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To prove Lemma 1, we make use of the following result from Aitchinson and
Silvey (1958).

Result 1 : If 9(3) is a continuous function mapping R¥ into itself with the
property that, for every 8 such that ||8|| = 1, 87 ¢(8) < 0, then there exists
a point B(O) such that HB(O)H < 1and 1/)(,3(0)) =0.

Proof of Lemma 1: Fix p € U,, and consider
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Note that by Gijbels and Wang (1993), we have

sup | log(Fi(s)) — log(F;(s))| = O(y/log log(ni) /).

0<s<T7o

Using this, we get

5T¢(5) = ﬁT(log(ﬁ‘(t)) —p) — n~1/3-3/28T (g 4 O(n72/3*5)
< O(n71/376) o 121.1216(61'(75))”71/376/2 + O(n72/375)
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almost surely. Now Result 1 implies that there exists B = ,@(p) such that
(B) = 0, The rest of the lemma’s claim follows using the implicit function
theorem. 0O
Proof of Lemma 2: Lemma 1 shows that for any p such that Hu nO| < a,,

there exists 3, a differentiable function of 1, such that w(ﬂ) = 0. It easily
follows from this that

0B) _ . B _ o1y o),

out 7 ot
Also arguments similar to those in Aitchison and Silvey (1958) show that
equations Qin(8B,u,A) = 0,7 = 1,2, have solutions fi and X in {(u, A\) -
e = O+ 1A < an}.

Next we show that any solution to (8) maximizes L(p) in U,, subject to
h(p) = 0. By differentiating (6) with respect to p; we get

d 1

—fi = =12,k (51)
i % nidi;
j=n(s)+1 (nij + nZﬂZ - dlj)(nlj + n’L/B’L)

Using this, we can easily show that

ViegL(p) =—-Np (5.2)
where N = diag(ny,na,...,ny). Therefore, we have for some pu* € U, ,
log(L(p)) = log(L(f)) + Vlog L(fe)(fe — )
1 0log(L(uY))
+5a—n) DpouT (B —p)
. 1 0% log(L(p*
= log(L() ~ BN — )+ 5~ ) D
Since o . .
Qon(B, A\, 1) =0 NB=nHA\, (8.3)
we have

B" ()N (i — ) =X HT (ju — ) = n(h(jz) — h(p)) = 0.
Also, we have from (S.1) and (S.2)

2 o * 3 * “ 2
0 laiiaL,ilTL ) _ —Na%(l’; ) = NG 4 0(a) =€+ Olan)
As a result
log(L(1)) ~ lo(L(j)) = —n (it — )" C (i~ ) + o(1)

and hence L(p) < L(ft) almost surely. O
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Proof of Theorem 1. First note that

QQn (B(O)

where I' = diag(ny/n,na/n, ...

A(O) R ~
0= Q?)n(IB au’(O))A

Expanding Q1n(8"”, 2, A"”)
0= an(ﬂ O)a o) A O))
= an(07 /1’(0)’ 0)

0 inoa (0)70 {0
n Qin( ;Tt )A<>
oA

(a0
=B — (Y ) 1o,

op"

. ~(0)
where 8, = [|[3© — p©@]| + |3

_an(07 )u'(O)a O) + Op((sn)
0
0

Notice that

an(Ov Ko, 0) =

@AY

ann(O /1'(0) O)

y=0e 18 + HAY =

,ni/n). Also

© )
)= H ' = B (3 — ).

about (0, (9, 0), we get

(0) 8Q1n(07 /1'(0)7 0) (I:L(O)

B ouT

+ 0p(dn)

(0n)
|+ Hj\(O)H. This gives
¢ 10 B

= - o x||a”-po
0 H” 0 3@

log(F\ (1)) — log(F (1))
log(F(t)) — log(F (1))

log(Fy(t)) — log(F(t))

If we take 6, = n~ /2, we get applying the Delta method

Vi[=Q1n(0, 19, 0) + 0(5,)] > N(0,C).
Let A1y = C, A2 = (1,0), Ayy =TAf, and

0 H
Az = (HT 0)

where I' = lim I = diag(vy1, 72, - -
n—oo

~(0) -1
A A (0)

.,Vk)- Then (S.4) implies that

_ H(O))
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Therefore
2(0) B(O) -1 1 (0)
vng " =/n(0,1) O = VnAy 1 At AT Q1 (0, 1'Y,0) + 0,(1) (S.6)

where

_ C1'H
Agg 1 = Ao — A21A111A12 = ( HT 0 ) .

Now, using (S.5), we get

~—1 (0)
c an(gall’ 30)) +0P(1)
C

1 g
(0 (%°0))
Moreover, it is easy to check that

A2_21.1 = <C§T _QR>

where Q = CHR. Using (S.6), we have
2(0) 4 (CTTOY -
Vg SN (0=A221.1 ( 0 0) Azzl‘l)

v (0(v7)

and we have the desired conclusion. a
Proof of Lemma 4: To prove (9), it suffices to show that for any ¢ € [y, 73]
and any 1 < ¢ < k, with probability at least 1 — ¢,

A(O) o

) <—— —(log(F;(t Ap(t —(log(F,(t Ai(t

B0 < grrmmy (e~ omF (1) Ae(), ma(~(Jom(Fe(6)) + 4,(1)
n(t)

where for any r, A,.( de /nrj is the Nelson-Aalen estimator of A,.(t).
J=1

This will give the desired conclusion since the right hand side is O ( 1/2)

VA AT Qin(0, u?,0) = (
4 N

uniformly in t over [r1,72] under Hg. First notice that, since nlﬁ ( )

nAO (), 280 (1) = (AL (O-ANV (@), .. 1 B (1) = n(AY (-2 (1))
k
and n 3 (1) = —n A (1), Zni@@ (t) = 0. Let B=(t) = {i, ”(t) < 0} and

Bt(t) = {z’,Bi(O)( t) > 0}. Clearly, ~(t) # 0 iff BT(t) # (0. Suppose B~ (t) # 0
and suppose £ € B~ (t) and ¢’ € BT (t). It follows from Li (1995) that

n(t)
—log H (1 — d) Ag(t) <WO>
ne — g B0 (t)]

ng; + nzﬁ(o)( t)

Y
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and

n(t)
log [ ] (1 - df) > —Ae(t) <W> +log(For (1))
j=1

nej +ne By (1) ne + e B (t)
+ Ap ().

Since the sum of the terms on the left hand side of the two inequalities above
is 0, we have

0> At) | —— ) —Apt) [ —C ) Flog(Fu(t) + Au(t
) M(m—wwﬁ(tﬂ) é()<nef+w§?><t>>+ B e

Since log(ﬁ’g/ (t)) + A (t) <0, we have

— B ()] log(Fe (1)) +B85 (8) (Ae(t)+log(Fer (1)) +Aer (1)) < —(log(Fer (£))+Ae(2)).-

Clearly the uniform strong consistency of the Kaplan-Meier estimator implies

that sup | —log(F;(u)) + log(F(u)))| — 0 with probabability one. In addi-
0<u<Tto

tion, by the consistency of the Nelson-Aalen estimator, we have sup \/ij (u)+
0<u<ry
log(F'(u))] £ 0 where 5 is used to denote convergence in probability. Conse-

quently, sup |A;(u) + 1og(ﬁj(u))| £ 0. Therefore, for sufficiently large n |
0<u<to

we have —log(F () > —L1og(F(r1)) > 0 and A(t) +log(Fe (1)) + Aw () >
—31log(F(r1)) > 0 for all t € [, 7] with a probability of at least 1 — e. This
implies that, for sufficiently large n and with probability of at least 1 — ¢,

0< 8 )] [—(log(Fer()) + Ac(t))]

S e —
—log(F(m))
and
2
—log(F(m))
The two inequalities above clearly imply that for any 1 < ¢ < k, for sufficiently
large n

0< AV < [~ (log(Fy () + Ae(t))].

a 2 2 A 2 o
) < ———— —(log(F;(t Ap(t —(log(Fe(t At
(0] < o { (- (5 () + Au(0) (o Fo(0) + 4,0}
for any t € [ry, 72] with probability at least 1 — e and we have (9).
Next we prove (10). Using the Taylor expansion of log(1 + x) to the fifth
order we get

© n(t) d:
) =) log|1— ———2
fi (1) ; g < ni; — i 30 (ﬂ)
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n(t) n(t) 5(0)
. nlﬂ (t) zBZ (t)
= log(F;(t [E log (1 + ) E lo ( s )]

7/.7
_ log( (1) + B0 et - PP O n(t){ - 1}
i i i 2 = (nij — dij)?  nZ;
QLA S 1
)
QARG S !
S e
L AP (R { 1 1 }
5 o LA+ )5 (niy — dig)® (14 1245(8))°nf;
e ; milB, (1) ; ]
|t (1) < ﬁ and  |¢hg(t)| < IT
Now
n B“’@)Pn(t){ - 1} = BO@a0)
' = | (i —diy)* nj '
where
@-(t)=§{ nidy __, _ nidy }
T\ kg —dig) - nig(ng — dig)? [
Since ;(t) is a uniformly strongly consistent estimator of 2 fo 2( )) on [0, 73],

we have using (9)

-0 , n(t) 1 1 .
[niB; 7 (¢)] 32:21 {(”U_W - nfg} = Op(n; )

uniformly on [y, Tz]

Let Y;(72) ZI Z;; > 1) and notice that (n;; —d;;) > Yi(m2) for j < n(¢)
Jj=1
and because 7;(72) > 0, Yi(2) = O,(n; ). Using this we get

-0 , n(t) 1 1

n(t)

2|30 () nid 1 1 1
Bi < + + <
o Z < nij(nij — m) (nij —dij)?  nij(nig —dig) — (ni; — dig)?
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3BV OF o _ o a2
[Y;(TQ)]Q Cl(t) - Op(n )

K3

uniformly on [r,72] by (9) and the strong uniform consistency of &(¢) on
[0, 2]. Also

n(t)
HEROISY {1 - 14} =

= (g —dig)t g
n(t)
N 1 1 1 1
n2 [ (#)]* — | ——+ =<
2l ; (nij —dig)*  nd )\ (nij —dig)* ~ nf;

2025 ()]*

Y2 (7o) 0i(t) = Op(n;?)

(3

uniformly in t over [y, 72] by (9) and the uniform strong consistency of 0;(t)
on [0, 72]. Finally, we have

n(t)

n2[8© (#)1° :
5] ;uwuju)ﬁ(mg——dn)"’ -

WABOWP R 1| e
BYP(r2) | (L +duy()s]
7 j=1 lig

iforml t i i b1ij(t) = op(1) by (9
uniformly over t in |71, 72] since 1r£11_agxk 151?55@) Tlsgltllg)T2 145 (t) = op(1) by (9)

and sup n(t) = Oy(n;) (this holds beacuse n;/n — v; > 0). Similarly, we

T1<t<T3
have
20337 (1)]5 2 1
o j=1 (1+ ilij (t))5n?j
2n3 B0 ()5 |2 1

=0y (n73/2)

5V (12) o+ D14 (1))5
uniformly over t in [71, 73]. Therefore, under Ho,

0 (t)
2

POt) = log(Fi(t) + & ()80 () = 2B + 0,(n*?)  (5.7)

uniformly in t over [r1, 72]. Since by (S.3) we have n13§0) (t) = nj\go)(t),
n B0 () = n(A2 (1) = XY, (1)),i = 2,3, , k, and because 2\ () — p\%, () =
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0,i=1,2,...,k—1, and n;/n — ; > 0, we get using (S.7)

n 1(0)
(L) + 2aa(0) 400 - ZeaA0) = og (f “”) sy L0
ny no no F2(t) ny
22(t) n2(A5” (1) — A" (1))?
2 n3
+ Op(”ig/z)
and
=M 0+ (a0 + o) A0 - e 0 =
oo (L0, 5@ A7 0 - NP v, G0 NV (0)()
+ Op(nig/z)

1=2,3,...,k— 1. This can be expressed as

v e (1) = <log (Fl(t)> log (F’ﬁ)) .. log (Fij‘l(t)» +0,(n7Y)
F(t) F3(t) Fi(t)

t b
= HT log(F(t)) + Op(n™Y)

where C(t) = diag(;t¢1(t), 7562(t), . . ., 7=Cr(t)). Since the elements of HTC(t)H
are uniformly strongly consistent estimator of the corresponding elements of
HTC(t)H = R7(t), we have

(0

AV (t) = R()yHT 1og(F(t)) + Op(n™1)

uniformly on |71, 72| and we have (10).
To prove (11), notice that equations in (S.7) are equivalent to

1O () = log(B (1) + C()B"" (1) + 0,(n 1),

Since B(O) (t) = f‘lH;\(O) (t) by (S.3), we have using (9)

a0 (t) = (1 = C()HR(HT ) log(F(1)) + O, (n~)
= P(1)C (1) log(F(1)) + Op(n ")

where I is the identity matrix and we have (11). O
Proof of Lemma 4: Using the functional delta method, we can easily show that

Vi(log(F) — log(F)) % V
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on [0, 72]. Since HT log(F) = 0 under H, equation (10) implies
Uy, (t) = VaR(H) HT log(F(t)) + Op(n~1/?)
= VaR(t) H" [log(F(1)) — log(F(t))] + O, (n~1/?)
uniformly on [y, 72]. Therefore
{Up,(t), 1 <t <} = {ROH'V(), 1 <t <)
Similarly, we have using (11)
Usa(t) = V(I — C(O) HR(t)H")log(F(t)) — log(E(1))] + Op(n~/2)

uniformly on [r1,75]. Therefore

{Us,(t),, 11 <t <7} 2 {(I - CH)HR®)HT)V(t), 71 <t < T}
2 {POCT V(D)7 <t <72}

Finally, to show independence, we have
Cov(R(H)HTV(t), P(t)C (t)V(t)) = R(t)H'CC~(C — CHR(t)H"C) = 0.

This completes the proof. a
Proof of Theorem 2: By Taylor series expansion

kn(t) 5(0)
n;B: 7 (t
—2log(Roz(t)) = —2 E E nij — dij) log < M)

=1 j=1 K Y
k n(t) 5(0)
+QZZn1J10g< nif; ()>
=1 j=1 Mij
k A
Z B (O12e(t) + An + B + Cr
where
2 BOWP 2 1 1
A, = — i LM o
2T 2\ dE W
OIS B 1
B, = i LM _
; 2 ; (Tlij — dij)3 n%
203 3 (1) <2 1 !
C":_Z 5 Z (I (s — doi VA Do (£))5 14
i=1 j=1 (L4 145(8))> (ni; — dij) (L4125 (¢)) nj
and ) )
0] |5 (1)

14 (1)] < g and [asj (t)] <

nij — dij 1jj
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Using the same notation and the same arguments as in the proof of Lemma
4, we get

A n(t) 5(0) 11\13
203180 ()2 ( 1 1 ) 223 (1)) e
An < 1174 —_ )< ’Ziéi t) = O n,
4] 3Yi(na) i \niy —dij  ny 3Yi(72) ) =05t :
o n(t)
o< p, - MO dig S .
B 2 = nig(nig —dig) \ (nig —dig)? — naj(nig —diy) -~

I e ) PPN
< W@(t) = Op(n; ).

We also have |D,,| < Dy, + Da,, where

PR b (O 1
1in =
5 (L4 (1) (ni — diy)
and
b _ 200 p 2 1
2n — =
o j=1 (1+ V1ij (t))Sn;lj

In addition,

233O (1) ]5 [ 1 _
Dy, < 1‘162 () i _ 0,2
Y () | (1 +4hy(1))°
and
20218 (1) |22 1 B
D2n g nl‘}fi ( )‘ = 5 = Op('fli 1/2)
SYHT) 4 (14 41y (t))

uniformly over t in [y, 72]. Since n;/n — ~; > 0, under H,,

k
—2log(Roz(t)) = > _ mié; ®[BY ) + 0, (n~1/?)
=1

{0

— oA HTEOHAY () + 0, (/)

uniformly in t over interval |71, 72]. Now Lemma 5 implies that

Too % sup [V(O)ITH[R()HTV(t).

T1<t<T2
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It is easy to verify that
[VOITHR(OHTV (t) = min{[|V(t) — p[3 ), H' p =0}

= min{|[V(t) — pll% ) = p2 = = .}
= Akl Wi (1) (Vi(t) = V(6)* = [[V() = Eag [VO)IZo]l% )
where )
V(t) = m = B [V()|Zo).
Therefore

d
Too =5 sup [[V(t) — B [VO)IZolllZ -

T1<t<72
When all the samples are censored by the same distribution, ¢q (t) = ca(t) =
.= ck(t) = c(t) and w;(t) = v;/c(t),i = 1,2,..., k. This implies that
V() = Eag [VOIZolllg ) =

k

k
N W) = Y W) | =

j=1

/2 Wile(®) | a

k
il +e®)? [ 172 Wile(t))
;T i m*;% (1+c¢(t))

=1

2
k

_ i Y2 () — 12p.
u(l _ u) Vi l(u) Z ’7] J (u)

-

i=1 j=1

where u = u(t) = ¢(t)/(1+¢(t)) and By, Ba, ..., By, are independent standard
Brownian bridges. The desired conclusion follows immediately from this. O

To prove Lemma 6, we make use of the following result. Let Ro1..(t) denote
the local empirical likelihood ratio test statistic for testing H{, against H{. —
HY where, for 7, a proper subset of {1,2,...,k— 1},

e (Fi(t), Ba(t), ..., Fu(t)T € I(n)
and Z(m) = {x € R¥, z; = z;, (i, j) € v*}. That is,
sup {TTE, L(F) : (Fi(0), Pa(t), .., Fy()T € To }

sup { T\, LR 5 (Fa(0), Fa(t), ... Fu(t)T € T(m)}

ROI:Tr(t) =

The following result holds.
Result 2.: Under H,

d
—210g(Ro:x (1)) = [| B [VOIZ(7)] = Eqny [VOIZol 3 ) ~ Xo—1—cara(n)
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where card(n) is used to denote the cardinality of 7.

Proof: Let 5\(0) (t) be as defined before and let 5\7(70) (t) be the corresponding
value when H is replaced by H(w) where H(w) is the sub-matrix H corre-
sponding to constraints in H{. . Lemma 4 implies that

7 () = VA () = ViR () HT (7) log(F(1)) + 0p(n~2)  (8.8)

uniformly on [71,72]. under Hy. Here R(t) is the value of R(t) when H is
replaced by H(7) in Theorem 1. Clearly

—2log(Ro1:x(t)) = —21log(Ro2(t)) + 21og(R12.x(t))

where Ri2..(t) is the local EL statistic for testing H?!
The proof of Theorem 2 implies that

(0)

against H3 — Hi.,..

T

(0)

T

(0)

—2log(Rorr (1) = nA T HTEHEA (1) = n AL ()T BT (r) O H () A (1)
+ Oy(n~'?)
S VOITHROHTV () — [V(0)]TH(m) R () HT (m)V (1),
To complete the proof we note that
[VOI"THROHTV () — [V(O)]"H(m)R-()H (1) V () =
min{|[V(t) — pl|% ), H =0} —min{||V(t) — pl%), H (1)p =0} =

IV = E[VI|Lo]|[5 ) — V() = BIVOIZ()]| 50 =
HE~[ OIZ(m)] = B [V(OIZolll5) =

2

sz w(t ( )|I( )} V(t)) NX%—CaTd(ﬂ')—l

where the third equality follows from the properties of the least squared pro-
jection onto nested linear subspaces. a
Proof of Lemma 6: Let F denote the class of all the subsets of {1,2,. k 1}
and let 7 be an element of F and 7¢ be its complement. Let 1) () and 20 (1)
be the maximizers of (7) under H! and H!._, respectively. Then ") (t) equals
ﬂgro)( t) for exactly one m. Moreover aV(t) = [LSTO) (t) if and only if (Wollan
and Dykstra (1985) and El Barmi and Dyksta (1999))

ho(p Q1) <0, Vsen® and AV(t)> 0.

K

Using the same steps as in the proof of Lemma 4, under Hg, (S8) holds and

V() (8) = () = Pr(t)C (1) log(F (1)) ~ log(F(£))] + Oy (n~"12) (S.9)
)

uniformly on [y, 2] where Py (t) is value of P is Theorem 1 when H is replaced
by H(w). Moreover, if U3, (t) = /(¥ (t) — p©(t)), then

(U7,,U3,)" = (U7, U5)"
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on [y, 72] where
UT(t) = R(t)H ' (m)V(t) and UL(t) = P,(t)C 1 (t)V(t)

and UT and U7 are independent processes. Consequently, using (S.8), (S.9),
independence of UT and UZJ and Result 2, we get

—2log(Ro1 (1)) = —2 3 log (Rowa(8)) T[hs (1 (1)) < 0,%5 € 7, A, (1) > 0

TeF
= 2 log (Rou (0) I[VaH" () (07 (1) - n (1)) < 0,
TeF

Vs, (t) > 0)
— 23" log (Roua () I[VRHT (x) Pa (£)C (1) log(F (1))

TeF
— 1og(F(t))] + Op(n~V/2) < 0,v/nR(t)H” () [log(F (t))
— log(F(1))] + Op(n~1/2) > 0]
ST (V@] [HR(HT — H(x) Ry ()HT ()] V(2)]
TEF
x I[HT (7®)Pr(t)C~V(t) < 0, R (t)HT () V (t) > 0]
LS IVOITHRHTV () — [VH (x) ()T Re()HT (1) V (1)]
TeEF

x I[H" (x°)U3(t) < 0, U7 (t) > 0]
= Z 1Bt [V (1) IZ(m)] = By [V (£)[Z0] 1% 1y
TeF
x I[HT () P(r)C~IV(t) < 0, R () HT (m)V (t) > 0]

k
L5, (t) (Ba V)T - V(1)
=1

where the last equality follows from Lemma 3.3 in El Barmi (1996). O
Proof of Theorem 3: It follows from the proof of Theorem 2 that the result in
Lemma 3 hold uniformly on any interval [r1, 2] where 71 and 75 satisfy the
conditions of Theorem 3. Therefore we have the desired conclusion. O
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