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Abstract We provide the proofs of Theorems 6, 7 and 8. An additional sim-
ulated experiment is provided to support the performance of the adaptive
Sparse Group Lasso regularization method.

1 Proof of Theorem 6

We proceed as in the proof of Theorem 2. We denote νT = (dT /T )1/2 and we
would like to prove that, for any ε > 0, there exists Cε > 0 such that

P(‖θ̃ − θ0‖2/ν̃T > Cε) < ε. (1)

To prove (1), it is sufficient to show that for any ε > 0, there exists Cε > 0
such that

P(‖θ̃ − θ0‖2 > CενT ) ≤ P(∃u ∈ RdT , ‖u‖2 ≥ Cε : GT l(θ0 + νTu) ≤ GT l(θ0))
= P(∃u ∈ RdT , ‖u‖2 = Cε : GT l(θ0 + νTu) ≤ GT l(θ0)),

by convexity. By a Taylor expansion of GT l(θ0 + νTu), we obtain

GT l(θ0+νTu) = GT l(θ0)+νT ĠT l(θ0)u+
ν2
T

2
u′G̈T l(θ0)u+

ν3
T

6
∇′{u′G̈T l(θ̄)u}u,

where θ̄ ∈ Θ such that ‖θ̄ − θ0‖2 ≤ CενT . We would like to prove

P(∃u ∈ RdT , ‖u‖2 = Cε : νT ĠT l(θ0)u+
ν2
T

2
u′G̈T l(θ0)u

+
ν3
T

6
∇′{u′G̈T l(θ̄)u}u ≤ 0) < ε

(2)

To do so, we focus on each quantity of the Taylor expansion to extract the
dominant term. First, for a > 0 and the Markov inequality, we have for the
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score term

P( sup
u:‖u‖2=Cε

|ĠT l(θ0)u| > a) ≤ P( sup
u:‖u‖2=Cε

‖ĠT l(θ0)‖2‖u‖2 > a)

≤ P(‖ĠT l(θ0)‖2 > a
Cε

)

≤ (
Cε
a )2E[‖ĠT l(θ0)‖22]

≤ (
Cε
a )2

dT∑
k=1

E[(∂θkGT l(θ0))2]

= (
Cε
a )2 1

T 2

T∑
t,t′=1

dT∑
k=1

E[∂θk l(εt;θ0)∂θk l(εt′ ;θ0)]

≤ (
Cε
a )2{ 1

T 2

T∑
t,t′=1

Ψ(|t− t′|)}.dT .

By assumption 9, sup
k=1,··· ,dT

E[∂θk l(εt;θ0)∂θk l(εt′ ;θ0)] ≤ Ψ(|t−t′|) and 1
T

T∑
t,t′=1

Ψ(|t−

t′|) <∞. This implies

P( sup
u:‖u‖2=Cε

|ĠT l(θ0)u| > a) ≤
C2
εdT

Ta2
K1,

for some constant K1 > 0.

We now focus on the hessian quantity that can be rewritten as

u′G̈T l(θ0)u = u′E[G̈T l(θ0)]u+RT (θ0),

where RT (θ0) =
dT∑
k,l=1

ukul{∂2
θkθl

GT l(θ0)− E[∂2
θkθl

GT l(θ0)]}. We have

E[RT (θ0)] = 0, Var(RT (θ0)) =
1

T 2

T∑
t,t′=1

dT∑
k,k′,l,l′=1

ukuk′ulul′E[ζkl,t.ζk′l′,t′ ],

where ζkl,t = ∂2
θkθl

l(εt;θ0) − E[∂2
θkθl

l(εt;θ0)]. Let b > 0, we deduce by the
Markov inequality and assumption 10,

P(|RT (θ0)| > b) ≤
1

b2
E[R2

T (θ0)] ≤
K2

b2
‖u‖42d2

T

T
≤
K2C

4
εd

2
T

b2T
,

where K2 > 0. Furthermore, by assumption 7,

u′E[G̈T l(θ0)]u ≥ λmin(HT )u′u.

As for the third order term, we have

|∇{u′G̈T l(θ̄)u}u|2

≤
1

T 2

T∑
t,t′=1

∑
k1,k2,k3

∑
l1,l2,l3

|uk1uk2uk3ul1ul2ul3 ||∂3
θk1θk2θk3

l(εt; θ̄).∂3
θl1θl2θl3

l(εt′ ; θ̄)|

≤ ‖u‖62d3
T

1

T 2

T∑
t,t′=1

υt(Cε)υt′(Cε),
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where
υt(C0) = sup

k1k2k3

{ sup
θ:‖θ−θ0‖2≤νTC0

|∂3
θk1θk2θk3

l(εt;θ)|}.

Note that υt(C0) depends on dT and C0. By assumption 11, we have

η(C0) :=
1

T 2

T∑
t,t′=1

E[υt(C0)υt′(C0)] <∞.

By the Markov inequality, for c > 0, we conclude that

P(∃u, ‖u‖2 = Cε :
ν2
T

6
sup

‖¯θ−θ0‖2≤νTCε

|∇{u′G̈T l(θ̄)u}u| > c) ≤
ν4
T d

3
TC

6
ε

36c2
η(Cε).

We can now bound (2) thanks to proper choices of a, b, c and Cε. We denote

by δT = λmin(HT )C2
ενT /2, and using

νT

2
E[u′G̈T l(θ0)u] ≥ δT , we have

P(∃u ∈ RdT , ‖u‖2 = Cε : ĠT l(θ0)u+
νT

2
u′G̈T l(θ0)u+

ν2
T

6
∇{u′G̈T l(θ̄)u}u ≤ 0)

≤ P(∃u ∈ RdT , ‖u‖2 = Cε : |ĠT l(θ0)u| > δT /4)
+P(∃u ∈ RdT , ‖u‖2 = Cε : νT2 |RT (θ0)| > δT /4)

+P(∃u ∈ RdT , ‖u‖2 = Cε :
ν2
T

6 sup
¯θ:‖¯θ−θ0‖2<νTCε

|∇{u′G̈T l(θ̄)u}u| > δT /4)

≤
16C2

εdTK1

Tδ2
T

+
4ν2
T d

2
TC

4
ε

Tδ2
T

+
16ν4

T d
3
TC

6
ε

36δ2
T

η(Cε)

≤ C1

dT

TC2
εν

2
T

+ C2

d2
T

T
+ C3ν

2
T d

3
TC

2
εη(Cε),

where C1, C2, C3 are strictly positive constants. We chose νT = (
dT

T
)

1
2 , we

then deduce

P(∃u ∈ RdT , ‖u‖2 = Cε : νT ĠT l(θ0)u+
ν2
T

2
u′G̈T l(θ0)u+

ν3
T

6
∇{u′G̈T l(θ̄)u}u ≤ 0)

≤
C1

C2
ε

+ C2

d2
T

T
+
d4
TC

2
ε

T
η(Cε).

Now we fix Cε sufficiently large enough, such that C1/C
2
ε < ε/3. Once this

constant is fixed, there exists a T0 such that for T > T0 we have C2
d2T
T < ε/3

and C3
d4TC

2
ε

T η(Cε) < ε/3 under the assumption that d4
T = o(T ). Consequently,

we obtain

P(∃u ∈ RdT , ‖u‖2 = Cε : GT l(θ0) + νT ĠT l(θ0)u+
ν2
T

2
u′G̈T l(θ0)u

+
ν3
T

6
∇{u′G̈T l(θ̄)u}u ≤ 0) < ε.

This proves (1), that is ‖θ̃ − θ0‖2 = Op((
dT

T
)

1
2 ). ut
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2 Proof of Theorem 7

We proceed as we did for proving Theorem 6. Let νT = (dT /T )1/2. We would
like to prove that for any ε > 0, there exists Cε > 0 such that

P(‖θ̂ − θ0‖2/νT > Cε) < ε. (3)

To prove (3), we show

P(∃u ∈ RdT , ‖u‖2 = Cε : ĠT l(θ0)u+
νT

2
u′G̈T l(θ0)u+

ν2
T

6
∇′{u′G̈T l(θ̄)u}u

+ν−1
T {p1(λT ,

˜̃
θ,θ0 + νTu)− p1(λT ,

˜̃
θ,θ0) + p2(γT ,

˜̃
θ,θ0 + νTu)− p2(γT ,

˜̃
θ,θ0)} ≤ 0)

< ε,
(4)

a relationship obtained by convexity and a Taylor expansion.

The score quantity can be upper bounded as

|ĠT l(θ0)u| ≤ ‖ĠT l(θ0)‖2‖u‖2 = Op((
dT

T
)

1
2 )‖u‖2 = Op(νT )‖u‖2,

where we used assumption 9 to obtain the bound in probability of the score.

As for the third order term, we have by the Cauchy-Schwartz inequality

|∇′{u′G̈T l(θ̄)u}u|2

≤ ‖u‖62d3
T

1

T 2

T 2∑
t,t′=1

{
dT∑

k1,l1,m1=1

dT∑
k2,l2,m2=1

∂3
θk1θl1θm1

l(εt; θ̄)∂3
θk2θl2θm2

l(εt′ ; θ̄)}

= ‖u‖62d3
T η(Cε).

This implies

∇′{u′G̈T l(θ̄)u}u = Op(d
3/2
T ‖u‖

3
2).

Hence by the Markov inequality

P(∃u ∈ RdT , ‖u‖2 = Cε : |ν2
T∇′{u′G̈T l(θ̄)u}u| > a) ≤

ν4
TC

6
εd

3
T

a2
η(Cε),

where we used assumption 11.

Finally, the hessian quantity can be treated as in the proof of Theorem 6.

We denote by RT (θ0) =
dT∑
k,l=1

ukul{∂2
θkθl

GT l(θ0)−E[∂2
θkθl

GT l(θ0)]}. We have

u′G̈T l(θ0)u = u′E[G̈T l(θ0)]u+RT (θ0).

By assumption 10 and the Markov inequality, for any κ > 0, we obtain

P(|RT (θ0)| > κ) ≤
1

κ2
E[R2

T (θ0)] ≤
K2

κ2

‖u‖42d2
T

T
≤
K2C

4
εd

2
T

κ2T
,
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with K2 > 0. This relationship holds for any κ > 0. Then for T large enough,
we deduce that |RT (θ0)| = op(1). Consequently

ν2
T

2
u′G̈T l(θ0)u ≥

ν2
T

2
λmin(HT )‖u‖22 + op(1)ν2

T ‖u‖22.

We focus on the penalty terms. We have

p1(λT ,
˜̃
θ,θ0 + νTu)− p1(λT ,

˜̃
θ,θ0) = λT

T

∑
k∈S

∑
i∈Ak

α
(k)
T,i{|θ

(k)
0,i + νTu

(k)
i | − |θ

(k)
0,i |},

and |p1(λT ,
˜̃
θ,θ0 + νTu)− p1(λT ,

˜̃
θ,θ0)| ≤ λT

T

∑
k∈S

∑
i∈Ak

α
(k)
T,iνT |u

(k)
i |.

As for the l1/l2 norm, we obtain

p2(γT ,
˜̃
θ,θ0 + νTu)− p2(γT ,

˜̃
θ,θ0) = γT

T

∑
l∈S1

ξT,l{‖θ(l)
0 + νTu‖2 − ‖θ(l)

0 ‖2}

and |p2(γT ,
˜̃
θ,θ0 + νTu)− p2(γT ,

˜̃
θ,θ0)| ≤ γT

T

∑
l∈S

ξT,lνT ‖u(l)‖2.

For the l1 norm penalty, using { min
k∈S,i∈Ak

| ˜̃θ(k)
i |}−η ≤ Tκη, then

λT
T

∑
k∈S

∑
i∈Ak

α
(k)
T,iνT |u

(k)
i | ≤

λT
T νT {

∑
k∈S

∑
i∈Ak
| ˜̃θ(k)
i |−2η}1/2‖u‖2

≤ λT
T νT

√
dT

{ min
k∈S,i∈Ak

| ˜̃θ(k)
i |}η

‖u‖2

≤ λT
T νT

√
dTT

κη‖u‖2,

by the Cauchy-Schwartz inequality. Then if λTT
c
2−1+κη is bounded, we obtain

p1(λT ,
˜̃
θ,θ0 + νTu)− p1(λT ,

˜̃
θ,θ0) = O(ν2

T )‖u‖2.

As for the l1/l2 term, using {min
l∈S
‖˜̃θ(l)‖2}−µ ≤ Tκµ, we obtain

γT
T

m∑
l=1

ξT,lνT ‖u(l)‖2 ≤ γT
T νT {

∑
l∈S
‖˜̃θ(l)‖−2µ

2 }1/2‖u‖2

≤ γT
T νT

√
dT

{min
l∈S
‖˜̃θ(l)‖2}µ

‖u‖2

≤ γT
T νT

√
dTT

κµ‖u‖2,

by the Cauchy-Schwartz inequality. Then if γTT
c
2−1+κµ is bounded, we obtain

p2(γT ,
˜̃
θ,θ0 + νTu)− p2(γT ,

˜̃
θ,θ0) = O(ν2

T )‖u‖2.

We now can prove (4). Let δT = λmin(HT )C2
ενT /2 and using νT

2 E[u′G̈T l(θ0)u] ≥
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δT , we have

P(∃u ∈ RdT , ‖u‖2 = Cε : ĠT l(θ0)u+ νTu
′G̈T l(θ0)u/2 + ν2

T∇{u′G̈T l(θ̄)u}u/6
+ν−1

T {p1(λT ,
˜̃
θ,θ0 + νTu)− p1(λT ,

˜̃
θ,θ0) + p2(γT ,

˜̃
θ,θ0 + νTu)− p2(γT ,

˜̃
θ,θ0)} ≤ 0)

≤ P(∃u ∈ RdT , ‖u‖2 = Cε : |νTu′G̈T l(θ0)u/2| ≤ |ĠT l(θ0)u|+ |ν2
T∇{u′G̈T l(θ̄)u}u/6|

+ν−1
T {|p1(λT ,

˜̃
θ,θ0)− p1(λT ,

˜̃
θ,θ0 + νTu)|+ |p2(γT ,

˜̃
θ,θ0)− p2(γT ,

˜̃
θ,θ0 + νTu)|})

≤ P(∃u ∈ RdT , ‖u‖2 = Cε : |ĠT l(θ0)u| > δT /8)
+P(∃u ∈ RdT , ‖u‖2 = Cε : νT2 |RT (θ0)| > δT /8)

+P(∃u ∈ RdT , ‖u‖2 = Cε : |ν
2
T

6 ∇{u
′G̈T l(θ̄)u}u| > δT /8)

+P(∃u ∈ RdT , ‖u‖2 = Cε : |p1(λT ,
˜̃
θ,θ0)− p1(λT ,

˜̃
θ,θ0 + νTu)| > νT δT /8)

+P((∃u ∈ RdT , ‖u‖2 = Cε : |p2(γT ,
˜̃
θ,θ0)− p2(γT ,

˜̃
θ,θ0 + νTu)| > νT δT /8)

≤
Cst

C2
ε

+ Cst{ν2
TC

6
εd

3
T η(Cε)}+

Cstν
2
T d

2
TC

4
ε

Tδ2
T

+ ε/5 + ε/5

< ε,

with Cst > 0 a generic constant. We used d4
T = o(T ) and for Cε large enough

P(∃u ∈ RdT , ‖u‖2 = Cε : |p1(λT ,
˜̃
θ,θ0)− p1(λT ,

˜̃
θ,θ0 + νTu)| > νT δT /8) ≤ ε/5,

P(∃u ∈ RdT , ‖u‖2 = Cε : |p2(γT ,
˜̃
θ,θ0)− p2(γT ,

˜̃
θ,θ0 + νTu)| > νT δT /8) ≤ ε/5.

Thus we obtain for Cε and T large enough, with the conditions γTT
c
2−1+κµ →

0 and λTT
c
2−1+κη → 0 that

‖θ̂ − θ0‖2 = Op(νT ) = Op((
dT

T
)

1
2 ).

ut

3 Proof of Theorem 8

Model selection consistency consists of proving that the probability of the
event {Â = A} tends to one asymptotically. This event is

{Â = A} = {∀k ∈ S,∀i ∈ Ak, |θ̂(k)
i | > 0}∩{∀k = 1, · · · ,m,∀i ∈ Ack, θ̂

(k)
i = 0}.

Hence we prove

P({∀k ∈ S,∀i ∈ Ak, |θ̂(k)
i | > 0} ∩ {∀k = 1, · · · ,m,∀i ∈ Ack, θ̂

(k)
i = 0}) −→

T→∞
1.

(5)
Model selection consistency can be decomposed into two parts: recovering the
active indices by estimating nonzero coefficients; discarding the inactive indices
by shrinking to zero the related coefficients. Now (5) can be proved by first
showing that for any T , there exists β such that 0 < β < min

i∈Ak
θ0,i,Ak , with

k ∈ S and
P(‖θ̂A − θ0,A‖2 < β) −→

T→∞
1. (6)
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The second part regarding nonactive indices can be proved asP( ∩
k∈Sc
{‖ẑ(k)‖2 < 1}) −→

T→∞
1,

P( ∩
k∈S

∩
i∈Ack

{|ŵ(k)
i | < 1}) −→

T→∞
1,

(7)

where ẑ(k) (resp. ŵ(k)) is the subgradient of ‖θ̂
(k)
‖2 (resp. ‖θ̂

(k)
‖1) given in

Section 3. Hence (6) and (7) prove (5).

We first focus on (6), which is equivalent to P(‖θ̂Ak − θ0,Ak‖2 > β) −→
T→∞

0.

By the Karush-Kuhn-Tucker optimality conditions, we have

ĠT l(θ̂)A +
λT
T
αT,A � sgn(θ̂A) +

γT
T
ςT = 0,

where ςT = vec(ξT,k
θ̂Ak

‖θ̂Ak‖2
, k ∈ S). We denote by αT,Ak = (αT,i, i ∈ Ak), a

vector of size RcAk . By a Taylor expansion of the gradient component around
θ0,A, we have

ĠT l(θ0)A + HT,AA(θ̂A − θ0,A) + PT (θ0)(θ̂A − θ0,A)

+
1

2
∇′A{(θ̂A − θ0,A)′G̈T l(θ̄)(θ̂A − θ0,A)}+ λT

T αT,A � sgn(θ̂A) + γT
T ςT = 0

⇔ θ̂A = θ0,A −H−1
T,AA(ĠT l(θ0)A + λT

T αT,A � sgn(θ̂A) + γT
T ςT

−H−1
T,AA

1

2
∇′A{(θ̂A − θ0,A)′G̈T l(θ̄)AA(θ̂A − θ0,A)} −H−1

T,AAPT (θ0)(θ̂A − θ0,A),

where ‖θ̄ − θ0‖2 ≤ ‖θ̂ − θ0‖2, PT (θ0) = G̈T l(θ0)AA − HT,AA and HT,AA =

E[∇2

θθ′
l(εt;θ0)]AA. Then using ‖θ̂A − θ0,A‖2 = Op((

dT

T
)

1
2 ), we obtain

P(‖θ̂A − θ0,A‖2 > β) ≤ P(‖H−1
T,AAĠT l(θ0)A‖2 + ‖H−1

T,AA‖2‖
λT
T
αT,A � sgn(θ̂A)‖2

+ ‖H−1
T,AA‖2‖

γT
T
ςT ‖2 + ‖H−1

T,AA‖2‖∇
′
A{(θ̂A − θ0,A)′G̈T l(θ̄)AA(θ̂A − θ0,A)}/2‖2

+ ‖H−1
T,AA‖2‖PT (θ0)(θ̂A − θ0,A)‖2 > β)

≤ P(λ−1
min(HT )‖ĠT l(θ0)A‖2 + λ−1

min(HT )
λT
T
‖αT,A‖2

+ λ−1
min(HT )

γT
T
‖ςT ‖2 + λ−1

min(HT )C2
0 (dT /2T )‖∇′A{G̈T l(θ̄)AA}‖2

+ λ−1
min(HT )C0(dT /T )1/2‖PT (θ0)‖2 > β) + P(‖θ̂A − θ0,A‖2 > (dT /T )1/2C0),

for C0 > 0 large enough, and we used ‖H−1
T x‖2 ≤ λ−1

min(HT )‖x‖2 for any
vector x ∈ RdT . Let us proceed element-by-element. We have by the Markov
inequality

P(λ−1
min(HT )C0

√
dT
T
‖PT (θ0)‖2 >

β

6
) ≤

36λ−2
min(HT )C2

0dT

Tβ2
E[‖PT (θ0)‖22].



8 Benjamin Poignard

We have

E[‖PT ‖22] =
1

T 2

T∑
t,t′=1

∑
k,k′∈A

∑
l,l′∈A

E[ζkl,tζk′l′,t′ ],

where ζkl,t = ∂2
θkθl

l(εt;θ0)− E[∂2
θkθl

l(εt;θ0)]. By assumption 10, we obtain

P(λ−1
min(HT )C0

√
dT
T
‖PT (θ0)‖2 >

β

6
) ≤

36λ−2
min(HT )C2

0

β2

d3
T

T 2
.

As for the third order term, by the Markov inequality

P(
1

2
λ−1

min(HT )C2
0

dT
T
‖∇′A{G̈T l(θ̄)AA}‖2 >

β

6
)

≤
9λ−2

min(HT )C4
0d

2
T

T 2
E[‖∇′A{G̈T l(θ̄)AA}‖22].

We obtain

E[‖∇′A{G̈T l(θ̄)AA}‖22]

≤
1

T 2

T∑
t,t′=1

∑
k1,k2,k3∈A

∑
l1,l2,l3∈A

E[|∂3
θk1θk2θk3

l(εt;θ0).∂3
θl1θl2θl3

l(εt;θ0)l(εt′ ;θ0)|]

≤
1

T 2
d3
T

T∑
t,t′=1

E[υt(C0)υt′(C0)] = η(C0)d3
T ,

by assumption 11, where υt(C0) = sup
k1k2k3

sup

θ:‖θ−θ0‖2≤
√
dT
T C0

|∂3
θk1θk2θk3

l(εt;θ0)|.

We deduce that

P(
1

2
λ−1

min(HT )C2
0

dT
T
‖∇′A{G̈T l(θ̄)AA}‖2 >

β

6
) ≤

9λ−2
min(HT )C4

0

4

d5
T

T 2
η(C0).

As for the score, by the Markov inequality and assumption 9

P(λ−1
min(HT )‖ĠT l(θ0)A‖2 > β/6) ≤

λ−2
min(HT )36

β2
E[‖ĠT l(θ0)A‖2]

≤
λ−2

min(HT )36

β2

1

T 2

T∑
t,t′=1

∑
k∈A

E[∂θk l(εt;θ0)∂θk l(εt′ ;θ0)]

≤
λ−2

min(HT )36

β2

1

T
{

1

T

T∑
t,t′=1

Ψ(|t− t′|)}dT ≤
λ−2

min(HT )36KdT

Tβ2
,
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with K > 0. Hence we deduce

P(‖θ̂A − θ0,A‖2 > β) ≤ P(λ−1
min(HT )

λT
T
‖αT,A‖2 + λ−1

min(HT )
γT
T
‖ςT ‖2 > β/2)

+ P(‖θ̂A − θ0,A‖2 > (dT /T )1/2C0) + P(λ−1
min(HT )C0(dT /T )1/2‖PT (θ0)‖2 > β/6)

+ P(λ−1
min(HT )C2

0 (dT /2T )‖∇′A{G̈T l(θ̄)AA}‖2 > β/6)

+ P(λ−1
min(HT )‖ĠT l(θ0)A‖2 > β/6)

≤
2λ−1

min(HT )

β
{λT
T
d

1/2
T E[ max

k∈S,i∈Ak
αT,Ak,i] +

γT
T

E[max
k∈S

ξT,k]}

+
36λ−2

min(HT )KdT

Tβ2
+

9λ−2
min(HT )C4

0

4

d5
T

T 2
η(C0) +

36λ−2
min(HT )C2

0

β2

d3
T

T 2
+ ε.

For T and C0 large enough, if d5
T = o(T ), by assumption 12, that is if

β−1T−1{λT d1/2
T E[ max

k∈S,i∈Ak
αT,Ak,i] + γTE[max

k∈S
ξT,k]} −→

T→∞
0,

then P(‖θ̂A − θ0,A‖2 > β) −→
T→∞

0.

We now turn to the second step of model selection consistency. First we prove

P( ∩
k∈Sc
{‖ẑ(k)‖2 < 1}) −→

T→∞
1⇔ P( ∪

k∈Sc
{‖ẑ(k)‖2 ≥ 1}) −→

T→∞
0. (8)

This is equivalent to proving

P( ∪
k∈Sc
{‖ĠT l(θ̂)(k) +

λT
T
α

(k)
T � ŵ

(k)‖2 ≥
γT
T
ξT,k}) −→

T→∞
0.

We have for k ∈ Sc that ‖ŵ(k)‖∞ ≤ 1, which implies by the optimality
conditions of Karush-Kuhn-Tucker that

P( ∪
k∈Sc
{‖ĠT l(θ̂)(k) + λT

T α
(k)
T � ŵ

(k)‖2 ≥ γT
T ξT,k})

≤ P( ∪
k∈Sc
{‖ĠT l(θ̂)(k)‖2 ≥ γT

T ξT,k −
λT
T ‖α

(k)
T ‖2}).

By a Taylor expansion around θ0, let θ̄ such that ‖θ̄ − θ0‖ ≤ ‖θ̂ − θ0‖, we
have

P( ∪
k∈Sc
{‖ẑ(k)‖2 ≥ 1}) ≤ P( ∪

k∈Sc
{‖ĠT l(θ0)(k)‖2 ≥

γT
T
ξT,k −

λT
T
‖α(k)

T ‖2

− ‖G̈T l(θ0)(k)(k)‖2‖θ̂ − θ0‖2 − ‖∇′{G̈T l(θ̄)(k)(k)}(k)‖2‖θ̂ − θ0‖22})

≤ P( ∪
k∈Sc
{‖ĠT l(θ0)(k)‖2 ≥

γT
T
‖˜̃θ(k)‖−µ2 − λT

T
d

1/2
T max

k∈Sc,i∈Gk
(| ˜̃θ(k)

i |
−η)

− ‖G̈T l(θ0)(k)(k)‖2‖θ̂ − θ0‖2 − ‖∇′{G̈T l(θ̄)(k)(k)}(k)‖2‖θ̂ − θ0‖22}),
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where we used ‖G̈T l(θ0)(k)(k)(θ̂−θ0)‖2 ≤ ‖G̈T l(θ)(k)(k)‖2‖θ̂−θ0‖2. Let ε > 0,

and Kε strictly positive constants, we proved for T large enough that P(‖θ̂−
θ0‖2 > Kε(dT /T )1/2) < ε/6. We deduce that

P( ∪
k∈Sc
{‖ẑ(k)‖2 ≥ 1}) ≤ P( ∪

k∈Sc
{‖ĠT l(θ0)(k)‖2 ≥

γT
T
‖˜̃θ(k)‖−µ2

− λT
T
d

1/2
T max

k∈Sc,i∈Gk
(| ˜̃θ(k)

i |
−η)− ‖G̈T l(θ0)(k)(k)‖2(dT /T )1/2Kε

− ‖∇′{G̈T l(θ̄)(k)(k)}(k)‖2(
dT

T
)2K2

ε}) + ε/6.

Let M1,T = (
γT

T
)

1
1+µ , then

P( ∪
k∈Sc
{‖ẑ(k)‖2 ≥ 1}) ≤ ε/6 +

∑
k∈Sc
{P(‖ĠT l(θ0)(k)‖2 ≥

γT
T
‖˜̃θ(k)‖−µ2

− λT
T
d

1/2
T max

k∈Sc,i∈Gk
(| ˜̃θ(k)

i |
−η)− ‖G̈T l(θ0)(k)(k)‖2(dT /T )

1
2Kε

− ‖∇′{G̈T l(θ̄)(k)(k)}(k)‖2(
dT

T
)2K2

ε, ‖
˜̃
θ(k)‖2 ≤M1,T ) + P(‖˜̃θ(k)‖2 > M1,T )}.

Consequently, we have the relationship

P( ∪
k∈Sc
{‖ẑ(k)‖2 ≥ 1}) ≤

∑
k∈Sc
{P(‖˜̃θ(k)‖2 > M1,T ) + P(‖ĠT l(θ0)(k)‖2 ≥

γT
T
M−µ1,T /4)

+ P(
λT
T
d

1/2
T max

k∈Sc,i∈Gk
(| ˜̃θ(k)

i |
−η) >

γT
T
M−µ1,T /4)

+ P(‖G̈T l(θ0)(k)(k)‖2(dT /T )1/2Kε >
γT
T
M−µ1,T /4)

+ P(‖∇′{G̈T l(θ̄)(k)(k)}(k)‖2(
dT

T
)2K2

ε >
γT
T
M−µ1,T /4)}+ ε/6 :=

5∑
i=1

Ti + ε/6.

We then focus on each Ti. We have by the Markov inequality

T1 :=
∑
k∈Sc

P(‖ĠT l(θ0)(k)‖2 >
γT
T
M−µ1,T /4) ≤

∑
k∈Sc

16E[‖ĠT l(θ0)(k)‖22]

{γTT M
−µ
1,T }2

≤
16E[‖ĠT l(θ0)‖22]

{γTT M
−µ
1,T }2

≤
16dT

T{γTT M
−µ
1,T }2

= O((
γT√
T
T

1
2 [(1+µ)(1−c)−1])−

2
1+µ ).

Furthermore, using | ˜̃θ(k)
i |−η ≤ Tκη, we have for T2 that

P(
λT
T
d

1/2
T max

k∈Sc,i∈Gk
(| ˜̃θ(k)

i |
−η) >

γT
T
M−µ1,T /4)

≤ P(
λT
T
d

1/2
T Tκη >

γT
T
M−µ1,T /4)

≤ P(
γT
T
M−µ1,T /4{1− 4λT γ

−1
T d

1/2
T Mµ

1,TT
κη} < 0). (9)
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The quantity of interest is γTλ
−1
T d
−1/2
T M−µ1,TT

−κη that has to converge to ∞
so that (9) converges to zero for T sufficiently large enough. We have

γTλ
−1
T d
−1/2
T M−µ1,TT

−κη →∞⇔
γT

λ1+µ
T

d
− 1+µ

2

T T−κη(1+µ)+µ →∞.

As for T3, we have by the Markov inequality

T3 :=
∑
k∈Sc

P((‖HT,(k)(k)‖2 + ‖RT,(k)(θ0)‖2)(dT /T )1/2Kε >
γT
T
M−µ1,T /4)

≤
∑
k∈Sc

P((‖RT,(k)(θ0)‖2(dT /T )1/2Kε >
γT
T
M−µ1,T /4− ‖HT,(k),(k)‖2(dT /T )1/2Kε)

≤
∑
k∈Sc
{P((‖RT,(k)(θ0)‖2(dT /T )1/2Kε >

γT
T
M−µ1,T /8)

+ P(‖HT,(k),(k)‖2(dT /T )1/2Kε >
γT
T
M−µ1,T /8)}

≤
∑
k∈Sc
{

64K2
εdTE[‖RT,(k)(θ0)‖22]

Tγ2
TT
−2M−2µ

1,T

+
64K2

εdT ‖HT,(k)(k)‖22
Tγ2

TT
−2M−2µ

1,T

}

≤
64K2

εdT ‖HT ‖22
γ2
TT
−1M−2µ

1,T

+
64K2

εE[‖RT (θ0)‖22]

γ2
TM

−2µ
1,T

≤
64K2

εdTλ
2
max(HT )

γ2
TT
−1M−2µ

1,T

+
64K2

εd
3
T

γ2
TM

−2µ
1,T

≤
64K2

ελ
2
max(HT )

{γTT−1/2d
−1/2
T M−µ1,T }2

+
64K2

ε

{γT d−3/2
T M−µ1,T }2

= O((
γT√
T
T

1
2 [(1+µ)(1−c)−1])−

2
1+µ ) +O((

γT√
T
T

1
2 [(1+µ)(2−3c)−1])−

2
1+µ ).

We obtain for T4 by the Markov inequality

T4 :=
∑
k∈Sc

P(‖∇′{G̈T l(θ̄)(k)(k)}(k)‖2(
dT

T
)2K2

ε >
γT
T
M−µ1,T /4)

≤
∑
k∈Sc

16K4
εd

2
TE[‖∇′{G̈T l(θ̄)(k)(k)}(k)‖22]

T 2γTT−2M−2µ
1,T

≤
16K4

εd
5
TE[‖∇′{G̈T l(θ̄)}‖22]

γ2
TM

−2µ
1,T

≤
16K4

εd
5
T η(Kε)

γ2
TM

−2µ
1,T

=
16K4

εη(Kε)

{γT d−5/2
T M−µ1,T }2

= O((
γT√
T
T

1
2 [(1+µ)(2−5c)−1])−

2
1+µ ).

Finally, we have for T5 that

T5 :=
∑
k∈Sc

P(‖˜̃θ(k)‖2 > M1,T ) ≤
∑
k∈Sc

E[‖˜̃θ(k)‖22]

M2
1,T

≤
E[‖˜̃θ − θ0‖22]

M2
1,T

= O((
γT√
T
T

1
2 [(1+µ)(1−c)−1])−

2
1+µ ).
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Hence we obtain from these relationships and using assumption 13

γT

λ1+µ
T

Tµ−( c2 +κη)(1+µ) −→
T→∞

∞,
γT√
T
T

1
2 [(1+µ)(1−c)−1] −→

T→∞
∞,

so that the latter implies

γT√
T
T

1
2 [(1+µ)(2−3c)−1] −→

T→∞
∞,

γT√
T
T

1
2 [(1+µ)(2−5c)−1] −→

T→∞
∞.

Consequently each Ti converges to zero for T large enough. Hence

P( ∪
k∈Sc
{‖ẑ(k)‖2 ≥ 1}) ≤

5∑
i=1

Ti + ε/6 −→
T→∞

ε.

For ε→ 0, we proved P( ∪
k∈Sc
{‖ẑ(k)‖2 ≥ 1})→ 0 for T large enough.

As for the second part of the model selection procedure, we prove that

P( ∩
k∈S

∩
i∈Ack

{|ŵ(k)
i | < 1}) −→

T→∞
1⇔ P( ∪

k∈S
∪

i∈Ack
{|ŵ(k)

i | ≥ 1}) −→
T→∞

0.

By the optimality conditions, we have

P( ∪
k∈S

∪
i∈Ack

{|ŵ(k)
i | ≥ 1}) = P( ∪

k∈S
∪

i∈Ack
{|ĠT l(θ̂)(k),i| ≥

λT
T
α

(k)
T,i}).

Then by a Taylor expansion around θ0, with θ̄ between θ̂ and θ0, we have

P( ∪
k∈S

∪
i∈Ack

{|ŵ(k)
i | ≥ 1}) = P( ∪

k∈S
∪

i∈Ack
{|ĠT l(θ0)(k),i + [

∑
j

∂2
ijGT l(θ0)(θ̂j − θ0,j)]i

+ [
∑
j,k

1

T

T∑
t=1

∂3
ijkl(εt; θ̄)(θ̂j − θ0,j)

2/2]i| ≥
λT
T
α

(k)
T,i})

≤ P( ∪
k∈S

∪
i∈Ack

{|ĠT l(θ0)(k),i| ≥
λT
T
α

(k)
T,i − [

∑
j

∂2
ijGT l(θ0)(θ̂j − θ0,j)]i

− [
∑
j,k

T−1
T∑
t=1

∂3
ijkl(εt; θ̄)(θ̂j − θ0,j)

2/2]i|}).
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Let M2,T = (
λT

T
)

1
1+η . By ‖θ̂ − θ0‖2 = Op((

dT

T
)

1
2 ) and the Cauchy-Schwartz

inequality

P( ∪
k∈S

∪
i∈Ack

{|ŵ(k)
i | ≥ 1}) ≤

∑
k∈S

∑
i∈Ack

{P(| ˜̃θ(k)
i | > M2,T ) + P(|ĠT l(θ0)(k),i| ≥

λT
T
α

(k)
T,i

− [
∑
j

∂2
ijGT l(θ0)(θ̂j − θ0,j)]i − [

∑
j,k

T−1
T∑
t=1

∂3
ijkl(εt; θ̄)(θ̂j − θ0,j)

2/2]i|, | ˜̃θ(k)
i | ≤M2,T )}

≤ ε/5 +
∑
k∈S

∑
i∈Ack

{P(| ˜̃θ(k)
i | > M2,T ) + P(|ĠT l(θ0)(k),i| ≥

λT
T
M−η2,T

− {
∑
j

(∂2
ijGT l(θ0))2}1/2Kε(dT /T )1/2

− {
∑
j,k,l,m

T−2
T∑

t,t′=1

∂3
ijkl(εt; θ̄)∂3

ilml(εt′ ; θ̄)}1/2K2
ε(dT /T ))}

≤ ε/5 +
∑
k∈S

∑
i∈Ack

{P(| ˜̃θ(k)
i | > M2,T ) + P(|ĠT l(θ0)(k),i| ≥

λT
T
M−η2,T /3)

+ P({
∑
j

(∂2
ijGT l(θ0))2}1/2Kε(dT /T )1/2 >

λT
T
M−η2,T /3)

+ P({
∑
j,k,l,m

T−2
T∑

t,t′=1

∂3
ijkl(εt; θ̄)∂3

ilml(εt′ ; θ̄)}1/2K2
ε(dT /T ) >

λT
T
M−η2,T /3)}

:=

4∑
i=1

Ti + ε/5.

We proceed as for inactive groups. For T1, we have by the Markov inequality

T1 :=
∑
k∈S

∑
i∈Ack

P(|ĠT l(θ0)(k),i| ≥
λT
T
M−η2,T /3)

≤
∑
k∈S

∑
i∈Ack

9E[|ĠT l(θ0)(k),i|2]

{λTT M
−η
2,T }2

≤
9E[‖ĠT l(θ0)‖22]

{λTT M
−η
2,T }2

= O((
λT√
T
T

1
2 [(1+η)(1−c)−1])−

2
1+η ).
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As for T2, we have

T2 :=
∑
k∈S

∑
i∈Ack

P({
∑
j

(∂2
ijGT l(θ0))2}1/2Kε(dT /T )1/2 > λT

T M
−η
2,T /3)

=
∑
k∈S

∑
i∈Ack

P(({
∑
j

PT,(k),j(θ0)}1/2 + {
∑
j

H2
T,(k),j}

1/2)Kε(dT /T )1/2 > λT
T M

−η
2,T /3)

≤
∑
k∈S

∑
i∈Ack

∑
j

{
36dTE[P2

T,(k),j(θ0)]

T{λTT M
−η
2,T }2

}+
36dT ‖HT ‖22
T{λTT M

−η
2,T }2

≤
36dTλ

2
max(HT )

T{λTT M
−η
2,T }2

+
36dTE[‖PT (θ0)‖22]

T{λTT M
−η
2,T }2

= O((
λT√
T
T

1
2 [(1+η)(1−c)−1])−

2
1+η ) +O((

λT√
T
T

1
2 [(1+η)(2−3c)−1])−

2
1+η ).

Furthermore, for the third order term in T3, we have

T3 :=
∑
k∈S

∑
i∈Ack

P({
∑

j,k,l,m

T−2
T∑

t,t′=1

∂3
ijkl(εt; θ̄)∂3

ilml(εt′ ; θ̄)}1/2K2
ε(dT /T ) > λT

T M
−η
2,T /3)

≤
9d2
TE[‖∇′{G̈T l(θ̄}‖22]

T 2{λTT M
−η
2,T }2

= O((
λT√
T
T

1
2 [(1+η)(2−5c)−1])−

2
1+η ).

Finally, we have for T4 that

T4 :=
∑
i∈Ack

P(| ˜̃θ(k)
i | > M2,T ) ≤

∑
k∈S

∑
i∈Ack

E[| ˜̃θ(k)
i |2]

M2
2,T

≤
E[‖˜̃θ − θ0‖22]

M2
2,T

= O((
λT√
T
T

1
2 [(1+η)(1−c)−1])−

2
1+η ).

From these relationships and assumption 13,
λT√
T
T

1
2 [(1+η)(1−c)−1] −→

T→∞
∞ im-

plying

λT√
T
T

1
2 [(1+η)(2−3c)−1] −→

T→∞
∞,

λT√
T
T

1
2 [(1+η)(2−5c)−1] −→

T→∞
∞.

We deduce P( ∪
k∈S

∪
i∈Ack
{|ŵ(k)

i | ≥ 1}) −→
T→∞

ε. We have then concluded the model

selection consistency.

We now focus on the asymptotic normality. Model selection implies that

P({k ∈ S, i ∈ Ak, : θ̂(k)
i 6= 0} = A) −→

T→∞
1.

As a consequence, the next relationship holds

P(∀k ∈ S, ĠT l(θ̂)Ak +
λT
T
αT,Ak � sgn(θ̂Ak) +

γT
T
ξT,k

θ̂Ak

‖θ̂Ak‖2
= 0) −→

T→∞
1.
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By a Taylor expansion of the gradient term around θ0,A, we obtain

P(ĠT l(θ0)A + G̈T l(θ0)AA(θ̂A − θ0,A) +
1

2
∇′{(θ̂A − θ0,A)′G̈T l(θ̄)AA(θ̂A − θ0,A)}

+ λT
T αT,A � sgn(θ̂A) + γT

T ηT = 0) −→
T→∞

1,

where ηT = vec(ξT,k
θ̂Ak

‖θ̂Ak‖2
, k ∈ S) and ‖θ̄ − θ0‖2 ≤ ‖θ̂ − θ0‖2. As a conse-

quence, we have

P(θ0)(θ̂A − θ0,A) + HT,AA(θ̂A − θ0,A) = −ĠT l(θ0)A

−
1

2
∇′{(θ̂A − θ0,A)G̈T l(θ̄)AA(θ̂A − θ0,A)} − λT

T
αT,A � sgn(θ̂A)− γT

T
ηT + op(1),

where P(θ0) = G̈T l(θ0)AA − HT,AA and HT,AA = E[∇2

θθ′
l(εt;θ0)]AA. Then

multiplying by
√
TQTV−1/2

T,AA, we obtain

√
TQTV−1/2

T,AA(θ̂A − θ0,A) = −
√
TQTV−1/2

T,AAH
−1
T,AA(

λT
T
αT,A � sgn(θ̂A) +

γT
T
ηT )

−
√
TQTV−1/2

T,AAH
−1
T,AAĠT l(θ0)A −

√
TQTV−1/2

T,AAH
−1
T,AAP(θ0)(θ̂A − θ0,A)

−
√
T/2QTV−1/2

T,AAH
−1
T,AA∇

′{(θ̂A − θ0,A)′G̈T l(θ̄)AA(θ̂A − θ0,A)}+ op(1).

We focus on the l1 penalty term, which can be upper bounded as

N1,T := |
√
TQTV−1/2

T,AAH
−1
T,AA(

λT

T
αT,A � sgn(θ̂A))|

≤ |QTV−1/2
T,AA||H

−1
T,AA|λTT

−1/2 max
k∈S,i∈Ak

αT,i,A

≤ |QTV−1/2
T,AA|λ

−1
min(HT,AA)λTT

−1/2{ min
k∈S,i∈Ak

| ˜̃θ(k)
i |}

−η

≤ |QTV−1/2
T,AA|λ

−1
min(HT,AA)λTT

κη− 1
2 .

If λTT
κη → 0, then N1,T = op(1).

As for the l1/l2 penalty, it can be upper bounded as

N2,T := |
√
TQTV−1/2

T,AAH
−1
T,AA

γT

T
ηT |

≤ |QTV−1/2
T,AA||H

−1
T,AA|γTT

−1/2‖ηT ‖2

≤ |QTV−1/2
T,AA||H

−1
T,AA|γTT

−1/2

√∑
k∈S

‖˜̃θ(k)‖−2µ
2

≤ |QTV−1/2
T,AA|λ

−1
min(HT,AA)γTT

−1/2d
1/2
T {min

k∈S
‖˜̃θ(k)‖2}−µ

≤ |QTV−1/2
T,AA|λ

−1
min(HT,AA)γTT

−1/2d
1/2
T Tκµ.
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Using dT = O(T c), if γTT
c−1
2 +κµ → 0, then N2,T = op(1). Consequently, we

have N1,T +N2,T = op(1).

We now turn to the hessian quantity of the Taylor expansion and prove that
the discrepancy P(θ0) converges uniformly to zero in probability. For any
ε > 0, by the Markov’s inequality, we have

P(‖G̈T l(θ0)AA −HT,AA‖22 > (ε/dT )2)

≤
d2
T

ε2T 2
E[

∑
(k,l)∈A

{∂2
θkθl

l(εt;θ0)− E[∇2
θkθl

l(εt;θ0)]}2]

≤
d4
T

ε2T 2
λ2

max(HT,AA).

As for the third order term, by the Cauchy-Schwartz inequality

‖∇′{(θ̂A − θ0,A)′G̈T l(θ̄)AA(θ̂A − θ0,A)}‖22

≤
1

T 2

T∑
t=1

{
∑

(k,l,m)∈A

∂3
θkθlθm

l2T (εt; θ̄)}‖θ̂A − θ0,A‖42

≤
1

T 2

T∑
t=1

{
∑

(k,l,m)∈A

ψ2
T (εt)}‖θ̂A − θ0,A‖42 = Op(

d5
T

T 2
) = op(

1

T
).

We now proveXT,t =
√
TQTV−1/2

T,AAH
−1
T,AAĠT lt(θ0)A, t = 1, · · · , T, is asymp-

totically normal by checking the Lindeberg-Feller’s condition for applying The-
orem 10 of Shiryaev. We remind that ĠT lT,t(θ0) is the t-th point of the score
of the empirical criterion. Let β > 0, and to the Theorem of Shiryaev, we need
to prove that for any ε > 0, we have

P(

T∑
t=0

E[‖XT,t‖221‖XT,t‖2>β |F
T
t−1] > ε) −→

T→∞
0.

By the Markov inequality, we obtain

P(

T∑
t=0

E[‖XT,t‖221‖XT,t‖2>β |F
T
t−1] > ε) ≤ 1

ε

T∑
t=0

E[‖XT,t‖221‖XT,t‖2>β |F
T
t−1]

≤ 1

ε

T∑
t=0

E[E[‖XT,t‖42|FTt−1]1/2P(‖XT,t‖2 > β|FTt−1)1/2]

≤ 1

ε

T∑
t=0

E[{Cst
T 2

E[‖∇l(εt;θ0)∇′l(εt;θ0)‖22|FTt−1]}1/2

× 1

β
E[‖
√
TQTV−1/2

T,AAH
−1
T,AAĠT lt(θ0)A‖22|FTt−1]1/2],
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with Cst > 0. First, let KT = QTV−1/2
T,AAH

−1
T,AA, we have

E[‖
√
TKT ĠT lt(θ0)A‖22|FTt−1] =

1

T
E[∇′l(εt;θ0)K′TKT∇l(εt;θ0)|FTt−1]

=
1

T
E[Trace(∇′l(εt;θ0)K′TKT∇l(εt;θ0))|FTt−1]

=
1

T
Trace(E[∇l(εt;θ0)∇′l(εt;θ0)|FTt−1]K′TKT ) ≤

1

T
λmax(HTt−1)C̃st,

where C̃st > 0. Furthermore, we have

E[‖∇l(εt;θ0)∇′l(εt;θ0)‖22|FTt−1] = E[
dT∑
i,j=0

{∂θi l(εt;θ0)∂θj l(εt;θ0)}2|FTt−1]

≤ d2
T sup
i,j=1,··· ,dT

E[{∂θi l(εt;θ0)∂θj l(εt;θ0)}2|FTt−1].

By assumption 14, we have

P(
T∑
t=0

E[‖XT,t‖221‖XT,t‖2>β |FTt−1] > ε)

≤
C

1
2
stC̃

1
2
stdT

T
3
2

T∑
t=0

E[ sup
i,j=1,··· ,dT

E[{∂θi l(εt;θ0)∂θj l(εt;θ0)}2|FTt−1]λmax(HTt−1)]

≤
C

1
2
stC̃

1
2
stB̄TdT

T
3
2

.

Consequently, we obtain
T∑
t=0

E[‖XT,t‖221‖XT,t‖2>β |FTt−1] = op(1). We deduce

that XT,t satisfies the Lindeberg-Feller condition, and by Theorem 10, we ob-

tain that
√
TQTV−1/2

T,AAH
−1
T,AAĠT l(θ0)A is asymptotically normally distributed.

The asymptotic distribution of Theorem 8 follows. ut

4 Additional simulated experiment

This section provides a further insight in the support recovery of the adap-
tive Sparse Group Lasso through an additional simulated experiment on VAR
models. We consider a data generating process

yt = Φ1yt−1 + Φ2yt−2 + ut,

with yt = (y1,t, · · · , yd,t)′, ut ∼ NRd(0, Σ) such that Σ = D
1
2RD

1
2 , with

Rij = ρ|i−j|, 1 ≤ j, i ≤ d, D = diag(σ2
1 , · · · , σ2

d), ∀i, σi ∈ U([0.03; 0.1]) and
ρ ∈ U([0.4, 0.9]). It corresponds to a VAR(p) dynamic, with p = 2 such that
we generate Φ1 and Φ2 under the usual stationarity constraints together with
an ordering constraint, idest ∀i, j, Φ2,ij ≤ Φ1,ij . We also set zero coefficients
among Φ1 and Φ2. We consider d = 5 (resp. d = 10) such that the number of
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zeros is 30 (resp. 105) and the number of nonzero coefficients is 20 (resp. 95).
Each of these active coefficients is simulated in U([0.05, 0.9]).

Then we estimate a VAR(p) model, with p = 4 and using a similar criterion
as in the simulated experiment 1. The total number of estimated parameters
would be d = p × N2 and the total number of zero |A| to recover is 80 for
d = 5 and 305 for d = 10. In this setting d is not indexed by T . We define the
group as the lags for the Group Lasso and the SGL procedures, which implies
there are 4 groups in total, with 2 active groups.

The results reported in Table 1 clearly illustrate the ability of the adaptive
SGL procedure to properly perform for variable selection. The number of zero
coefficients correctly estimated is denoted as C and the number of nonzero co-
efficients incorrectly estimated is denoted IC. MSE stands for the mean square
error. The adaptive Lasso also provide proper performance results regarding
both estimation precision and variable selection.

Table 1 Model selection and precision accuracy based on 100 replications

d |A| Model MSE C IC
5 80 Truth 80 0

Lasso 0.0308 44.25 0.31
aLasso 0.0283 50.45 0.24
GLasso 0.0170 63.03 0.08
AGLasso 0.0175 65.34 0.07

SGL 0.0149 53.93 0.06
ASGL 0.0094 77.97 0.06

10 305 Truth 305 0
Lasso 0.2827 110.30 13.45
aLasso 0.2071 129.55 9.12
GLasso 0.0683 236.94 3.64
AGLasso 0.0591 256.73 3.12

SGL 0.0529 220.52 3.05
ASGL 0.0526 295.36 2.96


