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Abstract

We study the asymptotic properties of a new version of the Sparse Group Lasso estima-
tor (SGL), called adaptive SGL. This new version includes two distinct regularization
parameters, one for the Lasso penalty and one for the Group Lasso penalty, and we
consider the adaptive version of this regularization, where both penalties are weighted
by preliminary random coefficients. The asymptotic properties are established in a
general framework, where the data are dependent and the loss function is convex.
We prove that this estimator satisfies the oracle property: the sparsity-based estimator
recovers the true underlying sparse model and is asymptotically normally distributed.
We also study its asymptotic properties in a double-asymptotic framework, where the
number of parameters diverges with the sample size. We show by simulations and
on real data that the adaptive SGL outperforms other oracle-like methods in terms of
estimation precision and variable selection.

Keywords Asymptotic normality - Consistency - Oracle property

1 Introduction

High-dimensional statistical modeling is concerned with the significantly large number
of parameters to estimate. For instance, predicting a single outcome is not an easy
challenge since the exact functional form used to predict this outcome is rarely known.
A consequence is that the researcher/practitioner is faced with a large set of potential
variables formed by all the different ways of interacting and altering these underlying
variables. There are different methods for developing prediction models within the
high-dimensional framework to tackle the over-fitting problem. The key point is model
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regularization/penalization—these terms are equivalent—or dimension reduction. In
(semi-) parametric models, which require the estimation of many parameters with
respect to the sample size, the parameters need to be constrained to avoid the over-
fitting issue.

A significant literature developed on model penalization. For instance, the Akaike’s
or Bayesian information criteria aim at selecting the size of a model. However, these
methods are unstable, computationally complex, and their sampling properties are
difficult to study as Fan and Li (2001) pointed out mainly because they are stepwise
and subset selection procedures.

The Lasso procedure of Tibshirani (1996) overcomes these drawbacks as it simul-
taneously performs variable selection and model estimation. It then fosters sparsity
and allows for continuity of the selected models. Other penalties were proposed such
as the smoothly clipped absolute deviation (SCAD) of Fan (1997), which modifies the
Lasso to shrink large coefficients less severely. The elastic net regularization proce-
dure of Zou and Hastie (2005) was developed to overcome the collinearity between
the variables, which hampers the Lasso to perform well. Their idea consists of mixing
a ' penalty, which performs variable selection, with a /> penalty, which stabilizes the
solution paths. The Group Lasso of Yuan and Lin (2006) fosters sparsity at a group
level. Simon et al. (2013) designed the Sparse Group Lasso to foster sparsity both at a
group level and within a group using one regularization parameter. Their penalization
involves a combination of a /' Lasso-type penalty and a mixed ! //% penalty for group
selection.

Knight and Fu (2000) extensively explored the asymptotic properties of the Lasso
penalty for OLS loss functions. Fan and Li (2001) generalized this penalization frame-
work to general likelihood functions and studied the asymptotic properties of the
SCAD penalty. They proved that the SCAD estimator satisfies the oracle property,
that is, the sparsity-based estimator recovers the true underlying sparse model and
is asymptotically normally distributed. This property is actually not satisfied by the
Lasso as proposed by Tibshirani. To fix this drawback, Zou (2006) proposed the adap-
tive Lasso, where adaptive weights are used to penalize different coefficients in the
penalty. Nardi and Rinaldo (2008) applied the same methodology for the Group Lasso
estimator and studied its oracle property.

These theoretical studies were developed for fixed dimensional models with i.i.d.
data, a case where the number of parameters does not depend on the sample size, and
for least square-type loss functions, except Fan and Li (2001). The high-dimensional
setting was later considered by Fan and Peng (2004), who focused on a penalized
likelihood framework when the number of parameters diverges—also called double-
asymptotic—with the sample size. In this work, the authors prove that the SCAD
penalty satisfies the oracle property. Zou and Zhang (2009) also focused on the oracle
property of the adaptive elastic-net within the double-asymptotic framework. Their
work highlights that adaptive weights penalizing different coefficients are key quanti-
ties to satisfy the oracle property as one can modify the convergence rate of the penalty
terms. Nardi and Rinaldo (2008) also proposed within the double-asymptotic setting
selection consistency results for the Group Lasso, which states that asymptotically the
true set of relevant variables is selected.
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In this paper, our first contribution is to propose a generalization of the Sparse Group
Lasso (SGL) estimator, initially proposed by Simon et al. (2013), and we perform its
asymptotic theory, a work that has not previously been performed. More precisely, our
proposed generalization consists in the specification of two regularization parameters
controlling for the sparsity degree, one for the /! Lasso term and one for the ' //?
Group Lasso term. Our asymptotic results emphasize the trade-off between the group
regularization and the within-group regularization. Our second contribution is to per-
form this theory for dependent data and for any convex loss function with respect to
the parameters, for both parametric and semi-parametric models.

Our results show that the SGL as proposed by Simon et al. (2013) does not satisfy
the oracle property. We thus propose a new version of the SGL, the adaptive SGL using
the same methodology of Zou (2006), which consists of penalizing different coeffi-
cients and groups of coefficients using random weights that are positive functions of
a first step estimator. This enables to alter the rate of convergence of the penalties to
satisfy the oracle property. Our theoretical results also point out the trade-off between
these random weights depending if they are related to the /! or /' /I? term. Our work is
influenced by Fan and Peng (2004) concerning the oracle property for general penal-
ized loss functions and by Zou and Zhang (2009) regarding the modeling of random
weights penalizing the coefficients differently. We also prove that the adaptive SGL
satisfies the oracle property in a double-asymptotic framework. In this setting, where
the number d of parameters diverges with the sample size 7', the dimension evolves
asd = O(T°) with 0 < ¢ < 1/5, arate that is required to satisfy the oracle property.

The rest of the paper is organized as follows: In Sect. 2, we describe our general
framework for penalized convex empirical criteria and the SGL penalty. In Sect. 3,
we derive the optimality conditions of the statistical criterion. In Sect. 4, we derive
the asymptotic properties of both the SGL and adaptive SGL when the number of
parameters is fixed. In Sect. 5, we prove the oracle property of the adaptive SGL in a
double-asymptotic setting. In Sect. 6, we use simulations and real data to compare the
finite sample performance of the adaptive Sparse Group Lasso with other competitors.
Appendix provides some preliminary results and the proofs of Sect. 4.

2 Framework and notations
2.1 Loss function, vector of parameters, sparsity assumption

We observe at time ¢ the vector €; € RN, N > 1 and consider a dynamic system in
which the criterion is

1T
0> Gri®) = ) I(er:0.€, ), (1)
=1
with €, | = (5,5 < t—1)and 0 € R d > 1. [(.) is a generic known loss

function on the sample space so that for any process (¢;), 0 — [(€;; 0, €,_) is convex.
This framework includes both parametric and semi-parametric models: for instance,
the maximum likelihood method—under the convexity assumption—where the /(.)
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function corresponds to [(€;; 0, €, ;) = —log f(€;;0,¢€,_), with f(e;;0,€,_,) the
density of the observation (€,) under [Py given the past observations €,_ ;. Alternatively,
alinear regression model would be l(e;; 0, €,_;) = |l€; —0/g(gt_1)||p, where g(€,_;)
corresponds to a transformation of the past observations. For instance, this includes a
model where one may want to predict a component of €, by its past and by the other
components of €,_1 using a linear regression. To simplify the notations, we will keep
(€3 0) instead of I(€;; 0, €,_;). We denote the empirical score and Hessian of the
empirical criterion, respectively, as

. 1 ) 1
Gri®) = ) Vol(er;0), Grl(0) = =3 Vyl(es; 0).
t=1

t=1

The parameter vector 6 of size d can be split into m groups Gy, k = 1, ..., m, so
that card(Gy) = ¢k, ¢1 + - - - + ¢, = d and these groups are non-overlapping. We use
the notation 8 as the subvector of 0, that is, the set {6y : k € G;}. Hence the vector
0=,j=1,...,d) canbe written as § = (0, k € {1,...,m},i = 1,..., ).
The size d of 6 corresponds to the number of covariates for predicting the outcome.
For instance, in a Cox proportional hazards model, which is semi-parametric—no
estimation of the hazard function—the estimation relies on a log-partial likelihood
function that is convex with respect to the parameters. The hazard rate at time ¢ can
be predicted using m group of covariates, each group containing variables that are
correlated. We denote by 0 the true parameter vector of interest. Moreover, § —
E[/(e;; 0)] is supposed to be a one-to-one mapping and is minimized uniquely at
0 =0o.

We assume that the true vector of parameters 6 is sparse, that is, the number of
nonzero components among 6y is strictly inferior to . We denote by S := {k : %) £
0} the set of indices for which the groups are active and A := {j : 6y ; # 0} the
true subset model so that card(A) < d. This set can be decomposed into subgroups

of active setsas [ € S, A = {(,i) : Qél). # 0}. Besides, there are inactive indices

1
s

G\A; = AS = {(1i) : 6)) = 0}. Wehave { ¢ S} & {Vi = 1.....¢1.0)) = 0}.In
this setting, A = IUS.AI such that for k # 1, A N A; = @. Furthermore, A° = IGIAIC
S =

such that for k # 1, A N A7 = 0.

Based on these notations, we denote GTZ(H)(k) € R the “score” vector of the
empirical criterion taken over group k of size cg, GTZ(O)(k),i € R the ith compo-
nent of this score, and G71(6) A € Read(A) the score over the set of active indices.
@Tl @) k) x) € Meyxe, R) (resp. Hixyx)) is the empirical (resp. theoretical) Hessian
taken over the block representing group k, and G71(8) 44 € Mecard(A) xcard(A) (R) is
the Hessian over the set of active indices.

2.2 Statistical problem: Sparse Group Lasso penalization

The main problem is to recover A by the SGL regularization. The statistical problem
consists of minimizing over the parameter space ©® a penalized criterion of the form
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6 = arg min {Gre(8)}, (2)
6cOd

where Gro(0) = Grl(0) + py(Ar,0) + p,(yr.0) and

m
PRy xRY x © - Ry with (Ar,a,0) > pi(Ar,0) = 2L 3 o ll0© 1,
k=1

m
Py R xR x © — Ry with (yr,£,0) > py(yr,0) = 2300 ».
=1

Both o and & are known nonnegative scalar weights; they both can take the same
value and can be set as ,/c: see Yuan and Lin (2006) or Simon et al. (2013). The
regularization parameters (also called tuning parameters) A7 and yr vary with 7. This
proposed regularization procedure generalizes the SGL as proposed by Simon et al.
(2013) as each penalty is specified with its own regularization parameter. Asymptot-
ically, their relative convergence rate plays a key role when deriving consistency and
distribution results.

The estimator @ obtained in (2) is not the minimum of the empirical unpenalized
criterion G7/(.). Our main interest is to analyze the bias generated by the penalties
and how the oracle property can be satisfied in the sense of Fan and Li (2001). More
precisely, the sparsity-based estimator must satisfy

1) A= {i: 6; # 0} = A asymptotically—in probability—that is model selection
consistency.

(i) ~T (9 A—00.4) ﬁ) N (0, V) with V a covariance matrix related to the criterion
of interest.

We highlight in Proposition 1, Sect. 4 that actually the SGL as proposed in (2) gener-
alizing the SGL of Simon et al. (2013) cannot perform the oracle property. Hence in
Sect. 4, we propose a new estimator based on the same idea as Zou (2006), the adaptive
Sparse Group Lasso, for which the oracle property is obtained when the weights are
randomized, as proved in Theorem 5.

3 Optimality conditions
The statistical problem consists of solving (2). Both G7I(.), p;(Ar,«,.) and
pa(yr, &,.) are convex functions, and there are no inequality constraints. Conse-

quently, by the Karush—Kuhn—Tucker optimality conditions, which are necessary and
sufficient since the problem is convex, the estimator @ satisfies for a group k

Gri@) g + ArT ' augd® + yr T 5 2% =0, (3)

where w® and z(®) are subgradient vectors, respectively, of ||é(k) |1 and ||é ®1, sat-
isfyingfori =1,..., ¢k
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o™ = sgn(@®) if 6© ;éo and » e @™ @™ <1y if 60 =0,

50 a"‘)/ua“‘)u2 it 6 %0 and 2 D ep® o z0, <1y it 89 =o.

~(k . . . . . . .
If 0( ) # 0, the criterion function G7¢(.) is partially differentiable with respect to
0® and it is necessary and sufficient that these partial derivatives are zero due to the
convexity.

~(k
Now with 0( ) = 0, from (3), we obtain

ck ck

. ~ R 2 _ .
S (Ert@ra + a7 wd®) =3 (mT62l) < 2T 26200

i=1 i=1
A (k
The subgradient equations are satisfied with 0( - 0if

IGTI®@) oy + A7 T e d® 12 < yr T4

The subgradient equations also provide understanding into the sparsity within a group
~(k ~(k

that is partially a nonzero group. With 0( ) # 0, the subgradient condition for 05 )

becomes

é(k)

MO
16" 1l2

Vi=1.....c.~Grl@) i =rrT ' +yr T~

This subgradient equation is satisfied for éi(k) = 0 when
Grl@) il < ArT e

Bertsekas (1995) proposed the use of subdifferential calculus to characterize necessary
and sufficient solutions for problems such as (2). The conditions we derived are close
to those of Simon et al. (2013) (obtained for a least squares loss function). They will
be extensively used in the rest of the paper.

4 Asymptotic properties: fixed d

In this section, we consider the fixed dimensional case only. All the proofs of this
section can be found in Appendix. To prove the asymptotic results, we make the
following assumptions.

Assumption 1 (€;) is a strictly stationary and ergodic process.
Assumption 2 The parameter set ©® C R? is convex and not necessarily compact.

Assumption 3 For any (e;), the function @ — [(e;; 0) is convex and C3(R, ©).
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Assumption 4 (VI(e;; 0p)) is a square integrable martingale difference.

Assumption 5 H := E[Vgo,l(et; 0o)] and M := E[Vyl(€;; 00)Vyl(€;; 00)] exist and
are positive definite.

Assumption 6 Let v, (C) = sup | sup |8§k919 l(€;;0)|}, where C > 0
kdm=1,...d 0:10—0l»<vrC "
is afixed constantand vy T—) 0, a quantity that will be made explicit in the Appendix.
—00

Then

1 T
n(C) = =5 > Elu(C)vy(C)] < oo,

t,t'=1
4.1 Non-adaptive version of the Sparse Group Lasso estimator

We focus on the large sample properties of the estimator given by (2).

Theorem 1 Under Assumptions 1-3, if A7 /T — Ly > 0 and yr/T — yy > 0, then
for any compact set B C © such that 0y € B,

N arg min{Goop(x)} = 6,
xeB

with

m m
Goop () = Gool (x) + 20 _erlx @1l + 10 ) _&lx V2,
k=1 =1

where Gool (.) is the limit in probability of Gr1(.). Hence if At = o(T) and yr = o(T),
then @ is consistent.

The penalized estimator does not converge to 6y under the convergence rate A7 =
O(T) and y7 = O(T). We assumed that Goo/(x) admits unique minimum in Sect. 2.1
so that the solution @ is unique.

The next result provides an explicit convergence for the SGL estimator.

A

Theorem 2 Under Assumptions 1-3 and 6, the sequence of penalized estimators 0
satisfies

16 — 60 = 0, (T—l/2 +arT a+ yTT_lb) ,

when At = o(T) and yr = o(T), and a := card(A)(m]?x ag), b= card(.A)(mlaX &)
satisfy rrT Yar = 0and yTT_le — 0.

This result highlights that if A7 7~! = O(T~'/?) and y7T~' = O(T~'/?), then we
would obtain a ~/7-consistent 8.
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To derive the asymptotic distribution, we rely on the convexity property of ¢(.),
and hence of G7¢(.). The intuition is as follows: Let Fr(u) and Foo (1), u € RY, be
random convex functions such that their minimum are, respectively, ur and u .. Then
if F7(.) converges in finite distribution to F(.), and u, is the unique minimum of
F~ with probability one, then ur converges weakly to # . This method to prove the
convergence of arg min processes is called the convexity argument. It was developed
by Pollard (1991), Davis et al. (1992), Geyer (1996) or Kato (2009). The convexity
argument is stated as a lemma in the proof of Theorem 4.1 in Chernozhukov (2005).
It is reported in Appendix.

1/2 1/2

Theorem 3 Under Assumptions 1-6, if \gT~'/* — Lo and yrT~"/* — yy, then

VT = 00) - arg min {Foo(u)),

ucRd

provided F, is the random function in RY, where

1, , 2ooE W (k) (k)
Foo(u) = >4 Hu +u'Z + )Lokzlakzl |u; |10(gk_):0 +u; sgn(0; )leék_)#o
= 1= 51 N

m O p)
0 v %
+12 8 llu l21go_g + —5 g0 2o 1 -
I=1 104" 112

with H = H(fy) := E[Vgo,l(ét; 00)] and some random vector Z ~ N (0, M), M =
M(@0) := E[Vegl(e; 00)Vyl(€s; 00)].

The previous result establishes the VT -consistency of the SGL estimator. However,
for Ay = O(JT) and yr = O (V/T), the true active set A can not be recovered with
high probability as stated in the next proposition.

1/2 1/2

Proposition 1 Under Assumption 1-6, if \g T~/ — Ao and yrT /% — 1y, then

lim sup P(A = A) < ¢ < 1,

T—o0
where c is a constant depending on the true model.

Proposition 1 shows that the SGL estimator as specified in (2) does not satisfy the
oracle property. To fix this issue, Zou (2006) proposed the adaptive Lasso and Nardi
and Rinaldo (2008) the adaptive Group Lasso for OLS models. The idea is to alter the
convergence rate of the regularization parameters by considering random weights to
penalize the coefficients differently. We propose to use this methodology in our SGL
regularization procedure.
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4.2 Adaptive SGL-regularized loss function

The adaptive specification of the proposed estimator is

6 = arg min {Gry (8)}, (4)
fcE

1T ~ -
with Gy (0) = ?Zl(e,; 0)+ p,(A7,0,0) 4+ pr(yr, 0, 0), both penalties are
=1

m  Ck m

~ _ ~ ~ _ ~(
p10r.8.0) =3T3 a@)61, py(rr.0.0) = yr 7> 6@ 10V,
k=1i=1 =1

These penalties are now randomized through the ] argument in the weights o’s and
&’s. This first step estimator 9 is supposed to be a T''/2-consistent estimator of 8. For
instance, it can be defined as an M-estimator of the unpenalized empirical criterion
Grl(.), that is, § = arg min G7[(0) with # € ©. The weights are now random, and

for any group k or [, ot(é(k)) € Ri{‘, f;‘(é(l) € R are specified as

~ (k) ~(k) —p . ~(l ~(), —
Woe @ =61 i= 1, e, Ery =@ ) =10 11",

for some constants > 0 and p > 0 (to be specified).

Theorem 4 Under Assumptions 1-3 and 6, the sequence of penalized estimators 0
satisfies

18 = 60l = 0, (T2 + ArT ™ ar +yr T 'br ),

with ar = card(A).(max (max a(Tk)l.)), br = card(A).(max &7 1) stochastic quanti-
keS ieA; ’ leS
ties, such that \r T Lar g 0 and yTT_le i) 0.

This result is similar to Theorem 2, the difference being that ar and by are stochastic.
The following theorem shows that the adaptive SGL satisfies the oracle property under
proper convergence rates of A7 and y7 and provides the trade-off between the /! //?
regularizer and the /! regularizer.

Theorem 5 Under Assumptions 1-6, if \y T~1/2 — 0, )/TAT_l/2 — 0, TV, —
oo, TW=D2yr — 0o and T(“_”)/zyT)\;l — 00, then 0 obtained in (4) satisfies

lim P(A = A) =1, and
T—o0

- d — _
\/T(QA—OO,A) —>N(0,HA14MAAHA14).

@ Springer



306 B. Poignard

5 Asymptotic properties: diverging d
5.1 Framework, assumptions and properties

From now on, we consider the case where d = dr, sothatdy — oo as T — o0o0. We
have card(S) = O(card(A)) = O(dr). The dimension is supposedtobe d7 = O(T°)
for some g» < ¢ < qi. In this section, we prove that the adaptive SGL satisfies the
oracle property for proper choices of 0 < g» < g1 < 1. This work has not been
performed so far for the SGL estimator. All the proofs of this section are reported in
the Supplementary File.

The quantities depend on dr, hence on T and should be indexed by 7. We denote
Hy = E[Vgol(e,; 00)] and My := E[Vgl(€;;00)Vyl(€;;00)] in the rest of the
paper. To make the reading easier, we do not index other quantities by 7', which will
be implicit. The criterion is

A . AT e (k) k YTy
0 = arg min(Grl(6) + T2 i l601+ = e a0V l). ©)
€0 k=li=1 =1

. ~ ~(y, _ .
with oz(Tli)i = |9i(k>|_’7 and &7 = ||0( )||2”, where n > 0, u > 0, and @ is a first step

estimator satisfyingé = arg min{Gr[(9)}.
0O
The two next assumptions are similar to condition (F) of Fan and Peng (2004)

and allow for controlling the minimum and maximum eigenvalues of the limits of the
empirical Hessian and the score cross-product. We denote by Amin (M) and Amax (M)
the minimum and maximum eigenvalues of any positive definite square matrix M.

Assumption 7 Hr and My exist. Hr is non-singular, and there exist b1, b with 0 <
b1 < by < ooandcy, cr with 0 < ¢1 < ¢p < oo such that, forall T,

b1 < AminM7) < AmaxM7) < b2, ¢1 < Amin(H7) < Amax(Hr) < 2.
Let Vy = H}IMTH;I, we deduce there exist aj, ap with 0 < a; < ap < o0 such
that, forall T, a; < Amin(V7) < Amax(V7) < ap.
Assumption 8 E[{Vgl(e;; 00) Vg l(e;s; 00)}2] < 0o, for every dr (and then of T).
Assumption 9 There exist some functions ¥ (.) such that, for all T,

T

1
sup  Eldg,(er: 6)dp, /(e )] < (It —1']), and sup - vt —1]) < oo.

k=1,..., dr t,t'=1

Assumption 10 Let ¢y ; := 892k911(et; 0y — E[Bgzkell(et; 00)]. There exist some func-
tions x (.) such that

1 T
IELgit. g ]| < 5t = 1), and sup - > xle =) < 0.

t,t'=1
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Assumption 11 Letv;(C) := sup { sup |8ng10 [(€;; )|}, where C >
kim=1,...dr 6:]10—80|><vrC "

0 is a fixed constant and vy = (d7/T)'/?. Then

1 T
1(C) == =3 > Elu(C)uy ()] < o0,

t,t'=1

Theorem 6 Under Assumptions 1-3, 7-11 and if d% = o(T), the sequence of unpe-

nalized M-estimators solvingé = arg min {G7l(0)} satisfies
(e

1

b —0oln=o0, | (% ’
” _0”2— P T

0 and 00 depend on T such that @ = éT and 0o = 00,17 := 00 c-€T.

d# = o(T) is also used in Theorem 1 of Fan and Peng (2004). The convergence rate

of 6 is the same as the analysis of the M-estimator by Huber (1973).
The first step estimator used for the adaptive weights is (T /d7)'/?-consistent. How-
ever, the estimated quantities on A° converge to zero by consistency. We then propose

a slight modification of the first step estimator, denoted @, which disappears asymp-

totically as follows: § = 0 + er sothater — Oisa strictly positive quantity. We
choose ey = T~ with k > 0. This means we add in the adaptive weights a power of
T to the first step estimator, that is

k 5 0k) - 3 —K|— a0~ 50 |~
apy = 1001 =10+ T Era = 101, = 167 T

Theorem 7 Under Assumptions 1-3, 7-11, if d3 = o(T), and if\};—%T%”“ — 0,

T—o0
ALTKN 5 (), then the sequence of penalized estimators 0 solving 5 satisfies
VT T—o0

1

16 — 60, = 0 ar)’
ol2 = Up T

We make additional assumptions regarding the adaptive penalty components so that
the adaptive SGL satisfies the oracle property.

Assumption 12 For any 7, there exists 8 such that 0 < 8 < mgl 0o,i,. A,k € S.
1EAL

Moreover,

1 12
T Ard; "E ; E — 0.
p { rr [ke??é‘lk aT’Ak’li| T [r]fg( ET’k]} T—00

@ Springer



308 B. Poignard

Assumption 13 The model complexity is assumed to behave as d% = o(T), which
implies that 0 < ¢ < % The regularization parameters are chosen such that they
satisty

YT opsten o YLpilaema-o-11 _ o Mo
T T—o0 T T—o00 T Tooo
A’ C
Lpslema-o-1 __ o ’I’T TUHWA=5—km=1 __ o
JT R e

T

The rate d% = o(T) is also assumed in Theorem 2 of Fan and Peng (2004). Moreover,
the convergence rates of the regularization parameters are closely related to condition
(AS5) of Zou and Zhang (2009). In Sect. 6, we provide further details about the choice
of the adaptive weights and u, 7, k.

Assumption 14 Let X7, = \/TQTV;Z&H;IAAGTZ,(GO)A with (Qr) a sequence

of r x card(A) matrices such that Q7 x Q7 L C, for some r x r nonnegative
symmetric matrix C, Vp 44 = (H;IMTH;I)AA and GTI,(OO)A = %VAl(et; 0o).
Let .’FtT =o0(Xrs,s <t),then X7, is a martingale difference and we have

EL sup E[{dl(er; 00)00,1(er: 000} 17 | oo (] < B < oo,
i d

with H | := E[Vpl(€/; 00)Vol(€; 00)IF |1 and Amax,—1 (H! ;) < oo.

Theorem 8 Under Assumptions 1-3, and Assumptions 114, the sequence of adaptive
estimator 0 solving (5) satisfies

lim P(A = A) =1, and
T—o00

— a d
VTV, 204 —00.4) 5> N(©,C),

. . P
where (Qr) is a sequence of r x card(A) matrices such that Qp X Q/T —> C, for
some r x r nonnegative symmetric matrix C and Vy g4 = (H}IMTHEI )AA-

5.2 From fixed to double asymptotic: discussion

The sample size indexing on d := dr alters significantly the theoretical analysis. In
Sect. 5, the regularity conditions on (I(;; #)) have been strengthened to keep uniform
properties for the double-asymptotic analysis: Hence Assumptions 9, 10 and 11 differ
from Assumption 6. Assumptions 7 and 8 are stronger than Assumption 5, but they
facilitate the theoretical analysis. Assumption 12 might be artificial, but it is key to
obtain the oracle property and is in line with assumption (H) of Fan and Peng (2004).
This assumption shows the rate at which the penalized criterion distinguishes nonzero
parameters from zero parameters.
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Furthermore, the convergence rates on dr are different from Sect. 4 due to the
necessary control on the third-order term of the Taylor expansions. As a consequence,
the conditions d; = O(T) for the consistency result and d% = O(T) for the oracle
property must be assumed. This issue was encountered by Fan and Peng (2004) in an
i.i.d. and non-adaptive framework. This problem is moved aside when considering the
linear model, where the third-order derivative vanishes. For instance, Zou and Zhang
(2009) proved the oracle property of the adaptive elastic-net in a double-asymptotic
framework for linear models where O < ¢ < 1. Nardi and Rinaldo (2008) in Theorem
4.2 provide a model selection consistency result for the adaptive Group Lasso when
log(dr)/T — 0, a rate also obtained in Theorem 1 of Wainwright (2009). This
scaling between dr and T is obtained for the linear regression model by applying
standard results on the maximum of a Gaussian vector. Their assumption (S4) also
allows the dimension dr to grow at a faster rate than 7 for a suitable choice of
the adaptive weights. Since we consider a general penalized likelihood setting, we
rely on Assumption 11 to control for the third-order term, which in turn implies
the convergence d; = o(T) stated in Assumption 13. The latter also controls the
convergence rates of the regularization parameters and provides a trade-off between
the group and the within-group regularizations.

Moreover, the double asymptotic requires the use of explicit vector/matrix norms,
especially for Theorems 6 and 7: Because of the norm equivalences, some constants
may appear so that these constant may depend on the size dr and thus on 7. Hence
the norms of the latter theorems are explicit, contrary to Theorems 2 and 4.

Finally, | A| is allowed to diverge, which implies that the vector size of ((;' A—00.4)
also diverges. To derive the distribution in Theorem 8, we thus multiplied the discrep-
ancy /T (9 —6p)_4 by a matrix sequence (Q7) of size r x card(A), r being arbitrary
but finite. This method was also used by Fan and Peng (2004) or Zou and Zhang
(2009). The derivation of the asymptotic distribution heavily relies on Assumption 14.

6 Empirical applications

Our empirical experiments are based on linear dynamic systems with fixed dimension
so that the statistical problem corresponds to a penalized OLS criterion. We consider 6
penalization methods: the Lasso (L), the adaptive Lasso (AL), the Group Lasso (GL),
the adaptive Group Lasso (AGL), the Sparse Group Lasso (SGL) and the adaptive
Sparse Group Lasso (ASGL). Table 1 reports for simulated data the variable selection
performance through the number of zero coefficients correctly estimated, denoted as
C and the number of nonzero coefficients incorrectly estimated, denoted / C. Besides,
the mean squared error is reported as an estimation accuracy measure. Table 2 reports
the regularization performances based on real data sets.

6.1 Tuning of the regularization parameters and the adaptive weights

They both must satisfy some convergence rate provided in Theorem 5 for fixed
dimensions and Theorem 8 for diverging dimensions to satisfy the oracle prop-
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Table 1 Model selection and

precision accuracy based on 100 Model MSE ¢ e

replications Truth 47 0
Lasso 0.1558 22.34 5.44
alLasso 0.1270 24.56 5.48
GLasso 0.1153 28.59 2.50
AGLasso 0.0414 4091 2.40
SGL 0.0407 39.42 2.49
ASGL 0.0392 43.34 1.90

Table 2 Mean square error based on 100 test sets

Data set Lasso alLasso GLasso AGLasso SGL ASGL
MPG 0.592 0.581 0.985 0.909 0.274 0.257
Automobile 0.311 0.263 0.889 0.424 0.283 0.238
erty. More precisely, we suppose A7 = T# and yy = TV, where 8 and v are

both strictly positive constant. Within the double-asymptotic framework, regarding
Assumption 13 and Theorem 8, taking condition )/TT%[(H‘”)(I_C)_U_% — 00 means
72 +3l04m0=0=11 . o5 which implies v — T+ A+ -0 =11 > 0.
Thus the set of conditions is

VS 4rp— 3 <0,
V=345l =) —11>0,
B+rn—3 <0,

B—5+ s+ —c)—1]>0,
A+wll —-5—kn—pl+v—1>0.

This system allows for flexibility when choosing @ and 1 once «, ¢, v and B are fixed.
For instance, for c = 1/6, « = 0.05, v = 1/10 and 8 = 1/10, then pu € [0.4, 6.3]
andn € [0.6,7.9].Ifv =B =1/5and forc = 1/6 and k = 0.05, then n € [0.4, 4.3]
and n € [0.3,5.9].

As for the fixed dimensional case, the conditions in Theorem 5 are

,3—%<0,v—%<0,
B+i-3>0v+45-1>0, (©6)
v—pB+51>0,

For instance, let v = 1/3 and § = 1/5, then we would have 1 < 7n < u.

We used a cross-validation (CV) procedure to select both parameters A7 and yr
such that both terms are defined by A7 = T# and yr = TV, and B = v = 1/8. The
adaptive weights are computed as follows: We first compute an OLS estimator 6 such
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that the adaptive weights entering the penalties correspond to = 0 + T, with
k = 0.2. As for the adaptive weights, they are chosen such that the above system is
satisfied: We set = 2.5 and i = 1.5. The standard CV developed for i.i.d. data can
not be used in dependent framework. To fix this issue, we used the hv-CV procedure
devised by Racine (2000), which consists in leaving a gap between the test sample
and the training sample, on both sides of the test sample.

6.2 Numerical procedure

There are several methods to numerically solve the non-differentiable statistical prob-
lem (4) or (5). Fan and Li (2001) proposed a local quadratic approximation (LQA)
of the first-order derivative of the penalty function and a Newton—Raphson-type algo-
rithm. To circumvent numerical instability, they suggest to shrunk to zero coefficients
that are close to zero, that is, a coefficient |0;| < €, with € > 0 to be calibrated. The
drawback is that once it is set to zero, it will be excluded at any step of the LQA
algorithm. Hunter and Li (2005) proposed a more sophisticated version of the LQA
algorithm to avoid the drawback of the stepwise selection and numerical instability.
When one consider the OLS loss function, closed form algorithms can be applied to
our problem. Biihlmann and van de Geer (2011) compiled these methodologies for
solving the Lasso and the Group Lasso using gradient descent methods for general
penalized convex empirical function. We used these algorithms in our study for solv-
ing the group Lasso. As for the Lasso, we applied the shooting algorithm developed
by Fu (1998), which is a particular case of the gradient descent method. Finally, we
used the alternative direction method of multipliers provided by Li et al. (2014) for
solving the SGL penalization.

6.3 Simulated experiment

We consider a data generating process

Yt = Oty

X1, = B1X1,1—1 + Vi, X2 = Baxp—1 + Vo,
p q

of = Zaky,{k + Z{bl|x1,t—l| + cilxa-1l},

k=1 =1

where the exogenous variable (|x1 /|) and (]x2 ;) are positive and stationary. They are
simulated as 81 ~ U([0.85,0.95]) and B, ~ U([0.6, 0.75]) with U/(.) the uniform
distribution. Moreover, (17,) is uncorrelated with (v,) = (vy;, va,,) ~ N (0, I") where

P _ (0-05 0.035
~ 0.035 0.04 )

(Ut2) corresponds to an ARCH(p) model with exogenous variables (g lags). We set
T =5000 p =5,9g =2and a; ~ U(0.01,0.2)), by, c; ~ U([0.01, 0.2]) so that
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the stationarity conditions derived by Francq and Thieu (2015) for GARCH models
with exogenous variables are satisfied. They are also supposed to satisfy an ordering
constraint, id est Vk > 2, ay < ay_1, VYl >2,b; < bj_1and VIl > 2,¢; < cj_1.

This model can be estimated by an ordinary least squares procedure as (y;) and
(x;) are observed variables. We would have the linear model

p q
yzz = Zakylsz + Z{bl|x1,t—l| + Cl|x2,t—l|} + uy,
k=1 =1

where u; = y? — o7 is the error term. For instance, (y;) can be a stock index (e.g.,
Apple), (x1,,) the S&P 500 return index and x» ; the NASDAQ return index. We specity
an initial number of lags m = 20 and estimate

. 1 T m )LT m ¢ ) m
_ ) 2 N2 AT @ k) 0
6 =arg min ) = 3 Y 07 = Zi 4097+ ) > ey 16,14 e 10Vl

e t=m+1k=1 i=1j=1 I=1

with Z,_; = (ytz_k, X1 ks |22, 0=k 1), 0® = (ay, by, cy)'. The weights are con-
structed as oc%)j = |é;l)|—77 the jth component of group i, &7 = ||é(l)||2_“ with ,3
defined as an unpenalized OLS version of the previous criterion. In this setting, ¢; = 3.
The parameters are subject to nonnegative constraints. The regularization procedures
aim at correctly selecting the variables, that is, we would like to discard the ytz_k and
|xis—i| fork > 5and ! > 2, for any i = 1, 2. That means the total number of zeros to
be identified is equal to 47.

We discuss how this OLS objective function satisfies the assumptions of Theorem 5.
By construction, the vector of observation €, = (y;, x1 1, x2.;)’ is a strictly stationary
and ergodic process. The loss function is quadratic with respect to @ so it is convex
(Assumption 3). The score of the unpenalized part would be

2
Vol(er:8) = Vo (7 = 2_16W) = Zis (52 = Z1_48%) = Zisanr,

sothatE[Vyl(e;; 6)|F;—1] = 0 as the error (u;) is uncorrelated with past observations.
Hence Assumption 4 is satisfied, that is, (u;, F;) is a martingale difference when
E[ytz] = atz < 00. Assumption 5 is satisfied using step (ii) of the proof of Theorem
6.1 of Francq and Zakoian (2010), where they show the invertibility of E[Z,Z]] by
contradiction. As for Assumption 6, the third-order term vanishes in the OLS model.
Finally, the convergence rates provided in 6 must be satisfied to satisfy the oracle
property.

Table 1 reports the performances of the regularization methods. The adaptive ver-
sions of the Lasso, the Group Lasso or the SGL outperform their non-adaptive versions.
The difference is significant for the adaptive Lasso and the adaptive SGL. This is in
line with the asymptotic theory. The adaptive SGL performs well as it can discard inac-
tive groups and inactive indices among active groups and outperform other adaptive
penalization methods.
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An additional simulated experiment for VAR models is reported in the Supplementary
file, Sect. 4.

6.4 Real data experiment

We carry out a performance analysis of the regularization methods on two data sets
from UCI Machine Learning Repository: the auto MPG and the Automobile data.
Both contain real and categorical data, which are dummy encoded. For the Auto-
mobile data set, the car’s price is predicted from 3 categorical variables (car’s style,
engine type, fuel system) and 9 real-valued variables, which are grouped as follows:
a group for the car’s dimension (height, width, length, curb-weight), a group for the
engine’s properties (size, bore and stroke, compression ratio, horsepower, the peak of
power band), one group for the miles per gallon (city and highway); each set of indi-
cator variables corresponding to a given categorical covariate are grouped together.
There are 195 observations and 30 parameters to estimate. As for the MPG data, the
city-cycle fuel consumption is predicted by four real-valued predictors (horsepower,
weight, displacement, acceleration), each of them corresponding to one group, and 3
categorical variables (cylinders, model year and origin) so that the dummy variables
from one covariate are grouped. There are 392 observations and 25 parameters to
estimate. The grouping structure is arbitrary.

The OLS problem—after centering and standardizing the variables, no intercept is
included—was considered for prediction purposes with the Lasso, the Group Lasso
and the Sparse Group Lasso regularization procedures together with their adaptive
versions. For the Automobile (resp. MPG) data, 145 (resp. 312) observations were
randomly chosen to fit the penalized OLS models and the 50 (resp. 80) remaining
observations were used as a test set. The procedure was repeated 100 times so that
an average mean square error for prediction is reported in Table 2. The adaptive SGL
still outperforms the other methods. The procedure is well adapted in the presence of
both categorical factors and continuous covariates. The prediction performances also
emphasize the gain to consider adaptive weights.

Acknowledgements 1 would like to thank Alexandre Tsybakov, Arnak Dalalyan, Jean-Michel Zakoian
and Christian Francq for all the theoretical references they provided. And I thank warmly Jean-David
Fermanian for his significant help and helpful comments. I gratefully acknowledge the Ecodec Laboratory
for its support and the Japan Society for the Promotion of Science.

Appendix

We first introduce some preleminary results. The dependent setting requires the use of
more sophisticated probabilistic tools to derive asymptotic results than the i.i.d. case.
Assumptions 1 and 4 allow for using the central limit theorem of Billingsley (1961).
We remind this result stated as a corollary in Billingsley (1961).

Corollary 1 (Billingsley 1961) If (x;, F;) is a stationary and ergodic sequence of
square integrable martingale increments such that o> = Var(x;) # 0, then

X
71257 x4 N©, o),
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Note that the square martingale difference condition can be relaxed by «-mixing and
moment conditions. For instance, Rio (2013) provides a central limit theorem for
strongly mixing and stationary sequences.

To prove Theorem 1, we remind of Theorem I1.1 of Anderson and Gill (1982) which
proves that pointwise convergence in probability of random concave functions implies
uniform convergence on compact subspaces.

Theorem 9 (Anderson and Gill 1982) Let E be an open convex subset of RP, and let
F1, Fa, ..., be a sequence of random concave functions on E such that Fy(x) L
n—oo

f(x) for every x € E where f is some real function on E. Then f is also concave,
and for all compact A C E,

sup| F, (x) = F ()] — 0.

xeA

The proof of this theorem is based on a diagonal argument and Theorem 10.8 of
Rockafeller (1970), that is, the pointwise convergence of concave random functions
on a dense and countable subset of an open set implies uniform convergence on any
compact subset of the open set. Then the following corollary is stated.

Corollary 2 (Anderson and Gill 1982) Assume Fy(x) —> f(x), for every x € E,
n—o0

an open convex subset of R?. Suppose f has a unique maximum at xy € E. Let X,,

.. s P
maximize F,. Then X, —> xo.
n—oo

Newey and Powell (1987) use a similar theorem to prove the consistency of asymmetric
least squares estimators without any compacity assumption on ®. We apply these
results in our framework, where the parameter set © is supposed to be convex.

We used the convexity argument to derive the asymptotic distribution of the SGL
estimator. Chernozhukov and Hong (2004) and Chernozhukov (2005) use this con-
vexity argument to obtain the asymptotic distribution of quantile regression-type
estimators. This argument relies on the convexity lemma, which is a key result to
obtain an asymptotic distribution when the objective function is not differentiable. It
only requires the lower-semicontinuity and convexity of the empirical criterion. The
convexity lemma, as in Chernozhukov (2005), proof of Theorem 4.1, can be stated as
follows:

Lemma 1 (Chernozhukov 2005) Suppose

(i) asequence of convex lower-semicontinuous Fr : R — R marginally converges
10 Foo : R? — R over a dense subset of R?;
(ii) Foo is finite over a non-empty open set E C RY:
(iii) Foo is uniquely minimized at a random vector U .

Then

. d . . d
arg minFr(z) — arg minF(z), that is ur — Uxo.
zeRd zeRd
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This is a key argument used in Theorem 3, Proposition 1 and Theorem 5.

When we consider a diverging number of parameters, the empirical criterion can be
viewed as a sequence of dependent arrays for which we need refined asymptotic results.
Shiryaev (1991) proposed a version of the central limit theorem for dependent sequence
of arrays, provided this sequence is a square integrable martingale difference satisfying
the so-called Lindeberg condition. A similar theorem can be found in Billingsley (1995,
Theorem 35.12, p.476). We provide here the theorem of Shiryaev (see Theorem 4,
p.543 of Shiryaev 1991) that we will use to derive the asymptotic distribution of the
adaptive SGL estimator.

Theorem 10 (Shiryaev 1991) Let a sequence of square integrable martingale differ-
ences " = (&ui, Fp).n = 1, with F}! = o (§us, s < k), satisfy the Lindeberg

condition for any 0 < t < 1, for € > 0, given by

Lnt]

5 P
D E [énk1|snk\>e|fiil] oAl
k=0

R P, R, p a d 2
then lfkgoE[énklfk_l] =2 00 or kgognk 200 then kgognk — N(0, 0/).
There exist central limit results relaxing the stationarity and martingale difference
assumptions for sequences of arrays. Neumann (2013) proposed such a central limit
theorem for weakly dependent sequences of arrays. Such sequences should also satisty
a Lindeberg condition and conditions on covariances. Equipped with these preliminary
results, we now report the proofs of Sect. 4.

Proof of Theorem 1 By definition, b = arg min {Gre(0)}. In a first step, we prove
0cO
the uniform convergence of Gr¢(.) to the limit quantity Goo¢(.) on any compact set

B C ©,idest
P
sup|Gr(x) — Goop(¥)| —> 0. @)

xeB

We define C C @ an open convex set and pick x € C. Then by Assumption 1, the law
of large number implies

P
Gri(x) T::o Gool (x).

Consequently, if A7 /T — A9 > 0 and y7/T — yp > 0, we obtain the pointwise
convergence

P
Gro(x) — Goop(x)| — 0.
T—00

By Theorem 9 of Anderson and Gill (1982), Goo¢(.) is a convex function and we
deduce the desired uniform convergence over any compact subset of @, that is (7).
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Now we would like that arg min {G7¢(.)} TL arg min {Geoe(.)}. By Assump-
—00

tion 3, ¢(.) is convex, which implies

P
IGre@)] —> oo.

01| —o00

Consequently, arg min{Grgo(x)} = O(1), such that 0 B, (89, C) with probability
approaching one for C large enough, with B,(f¢, C) an open ball centered at 6y and

of radius C. Furthermore, as Goo¢(.) is convex, continuous, then arg min {Geo(x)}
xeB
exists and is unique. Then by Corollary 2 of Andersen and Gill, we obtain

arg min{Gro(x)} LN arg min{Geo@(x)}, thatis RN 05.
xeB T—o00 yeB T—o00

]

Proof of Theorem2 We denote vy = T~ V2 + 7T 'a + yr T~ 'b, with a =
card(A) (ml?x ay) and b = card(A) (mlax &). We would like to prove that for any

€ > 0, there exists C¢ > 0 such that ]P’(v;1 ||é — 09|l > C¢) < €. We have
P76 — 0l > CO =P (3u € R, ullz = Cc : Gro®o + vru) < Gre®0))

|lull> can potentially be large as it represents the discrepancy 6 — 0o normalized by
vr. Now based on the convexity of the objective function, we have

{Fu*, |u*|2 = Ce, Gro@o + vru™) < Gre(0o)}
C {3a. lally = Ce. Gre(8o + vri) < Gre(8o)}, (3)

a relationship that allows us to work with a fixed ||u||». Let us define 1 = 6y + vru*
such that G7¢(01) < Gre(@g). Leta € (0,1) and @ = af; + (1 — «)@¢. Then by
convexity of Gr¢(.), we obtain

Gre0) = aGre@1) + (1 —a)Gre@o) < Gre(6o).

We pick o such that |u| = Ce with u := «f + (1 — «)@9. Hence (8) holds, which
implies

P(l16 — 6ol > Cevr) < PEu € RY, ull2 > Ce : Gro(8o + vru) < Gre(60))
= P@u, |ullz = Ce : Gro@o + vru) < Gre(8o)).

Hence, we pick a u such that ||u || = Ce¢. Using p; (A7, o,0) = 0and p,(yr,£,0) =
0, by a Taylor expansion to Grl(0g + vru), we obtain
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2
. V .
Gre@o + vru) — Gre@o) = vrGri@o)u + TTu’GTl(Oo)u

3
V. . -
4+ %V’{u’GTl(O)u}u +p (A1, a,07)

—pi(Ar, 0, 00) + pr(yr,§,07) — pr(y7. . 00),

where 0 is defined as |0 — 8¢ < |07 — 0¢]|. We want to prove

. vr ¥ vr
PQu, |lul2 = Ce : Grl(@o)u + — Bl Grl(@o)u] + TRT(GO)
2

Vv . —
+ %V’{u’GTl(G)u}u +v4p O, @, 07) — py (AT, @, 00)
+P2(VT7510T)_Pz(VT,E,OO)}SO) < €, (9)
d

where Rr(09) = > ukul{agkelGTl(Go) — E[&gkelGTl(Oo)]}. By Assumption 1,

(€;) is a non-anticipative stationary solution and is ergodic. As a square integrable
martingale difference by Assumption 4,

VTGrl00)u —4 N, u'Mu),

by the central limit theorem of Billingsley (1961), which implies Grl@o)u =
OP(T’l/zu’Mu). By the ergodic theorem of Billingsley (1995), we have

GrlBy) — H.
T—o0

This implies R7(#o) = o0, (1). Furthermore, by the Markov inequality, for 5 > 0

2 4c6
_ . V7 Iy (7 0 Vrle
P3u, lullz =Ce:  sup | =V{u'Grl@)ulul > b) < 36b2n(C‘)’
0:116—0ol2<vrCe

where 1(C¢) is defined in Assumption 6. We now focus on the penalty terms. As
p1(Ar, @, 0) = 0, for the /! norm penalty, we have

_ k k
PG, 07) = pyGor. @, 00) = Ar T~ Y i {1857 + vru® 1 = 161}
keS

and |py (A7, @ 07) = py(hr, @, B0)| < card(S){max abr T orlully.
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As for the /! /1 2 norm, we obtain

Pavr.€.07) = py(yr.6.80) = yr T Y& {16712 — 16112}
leS

and |py(yr. &.07) — po(yr. £,00) < yr T~ “gvru®|l2
leS

< card(S) {max %'1} yrT rllul,.
leS

v .
Then denoting by §7 = Amin(H)Cesz/Z, and using TTE[u’GTl(GO)u] > 87, we
deduce that (9) can be bounded as

2
P@u, (1l = Ce : GrlBo)u + %Tu’(érlwo)u n %Tv’{u’GTl(é)u}u

+v:{p (A1, @, 07) — Py (o1, @, 00) + py(yr, £,07)
— pr(yr, £,00)} < 0)
< P@u, |lully = Ce : |Grl@o)u| > 87/8) + P(3u, ||lull2

vr
=Ce: 7|RT(00)| > 87/8)

B SR
+P@u, lullz = Ce : |€V {W'Grli@)u}ul > 87/8)

+PQ@u, lully = Ce : |p (A1, 0, 07) — py (A1, &0, 00)| > vrd7/8)
+P@Eu, ully = Ce : |pa(yr, §,07) — pr(y7,§,00)| > v1dr/8).

We also have for C¢ and T large enough, and using norm equivalences that

= P@u, |lull2 = Ce : card(S){max agbrr T rllully > vrdr/8) < €/5,
€

P3u, |ulz = Ce : |pr(yr, €, 07) — pr(yr, £, 00)| > vrdr/8)
< P@u, Jlull2 = Ce : card(S){max g)yrT 'vrllully > vrér/8) < €/5.

Moreover, if vy = T~Y2 + 2T la + yTT_lb, then for C¢ large enough

P3 = C,. . |Grl0 s 8<C€2C” Cor 5
Fu, llullz = Ce : |Grl(@p)u| > 67/8) < Ts% _C_§<€/ .
Moreover
1)2 . _
P3u, lully = Ce : sup | LV {u/'Grl@)ulu| > 81/8)

0:116—80l2<vr Ce
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Cst vy n(Ce)

< ——5—— < Cuv7Cin(Co)
&7

where Cy; > 0 is a generic constant. We obtain

. vr
P@u, lullz = Ce : 1Grl(@0)ul > 37/8) +PQu, llul2 = Ce : —{R1B0)| > d7/8)

2
v . -
+P@u, [lul2 = Ce : I%V’{u/Grl(O)u}ul > 8r/8)

+P@u, lul2 = Ce : |p1(Ar, @, 00) — py(Ar, . 07)| > vrdr/8)
+P@u, lul2 = Ce : |p2(yr.§,00) — p2(yr.§,07)| > vdr/8)

Cot 2
=it V7 Cin(Ce)Csy + 3€/5 < €,
€

for C¢ and T large enough. We then deduce ||9 — 0ol = Op(vr). O

Proof of Theorem 3 Letu € R suchthat® = 0o+u/T'/? and we define the empirical
criterion Fr(u) = TGr(p(@¢ + u/T'/?) — ¢(8y)). First, we are going to prove the
finite distributional convergence of F7 to .. Then we use the convexity of Fr(.) to
obtain the convergence in distribution of the arg min empirical criterion to the arg min
process limit. To do so, let u = VT (0 — 0¢). We have

Frm) =T {Gr((0) —1(0)) + py(Ar.a,0) — py (A1, 00) + pr(yr.£.0)
—p2(yr.§.00)}

m
= TGr (@ +u/T"?) = 180) + A7y o [ 185" +u® /VT1 — 10§11 ]
k=1

+yry g 185 +u® VTl — 1031:]

=1

where F7 () is convex and CO(R?). We now prove the finite dimensional distribution
of F7 to Fu to apply Lemma 1. For the /! penalty, for any group k, we have for T
sufficiently large

Ck
k k - k k k
166 +u® /Tl = 106711 =172 {|ulf )|10(()k_>=0 +u >sgn(9(§!i>)19ék>#o} ;

i=1

which implies that

m m Ck
k k k
ary_a 1057 +u® VT = 10001 ] — h0Y ) {|u§ My

k=1 k=1 i=1

(k) (k)
+u; sgn(0,; )195?#0} ,
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under the condition that A7 /~/T — Ag. As for the I' /I? quantity, for any group /, we
have

u(l)/a(l)

i 1 — _
168 +u® /T — 1012 =T~/ {IIM(I)II210g>=0+ Wlog’);&o} +o(T™1.
o 2

—1/2

Consequently, if y7T — Yo > 0, we obtain

m m
1 1
yry & [16§ +u® VTl = 1012 = wY & {nu(”nzleé»kzo
=1 =1 ’
Luve }+ T
a0, elz0( TO yr-
1611, %07

Now for the unpenalized criterion G7/(.), by a Taylor expansion, we have

1/2 124 1
TGr((@o+u/T'7) —1(00) =u'T'“Grl(o) + U Grl(@o)u

1 . -
+ 6T—1/3V/{u/GTl(0)u}u,

where 0 is defined as |0 — 09| < ||u||/«/f Then by Assumption 4, we have the
central limit theorem of Billingsley (1961)

VTGrl(09) i> N (0, M), and by the ergodic theorem Grl(@0) Ti) H. Fur-
—00

thermore, we have by Assumption 6

\V'{u'Grl(@)u}ul?
d d

T
1 _ _
3 . 3 )
= 72 Z Z Z U, ullumluk2u12um2|89k19[19mll(ét, 0)'80;(20/29"121(61“ 0)|
t,t/=1ky,l1,m1k2,lr,my
1 T d d
= EZ Z Z Wi Wj Wy Uy U Uy, U (C)up (C),
t,t/=1ky,l1,m1k,lp,mp
for C large enough, such that v, (C) = sup | sup |8gk9,9ml(€t; 0)|} with

k,l,m=1,....d 0:“0790H25_UTC
vr = T~ V2400 T~ ar+yr T~ 'br. We deduce V' {u'Grl(@)u}u = O, (||lul3n(C)).
We obtain

L gys! 0 0 P
T3 Vi{uGrl(@)ulu T::o 0.
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Then we proved that Fr (u) —d> Foo (u), for a fixed u. Let us observe that

w} = arg min (Fr ()},
u

and Fr(.) admits as a minimizer u} = «/T(é — 0p). As Fr is convex and Fy, is
continuous, convex and has a unique minimum by Assumption 5, then by convexity
Lemma 1, we obtain

VT (0 — 80) = arg min{F7} % arg min{Fa).
u u

]

Proof of Proposition 1 In Theorem 3, we proved JT (@ — 6p) := arg min{F7} 4,
uckd
arg min{F,} for A7/ VT — Ao and yr/ VT — 0. The limit random function is

ucRd
1 m cr
Foo(u) = 5u’]HIu +u'Z+ AQ/{X}O(}CE {|u§k)|1951fi):0 + ul(,k)sgn(eéﬁ))lgéﬁ)#o}
m B l_u(l)’o(l)
+r0) _Elle® 10 _y+ Wlog) o)
=1 o 12

First, let us observe that
i . c Hk) Y (9]
(A== {Vi=t, . om, e A 00 =0 0 V=1, om, e A 6 =0] .
Both sets describing {fl = A} are symmetric, and thus we can focus on
A=A = {sz L...om. ieA TP =o}.

Hence

P(A = A) < ]P’(Vk =1,....mVie A, TV :0).

Denoting by u™* := arg min{Fs(u)}, Theorem 3 corresponds to «/T(éA —0p.4) LN
uckd
uj‘4. By the Portmanteau theorem (see Wellner and van der Vaart 1996), we have

limsup P(Vk = 1,...,m,Vi € A, TV260 = 0) < P(Vk =1,...,m, Vi € AL, u™* = 0),

T—o00
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as 0p_ac = 0. Consequently, we need to prove that the probability of the right-hand
side is strictly inferior to 1, which is upper-bounded by
— : c (k)% _
PVk=1,....mVie A,u/"" =0) <
min(Pk ¢ S, u®* = 0),P(k € S, Vi € A, u™* = 0)). (10)
If Ao = yo = 0, thenu* = —H~'Z so that P,» = A/(0, H-'MH™"). Hence ¢ = 0.

If Ao # 0 or yy # 0, the necessary and sufficient optimality conditions for a group
k tell us that u™ satisfies

(k)

0,
Hu* + Z) ¢y + )\.Oakp(k) + voéx—— 0 (k)” =0, keS8, an
(Hu™* + Z) ) + doak w® 4 pgz® = ()) otherwise,

where w® and z® are the subgradients of lu® ] and ||u® ||, given by

*)
k) e (k u
Lo | = sen@Dyitu 2o, W | = —aifu® %0,
P e w® o w®) < nifa® =0, ° [l 12
i %= i ’ c {z(k) ||z(k)||2 < 1}1fu(k) =0,

and p{ = a1 11,0 _o +usen@)1,0 )
If u™* = 0, Vm ¢ S , then the optimality conditions (11) become

{ Hssu®s + Zs + Aots + yois =0, (12)

| — Hosul — Zgy — rooyw D2 < po&, as 2P, < 1, 1 € 87,

p®
with 75 = vec(k € S, ax p®) and &5 = vec(k € S, & —9-—), which are vectors of

Rcard(S) .

For k € S, that is, the vector 0(()k) is at least nonzero, then

o
k
105112

(Hu* + Z); + hoarsgn(@y) + voi =0, ifkeS,ic A,

(13)
(Hu* + Z); +)»()C¥kw —O ieAf.

Consequently, if u?k)* =0,Vi € Af, with k € S, then the conditions (13) become

00,4
HAk-Aku*Ak + Z 4, + dooxsgn(@o 4,) + Yobr ———— =0,
00,4, 112

| — (Hoaga,uy, + Za9il < hoo.
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Combining relationships in (12), we obtain
IH)sHgs5(Zs + Aots +10¢s) — Zay — hoerw 12 < o, | € S.

The same reasoning applies for active groups with inactive components, so that com-
bining relationships in (13), we obtain

- 00,4,
| (HA;AkHAIkAk (ZAk + hoarsgn(Bo 4,) + Voék”()o—”) - ZA;;) | < Ao
Ar i

Hence we deduce

P(Vk=1,...,m,V € Af,u* = 0) <
min(P(k ¢ S, u®* = 0), P(k € S, Vi € A, u* = 0)) := min(ay, a2).

Under the assumption that Ay < 0o and yy < 00, we obtain

=P( € S |HpsHgg(Zs + rots + v0is) — Zay — hoerw® 2 < wof) < 1,
a =Pk eS,icAf, |(HA;§-A1<H;41A]( (Z 4, + doagsgn(@o 4,)

00,4
FY0bk o) — ZA)il < hoaw) < 1.
100,.4, II2
Thus ¢ < 1, which proves (10), that is proposition 1. O

Proof of Theorem 4 The proof relies on the same steps as in the proof of Theorem 2.
O

Proof of Theorem 5 We start with the asymptotic distribution and proceed as in the
proof of Theorem 3, where we used Lemma 1. To do so, we prove the finite dimensional
convergence in distribution of the empirical criterion Fr (u) to Foo () with u € R,
where these quantities are, respectively, defined as

Fr@) = TGr (¥ (0o +u/~T) — ¥ (60))
_TGT(1(00+u/J—)—1(00))+ATZZ(X<")[9<")+u<k>/«/_| 9(“]

k=1i=1

m
+yry tra 168 +u® VT2 - 16)112]

=1

and

1
/ / . L .
Foo(u) = E”AHAA”A+“AZA ifu; =0, wheni ¢ A, and (14)

o0 otherwise,
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with Z 4 ~ N(0, M 44). By Lemma 1, the finite dimensional convergence in distribu-

tion implies arg min{F7 (u)} i) arg min{F, (u)}. We first consider the unpenalized
uckd ucRd
empirical criterion of [F7 (.), which can be expanded as

TGr (Y (B0 +u/NT) — ¥ (80) = T Grl@o)u + %@Tl(oo)u

+ eV "' Grl@)u,

where @ lies between 0 and 0o + u/+/T. First, using the same reasoning on the

1
third-order term, we obtain a /3V {u GTI(())}u i) 0. By the ergodic theorem,

we deduce G11(80) T& H and by Assumption 4, f TGrl(09) - N(0, M).
— 00
We now focus on the penalty terms of (4), we remind that oe(Tk’ )l = |§i(k) | =7, so that

fori € A, k € S, 9“” ¢ 9“” £ 0. Note that

(k) (k) (k) P k)
VT05) +ul VT — 105711 — u FsgnegHn o0 20

This implies that, for i € Ay, k € S, we have
Ck P
—1/2 (k) (k) (k) (k)
arT=Y _§_ ar VT 67 +u; [NTI =671 — 0,

under the condition A7 T~'/2 — 0.Fori € AC,Q(E{? = 0, then T'7/2(|9~l.(k)|)’7 = 0,(1).
Hence under the assumption A7 T~1D/2 — 00, we obtain

ATT71/2a(Tk’)iﬁ ( G(k) + u(k)/\/_| G(k) )

/2 P

=T V2P — 5 15
T g o
~(). _
As for the I'/I% quantity, we remind that £7; = ||0( )||2”, so that for [ € S,
~(
0() i) 0(()1), and in this case
T—o00

(1)’0(1)

u
VT {185 +u® VTl = 18912} = — 52+ (T712).

1
16112
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1/2

Consequently, using yrT~'/“ — 0, and for [ € S, we obtain

_ ! ! P
yrT =2 Ter, (10§ +u® VT2 = 100 12) — o.

Combining the fact k € S and 0(()k) is partially zero, that is i € A7, we obtain the
divergence given in (15). Furthermore, if [ ¢ S, that is 0 = 0, then

l l
VT {168 +u® VTl = 18512} = 1?11,

~(
and T”/z(llﬂ()llz)" = 0,(1). Then by y7 T**~D/2 — o0 we have

VTT_I/ZETJ\/T[W(()D +u® VT2~ ”0((31)”2]

2
_ =172, (D) m P
=yrT “llu™l2 -0 —> 00.
(T12)16 |p)m T

We deduce the pointwise convergence Fr(u) LN Foo(u), where Foo(.) is given
in (14). As Fr(.) is convex and Fo(.) is convex and has a unique minimum
(H;‘lAZ A, 0 4¢) since H is positive definite, by Lemma 1, we obtain

ﬁ(é — 00) = arg min{F7(u)} 4, arg min{Fo, (u)},

uckd uckd

that is to say ﬁ(éA —00.4) N H;‘IAZA, and ﬁ(é_Ac — 0o, .4c) N 0 4.
We now prove the model selection consistency. Let i € Ay, then by the asymptotic

normality result, éi(k) T£> Oék), which implies P(i € Ay) — 1. Thus the proof
— 00

consists of proving
Vk=1,...,m,Vi e A, P(i € Ay) — 0.
This problem can be split into two parts as

Vk ¢ S,P(k € S) — 0, and Yk € S, Vi € A, P(i € Ay) — 0. (16)

Let us start with the case k ¢ S.If k € S, by the optimality conditions given by the
Karush—Kuhn-Tucker theorem applied on Gy (), we have

A~ (k)
aEn ) A ) ) VT 0
Grl@) ) + 7T ow® + ?ST,kW =0,

1612
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O is the element-by-element vector product, and

) |=sen@®) it 4 # 0,
w-.
Flem® |w(k)|<1}1f9(k) 0.

Multiplying the unpenalized part by T'/?, we have the expansion

TI/ZGTl(é)(k) = T'2Grl00) ) + T'*Grl00) tyk) 6 — 00) 1)
+T2V((0 = 00)(, GT10) (1) 1) B — 00) i}

which is asymptotically normal by consistency, Assumption 6 regarding the bound on
the third-order term, the Slutsky theorem and the central limit theorem of Billingsley
(1961). Furthermore, we have

A (k) A (k)

- k) —
Eri— gy =yrT VT 2I0 T 1) T ——
167112 1672 T

—1/2

vrT

Then using T(“’”)/Z)/T)Lgl — 00, we have

R . n AT R T 0
Vk ¢ S,PkeS) <P | -Grl@)g = Ta;“ ow® + y?gr,kw — 0.
e "l

We now pick k € S and consider the event {i € Ak}. Then the Karush—Kuhn—Tucker
conditions for Gr (@) are given by

é(k)

|
e

(Gr1©)) i + Tx;"i sgn(6) + —s o =
1612

Using the same reasoning as previously, 7'!/2 (Gl (9))(/(), ; 1s also asymptotically nor-
~(k
mal, and 0( ) i) 0(()k) for k € S, and besides

T—o00

TO-D2

AT 12 (k) Q(k) _
T asen(d;) = (T1/2|9~.(k)|)'7 0
1
A(k)

so that we obtain the same when adding y77~ 1/ ZST k . Therefore, we have for

-
6" ll2

any k € Sandi ¢ A
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A (k)
. oA © A AT A T 0,
Pi € A) <P —Gri@)w. = —a®sen@®) + Ler,—i —) - 0.
T 77169,
We have proved (16). O
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