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To prove Lemma 1, we make use of the following result from Aitchinson and
Silvey (1958).
Result 1 : If ψ(β) is a continuous function mapping Rk into itself with the
property that, for every β such that ||β|| = 1, βTψ(β) < 0, then there exists

a point β̂
(0)

such that ||β̂
(0)
|| < 1 and ψ(β̂

(0)
) = 0.

Proof of Lemma 1: Fix µ ∈ Uan and consider

ψ(β) =



n(t)∑
j=1

log

(
1− d1j/n1

n1j/n1 + n−1/3−δ/2β1(t)

)
− µ1

n(t)∑
j=1

log

(
1− d2j/n2

n2j/n2 + n−1/3−δ/2β2(t)

)
− µ2

...
n(t)∑
j=1

log

(
1− dkj/nk

nkj/nk + n−1/3−δ/2βk(t)

)
− µk


.

Note that by Gijbels and Wang (1993), we have

sup
0≤s≤τ2

| log(F̄i(s))− log( ˆ̄Fi(s))| = O(
√

log log(ni)/ni).

Using this, we get

βTψ(β) = βT (log( ˆ̄F(t))− µ)− n−1/3−δ/2βT Ĉβ +O(n−2/3−δ)

≤ O(n−1/3−δ)− min
1≤i≤k

(ci(t))n
−1/3−δ/2 +O(n−2/3−δ)

< 0
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almost surely. Now Result 1 implies that there exists β̂ ≡ β̂(µ) such that

ψ(β̂) = 0, The rest of the lemma’s claim follows using the implicit function
theorem. ut
Proof of Lemma 2: Lemma 1 shows that for any µ such that ||µ−µ(0)|| ≤ an,
there exists β̂, a differentiable function of µ, such that ψ(β̂) = 0. It easily
follows from this that

∂ψ(β̂)

∂µT
= 0⇒ ∂β̂

∂µT
= C−1 +O(an).

Also arguments similar to those in Aitchison and Silvey (1958) show that

equations Qin(β,µ,λ) = 0, i = 1, 2, have solutions µ̂ and λ̂ in {(µ,λ) :
||µ− µ(0)||+ ||λ|| ≤ an}.

Next we show that any solution to (8) maximizes L(µ) in Uan subject to
h(µ) = 0. By differentiating (6) with respect to µi we get

d

dµi
βi =

1
n(t)∑

j=n(s)+1

nidij
(nij + niβi − dij)(nij + niβi)

, i = 1, 2, . . . , k. (S.1)

Using this, we can easily show that

∇ logL(µ) = −Nβ (S.2)

where N = diag(n1, n2, . . . , nk). Therefore, we have for some µ∗ ∈ Uan ,

log(L(µ)) = log(L(µ̂)) +∇ logL(µ̂)(µ̂− µ)

+
1

2
(µ̂− µ)T

∂2 log(L(µ∗))

∂µ∂µT
(µ̂− µ)

= log(L(µ̂))− β̂
T
N(µ̂− µ) +

1

2
(µ̂− µ)T

∂2 log(L(µ∗))

∂µ∂µT
(µ̂− µ).

Since
Q2n(β̂, λ̂, µ̂) = 0⇔ N β̂ = nHλ̂, (S.3)

we have

β̂
T

(µ̂)N(µ̂− µ) = nλ̂
T
HT (µ̂− µ) = n(h(µ̂)− h(µ)) = 0.

Also, we have from (S.1) and (S.2)

∂2 log(L(µ∗))

∂µ∂µT
= −N ∂β̂(µ∗)

∂µ
= −NĈ−1 +O(an) = n ˆ̃C

−1
+O(an).

As a result

log(L(µ))− log(L(µ̂)) = −n1

2
(µ̂− µ)T C̃−1(µ̂− µ) + o(1)

and hence L(µ) < L(µ̂) almost surely. ut
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Proof of Theorem 1. First note that

Q2n(β̂
(0)
, µ̂(0), λ̂

(0)
) = 0⇔ −Γ̂ β̂

(0)
+Hλ̂

(0)
= 0

where Γ̂ = diag(n1/n, n2/n, . . . , nk/n). Also

0 = Q3n(β̂
(0)
, µ̂(0), λ̂

(0)
) = HTµ(0) = HT (µ̂(0) − µ(0)).

Expanding Q1n(β̂
(0)
, µ̂(0), λ̂

(0)
) about (0,µ(0),0), we get

0 = Q1n(β̂
(0)
, µ̂(0), λ̂

(0)
)

= Q1n(0,µ(0),0) +
∂Q1n(0,µ(0),0)

∂βT
β̂
(0)

+
∂Q1n(0,µ(0),0)

∂µT
(µ̂(0) − µ(0))

+
∂Qin(0,µ(0),0)

∂λT
λ̂
(0)

+ op(δn)

= Ĉβ̂
(0)
− (µ̂(0) − µ(0)) + op(δn)

where δn = ||µ̂(0) − µ(0)||+ ||β̂
(0)
||+ ||λ̂

(0)
||. This gives−Q1n(0,µ(0), 0) + op(δn)

0
0

 =

 Ĉ −I 0

−Γ̂ 0 H
0 HT 0


 β̂

(0)

µ̂(0) − µ(0)

λ̂
(0)

 . (S.4)

Notice that

Q1n(0,µ0,0) =


log( ˆ̄F 1(t))− log(F̄ (t))

log( ˆ̄F 2(t))− log(F̄ (t))
...

log( ˆ̄F k(t))− log(F̄ (t))

 .

If we take δn = n−1/2, we get applying the Delta method

√
n[−Q1n(0,µ0,0) + o(δn)]

d→ N(0, C̃). (S.5)

Let A11 = C,A12 = (I, 0),A21 = ΓAT
12 and

A22 =

(
0 H

HT 0

)
where Γ = lim

n→∞
Γ̂ = diag(γ1, γ2, . . . , γk). Then (S.4) implies that

√
n

(
β̂
(0)

ξ̂
(0)

)
=

(
A11 A21

A21 A22

)−1(√
nQ1n(0,µ(0),0)

0

)
+ op(1).
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Therefore

√
nξ̂

(0)
=
√
n(0, I)

(
β̂
(0)

ξ̂
(0)

)
=
√
nA−122.1A21A

−1
11 Q1n(0,µ(0),0) + op(1) (S.6)

where

A22.1 = A22 −A21A
−1
11 A12 =

(
C̃−1 H
HT 0

)
.

Now, using (S.5), we get

√
nA21A

−1
11 Q1n(0,µ(0),0) =

(
C̃−1Q1n(0,µ(0),0)

0

)
+ oP (1)

d→ N

(
0,

(
C̃−1 0

0 0

))
.

Moreover, it is easy to check that

A−122.1 =

(
P Q
QT −R

)
where Q = C̃HR. Using (S.6), we have

√
nξ̂

(0) d→ N

(
0, A−122.1

(
C̃−1 0

0 0

)
A−122.1

)
d→ N

(
0,

(
P 0
0 R

))
and we have the desired conclusion. ut
Proof of Lemma 4: To prove (9), it suffices to show that for any t ∈ [τ1, τ2]
and any 1 ≤ ` ≤ k, with probability at least 1− ε,

|β̂(0)
` (t)| ≤ −2

log(F̄ (τ1))
(max
j 6=`

(−(log( ˆ̄F j(t))+Λ̂`(t)),max
j 6=`

(−(log( ˆ̄F `(t))+Λ̂j(t))))

where for any r, Λ̂r(t) =

n(t)∑
j=1

drj/nrj is the Nelson-Aalen estimator of Λr(t).

This will give the desired conclusion since the right hand side is Op(n
−1/2)

uniformly in t over [τ1, τ2] under H0. First notice that, since n1β̂
(0)
1 (t) =

nλ̂
(0)
1 (t), n2β̂

(0)
2 (t) = n(λ

(0)
2 (t)−λ(0)1 (t)), . . . , nk−1β̂

(0)
k−1(t) = n(λ̂

(0)
k−1(t)−λ̂(0)k (t))

and nkβ̂
(0)
k (t) = −nλ̂(0)k−1(t),

k∑
i=1

niβ̂
(0)
i (t) = 0. Let B−(t) = {i, β̂(0)

i (t) < 0} and

B+(t) = {i, β̂(0)
i (t) > 0}. Clearly, B−(t) 6= ∅ iff B+(t) 6= ∅. Suppose B−(t) 6= ∅

and suppose ` ∈ B−(t) and `′ ∈ B+(t). It follows from Li (1995) that

− log

n(t)∏
j=1

(
1− d`j

n`j + n`β̂
(0)
` (t)

)
≥ Λ̂`(t)

(
n`

n` − n`|β̂(0)
` (t)|

)
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and

log

n(t)∏
j=1

(
1− d`j

n`′j + n`′ β̂
(0)
`′ (t)

)
≥ −Λ̂`′(t)

(
n`′

n`′ + n`′ β̂
(0)
`′ (t)

)
+ log( ˆ̄F `′(t))

+ Λ̂`′(t).

Since the sum of the terms on the left hand side of the two inequalities above
is 0, we have

0 ≥ Λ̂`(t)

(
n`

n` − n`|β(0)
` (t)|

)
− Λ̂`′(t)

(
n`′

n`′ + n`′β
(0)
`′ (t)

)
+ log( ˆ̄F `(t)) + Λ̂`′(t)

Since log( ˆ̄F `′(t)) + Λ̂`′(t) ≤ 0, we have

−|β̂(0)
` (t)| log( ˆ̄F `′(t))+β

(0)
`′ (t)(Λ̂`(t)+log( ˆ̄F `′(t))+Λ̂`′(t)) ≤ −(log( ˆ̄F `′(t))+Λ̂`(t)).

Clearly the uniform strong consistency of the Kaplan-Meier estimator implies

that sup
0≤u≤τ2

| − log( ˆ̄F j(u)) + log(F̄ (u)))| → 0 with probabability one. In addi-

tion, by the consistency of the Nelson-Aalen estimator, we have sup
0≤u≤τ2

|Λ̂j(u)+

log(F̄ (u))| P→ 0 where
P→ is used to denote convergence in probability. Conse-

quently, sup
0≤u≤τ2

|Λ̂j(u) + log( ˆ̄F j(u))| P→ 0. Therefore, for sufficiently large n ,

we have − log( ˆ̄F `′(t)) ≥ − 1
2 log(F̄ (τ1)) > 0 and Λ̂`(t) + log( ˆ̄F `′(t)) + Λ̂`′(t)) ≥

− 1
2 log(F̄ (τ1)) > 0 for all t ∈ [τ1, τ2] with a probability of at least 1− ε. This

implies that, for sufficiently large n and with probability of at least 1− ε,

0 < |β̂(0)
` (t)| ≤ 2

− log(F̄ (τ1))
[−(log( ˆ̄F `′(t)) + Λ̂`(t))]

and

0 < β̂
(0)
`′ (t) <

2

− log(F̄ (τ1))
[−(log( ˆ̄F `′(t)) + Λ̂`(t))].

The two inequalities above clearly imply that for any 1 ≤ ` ≤ k, for sufficiently
large n

|β̂`(t)| ≤
2

− log(F̄ (τ1))

{
max
j 6=`

(−(log( ˆ̄F j(t)) + Λ̂`(t)),max
j 6=`

(−(log( ˆ̄F `(t)) + Λ̂j(t)))

}
for any t ∈ [τ1, τ2] with probability at least 1− ε and we have (9).

Next we prove (10). Using the Taylor expansion of log(1 + x) to the fifth
order we get

µ̂
(0)
i (t) ≡

n(t)∑
j=1

log

(
1− dij

nij − niβ̂(0)(t)

)
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= log(F̂i(t)) +

n(t)∑
j=1

log

(
1 +

niβ̂
(0)
i (t)

nij − dij

)
−
n(t)∑
j=1

log

(
1 +

niβ̂
(0)
i (t)

nij

)
= log(F̂i(t)) + β̂

(0)
i (t)ĉi(t)−

[niβ̂
(0)
i (t)]2

2

n(t)∑
j=1

{
1

(nij − dij)2
− 1

n2ij

}

+
[niβ̂

(0)
i (t)]3

3

n(t)∑
j=1

{
1

(nij − dij)3
− 1

n3ij

}

− [niβ̂
(0)
i (t)]4

4

n(t)∑
j=1

{
1

(nij − dij)4
− 1

n4ij

}

+
[niβ̂

(0)
i (t)]5

5

n(t)∑
j=1

{
1

(1 + ψ̂1ij(t))5(nij − dij)5
− 1

(1 + ψ̂2ij(t))5n5ij

}

where

|ψ̂1ij(t)| ≤
ni |̂β

(0)

i (t)|
nij − dij

and |ψ̂2ij(t)| ≤
ni|β̂(0)

i (t)|
nij

Now

[niβ̂
(0)
i (t)]2

n(t)∑
j=1

{
1

(nij − dij)2
− 1

n2ij

}
= [β̂

(0)
i (t)]2v̂i(t)

where

v̂i(t) =

n(t)∑
j=1

{
n2i dij

n2ij(nij − dij)
+

n2i dij
nij(nij − dij)2

}
.

Since v̂i(t) is a uniformly strongly consistent estimator of 2
∫ t
0
dΛi(s)
π2
i
(s)

on [0, τ2],

we have using (9)

[niβ̂
(0)
i (t)]2

n(t)∑
j=1

{
1

(nij − dij)2
− 1

n2ij

}
= Op(n

−1
i )

uniformly on [τ1, τ2].

Let Yi(τ2) =

ni∑
j=1

I[Zij ≥ τ2] and notice that (nij−dij) ≥ Yi(τ2) for j ≤ n(t)

and because πi(τ2) > 0, Yi(τ2) = Op(n
−1
i ). Using this we get

∣∣∣∣∣∣[niβ̂(0)
i (t)]3

n(t)∑
j=1

{
1

(nij − dij)3
− 1

n3ij

}∣∣∣∣∣∣ =

n2i |β̂
(0)
i (t)|3

n(t)∑
j=1

nidij
nij(nij − dij)

(
1

(nij − dij)2
+

1

nij(nij − dij)
+

1

(nij − dij)2

)
≤
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3n2i |β̂
(0)
i (t)|3

[Yi(τ2)]2
ĉi(t) = Op(n

−3/2
i )

uniformly on [τ1, τ2] by (9) and the strong uniform consistency of ĉi(t) on
[0, τ2]. Also

n4i [β̂
(0)
i (t)]4

n(t)∑
j=1

{
1

(nij − dij)4
− 1

n4ij

}
=

n4i [β̂
(0)
i (t)]4

n(t)∑
j=1

(
1

(nij − dij)2
− 1

n2ij

)(
1

(nij − dij)2
+

1

n2ij

)
≤

2n2i [β̂
(0)
i (t)]4

Y 2
i (τ2)

v̂i(t) = Op(n
−2
i )

uniformly in t over [τ1, τ2] by (9) and the uniform strong consistency of v̂i(t)
on [0, τ2]. Finally, we have∣∣∣∣∣∣n5i [β̂(0)

i (t)]5
n(t)∑
j=1

1

(1 + ψ̂1ij(t))5(nij − dij)5

∣∣∣∣∣∣ ≤
2n5i |β̂

(0)
i (t)|5

5Y 5
i (τ2)

∣∣∣∣∣∣
n(t)∑
j=1

1

(1 + ψ̂1ij(t))5

∣∣∣∣∣∣ = Op(n
−3/2
i )

uniformly over t in [τ1, τ2] since max
1≤i≤k

max
1≤j≤n(t)

sup
τ1≤t≤τ2

ψ̂1ij(t) = op(1) by (9)

and sup
τ1≤t≤τ2

n(t) = Op(ni) (this holds beacuse ni/n → γi > 0). Similarly, we

have ∣∣∣∣∣∣2n
5
i [β̂

(0)
i (t)]5

5

n(t)∑
j=1

1

(1 + ψ̂1ij(t))5n4ij

∣∣∣∣∣∣ ≤
2n5i |β̂

(0)
i (t)|5

5Y 4
i (τ2)

∣∣∣∣∣∣
n(t)∑
j=1

1

(1 + ψ̂1ij(t))5

∣∣∣∣∣∣ = Op(n
−3/2)

uniformly over t in [τ1, τ2]. Therefore, under H0,

µ̂
(0)
i (t) = log( ˆ̄F i(t)) + ĉi(t)β̂

(0)
i (t)− v̂i(t)

2
[β̂

(0)
i (t)]2 +Op(n

−3/2
i ) (S.7)

uniformly in t over [τ1, τ2]. Since by (S.3) we have n1β̂
(0)
1 (t) = nλ̂

(0)
1 (t),

niβ̂
(0)
i (t) = n(λ̂

(0)
i (t)− λ̂(0)i−1(t)), i = 2, 3, . . . , k, and because µ̂

(0)
i (t)− µ̂(0)

i+1(t) =
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0, i = 1, 2, . . . , k − 1, and ni/n→ γi > 0, we get using (S.7)(
n

n1
ĉ1(t) +

n

n2
ĉ2(t)

)
λ̂
(0)
1 (t)− n

n2
ĉ2(t)λ̂

(0)
2 (t) = log

(
ˆ̄F 1(t)

ˆ̄F 2(t)

)
+ v̂1(t)

n2[λ̂
(0)
1 (t)]2

n21

− v̂2(t)

2

n2(λ̂
(0)
2 (t)− λ̂(0)1 (t))2

n22

+ Op(n
−3/2)

and

− n

ni
ĉi(t)λ̂

(0)
i−1(t) +

(
n

ni
ĉi(t) +

n

ni+1
ĉi+1(t)

)
λ̂
(0)
i (t)− n

ni+1
ĉi+1(t)λ̂

(0)
i+1(t) =

log

(
ˆ̄F i(t)

ˆ̄F i+1(t)

)
+
v̂i(t)

2

n2(λ̂
(0)
i (t)− λ̂(0)i−1(t))2

n2i
− v̂i+1

2
(t)
n2(λ̂

(0)
i+1(t)− λ̂(0)i (t))2(t)

n2i+1

+ Op(n
−3/2)

i = 2, 3, . . . , k − 1. This can be expressed as

HT ˆ̃C(t)Hλ̂
(0)

(t) =

(
log

(
ˆ̄F 1(t)

ˆ̄F 2(t)

)
, log

(
ˆ̄F 2(t)

ˆ̄F 3(t)

)
, . . . , log

(
ˆ̄F k−1(t)

ˆ̄F k(t)

))
+Op(n

−1)

= HT log( ˆ̄F(t)) +Op(n
−1)

where ˆ̃C(t) = diag( nn1
ĉ1(t), nn2

ĉ2(t), . . . , nnk
ĉk(t)). Since the elements ofHT ˆ̃C(t)H

are uniformly strongly consistent estimator of the corresponding elements of
HT C̃(t)H = R−1(t), we have

λ̂
(0)

(t) = R(t)HT log( ˆ̄F(t)) +Op(n
−1)

uniformly on [τ1, τ2] and we have (10).
To prove (11), notice that equations in (S.7) are equivalent to

µ̂(0)(t) = log( ˆ̄F(t)) + Ĉ(t)β̂
(0)

(t) +Op(n
−1).

Since β̂
(0)

(t) = Γ̂−1Hλ̂
(0)

(t) by (S.3), we have using (9)

µ̂(0)(t) = (I − ˆ̃C(t)HR(t)HT ) log( ˆ̄F(t)) +Op(n
−1)

= P (t)C̃−1(t) log(F̂(t)) +Op(n
−1)

where I is the identity matrix and we have (11). ut
Proof of Lemma 4: Using the functional delta method, we can easily show that

√
n(log( ˆ̄F)− log(F̄))

w⇒ V



A test for the presence of stochastic ordering (Proofs) 9

on [0, τ2]. Since HT log(F) = 0 under H0, equation (10) implies

U1n(t) =
√
nR(t)HT log( ˆ̄F(t)) +Op(n

−1/2)

=
√
nR(t)HT [log( ˆ̄F(t))− log(F(t))] +Op(n

−1/2)

uniformly on [τ1, τ2]. Therefore

{U1n(t), τ1 ≤ t ≤ τ2}
w⇒ {R(t)HTV(t), τ1 ≤ t ≤ τ2}.

Similarly, we have using (11)

U2n(t) =
√
n(I − ˆ̃C(t)HR(t)HT )[log( ˆ̄F(t))− log(F̄(t))] +Op(n

−1/2)

uniformly on [τ1, τ2]. Therefore

{U2n(t), , τ1 ≤ t ≤ τ2}
w⇒ {(I − C̃(t)HR(t)HT )V(t), τ1 ≤ t ≤ τ2}
w⇒ {P (t)C̃−1(t)V(t), τ1 ≤ t ≤ τ2}.

Finally, to show independence, we have

Cov(R(t)HTV(t),P(t)C̃−1(t)V(t)) = R(t)HTC̃C̃−1(C̃− C̃HR(t)HTC̃) = 0.

This completes the proof. ut
Proof of Theorem 2: By Taylor series expansion

−2 log(R02(t)) = −2

k∑
i=1

n(t)∑
j=1

(nij − dij) log

(
1 +

niβ̂
(0)
i (t)

nij − dij

)

+ 2

k∑
i=1

n(t)∑
j=1

nij log

(
1 +

niβ̂
(0)
i (t)

nij

)

=

k∑
i=1

ni[β̂
(0)
i (t)]2ĉi(t) +An +Bn + Cn

where

An = −
k∑
i=1

2n3i [β̂
(0)
i (t)]3

3

n(t)∑
j=1

{
1

(nij − dij)2
− 1

n2ij

}

Bn =

k∑
i=1

n4i [β̂
(0)
i (t)]4

2

n(t)∑
j=1

{
1

(nij − dij)3
− 1

n3ij

}

Cn = −
k∑
i=1

2n5i [β̂
(0)
i (t)]5

5

n(t)∑
j=1

{
1

(1 + ψ̂1ij(t))5(nij − dij)4
− 1

(1 + ψ̂2ij(t))5n4ij

}
and

|ψ̂1ij(t)| ≤
niβ̂

(0)
i (t)|

nij − dij
and |ψ̂2ij(t)| ≤

ni|β̂(0)
i (t)|
nij

.
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Using the same notation and the same arguments as in the proof of Lemma
4, we get

|An| ≤
2n3i |β̂

(0)
i (t)|3

3Yi(τ2)

n(t)∑
j=1

(
1

nij − dij
− 1

nij

)
≤ 2n2i [β̂

(0)
i (t)]3

3Yi(τ2)
ĉi(t) = Op(n

−1/2
i )

0 ≤ Bn =
n4i [β̂

(0)
i (t)]4

2

n(t)∑
j=1

dij
nij(nij − dij)

(
1

(nij − dij)2
+

1

nij(nij − dij)
+

1

n2ij

)

≤ 3n3i [β̂
(0)
i (t)]4

2Y 2
i (τ2)

ĉi(t) = Op(n
−1
i ).

We also have |Dn| ≤ D1n +D2n where

D1n =

∣∣∣∣∣∣2n
5
i [β̂

(0)
i (t)]5

5

n(t)∑
j=1

1

(1 + ψ̂1ij(t))5(nij − dij)4

∣∣∣∣∣∣
and

D2n =

∣∣∣∣∣∣2n
5
i [β̂

(0)
i (t)]5

5

n(t)∑
j=1

1

(1 + ψ̂1ij(t))5n4ij

∣∣∣∣∣∣ .
In addition,

D1n ≤
2n5i |β̂

(0)
i (t)|5

5Y 4
i (τ2)

∣∣∣∣∣∣
n(t)∑
j=1

1

(1 + ψ̂1ij(t))5

∣∣∣∣∣∣ = Op(n
−1/2
i )

and

D2n ≤
2n5i |β̂

(0)
i (t)|5

5Y 4
i (τ2)

∣∣∣∣∣∣
n(t)∑
j=1

1

(1 + ψ̂1ij(t))5

∣∣∣∣∣∣ = Op(n
−1/2
i )

uniformly over t in [τ1, τ2]. Since ni/n→ γi > 0, under H0,

−2 log(R02(t)) =

k∑
i=1

niĉi(t)[β̂
(0)
i (t)]2 +Op(n

−1/2)

= n[λ̂
(0)

(t)]THT ˆ̃C(t)Hλ̂
(0)

(t) +Op(n
−1/2)

uniformly in t over interval [τ1, τ2]. Now Lemma 5 implies that

T02
d→ sup
τ1≤t≤τ2

[V(t)]TH[R(t)]HTV(t).
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It is easy to verify that

[V(t)]THR(t)HTV(t) = min{||V(t)− µ||2w̃(t), H
Tµ = 0}

= min{||V(t)− µ||2w̃(t), µ1 = µ2 = · · · = µk}

=

k∑
i=1

w̃i(t)(Vi(t)− V̄ (t))2 = ||V(t)− Ew̃(t)[V(t)|I0]||2w̃(t)

where

V̄ (t) =

∑k
i=1 w̃i(t)Vi(t)∑k
i=1 w̃i(t)

= Ew̃(t)[V(t)|I0].

Therefore
T02

d→ sup
τ1≤t≤τ2

||V(t)− Ew̃(t)[V(t)|I0]||2w̃(t).

When all the samples are censored by the same distribution, c1(t) = c2(t) =
. . . = ck(t) ≡ c(t) and w̃i(t) = γi/c(t), i = 1, 2, . . . , k. This implies that

||V(t)− Ew̃(t)[V(t)|I0]||2w̃(t) =

k∑
i=1

γi
c(t)

γ−1/2i Wi(c(t))−
k∑
j=1

γ
1/2
j Wj((c(t))

2

=

k∑
i=1

γi(1 + c(t))2

c(t)

γ−1/2i

Wi(c(t))

(1 + c(t))
−

k∑
j=1

γ
1/2
j

Wj(c(t))

(1 + c(t))

2

d
=

k∑
i=1

γi
u(1− u)

γ−1/2i Bi(u)−
k∑
j=1

γ
1/2
j Bj(u)

2

where u ≡ u(t) = c(t)/(1 + c(t)) and B1, B2, . . . , Bk are independent standard
Brownian bridges. The desired conclusion follows immediately from this. ut

To prove Lemma 6, we make use of the following result. LetR01:π(t) denote
the local empirical likelihood ratio test statistic for testing Ht0 against Ht1:π −
Ht0 where, for π, a proper subset of {1, 2, . . . , k − 1},

Ht1:π : (F̄1(t), F̄2(t), . . . , F̄k(t))T ∈ I(π)

and I(π) = {x ∈ Rk, xi = xj , (i, j) ∈ π2}. That is,

R01:π(t) =
sup

{∏k
i=1 L(F̄i) : (F̄1(t), F̄2(t), . . . , F̄k(t))T ∈ I0

}
sup

{∏k
i=1 L(F̄i) : (F̄1(t), F̄2(t), . . . , F̄k(t))T ∈ I(π)

} .
The following result holds.
Result 2.: Under H0

−2 log(R01:π(t))
d→ ||Ew̃(t)[V(t)|I(π)]− Ew̃(t)[V(t)|I0||2w̃(t) ∼ χ

2
k−1−card(π)
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where card(π) is used to denote the cardinality of π.

Proof: Let λ̂
(0)

(t) be as defined before and let λ̂
(0)

π (t) be the corresponding
value when H is replaced by H(π) where H(π) is the sub-matrix H corre-
sponding to constraints in Ht1:π. Lemma 4 implies that

Uπ
1n(t) ≡

√
nλ̂

(0)

π (t) =
√
nRπ(t)HT (π) log( ˆ̄F (t)) +Op(n

−1/2) (S.8)

uniformly on [τ1, τ2]. under H0. Here Rπ(t) is the value of R(t) when H is
replaced by H(π) in Theorem 1. Clearly

−2 log(R01:π(t)) = −2 log(R02(t)) + 2 log(R12:π(t))

where R12:π(t) is the local EL statistic for testing Ht1:π against Hτ2 − Ht
1:π.

The proof of Theorem 2 implies that

−2 log(R01:π(t)) = n[λ̂
(0)

(t)]THT C̃Hλ̂
(0)

(t)− n[λ̂
(0)

π (t)]THT (π)C̃H(π)λ̂
(0)

π (t)

+ Op(n
−1/2)

d→ [V(t)]THR(t)HTV(t)− [V(t)]TH(π)Rπ(t)HT (π)V(t).

To complete the proof we note that

[V(t)]THR(t)HTV(t)− [V(t)]TH(π)Rπ(t)HT (π)V(t) =

min{||V(t)− µ||2w̃(t), H
Tµ = 0} −min{||V(t)− µ||2w̃(t), H

T (π)µ = 0} =

||V − E[V|I0]||2w̃(t) − ||V(t)− E[V(t)|I(π)]||2w̃(t) =

||Ew̃[V(t)|I(π)]− Ew̃(t)[V(t)|I0]||2w̃(t) =

k∑
i=1

w̃i(t)
(
Ew̃(t)[V(t)|I(π)]i − V̄ (t)

)2 ∼ χ2
k−card(π)−1

where the third equality follows from the properties of the least squared pro-
jection onto nested linear subspaces. ut
Proof of Lemma 6: Let F denote the class of all the subsets of {1, 2, . . . , k−1}
and let π be an element of F and πc be its complement. Let µ̂(1)(t) and µ̂(0)

π (t)

be the maximizers of (7) under Ht1 and Ht1:π, respectively. Then µ̂(1)(t) equals

µ̂(0)
π (t) for exactly one π. Moreover µ̂(1)(t) = µ̂(0)

π (t) if and only if (Wollan
and Dykstra (1985) and El Barmi and Dyksta (1999))

hs(µ̂
(0)
π (t)) < 0, ∀s ∈ πc and λ̂

(0)

π (t) > 0.

Using the same steps as in the proof of Lemma 4, under H0, (S8) holds and

√
n(µ̂(0)

π (t)−µ(0)(t)) = Pπ(t)C̃−1(t)[log( ˆ̄F(t))− log(F̄(t))]+Op(n
−1/2) (S.9)

uniformly on [τ1, τ2] where Pπ(t) is value of P is Theorem 1 when H is replaced

by H(π). Moreover, if Uπ
2n(t) =

√
n(µ̂(0)

π (t)− µ(0)(t)), then

(Uπ
1n,U

π
2n)T

w⇒ (Uπ
1 ,U

π
2 )T
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on [τ1, τ2] where

Uπ
1 (t) = Rπ(t)HT (π)V(t) and Uπ

2 (t) = Pπ(t)C̃−1(t)V(t)

and Uπ
1 and Uπ

2 are independent processes. Consequently, using (S.8), (S.9),
independence of Uπ

1 and Uπ
2 and Result 2, we get

−2 log(R01(t)) = −2
∑
π∈F

log (R01:π(t)) I[hs(µ̂
(0)
π (t)) < 0,∀s ∈ πc, λ̂

(0)

π (t) > 0]

= −2
∑
π∈F

log (R01:π(t)) I[
√
nHT (πc)(µ̂(0)

π (t)− µ(0)(t)) < 0,

√
nλ̂

(0)

π (t) > 0]

= −2
∑
π∈F

log (R01:π(t)) I[
√
nHT (πc)Pπ(t)C̃−1(t)[log( ˆ̄F(t))

− log(F̄(t))] +Op(n
−1/2) < 0,

√
nRπ(t)HT (π)[log( ˆ̄F(t))

− log(F̄(t))] +Op(n
−1/2) > 0]

d→
∑
π∈F

[
[V(t)]T

[
HR(t)HT −H(π)Rπ(t)HT (π)

]
V(t)

]
× I[HT (πc)Pπ(t)C̃−1V(t) < 0, Rπ(t)HT (π)V(t) ≥ 0]
d→
∑
π∈F

[
[V(t)]THR(t)HTV(t)− [VH(π)(t)]TRπ(t)HT (π)V(t)

]
× I[HT (πc)Uπ

2 (t) < 0,Uπ
1 (t) ≥ 0]

=
∑
π∈F
||Ew̃(t)[V(t)|I(π)]− Ew̃(t)[V(t)|I0]||2w̃(t)

× I[HT (πc)P (π)C̃−1V(t) < 0, Rπ(t)HT (π)V(t) ≥ 0]

d
=

k∑
i=1

w̃i(t)
(
Ew̃(t)[V(t)|I1]i − V̄ (t)

)2
where the last equality follows from Lemma 3.3 in El Barmi (1996). ut
Proof of Theorem 3: It follows from the proof of Theorem 2 that the result in
Lemma 3 hold uniformly on any interval [τ1, τ2] where τ1 and τ2 satisfy the
conditions of Theorem 3. Therefore we have the desired conclusion. ut
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