Supplementary File to Asymptotic Theory of the
Adaptive Sparse Group Lasso

Benjamin Poignard

Abstract We provide the proofs of Theorems 6, 7 and 8. An additional sim-
ulated experiment is provided to support the performance of the adaptive
Sparse Group Lasso regularization method.

1 Proof of Theorem 6

We proceed as in the proof of Theorem 2. We denote v = (dr/T)/? and we
would like to prove that, for any € > 0, there exists Ce > 0 such that
P(||6 — oll2/ir > Ce) < €. (1)

To prove (1), it is sufficient to show that for any € > 0, there exists Ce > 0
such that

P(||@ — 0|2 > Cevr) < P(Fu € R ||lully > Ce : Grl(8y + vru) < Grl(6,))
= P(H’U, (S RdT, ||’U,H2 = Ce . GTZ(OO + I/T'u) S GTZ(O())),

by convexity. By a Taylor expansion of Grl(6g + vru), we obtain

V2

3
GTZ(00+VTU) = GTI(00)+1/TGTZ(00)u+TTU’GTZ(00)u+%V’{u’GTl(é)u}u7

where 8 € © such that ||@ — 8l|2 < Cevr. We would like to prove

2
P(3u € R, Julls = Ce :  vrGrl(80)u + %TU’GTZ(QO)U o)
2
3
+ %V’{u’@ﬂ(é)u}u <0)<e

To do so, we focus on each quantity of the Taylor expansion to extract the
dominant term. First, for a > 0 and the Markov inequality, we have for the
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score term
P( sup |Grl(fo)ul>a) <P( sup [Grl(6o)l2]ullz > a)
u:|ull2=Ce u:|ull2=Ce

P(|Grl(80)|2 > &)
(S)2E[|Gri(80)13]

Cey2 & 2
(=£)? Z_:]E[(aekGTl(Go)) ]

— (Ce)2 1S SEEy, U(er: 00)0, e 60)]

tt=1k=1

< (Cey(L S w(jt— t)))dr.

t,t'=1

)

IN \/\

IN

T
By assumption 9, sup E[,(€:;00)0p,1(er;600)] < ¥ (|t—t'|) and 7 > ¥(|t—
k=1, dr tt'=1
t'|) < co. This implies
. Ced
P( sup |Grl(6g)u| >a) < 2TK

é
wu)=Ce Ta

for some constant K7 > 0.
We now focus on the hessian quantity that can be rewritten as

w'Grl(00)u = w'E[Grl(0g)]u + Rr(0y),

dr
where Rr(00) = > wrwi{93 5 Grl(80) — E[07, 4,Grl(80)]}. We have
k=1

dr

E[RT(GQ)] =0, Var(RT 00 2 Z Z ukuk’ulul’E[Ckl,t~Ck’l’,t’]7
=1k, =1

where Crir = 0f g 1(€1;00) — E[D7 4,1(€:;00)]. Let b > 0, we deduce by the
Markov inequality and assumption 10,

1 Kollulidy _ KoClds
Rr(6 b E[R2.(0,)] < <
P(Rr(80)| > b) < B[RS (0)] < 22t < 22 €L
where K5 > 0. Furthermore, by assumption 7,

'E[Grl(80)]u > Ain(Hr)u'u

As for the third order term, we have

IV{U'GTZ( 0)utul?

< ﬁ Z Z Z |uk1uk2 Uz Ul Uiy Ul ‘ |agk19k29k3l(et; é)'8311012013l(6t’; é)|

t,t'=1ky,ko2,k3l1,l2,l3

IN

1 T
lwl$dt 3 > vi(Ceve(Ce).

tt'=1
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where

w(Co)= sup {  sup |3 g0, Uei:O)]}.
k1k2k3 0:”0700H2SVTCO

Note that v:(Cop) depends on dr and Cy. By assumption 11, we have

1(Co) = 75 Z [ve(Co)vr (Co)] <

tt'=1
By the Markov inequality, for ¢ > 0, we conclude that

V2 1/4 d3 CG
P(3u, [|ullz = Ce : ET ~ sup \V{u GTl( Julu| > ¢) < T361;2 €
10-0q|2<vrCe

n(Ce)-

We can now bound (2) thanks to proper choices of a, b, c and Ce. We denote

by 7 = Amin (Hz)C2u7/2, and using %T]E[U’GTZ(()O)U] > 67, we have

P(3u € RY", ulls = Ce : Grl(60)u + %Tu'@TZ(eo)u n V{u’GTl( Yulu < 0)
< P(3u € RIT | |Ju|ly = Ce : |Grl(00)u| > d7/4)
+P(3u € R, |lulls = Ce : % [Rr(80)] > 6r/4)
+P(3u € R [lull; =Ce: %= sup \V{w'Grl(0)u}u| > dr/4)
0:10-0,|<vrCe
16C2dr K, 4v2d2CE  16v4d3.C8

= T 47, 362 "(C€)
2
dr ds. )
S Cl 2 2 + CQ + O?)VTd Cen(ce)
TCé¢vi

dr
?) )

N

where Cy,Cs,C3 are strictly positive constants. We chose vy = (
then deduce

we

V2
P(Fu € R, ||lully = Ce : vrGrl(6o)u + —u’GTl(OO)u + —V{u’GTZ( Jutu < 0)

d% d4C
T

C’
< 02 + 02 1(Ce).

Now we fix Ce sufficiently large enough, such that C;/CZ < €/3. Once this
2
constant is fixed, there exists a Ty such that for T' > Ty we have C’gd% < €/3

d.c?
and 03 TT €

we obtain

n(Ce) < €/3 under the assumption that d3 = o(7T'). Consequently,

2
P(Ju € R, |[ulls = Ce : (GTZ(OO) + urGrl(00)u + %Tu’GTZ(eO)u

+ V{U'GTI( Jutu < 0) <

- dr ,
This proves (1), that is ||@ — @¢||2 = Op((%)E). O
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2 Proof of Theorem 7

We proceed as we did for proving Theorem 6. Let vy = (dr/T)/?. We would
like to prove that for any € > 0, there exists Ce > 0 such that

P((|6 — 0|l2/vr > Ce) < e. 3)

To prove (3), we show

P(3u € RY", ulls = Ce : Grl(60)u + ”—Tu'@TZ(a Yu + —V’{u’GTl( 0)ulu
+vg {py (A1, 0,600 + vru) — p1(>\T79 00) +p2(’7T70 0o +vru) — pz(VTﬁ 60)} <0)
< €,
(4)
a relationship obtained by convexity and a Taylor expansion.

The score quantity can be upper bounded as

dr

|Grl(Bo)ul < [|Grl(B0)|2]|ull2 = Op((?)%)IIUIlz = Op(vr)|lullz,

where we used assumption 9 to obtain the bound in probability of the score.

As for the third order term, we have by the Cauchy-Schwartz inequality
V' {«'Grl(6 )u}ul2

< ||U|\ng T2 Z { Z Z 05, 01,00, L(€6:0)05, g, 5, U(€r;0)}

tt'=1 ky,ly,mi=1ks,la,ma=1
= [Ju[3d3n(Ce).

This implies
V{uw'Grl(0)u}u = Op(d?%/2||U||§’)~

Hence by the Markov inequality

v3Ced3.
P(3u € R, ||lully = Ce : V2V {u/Grl(0)u}u| > a) < Tgn(Ce)

where we used assumption 11.
Finally, the hessian quantity can be treated as in the proof of Theorem 6.

We denote by Rr(0y) = Z uru{05, 4, Grl(80) —E[9] 4, Grl(60)]}. We have
k=1

UIGTZ(B())’U, = UIE[GTZ(H())]U + RT (00)
By assumption 10 and the Markov inequality, for any x > 0, we obtain

K [|ul3d7 - KyCeds

1
|RT 00)' > K’) [R2 (00)] I€2 T = K,2T 3
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with Ko > 0. This relationship holds for any £ > 0. Then for T large enough,
we deduce that [R7(6o)| = 0,(1). Consequently

2 2
—w'Grl(8o)u TAmm(HT)IIuIIQ +op (1) ||ul3.

We focus on the penalty terms. We have

p(A\r, 0,600 + vru) — py(Ar, 8,60) =7%z:§ H165) + vrul® | — 10571},
N N keSie Ay
and |p; (A7, 8, 80 + vru) — p;(Ar, 0,00)] < A¢ z 3 a(k)z/T|u ).
keSic Ay
As for the ! /I? norm, we obtain
pa(v7, 0,00 + vru) — py(yr, 6, 00) ::%%izgsTJ{H08’+furun24—Hegﬂu}
€Sl

and ‘pg(’)/T, ba 00 + VTU’) - pQ(rYTv év 90)| S ’YTT ZgTJVTHu(l) H2
les
For the [! norm penalty, using { mln |9( )|} 1 < T then

k: k
Mzzdme<MMzzwmeM2

keSice Ay, kESI€ A
dr
< Yol
(k) |1n
{emin, 1071}

< 22 v /dr T |ul2,

by the Cauchy-Schwartz inequality. Then if A7T'2 =1+ is bounded, we obtain
pl()‘Ta ba 00 + VTu) - pl()‘Tv 97 00) = O(V’%) ||’LL||2

As for the ! /I term, using {Ilm:? ||é(l)||2}—u < T*H_ we obtain
€

NE

ar
T

ervrllu®|; < %?VT{;igHé“)H52“}1/2Hqu
S
Vdr
< or—— =i —ul
i Iz
{rlrgg 1602}

< FvrVdrTH"|ul s,

1

by the Cauchy-Schwartz inequality. Then if yp 7% ~1T%# is bounded, we obtain

P2(17, 0,00 + vru) — py(77,0,00) = O(v3)||u2.

We now can prove (4). Let 67 = Awin (Hr)Cérr /2 and using “FE[u 'Grl(0)u] >
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o1, we have

P(Ju € R, |ull2 = Ce : Grl(80)u + I/Tu’GTl(OO)'zf/Q + V%V{u’GTl(é)u}um
+v7 ' {p1 (A1, 8,00 + vru) — pi (A1, 8,00) + P2 (71,8, 00 + vru) — py(vr,6,60)} < 0)
< P(3u € R, [luly = Ce : |pru/Grl(Bo)u/2] < [Grl(Bo)u| + 12V {wGri(B)ulu/6
+vpH{p1 (A1, 0,600) — p1(A1, 0,00 + vru)| + |py(v7,8,60) — Py (v7, 0,00 + vru)[})
< P(3u € R, |[ully = Ce : [Gri(Bo)u| > 67/8)
-HPJ(H’U, € Rir ||u||2 =Ce¢: VT |RT(00)| > 6T/8)
+P(Ju € RIT, [Jull; = Ce : | V{u’GTl( Jutu| > 67/8)

+P(Ju € R, ||ully = Ce : |py (A1, 6, 60) — py (A1, 0,600 + vru)| > vrér/8)

P(GU € R, [|lully = Ce : [y (77,0, 00) — P2 (7.0, 00 + vru)| > vrd7/8)
Cstl/%d%Cé

+ Cet{VTC(Sd%n(CE)} T(S%

< — Ce +€/5+¢€/5
< €,

with Cs; > 0 a generic constant. We used d3. = o(T) and for Ce large enough
]P(EI’U, € RdT? ||u’||2 = Ce : ‘pl(AT7~é700) 7p1(>‘T7~9700 =+ VTU’)‘ > VT(;T/g) < 6/57
P(Ju € R ||lu|s = Ce : |py(77,0,00) — Py(y1,0, 00 + vru)| > vrdr/8) < €/5.

Thus we obtain for Ce and T large enough, with the conditions yp7'2 ~1+## —
0 and A\pT'3 157 — ( that

S

o
T

N

16 — 6oll2 = Op(vr) = Op((7) 7).

3 Proof of Theorem 8

Model selection consistency consists of proving that the probability of the
event {A = A} tends to one asymptotically. This event is

(A=A} ={Vke S Viec A, |0 >0} {Vk=1,--- ,m,Vie A5, 0% = 0}.
Hence we prove

P({Vk € 8,Vi € A, 10| > 0y N {Vk =1,--- ,m,Vi € AL, 6 =0}) — 1.

T—o0
()
Model selection consistency can be decomposed into two parts: recovering the
active indices by estimating nonzero coefficients; discarding the inactive indices
by shrinking to zero the related coefficients. Now (5) can be proved by first
showing that for any T, there exists 5 such that 0 < § < rél}éln B0,i,.4,, With
i€ Ay

ke S and )
P(10.4 ~ B0.all < B) — 1. (6)

o0
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The second part regarding nonactive indices can be proved as

PO, (12" < 1) — 1,

B0, 0, o <)t v

where 2 (resp. @) is the subgradient of ||é(k)||2 (resp. ||9(k)||1) given in
Section 3. Hence (6) and (7) prove (5).

We first focus on (6), which is equivalent to P(||@4, — 0.4, |2 > ) 2 0.
— 00
By the Karush-Kuhn-Tucker optimality conditions, we have

. . A ~
Gri(6)a+ Zrara @ sen(6.) + %chp =0,

04
where ¢r = Vec(ETJCi” k € 8). We denote by ap 4, = (ar,i € Ai), a
2
vector of size R€4r. By a Taylor expansion of the gradient component around

00,4, we have

GTl(eo)A + Hr,44(0.4 — 00.4) + Pr(60)(0.4 — 00,4)
V(04— 600.4)Grl(0)(8.4 — 0o A)} + 2 ap 4 ©sgn(@a) + Lo =0
& 9A = 90 A —H7 Y4 (Grl(B0)a + 2Fara ©sgn(B4) + For

*HE,AA§VA{(9A —00.4)Grl(0) 4404 — 00.4)} — Hp'y 4Pr(60)(0.4 — 00.4),

where |6 — 8|l> < [0 — 8¢|l2, Pr(80) = Gri(69) an — Hr a4 and Hy 44 =

- d
E[V2gL(€1;00)] a4 Then using 8.4 — 00_all2 = Op((=)%), we obtain

),

P(10.4  0o.all> > 8) < B(IHF Ly 4Crl(B0)alls + [Hiyalloll 2 ar 4 © sn(®.)]
$IEE ol el + L V4 { (B~ B0,4) Gri@ >AA<0,4 — 600}/l
L Al P20~ 800 > )

< By ()| Gr(00)alls + A () 3 ol

+ Ak () sl + A () O3 /2T) [V (G (8) o

+ At (H2)Co (dr /T)? | Pr(60) 2 > B) + B([[0.4 — 0,4l > (dr/T)/*C),

min

for Cop > 0 large enough, and we used ||[Hy ' x|y < A i (Hz)||z|l2 for any
vector & € RYT. Let us proceed element-by-element. We have by the Markov

inequality

) q 3672 (Hy)C2d
P(Amin (Hr)Co %HPT(‘%)H2> g) (Tﬁg) —

E[||Pr(80)II3]-

min
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We have

E[|[Pr|3] T2 Z Z Z E[Ckt,eCrrvr /]

t,t'=1k,k'€ Al,l’'€e A

where (1 = agkell(et; 6y) — E[agkng(et; 60)]. By assumption 10, we obtain

B, _ 36\, (Hr)CF di

5 S

P(\i, (Hr)Co HPT(OO)HQ > 52 T3

min

As for the third order term, by the Markov inequality

P A ()G S V4 (1 (8) bl > &)

9)\ 2 (Hr)Cd

min

2
g7 (G21(0) an} )

We obtain

[||VA{GTZ( )aatl3]

S 2 Z Z Z ‘6(9k1l9k Ok l(Gt;BO)'6311912913l(6t;ao)l(et/;eo)”

t,t'=1kq,ko,ks€Alq,l2,l3€A

1 T
< ﬁd:% > Efwr(Co)vr (Co)]l = n(Co)d,
tt/=1
by assumption 11, where v;(Cp) = sup sup |8§’k19k2 gkgl(et; 6o).

k1k2k30:”0_00|\2§ dTTCO
We deduce that

8 9)\m12n( 7)Cp d5

d ..
P( Ak (B )O3 T |V {E21(8) o > &

As for the score, by the Markov inequality and assumption 9

: A2 (H 36
P(Anin (H1)|GT1(80) all2 > 5/6) < (ﬂT)
A* HT )36 1 &

Zmin\"T L /P 2 Z Z]E aGk 6t700 agk (Et’ 00)]

tt'=1ke A

/\_ 1361 1 A2 (Hp)36Kd
mln( 7{ Z t—t | }dT mm( ;6)2 T,

tt’ 1

E[|Grl(80) all2]
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with K > 0. Hence we deduce

P(|6.4 — 6o.4]l2 > ) < P(A mm(HT)*HaTA\b + Amm(HT)*HCTHa > 8/2)

+ P(104 — 80.4]l2 > (dr/T)"/2Co) + P\, (Hr) Co(dr/T) " ?|[Pr(89)ll2 > 5/6)

+ PO\ (Hp)CF (g /2T) || V4 {Grl(0) aa}|2 > B/6)

+ Pty (H1) |[G1l(60) 4ll2 > B8/6)
A0 Hr) Ar 19 Y1

= B ?dT/ [keglaé(flk T, Al + ?E[max Srl}
36A;IH(HT)K4T+ I\ 2 (Hy)Cf d5 365 (Hy)C2 d5.

TBQ 4 TQ??( 0) mlnﬁg T2

For T and Cj large enough, if d3. = o(T'), by assumption 12, that is if

BT Apdy/? E[ max ara,.]+o7Emaxére} — 0,

EAL
then P(||04 — 00 4|2 > 8) — 0.
T—o0
We now turn to the second step of model selection consistency. First we prove

(0 (Y <1h) — 1o P( Y {EPR21}) — 0 ()
This is equivalent to proving

N 03 AT (k) () T
— > — .
P(, U ANCO) ) + TaT Ow s = érn}) 2 0

We have for £k € S¢ that ||'ﬁ;(k)|\oo < 1, which implies by the optimality
conditions of Karush-Kuhn-Tucker that

B(, U {IGrl@)w + 3o’ 0 &Vl > Fers))

< P( U {IGr10)ll2 = Férs — 3o [l2}).

By a Taylor expansion around g, let 8 such that [|@ — o] < |8 — ]|, we
have

T k
B U {15712 > 1) < P( U {I1GrlB0)ll2 = F7Ers — Fllad|1

— IGT1(B0) (y (1) 12110 — Boll2 — IV {GLL(O) (ky () iy 12116 — B0 l3})

: VT Gk) - AT 12 ) —
< B(, U {IGr1O0)wlla = T 16W)5" - Frdrl? _max  (6077)

- HGTZ(OO)(I@)(I@)”2H9_OOHZ_||VI{GTZ( ) (k) (k) } () |2 16 — 60]2}),
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where we used |\GTZ(00)(,€)(;€)(9—00)||2 < \|GTZ(9)(k)(k)H2||9—00||2. Let € > 0,
and Ke strictly positive constants, we proved for T large enough that P(||@ —
0oll2 > Ke(dr/T)Y?) < €/6. We deduce that

B(, U {1272 2 1) < B( U {IGr1(00)w 2 = 7 16P115"

AT 1/2 (k)| — ..
— 7 dr e (|9 =) =11l (80) (ky (ko 12 (dr /T) /2 K

— [IV{GTUO) () () Yo 2 ( ) Ke}) + /6.
Let My = (V—T)ﬁ, then
T
B, U {12W e 2 1}) < ¢/6+ Y (B(IGr1(60) w2 = 7 16P115"

keSe

>\T 1/2 (k)| — N
T di! pemax (167 — IGTL(80) (k) ll2(dr/T) 2 Ke

— IV{GTUO) k) (k) Y vy 2 ( ) K, 10|y < My 7) +P(16W] > My 1)}
Consequently, we have the relationship

P( Y., WMo > 13) < S {PIOD > > Mir) + P(IG71(B0) sy 12 > T My r/4)
keSe

AT 1/2 (k)| VT 5 -
P 1T > M /4
TR e, (6517 > Mar/4)

YT, —
P(|G11(80) k) ll2(dr /T) '/ * Ke > 7M1 7/4)

P(IV{GTUO) k() Fi 2 ( ) K2 > TEM4/4)} + /6 —ZT +¢€/6.

=1

We then focus on each T;. We have by the Markov inequality
16E[[|G1(60) (xy|I3]

= Y B(IGrlB0) wll2 > 5 MiF/4) < Y

keSe keSe {’YTTM;; ?
- 2
< 16E(|GTi(@o)lla] . 16dr (ZE3l0+m -0 -1)y -2,
T O{EMR T T{EM 4P VT

Furthermore, using |0~§k)|*" < T"", we have for Ty that

AT 172 5k —ny < VT 2 r—p
MT%kgéJWI) M4 /4)

Ar

<P a2 > A4

< 1@(71\41—7; /4{1 — 4AT75 Ldy/P ME LTy < 0). (9)
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The quantity of interest is yr AL 1d 20 L 4T that has to converge to oo
so that (9) converges to zero for T sufﬁ(nently large enough. We have

VAT ld 1/2 MT LU NNPNPIN )\?Z;Md—HTuT—Vm(l"rﬂ)'i‘H — 00,
T

As for T3, we have by the Markov inequality

Ts:= > P(|Hr, w2 + IR7,1) (80)12) (dr/T)* Ke > T /4
keSe

vr oo o
< Y PRy (0) | 2(dr/T) /? Ke > %Mlﬁ/‘l - ”HT,(k),(k)||2(dT/T)1/2K6)
keSe

< ST {P((IRe, 1 (00) |2(dr /T) V2 Ke > 120 1 /8)
keSe

T 5, —
+ P(Hx, (1), (1) |2 (dr /T)/* Ke > ?Mﬁ/@}
64K2dTE |RT () (00)]13] 64K2dT||HT (k)(k)”%

< 64KZdT||HTH2 64K2]EH|RT(90)||2] < 64K, dT)\?nax(HT) 64KZd,
VT M; Mzt T BTIME RM
64K2)2,, (Hr) 64k

< {’)/TT_l/QdTl/Q u}z {,de;B/2M1—£;}2

_ O((%T%[(lw)(l—c)—l])—%) I O((%T%[<1+u>(2—3c>—11)—ﬁ),
We obtain for T, by the Markov inequality

=Y P(IV{GTLO) )k b ll2 ( ) ‘Ké > T My 1/4)

keSe
<y 16 KEAZE[|V{Cr1(0) iy i) 13 ] 16 K¢dGE[|V'{Grl(6)} ]3]
" hese T2rT=2M, 7" VM
_ 16Kedgn(Ke) _ 16Kén(Ke) = O((2Ep3lmE-s0-1)) 25
TOMM fyedy? My VT

Finally, we have for T5 that

E[6®|32]

5= Y PUIOW > M) < Y

keSe keSe T

IE[HE’—BOHE] T +
=0 [2 [(1 w)(1—c)—1] 1+u
= n[ﬁ (( /*T ) )
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Hence we obtain from these relationships and using assumption 13

T op— (5 +rm) (144) T p2[(14p) (1—c) 1]
,\1+“T T:>>OOO \/TT2 T:;OO

so that the latter implies

IT 3 [(14) (2—3¢)—1] IT L [(14+u) (2—5¢)—1]
T T O T Toeo &

Consequently each T; converges to zero for T' large enough. Hence

5

(k) > <
P( U {1271 > 1) ;T +e/6 — e

For € — 0, we proved P(k Y {I2*™ |2 > 1}) = 0 for T large enough.
cse

As for the second part of the model selection procedure, we prove that

1 1eP(u U {[@®>1 0.
(kES i€Af {|w | <1h T (keS i€AS {lo:1 = 11) T

By the optimality conditions, we have

(k)| > > AT )
P(Y, Y, (2 1) = BUg U (1Grl@)ayl > Frof))

Then by a Taylor expansion around 6, with 8 between 0 and 0y, we have

> = .
(keS iEAT {|w ‘ =1} (kes ieAs {IG21(60) x).: XJ:%GTZ 600)(6;

Z Za”kz i 8)(0; — 00,3)2/2)] > 2 alfl})

<P(U- U {|<GT1(00><k>z|> Za%sﬂ (60)(8; — 00,5)]:

ZT 12% €1;0)(8; — 60,1)2/2)il}).

— 6o,5))i
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dr

A 5
Let My = (%)ﬁ By |0 — 6¢ll2 = Op((?)%) and the Cauchy-Schwartz

inequality

- (k) 5(k) AT (k)
B(Ys Y (I 21}) < I;;{P 611 > Maz) + (I Grl(80) il > Zroir

— [D_0%,Grl(80)(0; — 0o.5)]; ZT 12823191@, (05— 003)* /211,107 < Mar)}

J

< e/5+ 3 ST {P(OP| > Mor) + P(IG11(80) )
keSieAC

- {Z 02.Grl(00))* /2 Ke(dr/T)"/?

AT
> My

)

—{y 7 Z Ol(ed; 0)05,, U e 0)} P KE(dr/T))}

3.k, lm tt'=1

< /54 30 37 (BUFP| > Mar) + B(Gri(00) el > o M;/3)
keSicAf

+P {Z 02,Grl(00))*} /2 Ke(dr/T)? > %TM;;L/?,)

R Y T Y e ®llersO) 2 dn/T) > a1 30)

gklm tt'=1

4
= Ti+e/5.

i=1

We proceed as for inactive groups. For 77, we have by the Markov inequality

. A -
T = Z ZPUGTI(OO)(’C)J‘ > %MQ}/?’)

keSic Ag
<y y (Grl(B0)w.il*] _ IE[IGrI(80)13]
keSic Ay {)\T M2 T}2 B {)\TTMQ_,EIZ}Q

)\T 1 —c)— 1
_O((\/T 3 [(1+n)(1-c) 1]) 1+n)_
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As for T, we have

= ¥ ¥ P({X(05Grl(60))*}/*Ke(dr/T)/? > 3 M, 1/3)

keSicAf J
=2 ZA P(({ZPT (k). (00)}1/2+{ZH i3V Ke(dr /T)V? > 3E M, 1/3)
keSic AS
36dT1E[7’T (k). (60)] 36dT||HT||g

<> > >4 —
keSic Ay j {)\TTMZ,T}2 T{/\TTMQ,;Z}Z
36dT>\mx( r)  36drE[|Pr(80)]3]
T{ATMz s T{3F M, 7}

AT 2 AT
= O((Z=rs+m-0)-1 =55 1 O T3 [(1+n)(2-3¢)-1]
((\/T ) ) ((\/T )

7,).

Furthermore, for the third order term in 75, we have

=> Y P{ X 17? Z 0}l(er;0)03,, (e )} /2 K(dr /T) > 3 M, 7./3)

keSieAf 7k, lm t,t'=1
2
9d E[Hv {GTZ(B}H ] O(()\lT%[(l"rn)(Q—Sc)—l])—ﬁ)'
T2 (3 M, )2 VT

Finally, we have for T, that

- e(k)
= Y PG> Mar) <YYo ‘ )
i€Af, keSic Ag
p: 2
< 71*3[”9_200”2}:0((ATT [a+m(1-o-11y- ).
M; VT

At 14+n)(1—c)—1
From these relationships and assumption 13, ﬁTQ[( =)= 4 o6 im-

T—o00
plying
)\T L1+ —3¢)— >\T 1 —5¢)—
— T2 n)(2—3¢c)—1] — 00, 7T2[(1+77)(2 5¢c)—1] — 0.
\/T T—o00 \/T T—o00
We deduce IP’( eA {|’w \ >1}) L€ We have then concluded the model
< —00

selection conmstency

We now focus on the asymptotic normality. Model selection implies that
P({k € S,i € Ag,: B £ 0} = A) L
—00

As a consequence, the next relationship holds

A1 ~ YT eAk
fOLT7A‘®Sn0A Jrka =0) — 1.
T or.a, @ sn(Ba,) T

P(Vk € S,Grl(0) .4, +
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By a Taylor expansion of the gradient term around 6y 4, we obtain

. . R 1. L .
P(G7l(00) 4 + Grl(00) 44(0.4 — 60,.4) + iv'{(OA —60,4)Gr1(0) 44(04 —60.4)}
+ ’\TTCYTA @ sgn(f.4) + Lnr =0) e 1,

where nr = Vec(§T7k7H keS)and ||@— 6|z < [0 — 0o|l2. As a conse-
2

quence, we have

P(00) (04 —00.4) +Hr 4404 —00.4) = —Grl(00) 4

1 L A .
- §V'{(0A —00,.4)Grl(0)44(04 —00.4)} — ?TQT,A O sgn(04) — VT nr + op(1),

where P(8o) = Grl(00) aa — Hr aa and Hy g = E[Vyg!(€:;60)l.44. Then
multiplying by vT' QTV;L{Z, we obtain

- ; - Ar
\/TQTVT{‘G‘\(HA —0o4) = fQTVTlAiXHT aal= T OT.A© sen(6.4) + %nT)
— VTQrV B 4Grl(80) 4 — VTQrVE LA HT L 4P (80) (8.4 - 8,4)

— VT/2QrV 7 2 H Y 4V {04 — 00,4) Grl(0) aa(0.4 — 60.)} + 0p(1).

We focus on the I' penalty term, which can be upper bounded as

_ AT .
Nir = IVTQrV WHR L A 0,4 ©5gn(6.4))]
< |QTVT AallH g AT =2 kesion, CTA

< QrVAYA N (H AT —1/2 Gy
Q7Y Al in (Hr.44) A7 {,min 16,71}
< |QTV;L(i|)\m1n(HT,AA)ATT’€n75
If A\pT"" — 0, then Ny 7 = o0,(1).

As for the [ /I? penalty, it can be upper bounded as

yr
Nor = |\FQTVT1,L{,24HT1AA 7 7|

—1/2 _
< QY A H v T2 e 2

< IQTVTA.AHHZ;AAWTT 12 ZHB(k I3
\ ks

< 1QrV AN (B aa)yr T2 dy!* (min]| 0|}~

< |QTVT 1,4?4 | AIInn (HT,AA)/-YTTi 1/2d;/2TK# .
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Using dr = O(T°), if AT +51 =5 0, then No 1 = 0,(1). Consequently, we
have Ny + Nop = Op(l).

We now turn to the hessian quantity of the Taylor expansion and prove that
the discrepancy P(6g) converges uniformly to zero in probability. For any
€ > 0, by the Markov’s inequality, we have

P(||Grl(00).aa — Hr a4l3 > (e/dr)?)

d2
S 62;2E[ Z {8gk91l(€t; 00) - E[v3k91l(6t§ 00)]}2]
(k,1)eA
d4

S QTQ)‘max(HT .A.A)
As for the third order term, by the Cauchy-Schwartz inequality
IV'{(64 — 60,4)'Grl(0) 44(0.4 — B0, )} I3

1 & o
<z U D O, (e 0)}0.4 — 00,43

t=1 (k,l,m)eA

d 5
<0 e}l Boallt = O,(5h) = o).

t=1 (k,l,m)cA

We now prove Xp; = ﬁQTV;%iH_ AGTlt(Oo)A, t=1,---,T,isasymp-
totically normal by checking the Lindeberg-Feller’s condition for applying The-
orem 10 of Shiryaev. We remind that GTIT’t(BO) is the t-th point of the score
of the empirical criterion. Let 5 > 0, and to the Theorem of Shiryaev, we need
to prove that for any € > 0, we have

T—o0

T
PO B[ X131 x7, o561 F1] > €) — 0.
t=0

By the Markov inequality, we obtain

T

P(Y_ElIX7e 30 12551 Fi ] > €) <
t=0

a |

T
> Bl X731 x7, 2>8 F 1]
t=0

T
1
< <Y BENXr3IFL 2P Xrelle > BIFL) Y]
t=0
T

1
EZE
1

X3 [||\FQTVT .AAHT LaGrl(80) all31FE ]2,

E[[|Vi(e:; 80)V'l(er; 00) 13| FL 4]}/

IN
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with Cy¢ > 0. First, let Ky = Qr Vo .3 Hz ! 4, we have

E[|VTKrGrly(00) all31FE ] = *E[V 1(es; 00) K Ko Vi(er; 00) | FL 4]

1
TE[Trace(V’l(et; 00)K, K1 Vi(er; 00))| FiL ]
1

1
= _Trace(E[Vi(es; 00)V'l(es; 00)| FL K Kr) < T

T )\max(Hzll)ésta

where Cy; > 0. Furthermore, we have

dr
E[[[Vi(e; 80)V'I(er; 00)[151F 1] = E[ 30 {90,1(er; 00)30, (€3 00) | F- 1]

i,j=0
<d3 sup E[{0p,1(e:;00)0p,1(€r;00) | FLE ]
i,j=1,,dr
By assumption 14, we have
T
]P’(tZO X723 57012581 F7 1] > €)
:1 ~ 1
CiC2dr T
< LY E[ sup  E[{00, L€ 00)0s, Ler; 00) 2 IFE  Amax (HE )]
1T§1 t=0 i,j=1,-,dp
_ G ©2BTdr

Consequently, we obtain ZIE[HXTtﬂz X128l Fi1] = 0p(1). We deduce

that X7, satisfies the Llndeberg—Feller condition, and by Theorem 10, we ob-

tain that v/T' QTV;%JQL‘HT A AGTZ(OO) A is asymptotically normally distributed.
The asymptotic distribution of Theorem 8 follows. O

4 Additional simulated experiment

This section provides a further insight in the support recovery of the adap-
tive Sparse Group Lasso through an additional simulated experiment on VAR
models. We consider a data generating process

Y = P1ryi—1 + Poyr—2 + uy,

with y; = (1.6, ,Yas)s w ~ Nga(0,%) such that ¥ = D2RD?, with
Rij = pl711 < j,i < d, D = diag(o?,--,02), Vi,o; € U([0.03;0.1]) and
p € U([0.4,0.9]). It corresponds to a VAR(p) dynamic, with p = 2 such that
we generate @1 and @5 under the usual stationarity constraints together with
an ordering constraint, idest Vi, 7, $2;; < @1 ;. We also set zero coefficients
among @1 and $5. We consider d = 5 (resp. d = 10) such that the number of
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zeros is 30 (resp. 105) and the number of nonzero coefficients is 20 (resp. 95).
Each of these active coefficients is simulated in ¢/([0.05, 0.9]).

Then we estimate a VAR(p) model, with p = 4 and using a similar criterion
as in the simulated experiment 1. The total number of estimated parameters
would be d = p x N? and the total number of zero |A| to recover is 80 for
d =5 and 305 for d = 10. In this setting d is not indexed by 7. We define the
group as the lags for the Group Lasso and the SGL procedures, which implies
there are 4 groups in total, with 2 active groups.

The results reported in Table 1 clearly illustrate the ability of the adaptive
SGL procedure to properly perform for variable selection. The number of zero
coefficients correctly estimated is denoted as C' and the number of nonzero co-
efficients incorrectly estimated is denoted IC. MSE stands for the mean square
error. The adaptive Lasso also provide proper performance results regarding
both estimation precision and variable selection.

Table 1 Model selection and precision accuracy based on 100 replications

d |4 Model MSE C IC
5 80 Truth 80 0

Lasso 0.0308 44.25 0.31

alasso 0.0283 50.45 0.24

GLasso 0.0170 63.03 0.08

AGLasso 0.0175 65.34 0.07

SGL 0.0149 53.93 0.06

ASGL 0.0094 77.97 0.06

10 305 Truth 305 0
Lasso 0.2827 110.30 13.45
aLasso 0.2071  129.55 9.12
GLasso 0.0683  236.94 3.64
AGLasso 0.0591 256.73 3.12
SGL 0.0529  220.52 3.05
ASGL 0.0526  295.36 2.96




