(2t−1)/2[Q2t(L) + o(1)].

Noting that Q0(L) = Q(L), from combining (60) and Lemma 5, the expectation Ef [γ
2
ij] is

given by

Ef [γ
2
ij] = κ1/2[Q(L)R(f) + o(1)]. (63)

From combining (18) and (63), it follows that Varf [γij] is equivalent to (20).
Noting that γi =

∫ π

−π
γ(θi − θj)f(θj)dθj, then, from (17) we derive Ef [γijγik]. That is,

Ef [γijγik] =

∫ π

−π

∫ π

−π

∫ π

−π

γ(θi − θj)γ(θi − θk)f(θi)f(θj)f(θk)dθidθjdθk

=

∫ π

−π

f(θi)

[∫ π

−π

γ(θi − θj)f(θj)dθj

]2
dθi

= R(f 3/2)− 2R((f (4))1/2f)µ−2
0 (L)µ2

2(L)κ
−2 + o(κ−2). (64)

By combining (18) and (64), we obtain that Covf [γij, γik] is equivalent to (22).
From (18), we derive that Ef [γijf(Θi)] is given by

Ef [γijf(Θi)] =

∫ π

−π

∫ π

−π

γ(θi − θj)f(θi)f(θj)f(θi)dθidθj

= −R(f 3/2) +R((f (4))1/2f)µ−2
0 (L)µ2

2(L)κ
−2 + o(κ−2). (65)

From combining (18) and (65), we derive that Covf [γij, f(Θi)] is given by (23).
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The variance Varf [f(Θi)] is equivalent to

Varf [f(Θi)] = Ef [f
2(Θi)]− Ef [f(Θi)]

2

= R(f 3/2)−R(f)2

= I3.

Appendix D

we derive the expectation Ef [U
2m
ij ]. That is,

Ef [U
2m
ij ] =

∫ π

−π

∫ π

−π

T (4)
g (θi − θj)

2mf(θi)f(θj)dθidθj

=

∫ π

−π

f(θj)

∫ π

−π

T (4)
g (u)2mf(θj + u)dudθj

=

∫ π

−π

f(θj)

∫ π

−π

T (4)
g (u)2m[f(θj) +O(u2)]dudθj

= ψ0R({T (4)}2mg ) +O(R({T (4)
g (u)}2mu). (66)

Lemma 6. The term R({T (4)
g (θ)}mθt) is given by

R({T (4)
g (θ)}mθt) = g(10m−2t−1)/2 {Gm,t(S4) + o(1)} , (67)

for t = 0, 1 and m = 0, 1.

Proof of Lemma 6. The Taylor expansions of cos(g−1/2z) and sin g−1/2z are reduced to

cos(g−1/2z) = 1− z2/(2g) +O(g−2), (68)

and,

sin(g−1/2z) = g−1/2z +O(g−3/2), (69)

respectively. From considering (9), (61), (68), and (69), the approximation of S
(4)
g (g−1/2z) is

given by

S(4)
g (g−1/2z) = g2{S(2)(z2/2) + 6z2S(3)(z2/2) + z4S(4)(z2/2) + o(1)}

= g2{S4(z
2/2) + o(1)}. (70)

We set δg1/2,t(S
m
4 ) :=

∫ g1/2π

−g1/2π
S2m
4 (z2/2)z2tdz. Then, it holds from (g) that δg1/2,t(S

m
4 ) = δt(S

m
4 )+

o(1) for t = 0, 1, and m = 1, 2. By combining Lemma 1 and (70), The term R({T (4)
g (θ)}mθt) is
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reduced to

R({T (4)
g (θ)}mθt) = C−2m

g (S)

∫ π

−π

{
S(4)
g (θ)mθt

}2
dθ

= C−2m
g (S)

∫ g1/2π

−g1/2π

{
S(4)
g (g−1/2z)m(g−1/2z)t

}2
g−1/2dz

= C−2m
g (S)g−(2t+1)/2

∫ g1/2π

−g1/2π

[g2{S4(z
2/2) + o(1)}]2mz2tdz

= {21/2µ−1
0 (S)g−1/2 +O(g−(p+1)/2)}−2mg(8m−2t+1)/2

{
δg1/2,t(S

m
4 ) + o(1)

}
= 2−mµ2m

0 (S)g(10m−2t−1)/2 {δt(Sm
4 ) + o(1)}

= g(10m−2t−1)/2 {Gm,t(S4) + o(1)} .

From combining (66) and Lemma 6, the expectation Ef [U
2m
ij ] is given by

Ef [U
2m
ij ] = g(10m−1)/2[ψ0Gm,0(S4) + o(1)]. (71)

It follows from (33) that

Ef [U
2
i ] = Ef [{f (4)(Θi) + o(1)}2]

= Ef [f
(4)(Θi)

2] + o(1).

Appendix E

We calculate d
dκ
γ(yij). We derive

d

dκ
Lκ(w)Lκ(w + y) = L′

κ(w)Lκ(w + y){1− cos(w)}+ Lκ(w)L
′
κ(w + y){1− cos(w + y)}.

(72)

We set d
dκ
Cκ(L) = C ′

κ(L) and αt(ϕκ) :=
∫ π

−π
ϕκ(y)y

tdy . It follows that

κC−1
κ (L)C ′

κ(L) = κC−1
κ (L)

∫ π

−π

d

dκ
Lκ(θ)dθ

= α0(ϕκ). (73)

We provide the following lemma regarding αt(ϕκ).

Lemma 7. The term ακ(ϕκ) is given by

αt(ϕκ) =


−1

2
− 3

8
µ−1
0 (L)µ2(L)κ

−1 +O(κ−2), t = 0,

−3µ−1
0 (L)µ2(L)κ

−1 +O(κ−2), t = 2,

24µ−2
0 (L)µ2

2(L)κ
−2 = O(κ−2), t = 4.
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Proof of Lemma 7. From (b), the partial integration of µκ,l(L
′) :=

∫ κ

0
L(r)r(l−1)/2dr for l ≤ 4

is

µκ,l(L
′) = [L(r)r(l−1)/2]κ0 −

l − 1

2

∫ κ

0

L(r)r(l−3)/2dr

= − l − 1

2
µκ,l−2(L) +O(κ−3). (74)

The term α2t(ϕκ) is divided into the following two terms. That is,

α2t(ϕκ) = 2

∫ π/2

0

ϕκ(θ)θ
2tdθ + 2

∫ π

π/2

ϕκ(θ)θ
2tdθ. (75)

Recalling that we chose the second-order kernel for LSCV, the second term of (75) is ignored
from combining (d), (74), and Lemma 2. That is,

2

∫ π

π/2

ϕκ(θ)θ
2tdθ ≤ 2π2t

∫ π

π/2

ϕκ(θ)dθ

≤ 2π2tC−1
κ (L)

∫ π

π/2

L′(κ{1− cos(θ)})κ{1− cos(θ)}dθ

= 2π2tC−1
κ (L)

∫ 2κ

κ

L′(r)r{rκ(2− r/κ)}−1/2dr

= 2π2tC−1
κ (L)κ−1/2

∫ 2κ

κ

L′(r)r1/2dr{2−1/2 +O(κ−1)}

= O(κ−3). (76)

By considering (d), (74), and (75),we derive the terms α0(ϕκ), α2(ϕκ), and α4(ϕκ). That is,

α0(ϕκ) = 2

∫ π/2

0

ϕκ(θ)dθ +O(κ−3)

= 2C−1
κ (L)

∫ κ

0

L′(r)r{rκ(2− rκ)}−1/2dr +O(κ−3)

= 2C−1
κ (L)κ−1/2

∫ κ

0

L′(r)r1/2[2−1/2 − 2−5/2r/κ+O(κ−2)]dr +O(κ−3)

= 2C−1
κ (L)κ−1/2[2−1/2µ2,κ(L

′)− 2−5/2κ−1µ4,κ(L
′) +O(κ−2)] +O(κ−3)

= −1

2
− 3

8
µ−1
0 (L)µ2(L)κ

−1 +O(κ−2), (77)

α2(ϕκ) = 2C−1
κ (L)

∫ π/2

0

L′(κ{1− cos(θ)})κ{1− cos(θ)}θ2dθ +O(κ−3)

= 2C−1
κ (L)

∫ κ

0

L′(r)r[r/κ(2− r/κ) +O(κ−2)]{rκ(2− r/κ)}−1/2dr +O(κ−3)

= 2C−1
κ (L)κ−3/2

∫ κ

0

L′(r)r3/2(2− r/κ)1/2dr +O(κ−2)

= 2C−1
κ (L)κ−3/2µ4,κ(L

′){21/2 +O(κ−1)}+O(κ−2)

= 2µ−1
0 (L)(−3µ2(L)/2)κ

−1 +O(κ−2)

= −3µ−1
0 (L)µ2(L)κ

−1 +O(κ−2),
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and

α4(ϕκ) = 2

∫ π/2

0

ϕκ(θ)θ
4dθ +O(κ−3)

= 2C−1
κ (L)

∫ κ

0

L′(r)r[{r/κ(2− r/κ)}2 +O(κ−3)]{rκ(2− r/κ)}−1/2dr +O(κ−3)

= O(κ−2). (78)

Then, by combining (72), (73), and Lemma 7, it follows that

dγ(yij)

dκ
=

d

dκ

{
C−2

κ (L)

∫ π

−π

Lκ(w)Lκ(w + yij)dw − 2C−1
κ (L)Lκ(yij)

}
= −2C−3

κ (L)C ′
κ(L)

∫ π

−π

Lκ(w)Lκ(w + yij)dw

+ C−2
κ (L)

∫ π

−π

d

dκ
{Lκ(w)Lκ(w + yij)}dw

+ 2C−2
κ (L)C ′

κ(L)Lκ(yij)− 2C−1
κ (L)

d

dκ
Lκ(yij)

= κ−1

[
−2α0(ϕκ)

∫ π

−π

Kκ(w)Kκ(w + yij)dw

+

∫ π

−π

{ϕκ(w)Kκ(w + yij) +Kκ(w)ϕκ(w + yij)}dw

+ 2α0(ϕκ)Kκ(yij)− 2ϕκ(yij)

]
= κ−1

[∫ π

−π

Kκ(w)Kκ(w + yij)dw − 2Kκ(yij)

+Kκ(yij) +

∫ π

−π

{ϕκ(w)Kκ(w + yij) +Kκ(w)ϕκ(w + yij)}dw − 2ϕκ(yij)

+
3

4
µ−1
0 (L)µ2(L)κ

−1

{∫ π

−π

Kκ(w)Kκ(w + yij)dw −Kκ(yij)

}]
= κ−1[γ(yij) + ρ(yij) + 3/4µ−1

0 (L)µ2(L)κ
−1τ(yij)]

= κ−1/2Vij. (79)

We obtain (40) from (39) and (79).

Appendix F

Let ρi := Ef [ρij|Θi] and τi := Ef [τij|Θi]. Then, the conditional expectation Vi is presented as
the following linear combination of the three conditional expectations: γi, ρi, and τi.

Vi = κ−1/2

[
γi + ρi +

3

4
µ−1
0 (L)µ2(L)κ

−1τi

]
. (80)

We present the following lemma regarding ρi.
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Lemma 8. The conditional expectation ρi is given by

ρi = f(Θi)− 3

[
f (2)(Θi)

4
+ f (4)(Θi)

]
µ−2
0 µ2

2(L)κ
−2 +O(κ−3).

(81)

Proof of Lemma 8. The term α2t(ρ) =
∫ π

−π
ρ(y)y2tdy is given by

α2t(ρ) = α2t(Kκ)

+ κC−2
κ (L)

∫ π

−π

∫ π

−π

{ϕκ(w)Kκ(w + y) +Kκ(w)ϕκ(w + y)}y2tdwdy − 2α2t(ϕκ). (82)

The second term of (82) is reduced to∫ π

−π

∫ π

−π

{ϕκ(w)Kκ(w + y) +Kκ(w)ϕκ(w + y)}y2tdwdy

= 2

∫ π

−π

∫ π

−π

Kκ(w)ϕκ(s)}(s− w)2tdwdy

= 2

∫ π

−π

∫ π

−π

Kκ(w)ϕκ(s)

[
2t∑

m=0

(−1)m2tCmw
ms2t−m

]
dwds

= 2
2t∑

m=0

(−1)m2tCmαm(Kκ)α2t−m(ϕκ). (83)

It follows from (82) and (83) that

α0(ρ) = α0(Kκ) = 1, (84)

and

α2t(ρ) = α2t(Kκ) + 2
2t∑

m=1

(−1)m2tCmαm(Kκ)α2t−m(ϕκ) t ≥ 1. (85)

From combining Lemmas 3 and 7, and (85), it follows that

α2(ρ) = −3

2
µ−2
0 µ2

2(L)κ
−2 +O(κ−3), (86)

α4(ρ) = −72µ−2
0 µ2

2(L)κ
−2 +O(κ−3), (87)

and,

α6(ρ) = O(κ−3). (88)
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By combining (84), (86), (87), and (88), we obtain the conditional expectation ρi. That is,

ρi =

∫ π

−π

ρ(θj −Θi)f(θj)dθj

=

∫ π

−π

ρ(y)f(Θi + y)dy

=
2∑

t=0

f (2t)(Θi)

(2t)!
α2t(ρ) +O(α6(ρ))

= f(Θi)− 3

[
f (2)(Θi)

4
+ f (4)(Θi)

]
µ−2
0 µ2

2(L)κ
−2 +O(κ−3). (89)

We present the following lemma regarding τi.

Lemma 9. The conditional expectation τi is given by

τi = f (2)(Θi)µ
−1
0 µ2(L)κ

−1 +O(κ−2).

(90)

Proof of Lemma 9. We set αt(τ) :=
∫ π

−π
τ(y)ytdy. Then, it follows that

α2t(τ) =
2t∑

m=0

(−1)m2tCmαm(Kκ)α2t−m(Kκ)− α2t(Kκ). (91)

From combining Lemma 3 and (91) It follows that the terms α0(τ), α2(τ) and α4(τ) are equal
to,

α0(τ) = 0, (92)

α2(τ) = 2µ−1
0 (L)µ2(L)κ

−1 +O(κ−1), (93)

and,

α4(τ) = O(κ−2), (94)

respectively. It is shown from (92), (93) and (94) that

τi =

∫ π

−π

τ(θj −Θi)f(θj)dθj

=

∫ π

−π

τ(y)f(Θi + y)dy

= f(Θi)α0(τ) +
f (2)(Θi)

2
α2(τ) +O(α4(τ))

= f (2)(Θi)µ
−1
0 (L)µ2(L)κ

−1 +O(κ−2).
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By combining (17), (80), and Lemmas 8 and 9, The conditional expectation Vi is reduced
to

Vi = κ−1/2

[
γi + ρi +

3

4
µ−1
0 (L)µ2(L)κ

−1τi

]
= −2f (4)(Θi)µ

−2
0 (L)µ2

2(L)κ
−5/2 + o(κ−5/2). (95)

The expectations of Vi and V
2
i are given by

Ef [Vi] = −2R(f ′′)µ−2
0 (L)µ2

2(L)κ
−5/2 + o(κ−5/2), (96)

and

Ef [V
2
i ] = 4[R(f (4)f 1/2)]µ−4

0 (L)µ4
2(L)κ

−5 + o(κ−5), (97)

respectively. We obtain the variance of Xi from (96) and (97). That is,

Varf [Xi] = 4[R(f (4)f 1/2)−R(f ′′)2]µ−4
0 (L)µ4

2(L)κ
−5 + o(κ−5). (98)

From (98), we show that the variance Varf [Xi] is finite. Thus, we obtain (42) from the central
limit theorem.

Appendix G

We derive the expectation Ef [V
2m
ij ]. That is,

Ef [V
2m
ij ] =

∫ π

−π

∫ π

−π

[κ−1/2{γ(θi − θj) + ρ(θi − θj) +O(κ−1)}]2mf(θi)f(θj)dθidθj

= κ−m

[∫ π

−π

∫ π

−π

{γ(θi − θj) + ρ(θi − θj)}2mf(θi)f(θj)dθidθj
]
{1 + o(1)}

= κ−m [R((γ + ρ)m)R(f) +O(R((γ + ρ)my))] . (99)

Lemma 10. The term R((γ + ρ)myt) is given by

R((γ + ρ)myt) = κ(2m−2t−1)/2[Mm,t(L) + o(1)].

Proof of Lemma 10. We set

ψ(y) =

∫ π

−π

L′(κ{1− cos(w)})κ{1− cos(w)}L(κ{1− cos(w + y)})dw.

Then, the term
∫ π

−π
d
dκ
{Lκ(w)Lκ(w + y)}dw reduces to

κ

∫ π

−π

d

dκ
{Lκ(w)Lκ(w + y)}dw = ψ(y) + ψ(−y). (100)
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We set λκ1/2(L) :=
∫ κ1/2π

−κ1/2π
L′(t2/2)L((t+z)2/2)t2/2dt. Then, it holds that λκ1/2(L) = λ(L)+o(1)

from (f). Thus, it follows that

ψ(κ−1/2z) =

∫ κ1/2π

−κ1/2π

L′(κ{1− cos(κ−1/2t)})κ{1− cos(κ−1/2t)}L(κ{1− cos(κ−1/2(t+ z))})κ−1/2dt

= κ−1/2

[∫ κ1/2π

−κ1/2π

L((t+ z)2/2)L′(t2/2)t2/2dt+O(κ−1)

]
= κ−1/2

[
λκ1/2(z) +O(κ−1)

]
= κ−1/2

[
{λ(z) + o(1)}+O(κ−1)

]
= κ−1/2[λ(z) + o(1)]. (101)

We set Mκ,m,t(L) :=
∫ κπ

−κπ
m(L)2mz2tdz. Then, it holds from combining (b), (e), and (f) that

Mκ,m,t(L) = Mm,t(L) + o(1). From considering this, (62), and (101), The term R({γ + ρ}myt)
is reduced to

R((γ + ρ)myt) =

∫ π

−π

{γ(y) + ρ(y)}2my2tdy

=

∫ κ1/2π

−κ1/2π

[
C−2

κ (L)

{∫ π

−π

Lκ(w)Lκ(w + κ−1/2z)dw + ψ(κ−1/2z) + ψ(−κ−1/2z)

}
− C−1

κ (L){Lκ(κ
−1/2z) + 2L′(κ{1− cos(κ−1/2z)})κ{1− cos(κ−1/2z)}}

]2m
× (κ−1/2z)2tκ−1/2dz

= κ−(2t+1)/2

∫ κ1/2π

−κ1/2π

[
C−2

κ (L)κ−1/2 {η(z) + λ(z) + λ(−z) + o(1)}

− C−1
κ (L){L(z2/2) + L′(z2/2)z2 +O(κ−1)}

]2m
z2tdz

=κ−(2t+1)/2

∫ κ1/2π

−κ1/2π

[
κ1/2

{
η(z) + λ(z) + λ(−z)

2µ2
0(L)

− L(z2/2) + L′(z2/2)z2

21/2µ0(L)
+ o(1)

}]2m
× z2tdz

= κ(2m−2t−1)/2[Mκ,m,t(L) + o(1)]

= κ(2m−2t−1)/2[Mm,t(L) + o(1)].

From combining (99) and Lemma 10, it follows that

Ef [V
2m
ij ] = κ−1/2[Mm,0(L)R(f) + o(1)]. (102)

From (95), it follows that Vi = O(κ−5/2). Then, The expectation Ef [H
2m
ij ] is reduced to

Ef [H
2m
ij ] = Ef [{Vij − Vi − Vj + Ef [Vij]}2m]

= Ef [V
2m
ij ]{1 + o(1)}

= κ−1/2[Mm,0(L)R(f) + o(1)]. (103)
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Noting that Vii is a constant, it follows that

Gij := Ef [HiiHij]

= Ef [{Vii + Ef [Vi]− 2Vi}{Vij − Vi − Vj + Ef [Vi]}]
= 0− 2Ef [V

2
i ] + 2Ef [V

2
i ] + 2Ef [Vi]

2 − 2Ef [Vi]
2

= 0. (104)

From (103) and (104), it follows that the U-statistic Hij satisfies (43). That is,

Ef [G
2
ij] + n−1Ef [H

4
ij]

Ef [H2
ij]

2
=
n−1[κ−1/2[M2,0(L)R(f) + o(1)]

[κ−1/2M1,0(L)R(f) + o(1)]2

= o(1). (105)

We obtain the asymptotic normality for (44) from (105).

Appendix H

Let g−9/4Wij = Qij. From (38), the expectation Ef [Q
2
ij] is given by

Ef [Q
2
ij] = g−9/2Ef [W

2
ij]

= G1,0(S4)ψ0 + o(1). (106)

From combining (33), (34), and Lemma 6, it follows that

Ef [Q
4
ij] = g−9Ef [W

4
ij]

= g−9Ef [U
4
ij]{1 + o(1)}

= g1/2{G2,0(S4)ψ0 + o(1)}. (107)

By combining Gij = 0, (106), and (107), it follows that that

Ef [G
2
ij] + n−1Ef [Q

4
ij]

Ef [Q2
ij]

2
=

0 + n−1[G2,0(S4)ψ0g
1/2 + o(g1/2)]

[G1,0(S4)ψ0 + o(1)]2

= o(1). (108)

the d-generate U statistic Qij satisfies Lemma 4 by (108). Therefore, as n→ ∞, it holds that∑
i<j

Qij
d−→ N(0, n2G1,0(S4)ψ0/2). (109)

We obtain the asymptotic normality for (53) from (109).
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