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1 Two-step semiparametric quantile regression estima-

tors

Two-step semiparametric estimators are important in the econometric literature, where it is
often the case that the nonparametric component is given by a latent variable, such as con-
sumer preferences or expected demands or supplies, which can be represented as a conditional
expectation, see for example Ahn & Manski (1993).

Consider the same semiparametric quantile regression model
Qyx (T|X) =inf (f: Pr (Y <{|X) > 1) = X1 Bor + bor (X2),

as that given in (2.1) in the main paper, and suppose that there is a preliminary consistent

estimator 6 (-) for 6, (), assumed to have the following linear representation
(n2)""? (8 (Xa) — 00 (Xs) ) - Zn ) Lo, (Xoj — Xoi) +0, (1), (L.1)

where Loy, (1) = Lo (+/by) is a kernel function, by is a bandwidth and 7 (+) is a known real valued
function that may also depend on additional covariates. Then the two-step semiparametric

quantile estimator for 3y, and its resampled analog are defined as

B\ = alg mln Z A(S( )p‘r (Z X;‘I;BT - <X2z)> (1'2)
and .
B: = arg min 2_; %p (Z X18: — (Xzz)> ,

The following two theorems are the two-step analog of Theorems 3-6 in the main paper.

Theorem 13 Under the assumptions of Theorems 3-5 in the main paper, with K () replaced
by L (+) and h replaced by by

n'2 (B = for) 5 N (0,55 555"

where s, 18 Xy, 0T X3y, OT M3y, and

Yakm = E [(Xlﬁ; () - E [falx (0]X) Xan (X) |X2D®2] +E [/OL (X1p () =

dul ,

E (X1, (6) = E [fax (01X) Xun (X) |Xa]) I (Z > u)] = o ()
S () 1z> “)> Go ()



(X1p, (e) — E [fox (01X) Xin (X) | X2])
Go (Z|X)

(X2 (€2) = B [ (O1X) Xoam (X) Pon] g (W2 Xoo X)) |
Go (Z1|X12, X2) 1

ng:E

B (X1, (6) — E [fx (0]1X) X1n (X) | X))
Sanp = B Go (Z]X2) -
B (Z,6,Y.X3) (Xpl (6) — E [fox (01X) Xun (X) 1)) 117
E sz (X2) GO (Z’Xz) |X2]]

Theorem 14 Under the same assumptions of Theorem 6 in the main paper, conditionally on
(Ziv(si?XiT)?:l
2 (B - B) 5 N (0,555,551

Similarly, we can define two-step analogs for the estimators of the parametric component in
the semiparametric quantile partially linear varying coefficient model given in (3.2) in the main

paper, that is

~

B, =argmin Y ——p, (Z; — X{:8, — X35,0 (Xa;)
(i )

and
Pt R 0:&i T Ty
f7 = argmin =P (Zi — X3iBr — X3,0 (X))
Br ; G§ () ( )

The following two theorems are the two-step analog of Theorems 8 and 9 in the main paper.

Theorem 15 Under the assumptions of Theorem 8 in the main paper, with K (-) replaced by
Ly () and h replaced by by

n1/2 <g‘r - BOT) i N (07 25193*251)

where s, 15 Qg o1 sy, o1 sy, and

Qi = B | (X101 (€) = B [fx (01X) XaX{n (X) 1Xa]) 7’| + B [ /0 QEVACE

B (X, (6)  [fax (OX) XiXEn () [X] T2 2 w)] u>> T



(X1p. (8) — E [fopx (0]X) X1 X2 (X) | X2])
Go (Z]X)

®2
B X120} (£2) = E [fox (01X) X12.X55m (X) [ Xa2] 1y, (W1, X12, X22) W
Go (Z1]X12, X22) o

Qgp:E

o _ | KR ©) = [ O01X) X,X{n (X) |Xa])
Snp Go (Z]X5)
Y (Z,6,Y,Xa) (X100 (2) — B [fox (01X) X: XTn (X) X)) 1%
et Go (71%0) 'X4]'

Theorem 16 Under the same assumptions of Theorem 8 in the main paper, conditionally on
(Zivéi,XiT)?:l
2 (B = B) 5 N (0,550,551

2 Proofs

Throughout this section we use the following abbreviations: "CLT", "CMT" and "LNN" denote,
respectively, central limit theorem, continuous mapping theorem and (possibly uniform) law
of large numbers. We also use "CL" and "QAL" to denote, respectively, the convexity lemma
(Pollard 1991) and the "quadratic approximation lemma" (Fan & Gijbels 1994). Finally we use

the following notation

Wi = [XE1, (Xos — ) /B] "

ZF = Z; — X;,Bor — ar — b7 (Xoi — 12)

3o = (0)2 [ (8, — o) @ — oy (22) B (b — B ()]
V. = n'/? (Br — 507)T7

and the following identity (Knight 1999)

pT(w—y)—pT(I)=—y(T—I(rE<0))+/Oy(1(xﬁt)—f(x§0>)dt‘ (2.1)

Proof of Theorem 1. We first consider the independent censoring case'. Let

- - 5’6 * WiT’YT *
R, (777G7x2> - Zzl a(Zz) Pr (Zz - (nh)1/2> — Pr (Zz)

K, (Xm‘ - xz)

INote that the asymptotic theory for Z¥ is the same as that for Z, since the quantile restriction on Y is the
same as that for Y'©, hence in what follows we omit the superscript L in (Z;,Y;, ;).
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denote the normalized local objective function. Note that for the Kaplan-Meier estimator

1
~0 (32)

G (2) — Go ()

sup
0<z<L

(Zhou 1991, Foldes & Rejto 1981), hence

‘Rn <77,§,$2>—Rn(’}/7,G0,ZC2> < sup |G(Z;)— Gy (Z)| x
0<Zi<L
~_ 0 Wit
% Aoz = ) o (29| K (Xas — a0)| + 0, (1) =
2 Gy |/ ( (nh)1/2> oo (] Fon o= )] o )
0, (n"%) 0, ((nh)1/2> =0, (1).
By (2.1) we have
R (77, Go, 22) = 1/2ZG0 Wip (Z7) Ky (Xoi — 2) + Sn (77, Go)

with p/ () = (7 — I (- <0)) and

S (45, Go, 2) = Z / 2 (1(ZF <t)— 1(ZF <0)) Kp (Xoi — a2) dt.

Go

Note that E (6/Go(Z)) = 1, hence by the uniform consistency results for kernel estimators of
Masry (1996)

o5 7 1/2
5, (3 Gou2) = B[S, (3 Go22)] + 0, ((Ifh ) ) 22)

uniformly for zo € Xy, Let g (22) = 0o, (X2;) — ar — by (Xo; — x2); by iterated expectations
E S, (77, Go, )] = EE[Sy, (-, Go, 22) | X;], so using a mean value expansion on ¢ = 0, we have

W’YT

E[S, (7, G, 2) | X1 Z / (B (o () + 1) = Fipx (s () [X0)) x

W"/T

n (nh)1/2
Koy (Xoi — 2 dt — Z / O (G (2) 1K)t (X — 2) dl,

where G (22) is the mean value between 0 and ¢, (x2) + t. Adding and subtracting

W"/T

S [ 00 8 (K



S [ e (i ) 10 86 (= )t = 3 [ e (010 63 (Yo = 22) ] <
i=1 70 i=1 70

C n
sup _ﬁ Z [Gir (2) | W7 K (X2s — @) = O, (h7)
=1

T2EX> 2

for some C' > 0, hence
1
E [Sn (’77'7 Ga 1'2) |Xz] ’7 Z f€|X 0|X ) W®2’77Kh (X22 - 1’2) + Op (1) (23)

Combining (2.2), (2.3) and a standard kernel calculation, we have that

R (e, Gos ) = WWZ%ZmeWM&—m+hmm%wm+

Z

logn 1/2
0, (—nh) + h?

uniformly in x5 € X5, where

X® X, 0
0 0 Ko

Since R, (., Go, x2) is convex in 7., by CL and QAL the minimizer 7, of R,, (V,, Go, z2) is

’/y\ﬂ' = - (sz («T2) b («T2 1/2 Z GO WpT Z*) Kh (X21 - ‘IQ) + (25)

logn 1/2
O, (nh) +h?|.

Using iterated expectations and the fact that

Oor (X2) — Oor (2) — Op, (72) (X — @) = 0, (22) (X2 — 22)° /2,

a Taylor expansion and a standard kernel calculation show that

E e (Z>Wp; (Z*)Kn (Xz — 22)| = E{E [(W (F.x (0|X) = Fox (s (22))) | X) x
h2 X1K2
K (Xo —29) | Xo]} = —fx2 () 0y, (22) E fex (0]X) Ko Xy =25 p +0(1).
0



Similarly, it can be showed that

Var {GoiZ) Wl (e + ¢ (22)) K (Xo — xg) —

Go(Z )WPT( e) Kn (Xo — 2)| = O (h?),

where ¢ = Z — XT By, — 0o, (X3), and by iterated expectations and a standard kernel calculation
’U()X1®2 U()Xl 0
U()Xf Vo 0 |X2 =22 o+

0 (%)

7(1—7)

Var R —
Go (2)

Go(2) Wl (e) Ky (Xo — mg)} = fx, (22) E

o(1),
hence the conclusion follows by CLT and CMT.

For the case of dependent censoring with the censoring distribution estimated parametrically,

note that by a mean value expansion
Slz}p G5 (Zi] Xi) — Go (Zi| X3)| = SUP 95 (Zi| X)) 17 = ol
=0, (n*) 0 (n7%) = 0, (1),
where 7 is the mean value and the last equality follows by A5(ii) and the LLN, since

1/a
sup g5 (Zi] Xi)| < n'/ (Zsuplgv (Zi |X)|/n> =0, (n'/?).

’L].’Y

Finally, for the dependent censoring case with the censoring distribution estimated nonparamet-
rically, note that for the local Kaplan-Meier estimator

~0, ((lofb”) v + b2> , (2.6)

where G =inf (z : G (z]zg) = 1,Vay € Xy) (Gonzales-Manteiga & Cadarso-Suarez 1994), hence
by (2.6) and the assumption on the bandwidth

& * Wz‘T’YT *
Fin <%’ G,x2> Z Go (Z X22 [ <Zi - W) - p- (Z; )] K (Xai — x2) +

G (z]12) — Gy (2|22)

sup
2<G,w2€X

sup | (Go (21X) —@<Z,»|X2i>)\§nj _ d oo ze = W) 20|
2<G,52€X =1 G(ZZ|X21) Go (ZZ|X21) (nh) /
Ky (Xm‘ - xz) =

——p. | ZF = — —pr (Z7)| Ky (Xoi —22) + 0, (1
2 G 7% [p ( wﬂ”) D | e




and the conclusion follows by CLT and CMT. m
Proof of Theorem 2. By the n!/2 consistency of 3,, we can assume it is known, hence the

conclusion follows by the same arguments as those used in the proof of Theorem 1. m
Proof of Theorem 3. Let

<%, ) ZA { (f—%)—m@“)}

denote the normalized objective function, where Zl* = Z;— XLB, — (ng) As in the proof of

Theorem 1

(m, ) ZGO Z) [ ( (@T (X2) — Oor (X%)) _ {i%ﬁ) _
pr (a - @ (Xai) — bor (X%)))] n

n_§; <Ci0 (Z) -G (Z1)> [Pr <€i _ </977 (Xai) — o (le)) B XlTi;YQBT) B
o G(Z)Go(Zy) n
Pr (51 - (97 (X2i> — Oor (X2z) )]
= Rln (’7577 GO) + R2n (757 é)
where g, — Z,L — le,:'ﬁOT - 907— (XQZ) By (21)
f)/ T
Ry (78, Go) = 5/2 Z G XlzPT (€i) + Sin (78, Go) (2.7)

where

X27, 907’ (X2z)+ 13’7237— 52

X21 GOT(XQZ GO (Z’L) -

Sln f}/ﬁq—aGO Z/

Similarly to (2.3) we can show that

1 ,YTT n 7TT n
S D P (01X) X525, = == fupx (010) X (8 (Xai) = 00 (X))
1=1 i=1

E [Sln (75-r7 G())} =

so that (2.7) can be written as

’Y T
RlTL (767 C"YO 16/2 Z G Xlsz (51) <O‘XZ) X§2’}/ﬁ¢_
g/ Ny (v |
n ZZ:; fa\X (O’Xz) Xl'L (97- (XZ'L) 907‘ (X2@)> + Tln (767., GO) ,



where

Tin (V8,5 Go)l = [S1n (V8. Go) = E[S1a (3., Go)l| = 0, (1),

since

E [Tln (V8. Go)z] <nESy (V8. GO)2 = (2.8)

11757’

@T(X%) 007(X21)+ 1/2
nkE / Pr (0 < |g;] < max (|t],|u]) |X) dtdu
o

0L (X2:)—00r (X2i)
T v ®2
Xi s, |X) V5, X1 VﬁT]
n

+ nl/2

<nFE |Pr <()<|8Z

(X2Z) - QOT (X2Z)

=o0(1)

as both| X{ s, /n'/?| and

(X2) — bor (Xg)) are o, (1). Then using (2.5), we have

V5, MTT =
Run (35, Go) = f/ZZG X (20) 5 D S (01X Xy (2.9)
=1

735/72 Z Z Fax (01X,) X103 [07,1,0] (fxy (Xas) B (X)) ™!
i=1 j=1

logn >
XT,1,0]" pl () Ko (Xoj — Xai) + Oy <”1/2h2 * ( n%ﬂ ) ) ’

Go (ZJ) [

which by LLN and a U-statistic projection argument simplifies to

/y T
Ry (5, Go) =~ Z GO  (Xuirh (2:) = ¢ (X0) 6] (20) + Vh T2y, (2.10)

where
(2 (Xz) =F [fe|X <O|X> X1 [OT, 1, O] ’Xg - XQZ] b (XQi)_l [X1127 1, O}T

Then as in (2.9)

. ) G(Z)) [T & .
o (757’ ) i=1 < Z;) ) T;YF/TQ ; Go(%Zi) (X1 — @ (X)) Pl (€i) +
%727 Z fs\X (O|Xz) X{%?’YﬁT + 17 (’yﬁﬂ GO)} + 0, (1)
n < @( )) ,YTT 6@ /
i—1 Z;) ni@/Q Go (Z:) (X1 — @ (X3)) pr (€0) | +0p (1),




where T3, (v5,, Go)

0L (X2i)—00r- (Xa2:)+ Xi;gf 5,
Thi (v8., Go) = /@T(X%)QOT(X%) o (Zi)] (g, <t)—I(e; <0)dt—
N
E [ /@T(X%)_%T(Xm Go ( Zi)I (e <t)—1(g; <0) dt] ’

since by the consistency of the Kaplan-Meier estimator and (2.8)

n (Go(Z;) — G (Zi) ) ~T
2 ( G2 ) o fax (01X X | <
(¢2)-G@)| |25 :
ST am || O X e (10,
and
~ ~ o\ 1/2
O <G (Z:) = Go <ZZ)> T ol < " 0 (G (Zi) — Go (Zz)> n . ;
— Go (Z) 1i (7677 0)| < - Go (ZZ-)Q Zzl 1 (W;T, 0) 2
= Op (1) Op (1) )

by the Cauchy-Schwarz inequality. Thus by CL and QAL, we have that 75, = 35" (en + 0, (1),

where

Let

=]

where N; (u) =1 (Z; <u,d; =0) and Y; (u) = I (Z; > u); we use the following identity (Robins
& Rotnitzky 1992)

=1 2.11
GO (Z,L> ; GO (U) ( )
and the well-known martingale integral representation (Gill 1980)
Gu)—Go(u) /t G (u™) dM, (u) 2.12)
Go (u) o Go(u) Yy (u)’

10



where G (u™) is the left continuous version of the Kaplan-Meier estimator, dM,, (-) = > dM; (-),
Y, (u) = >, Y;(u), and note also that Y}, (u) /n = G (u) §(u’), where §(u) is the Kaplan-
Meier estimator for S (u) = Pr(Z > u). By (2.11), (2.12) and LLN, we have that

n

Chn = # Z {(Xu — o (Xy)) P} (i) = AM: u) (X — ¢ (X3)) py (20) —

G() (u)
} + 0, (1)

~ (P16 (Xy = (X)) P () 1 (Z > u)
Z/ ng Go (Z))

1 T
WZ{(XH ) Py (2:) /
i=1 ;
> u

/LE[(XM—@(X»PT(@ ]
0 S (u)
Thus the conclusion follows by CLT and CMT, noting that

Var (Gu) = B [(06 = w0 @] + £ [ 06— o 0t ) -

El(Xy — o (X)) ph (e) 1(Z = u)] * Aw)
S () I1(Z> u)) e (u)du] :

Proof of Theorem 4. By the same arguments as those of Theorem 3

R, (7% @) = Rin (8., Go) + Ray (7577 @) :

where Ry, (7., Go) is as that given in (2.10), whereas by the linear representation (3.1) in the

main paper, it follows that

R T n n 57, ,
R, (7677 Gﬁ) = % Z Z m%o (W3, Xi) (X1 — o (X4)) pi (85) +0p (1) . (2.13)

Thus by CL and QAL, we have that 3. = —X5 " Cppn (W;) + 0, (1), where

1 d; (0
W;) = § - Xy — § Y (W5, Xi) (X X)) Pl (e
Cypn (W5) ni/2 o Go (Z;]1X:) [( 1i — ¢ (X3)) Pl (€4) Go ( Z |X 1 — 0 (X3)) pr (&4)

Let

B (W, W) = % (X1 — 0 (X)) . () + % (Xoy — 0 (X)) 6 (e)) —
(5' / w’Yo (WWXZ)
Go (Zi1%)) (X1 — 0 (Xy)) oL (&) o (Z,X0)
5 / w’yo (W“XJ)

W(le v (X5)) Py (g5) Go(Zi|Xj)’
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then
1 n
Copn W) = = Y h(Wi, W)) + T4,
o=
where 4, = n 323" (Xu + ¢ (X;)) pl (g:). Clearly Cppn (W) = n*2C), (Wi) /n(n—1)isa U
statistic with E [h (W;, W;)] =0,

G (Y — e (X))t e1) -

¢Wo (W17 X12a X22)
GO (Zl|X12a X22)

hy (Wh) :== E [h (W1, W) [W;] =

E | (X12 — ¢ (X12)) p7 (e2) WA
| |

and

Wy, X2, X @2
7#’YO ( 1, <212, 22) |W1:| } .

E {(Xu — ¢ (Xi2, X02)) 7 (2) Go (Z1| X12, X22)

The conclusion follows by a standard CLT for U statistics and CMT, since by the Cauchy-
Schwarz inequality and LLN

(r (1=7)""

ni/2

1/2 0.

Thn| < (B (Xu+¢(X:)?)

]
Proof of Theorem 5. By the same arguments as those of Theorem 3 and the consistency of

the local Kaplan-Meier estimator (2.6), we have that

R, <7577 @) = Ri, (78,,Go) + R (7{%7 @) 7

where Ry, (7s,,Go) is as that given in (2.10) and

n

Ry (75 @) = VB, Z(SZGO (Zi] Xa:) = G (Zi] Xa)
n s nl/2 — G (ZZ|X22) GO (Z7,|X21)

(X1 + ¢ (Xi)) ol (6:) + 0, (1)

By conditioning on G and using the linear representation of the local Kaplan-Meier estimator
(Gonzales-Manteiga & Cadarso-Suarez 1994)

R 1 n 1 3/4
G (Zz|l'2)—G0 (Zz|l’2) = 7’1,_62 Z G() (ZZ|£E2) Lb (XQZ — 1'2) ZD (Zz; 5@'7 Y;) m2)+0p (( (:,Lgbn) + bZ) ’
=1

where

- min(Z,t) - g0 (s|u) ds (1-86)TI1(Z<t)
ww@uwﬂ Go (51w (1~ F (slu)) * Go (Z]u) (1~ F (Z[u))’
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we have by a standard kernel calculation

e Y0 M AR B (o () )

n1/2 G (Zi| X2) Go (Z;] X2:)
1 Go (7| Xas) — G (Zi] X A
W;E < o |G0 (>Z-]X2i() %) (X1 — 0 (X3)) 05 (&0) !G) +o0,(1) =
1 Ly (Xoj — Xoi) ¥ (25,05, Y5, Xoi) (Xui — ¢ (X3)) 0l (e4)
1/2 E;E (f () { b Go (Zi] Xa) 'X%D "

O 1/2 logn 3 1/2.2 _
b | o + 1" | 40, (1) =

1 o ¥ (Zi, 01, Y5, Xoi) (X1 — 0 (X3)) p; (€0)
_ m Z fX2 XQz) E |: G20 (Z1|1X21) |X21:| + Op (1) ,
hence
Ziy 04, Y5, Xoi) (X — ¢ (X5)) ol (&
Hzn (75” ) B 71B/T2 fo2 Xas) B [¢( CQJ())((Z;X%)QP( = (6)|X2i] Fopl).

By CL and QAL, we have that 75, = —%5 " Cpnpn (W;) + 0, (1), where

1 — 0; ’ /
Cynpn (Wi) = 12 21 Go (Z:1 %) (Xuip, (ei) — 0 (Xi) Py (€4)) —

- Y (Z;, 6;, Y, Xo;) (Xli — o (Xy)) (&)
Z fX2 (XQl) E |: GO (ZZ|X21>

|X21:| )

and the conclusion follows by CLT and CMT. =

Proof of Theorem 6. By the same arguments as those used in the proof of Theorem 3 and

using
Go(Z) & / Go (u)
Ge(w) = Go(w) _ / G (u™) dMey (u)
Go (u) o Go(u) Ye(u) '
where

Mg, (u Z@( Zéu,éz-:())—/ouA(t)sm(t)dt),

13



we have that, conditionally on (ZZ-, i, XTI ):,L:l
. "6 e XTrs, o~
e (10 60) = 3 525 [0 (2= A0 ) =0 (2)] 4
n 0FE (Go (Z;) — Ge (Z; N . N
5~ 15( o (2) — Ge (2)) lpT(Z:_Xﬂm)_pT<Z%>]

= Ge(Z)Gol(Z)
= R&ln (’Y/J’T, Go) + R§2n <’757, ag) + 0y (1) )

where

Y = Ok
Rein (v5,, Go) = 16/22(; i XupT (€:) + Sen (78, Go) »

R (.8 = 26 3= [0 3, - 3.0 -

1 (u)
E(X1y — o (Xy)) pl (€)1 (Z; > u)]
e | +o).

Thus by CL and QAL, we have that eg. = 35 1C§;.m, where

{kn—{ 1/2 Zgz Xlz ) /07' 81 1/2 Z/ f@ Xll ))p; (81)_

B (X~ 9 (X)) 00T (Ze 2 ) ()} + 0
e ]dz\m >}+ (1),

hence

0 (B = B) = Do 6~ DA~ (X)) -

/0 (X1 — ¢ (X3)) P} (e1) = Pl e (Xg)é;) A U)]] dM; (U)} +op(1),

and the conclusion follows by CMT and Lemma 2.9.5 of van der Vaart & Wellner (1996). For

the dependent censoring case with the parametric specification, we have

_Zgz I/wa —|—7°§m/,( )

with sup, [reny ()] = 0, (n7'/2) conditionally on (Z;,d;, XI);_,. Then for

1 < &i6; v (W5, X;)
N = t X J? (X1 — o (X; ! (.
Cevn (W) nl/2 ; Go (Zi| X:) (X = Z Go (Z;]X;) i — @ (Xa) | Py (&),

14



and

8:& 0;&;

he (Wi, Wj) = Co (21X (X1 — 9 (X4)) o (0) + Go (2,1, (X1 — ¢ (X5)) 0} (&) —
0:&j , v (W, X;) 0;&i Y (Wi, X;)
GO (Zz|Xz) (Xll — @ (XZ)) Pr (51) GO (Z]|XZ) - GO (Z]|XJ) (le - ¥ (X )) IOT (83) GO (Z |X )

we have that Ceyn (W5) = n*2¢,,, (W;) /n(n — 1) is a U statistic with E [he (W;, W;)] = 0 and
1 n
Ceyn (Wi) = 3 > he (Wi, Wy) + Tenn
i<j=1
with 7epn, = n 73230 & (X + 0 (X5)) o) (e:). Clearly

01€1 /
Xn— (X
Go(Zl|X117X21)( 0= o (X)) f (21) +

Wi, X12, X
QF | (X — 0 (i) 2 () e

her (Wh) := E [he (Wh, Wa) [W1] =

‘W1:| )

hence

~ o~ -
n'2 (B = B) = 05t D7 (6 = Db (W) + 0, (1)

=1
and the conclusion follows by CMT and Lemma 2.9.5 of van der Vaart & Wellner (1996).
Finally for the dependent censoring case with nonparametric estimation note that, given the

independence of £, the same arguments of Gonzales-Manteiga & Cadarso-Suarez (1994) can be

used to show that
A logn\ /2 9
Ge (z|z2) — Go (2]|z2)| = O, = +b°|.

sup
2<G,xa€ X

Then using the linear representation

~ logn\**
G (Zilw2)=Go (Zilx2) = Zszo (Zilw2) Ly (Xoi — w2) 10 (Zi, 63, i, 22)+0, ((%) + 52) ,

we have by CL and QAL and the same arguments as those used in the proof of Theorem 5 that
Yes = =5 Cepmpn (W), where

C&/ann i = 1/2 Z GO Z |X2z Xll - (Xl)) p:_ (81) -

U (Zi, 04, Y3, Xoi) (X1, — 0 (X)) p ()
Zgi.f)b (XQl) E |: GO (Zz‘XQz) |X2@ :
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Hence

n

w2 (B -B) =5t (6 - ) {#m (X1i = (X)) o (1) -

i=1

- Ziafsia}/i,XQi Xli_ Xz z',
S (X%)E[w G0>(<Z AX%)M )p(E) 'X”]}’

and the conclusion follows by CMT and Lemma 2.9.5 of van der Vaart & Wellner (1996). =
Proof of Theorem 7. The proof is similar to that of Theorem 1, so we just sketch it. Let

Wi = [ X1, Xa, X5, (Xoi — 3) /h}T
Z’l* = Zl - X]?;/BOT - Xg; (a/T + bT (XQz — ZC2>) s

3o = ()2 [ (82 — o) (ar — Bl (22)) 1 (b — b, (2)"]

Then, the same arguments used in the proof of Theorem 1 show that for the three different

estimators G (-) of Gy ()
* I iT’yT *
Pr <Zz - (nh)1/2> — Pr (Zz>

nh 1/2 Z Go WPT (Z]) Ky (Xai — x2) + fX2 (22) YEQ (29) o+

logn 12 9
0, (_nh) bi2),

uniformly in x5 € X5, where

Ky, (XQi - xz)

X XX o
Q(x2) = EQ fox (01X) | X4 XT  X§? 0 Xy =29 ;. (2.14)
0 0 KoX$?

hence by CL and QAL, the minimizer ’7\7 of R, (vr,Go,x2) is

:V\T = - (sz ($2) Q (33'2 1/2 Z GO WpT Z*) Kh (X21 - $2) +

logn 1/2
O, (nh) + h?

and the conclusion follows by CLT and CMT noting that

o W (e + oor () K (X — 29)| =

A e e ) K (X 2>]

h2 Xngliz

—fXQ (22) EQ fox (01X) | X%k | | X2 = a2 p Op, (22) +0(1)
0
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and
Var | Wi (¢ + 6 (22)) K (Xa = 2) | =
Go(Z) 7
X X XY 0
v X3 XT v X$? 0 | Xo =9 p +0(1),
0 0 X

T(1—7)

fx, (z2) E Go(Z)

where ¢ = 7 — X{ By, — X7 0o, (X2). ®
Proof of Theorem 8. Let

Y8, = n'? (Br = Bor)"

For the independent censoring case, the same arguments as those used in the proof of Theorem
3 show that

<76” ) Z Go { <5i - Xy (‘/977 (X2i) — bor (Xzz’)) - Xlgﬁ) -

pr (ai — X% (@T (Xa:) — s (X%)))} n ; (Go (Zé)(_zj (ZZ-))

[Pr (&' - Xg;‘ (é\lr — b (X2i)> - )2172&) -
Pr (Ei . (@ — Gor (Xzz)))] =

T n
Fyﬁr 1’}/67_
T Gty Yt 0+ 53 S 01X0) X~
i=1

X

T
727 Z fa\X <0|Xz) XMX??; (é\i— — 907_ (XQz)) +

V5, 6

n'’2 Gy (Z;) (X1 — € (X)) o (22)

+o0p(1) =

nGo<>@<>
Z( G (Z) 2

=1

s zn: d Xuip} (ei) + 17}22”:]0 x (0] X;) X &2y, —
nl/2 Go (Z; iPr \&i 2 n = e i) 15 Br

T
% Z Z Ferxe (01X) X0 X559 (Xai) ™ [XT, X, 071"l (25) K (X — Xo) +
n G a 2
Z< 0 (Zi )( - (Z )) +0, <n1/2h2+(12ig) >

i=1

S/ Y
I/QG ( )

(X1 = £(X3)) p (0)
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Then using CL, QAL, (2.11), (2.12) and LLN, we have that 75, = —Q5 'Cypn (W;) +0, (1), where

G(] (u)

/OL E[(Xy—¢ <Xi;>£;) ()1 (2> u)]} } o, (1)

Chn = # Z (X1 —&(Xi)) oy (e1) — /dMi ) [(X1s = €(X0)) p7 (20) —

and the conclusion follows by the same arguments as those used in the proof of Theorem 3.
For the dependent censoring case with Gy (-) estimated parametrically, using CL, QAL and the

linear representation (3.1) in the main paper, we have that

R~ 0; Uy (W5, Xi)
Qppn (Wz) = iz ; Go (Zi‘Xi) [(Xli Z éo ZJ]X Xli —¢£ (Xz))

and the conclusion follows by the same arguments as those used in Theorem 4. Finally for the
dependent censoring case with the censoring distribution estimated nonparametrically, using the

same arguments as those used in the proof of Theorem 5, we have that

Comn (W) = 13 >~ i 106 —€(X0) -

(0 (Zi, d;, Y5, X2i) (Xli —¢£ (Xz)) P/T (€z)
Go (Z,]Xa) 'X”} }

fxo (X)) E [

and the conclusion follows by CMT and CMT. m

Proof of Theorem 9. The proof is similar to that of Theorem 6, hence omitted. m

Proof of Proposition 10. The uniform consistency results for kernel estimators of Masry
(1996), the uniform consistency of G (-) (see the proof of Theorem 1) and the triangle inequality
show that

(0[X3) = faix (0]X5) | x

O (13) — <x;>H < sup |7
X, eX

Xli
X3z

fX2 hz

] Ky (X — 23) +SUP‘@(') — Go ()| X

®2
] Kh (XQZ — l’;) +

®2
. Xli
fx, (23) n—lh Zfep( (01X3) [ ¥ ] Ky (Xoi — 23) — Qu (23)|| + 0, (1) =

31

0p (1) Op (1) + 0, (1) Op (1) + 0, (1) = 0, (1) .

18



Similarly, we have that

T(1—7)vg

§1§ (23) — g (23) G ()2

Ssup‘@(')—Go(J’

" 1 Xli "
[x (73) o ; [ X, ] Ky (Xo; — x3)|| +

I <x;>%z“g—g}>%[§;] Ky (X~ ) — 6 (1) + 0, (1) =

0p (1) Op (1) + 0, (1) = 0, (1),

hence by CMT HQl@OT (x3) — Qo (x%)“ = 0, (1). Under the local hypothesis (4.1) given in the

main paper, the same arguments as those used in Theorem 7 and CMT show that
(k)" R (B, (25) = 00:) > N (3 (23), R0co, (#3) BT)  j=1,2.3,

hence the first conclusion follows by standard results on quadratic forms in nonzero mean normal

1/2

random vectors. The consistency of W, (z3) under the assumption that (nh)”~ v, (¥3) — oo is

a direct consequence of the previous conclusion. m
Proof of Proposition 11. Note that by A1(i) and Theorem 1

Couv ()" (85 (w3,) = Oory ), (10)7* (0 (w3) = o) ) =
B 51 e (o) 0 (o)) s W, (00 K (X — )
Ky (Xoi — mar) (fxp (1) Q0 (221)) " STl +0(1),

where S7 = [Op, I,]. By iterated expecations and a standard kernel calculation, we have for
any 1 <j#k<m

Cov ((nh)1/2 <¢/9\T (23,) — 607]’) , (nh)'? <(/9\T (x5) — 9071@)> =

7(1—1)

S1 (fxa () (22)) " B G ()

®2
[ i; ] |X2 /Kh (XQ —l'gj)Kh <X2 —ng)f(Xg) dXQX

(fx () Q0 (z21) " ST,
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and

/Kh (X — 2)) K, (Xo — 24) £ (X3) dXy = /K () K (u + Lhm) £ (22 + hu) du =

/ . K(U)K(UWLL}Lx%)f(@j—i—hu)du—l—

|u|<72k

/ ey, KWK (u+ w> (9 + hu) du <
Juf> =252

sup | (o) sup 1 (0 |/|K Vdut sup K <u>|sup|f<u>|/|K<u>|du,
|’U‘>Z2J T2k |u‘>m2] T2k u

where v 1= u+ (x2; — @2x) /h > (v2; — 2x) /2h and SUP| - (ny, 4y 20 [ K (V)] for - = w or v, both
tend to 0 as h — 0 by A3, hence

Couv ()" (8- (w3;) = o) » (0)7* (8 (23) = o) ) = 0 (1),
Therefore by the Cramer-Wold device and CLT we have
(6 (231) — bor) I (33)
(nh)"? s SN | diag [Rco, (53,) - co, (23,)] |
(57— (l’sm) — 807‘777,) Vr (x;m)

and the conclusion follows by the same arguments as those of Proposition 10. m

Proof of Proposition 12. Under the alternative hypothesis, the same arguments as those
used in Theorem 8 show that

n'?R (6 - rT> 4N (% RQMTRT)

and the conclusions follow by the same arguments as those of Proposition 10. m
Proof of Theorem 13. Let

R (58) =35 2 [ (7 2) -0 (7)) -

0i > Xis,
b o))

=1

Pr(i (0(X21 ) XQZ >>

J+

5 g, <G0< ) — [ (& 8 (Xa) —90(X2@>>_)2?7257)_
|
)

i=1 G (Zi) G
Pr < € — ((9 ()('2z — 0 (X )
= Ry (95, Go) + Fan (5., G
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where Z =7 — XLB, — (Xg,) For the independent censoring case, proceeding as in the proof

of Theorem 3 and using (1.1), we have that

T n
'YT ’yT
o 33,60 = 23 s X )+ 3 1 O1%) X7

=1
T
7B,
n§/2 Zfap( (0[X;) X14m (X;) La (X2 — Xo) 4 0, (1),
i=1 j—=1
’Yg; - 6 T
=1 Z GoZ )Xlsz () = E [fox (01X) Xan (X5) [ X2 = Xai] ¢ + 75, X278, + 0, (1)
and
. T o (Go(Z) -G (Z) .
Ry, (’YﬁT,G) = 718/; < = ) [ i Xuipl, (1) —

E [ fx 0|X)X177( i) [ Xo = Xo]] + 0, (1) =

. [(X1ip} (2:) = E [fox (01X) X1n (X5) [ Xy = X)) I (Z; > u)
7522/ pr(er) — E [y 5(u;7 ) ]

op (1)

Thus by CL and QAL, we have 95, = %5 '(},, where

Con = {# Z (X1ip) (ei) — E[f (0]X) X1n (X;) [ X2 = Xoi]) —
1 <« [*F , E[(Xup, (e:) = E | fox (01X) Xan (X;) [ Xo = Xoi|) 1 (Z; > u)
WZ/ X1ip; (&) — [( P [ | ?S”(u;? | D }]

X

M; (u)} +o0p (1),

and the conclusion follows by CLT and CMT, since
L
Var () = B [ (X1 (2) = B [fax (01X) Xon (X) X)) ] + B [ | i -
0

du

E [(Xup, (&) = E [ fox (01X) Xam (X,) | Xo = Xo] ) T (Z; > w)] “ (u)
S () 1z> u)> Go (u)

The second and third conclusions follow by the same arguments as those used in the proofs of

Theorems 4 and 5, with E [ f.x (0|X) X17 (X) | X2] replacing ¢ (X). =
Proof of Theorem 14. As in the proof of Theorems 6 and 13, we have that, conditionally on
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(Zia 51'7 X;T)?:l,

n

Rey (’wﬂ@s) ZG(S& { (~* XEJf) — pr (2)1 +
ifsf& (Go( Z;) = Ge ( z‘)) [pT (Z?“—%) . (Z*ﬂ

= Ge(Z)Go(Z) toonth Z
= Rein (98,, Go) + Rean (”Y,BT’ @5) +0,(1),

where

n

,y T 657« ,YTT -
Rein (78, Go) = f/g Z ol Xlz py (&) + S D &ifax (01X5) X5, + 0, (1),
=1

dMy; (
Resn (0. Ge) = Z / L) (X0t (0) — B [ (01X) Xim (X)X = X ] -

nl/2 (u)
E [(Xup, (&) = E [fox (01X) X1 (X5) | Xo = Xo;]) I (Z; > )] )
S +o,(1).

Thus by CL and QAL, we have that Jes. = X5 ' Cern, where
1 < )
Cekn = iR Z& (X1ip} (2:) — E [fox (01X) X1n (X5) | Xy = X)) —
i=1

# Z/O & [(Xup) (€0) = B [fox (01X) Xan (X5) [ Xo = Xoi]) —

E [(Xliplr (e)) — B [fe\X (0]X) Xun (X3) [ X = X2i}) I(Z; > U)}
S (u)

dM; (u)} +0,(1),

hence

n

n'/? (gi - §r> = 251# Z (& — D {Xup, (e) — E [ fox (0]X) Xun (X)) | Xy = Xy —

i=1

[ 10 0 = B [ 01 a1 () s = ) -

E [(Xup, () = E [ fox (01X) X1 (X5) | X2 = Xoi]) I (Z; > u)]
S (u)

dM; (u)} +o0,(1),

and the conclusion follows by CMT and Lemma 2.9.5 of van der Vaart & Wellner (1996). For

the dependent censoring case with the parametric specification, we have
1 n
- D & (Wi, o) + reny ()
i=1
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with sup, [reny ()| = 0, (n7'/?) conditionally on (Z;,d;, X T) . Then for

. — . / ) — ) —
Cevn (W5) nl/QZGO Z]X [(Xuip? (g1) —)

Z Go ( AN (Xuipr (20) = B [fox (01X) Xan (X) [Xo = Xai] ) |

Z,1X)
and
he (Wi, W) = #&]X) (X1l (1) = B [forx (01X) Xan (X3) Xz = Xog]) +
Gty (Xl () = B [ (01%) X () o = Xa]) -
% (X1ipy (e0) = E [fax (01X) X (X5) [ Xa = X)) Z( gé; -
#ZXJ) (X150 (g5) = E [ fox (01X) Xun (X;) | Xz = X)) Zo(gl);j;

we have that Cepn (Ws) = n*2,,, (W;) /n(n — 1) is a U statistic with E [he (W;, W;)] = 0 and

1 n
Ceum (Wi) = — > he (Wi, W) + renn

i<j=1
with rep, = n—3/2 Yo (XMPIT (e;))+ FE [fE|X (0|X) X1n (X;) | X2 = XQZ‘]). Clearly

51&1 /
X 15
Go (Z1|X11, Xa1) (Xl (e1)

—E [fox (01X) X1n (X1) [ Xy = Xa1]) + & E (X120, (€2) X

Wi, X120, X
8 U (010 X (%02) 1 = Xas] Zo( 2% XZ;

he (Wh) := E [he (W1, Wa) [W1] =

|W1 5

hence
n

~ = 1
n'? (B = B) = 55t g5 D0 (6 = Db (W) + 0, (1)

=1
and the conclusion follows by CMT and Lemma 2.9.5 of van der Vaart & Wellner (1996).
Finally, for the nonparametric dependent censoring case, using the same arguments as those
used in Theorem 5, we have by CL and QAL that J¢5 = —%5 ' Ceynpn (Wi), where

C&lmpn i - n1/2 Z GO Z ‘X21, Xlzpq— (5z) - b [fs|X (0|X) X177 (Xz) |X2 - X2z]) -

(G (Zz‘, 6i, Vi, Xo:) (X1ip (1) — E [ fox (01X) X1n (X;) | Xz = Xoi])
Go (Zi] Xa:)

Y Gifx (Xa) B [ Xai|
i=1
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hence

n

N 5,
n'/? <ﬁT - 5¢> =2, 1m ; (& —1) {m (Xip; (1) —

E [fox (01X) X117 (X;) | Xa = Xui]) — Zf)@ (X2;) X

(0 (Zi, 0s, Y;;XQi) (Xlip (51)/ - F [fs|X (0|X) X1n (Xz) ’X2 XZZ]) \X ] }
Go (Zi] Xz:) 0

and the conclusion follows by CMT and Lemma 2.9.5 of van der Vaart & Wellner (1996). =
Proof of Theorem 15. The proof is similar to that of Theorem 8, so we simply sketch it.
Note that, for Z = Z; — XL3, — XZ6 (X)),

o )= i (25 o (39] -

=1

i % {Pr (51' - X3; (g(Xm‘) — o (Xzi)> - )(372&) -
pr (51' — X3 <§(X2,») - 90 (X%))ﬂ +

n 8 (Go(Z:) -
=~ GG
0n (gi e (9 (Xm) — 6, (XZZ)M
= Rin (73., Go) + Ran (7677 )

XT
|: &€ — X?z; XZZ) - 00 (X2Z)) - 17’7,81—) -

nl/2

and

T n
V8- 0;
&mem:n@gjﬁMmeuw—Emwwmxxﬁuwwfﬁw}+ﬁ&w#
i=1 v

op(1).

For the independent censoring case, we have that

RM%®;ﬁi@Ml$»
[GO(S( )thT( er) — B [fox (01X) X1 X570 (X) [ X2 = Xzi}] +0,(1) =

! LE[(Xup (2) — E [ fx (01X) Xa X0 (X)X = Xos] 7 (X)) I (Z > u
me;/ (X1l () — B [fox (0]X) S(z)( )| |0 (X)) I( )]

OP (1) )

X

dM; (u) +
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hence the conclusion follows by CL, QAL, CLT and CMT as in the proof of Theorem 13. For

the two dependent censoring cases, we have that

T n
A ’Y i 5@ /
Ry, (WT,G) _ nf/2 ;_1: NEATE [Xup () = E [fox (01X) X0 X0 (X)) | Xa = Xa]] + 0, (1),

T n
~\ _ ,yﬁ‘r ) d) (Zi75i7}/;>X2i)
R2n (767'7 G) - n1/2 Zzl fXZ (X2Z) E |: G() (ZZ|X21)

E [fx (0]X) X, X I (X;) | Xz = Xyi])
Go (Z;| X2)

(Xyip (e3) =

[ Xoi | +0, (1)

hence the conclusion follows by CL, QAL, CLT and CMT as in the proof of Theorem 13. m

Proof of Theorem 16. The proof is similar to that of Theorem 6, hence is omitted. =
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