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In this document, we provide some supplementary materials to the article “A two-stage sequential
conditional selection approach to sparse high-dimensional multivariate regression models”. The first
part of the document contains the technical details of the proofs for the asymptotic properties of

the TASCS approach. The second part contains some miscellaneous materials.

1 Technical proofs

In order to make the document self-contained for the convenience of the reader, the conditions and

the results in Section 3 of the article are re-stated in this section.

Al Inp = O(n"), where 0 < k < 1/3; max; pg; = O(n®), for some 0 < ¢ < 1/6;

A2 For any s; C so; but s; # soj, MaXpeq,,\s; [75(k, 55)] > maxpgs,; |7;(k, 55);

A3 mini<j<q {Amin[2X " (s07) X (s07)] minges,, [Bjk|} > Cn~1/6+% where § is an arbitrary small

positive number.

A(Sj*ll/])

o Tna — 00, where A(sj,p;) = pf [T — H*(s;)lp;,

A4 lim, 0 MmN <j<q Mg .54, ¢ s;,|5;|<kpo;

;= XB,,and k > 1is a fixed constant.
Theorem 1. We have

(i) Assume conditions A1 — A4,

P(55; = s0j,5 =1,...,q) = 1,

as n — o0.



(ii) In addition, suppose P(TM = 75) — 1. Then
P(g(()j] :SOjvj = 177Q) — ]-7
as n — oo.

The theorem is proved by establishing the Lemmas s1 — s4 given below.
Lemma s1. Let §§V[1 c - C §§V,[€ C --- be the sequence of sets of selected features for the jth
marginal model of the sparse high-dimensional multivariate regression model obtained in the first

iteration of TASCS. Under conditions A1 — A3,

M M M M .
P(87 C+ C 85 T C8jpem1 C8jpy, =S0j5 J=1,...,9) >1—rin, asn — oo,

where 1, = 228X1<i<0 %) mg’f};ff; % exp {77(1112;:)2 +Inp+Ing+ ln(maxpoj)}, and

R VI R .
o= i, {5 A X s05) X 50 i 35 |

Lemma s2. Under conditions A1 — A3,
P (EBIC(8}}) > EBIC(8}}41),1 <k <poj; j=1,....q) >1—ro,

where 72, = O(n~1*%) for some w < 1.
Lemma s3. Let s; be any set of features for the jth marginal model satisfying |s;| < kpo, for a

given k > 1. Under conditions A1 — A4,

p <minEBIC(sj) > EBIC(sq;), j=1,.. .,q> >1— 13,

Sj

Cq

Tnp R, diverging to oo and C' being a generic constant.

where r3,, =
Lemma s4. Assume conditions A1 — A3 and, in addition, suppose that P(7A6M = To) — 1 where
TM is the estimate of 7y from the first stage. Let §§31 C---C §ij C --- be the sequence of sets of

selected features for the jth marginal model of the sparse high-dimensional multivariate regression

model obtained in the second stage of TASCS. Then

C Ne C Ne .
P(sjlC~~~CsjkC~~C5jp0],_1Csjp0j =s05; j=1,...,9) =1, asn — oo.



Lemma sl states that the true set sg; is among the increasing sequence of the selected sets of
features. Lemma s2 states that the EBIC values of the sequence of the selected sets are decreasing
until the sequence reaches the true set. Lemma s3 implies that the EBIC values of the selected sets
after the true set are larger than that of the true one. By the nature of the sequential procedure, the
procedure will stop at exactly the step when the true set is selected. The probability of these events
happen simultaneously converges to 1. Thus Thorem 1 (i) follows. Lemma s2 can be established
for the sequence éjck in exactly the same argument as that for the sequence 3% with a convergence
rate at least not slower. Then, Lemma s2, Lemma s3 together with Lemma s4 establish that
P(égj = s9;,j = 1,...,¢q) = 1. This proves Theorem 1 (ii). By the way, Proposition 1 is obvious
from Lemma s1.

In what follows, we provide the proofs for Lemmas s1 — s4.

Proof of Lemma s1

Proof. We establish that

P(sp'c-csjylc--Csgy Ceooy j=1,...,¢) > 1 —r1,, as n — . (1)

In what follows, we denote s;f}:{ by s%; for convenience. Let

~ * 1 * * 1 *
’Yj(lvsjk) = EmlT[In - HX(Sjk)]yj = %‘(L%k) + EwlT[In - HX(Sjk)]ej'

A slight modification of the proof of Theorem 3.1 in Luo and Chen (2014) yields

1 - 20, (Inp)?
P Zx [T — HX(s® s oLz, -2 <205 _(np)?®
(llgg?g nwz [ (Sjk)]ej =0, n np | < 01/2 1npeXp 5 Tinph,

in

where C},, = %)\min(%XT(soj)X(soj)) minges,; [8]. By Bonferroni inequality, we have

1 12 _1 .
P Za [ — HX(s*,)]e; > C:/2n~Y21np, j=1,...,
<O<ngg>;0j max s o (sjr)le; = Cjp P, J q

2max; 0 exp { (hlp)2
2

— 13 Jrlanrlanrln(maXpoj)}
minC;'“Inp

in

= Tin- (2)



It was shown in Luo and Chen (2014) that

max 7 (1, 57| = Cjan™2Inp, 5

Eéjk

where 57" = s7 N so;. By conditions Al and A3, min; Cj, — oo. Thus, (2), (3) and condition A2
imply that
P (lm%X [95(1, 85k )| > max|3;(1, s5)],0 < k < poj, 7 =1, ﬂ) >1—rin. (4)
sy 05
Given s7; C sy, max;e, - 1% (L s5)| > maxiese [95(1, 57,)| implies that s7, ., C so;. Since the

sequential procedure starts with s7, = 0 C soj, the lemma is implied by (4). O
Proof of Lemma s2

Proof. Let Dy, = EBIC(s};) — EBIC(s}; ;). We have

(1 = H*(s5))y;13
Djy = nln S — (Inn 4 2y1np)
! (”(I_HX(SMH))?J]‘H%

= 1 = HE 5Dyl — I — B (50,515
(T = HX(sur1))y;13

= T, — (Inn+2ylnp), say.

) — (Inn 4 2y1np)

The lemma holds if ming <g<py; j=1,....q Lik > Inn + 2yInp with probability bigger than 1 — rg,,

which is implied by

min {[[(1 = H*(s5)y;llz = 17 = H(s51))y; 12}

. 1 .
> Cn mjln(/\min[gX(SOj)TX(SOj)] Jnin 1Bjul)?, (5)
and
max (I — HX(85641))y; 113 < Cnmax{pj;}, (6)

with probability bigger than 1 — rg,, where C is a generic constant. It is because that, when (5)



and (6) hold, we have

T

Y%

o <1 oM Panin (X (505) T X (50;)) mimie, Iﬂsz)

i 2
1<k<po;,j=1,...q max; pg;

nC

1
o [min Amin (= X (s0;) "X (507)) min |8;[]>
Qmaxp%j[mjm (X (50;) " X(s05)) min |55

> Cn'?t2 > Inn+2yInp,

where the last two inequalities hold by condition Al and A3.
In the following, we verify (5) and (6). For any given set s, vectors w and v, let A(s,u) =

uw' [I — HX(s)Ju and A(s,u,v) = u'[I — HX(s)]v. To verify (5), express

(I = H*(s5))y,ll5 = 11 = H*(5541));115
= [A(s;ka Nj) - A(s;k—kl,ﬂj)] + 2[A(s;k’ﬂj7 ej) — A(S;k—l-lauja e;)] + [A(S;ka ej) — A(S;k+lv ;)]

It has been shown in Luo and Chen (2014) that

. N N 1 .
min[A(sjy, ;) = Alsjerrs 1y)] 2 n()‘min[EX(SOJ’)TX(SOJ)] Inin D
S0j

Therefore

. N N . 1 .
Hjl.lkn[A(sjk» Bj) — Asjrir, py)] = ”mjm(Amin[ﬁX(SOj)TX(SOj)] mnin 1B1])? = di. (7)

Since A(Suk,€j) — A(Sukt1,€;) follows a x? distribution with degree of freedom 1, by Bonferroni

inequality, we have,

P

N ) 1/2
e A(e) = Alsureg)] 2 d)/?)

< qmjaxij(x? >d)/?) =2q max poj[1 - O(dy/ )]

c JL/2
< Wexp{fnTJrlanrlnmjaxpoj}. (8)

A(s;kvl'l’j 76])_A(S;k+lvl'l’j ’ej)
\/A(s;kal’l’j)_A(s;k+1vl~l’j)

argument as above yields

Note that

= Zj, follows a standard normal distribution. The same

1/2

C
Zip| > dV < —— -2 41 1 i}
sepetex 2] 2 diT) < 7 exp{——5— +Ing + Inmax po;} (9)



Inequality (5) follows from (7), (8) and (9).

To verify (6), note that

I(I = H*(seks1))y; 15 = AlSsrtrs 1)) + AlSuns1: €5) + 2A(Supr1, 15, €5)

IN

A(Sskt1; 1) + ASukt1,€5) + 2\/A(3*k+17 Ki)A(sakt1,€5). (10)
It was shown in Luo and Chen (2014) that, for any j and k < poj, A(s7; 1, 4) < Cnp%j. Therefore
s A1) < Cnmax{i ). (1)

Since A(Sspt1,€) ~ X%_k_p we have, for any § > 0,

P ( max w_l > n0/2
ik n—k—1
A(Sjrt1%,€;5) -
< p |2V C) ), —d/2
N
ik
5V Z2 6V Z2
< X L;(B < qmaxp,~ ) (49 g mac
T n — — J n—maxjpoj J

where Z is a standard normal variable and C is a generic constant. Therefore,

P (m%xA(sij*, e;) <n(l+ n_5/2))
j

> P <rr;%xA(sjk+1*,ej) <(n-k-1)1 +n5/2)>

A(sjrt1%, €5) —5/2
> . \TgRT T )
s ([ Al
— P |AGiRr1R )y

ik n—k—1
> 1= Cn~ U gmaxpo;. (12)
J

Combining (9) and (12), we have that (6) holds with probability greater than 1—Cn~1~% g max; po;.

Let
20 dy/?
Top = W eXp{—T +1Ing+ Inmaxpg; } + C’nf(lfé)qmaxpoj.
- J J
It follows from A1l and A3 that ra, = O(n™!™*) for some w < 1. Lemma s2 is established. O



Proof of Lemma s3

Proof. It was shown in Luo and Chen (2013) that

P( min EBIC(s;) > EBIC(sq;)) — 1,

55,185 <knj
for fixed j, where k,; = kpo;. However, Lemma 3 requires the uniform convergence of the above
probability for all j. In order to establish the uniform convergence, we derive a convergence rate for

the above probability in the following. Express
A(SOja yj)
= T1 + TQ.

EBIC,(s;) — EBIC,(sg;) = nln + (Isj] = poj)(Inn + 2v1np)

Note that A(so;,y;) = A(soj,e;) which follows a x>-distribution with degrees of freedom n — py,

n—Pon
and can be written as Y. Z2 where Z;’s are i.i.d. standard normal variables. By Chebyshev
i=1

inequality, for any small constant §,

1 n—pon 2716
P Yoo zi-1>n0) < ——.
n—="proj 5 . — Poj
Therefore
~5/2 2n° 1]
P(A(s05, €5) = (n = poj)(L+O0(n™%7))) =1 - n e ST wn (13)
7

In what follows, we consider separately two cases: s; ¢ so; and s; C so;.

Case I: s; ¢ soj. In this case, express

T =nln <1+ A0 Y,) A(SOj’ej)> .

A(s05,€;5)

Note that
A(sj,y.) — Alsoj, e) = A(sj, ;) + 20(s5, ., €5) + el H (so;)e; — el H (s;)e;.
i Y 05, € 3o Hj i Mg €) j 05)€; j i)€j
First, by Chebyshev inequality we have

P(ef H*(so)e; < A(sj,py)) > 1= ———, (I)



where D,,; = A(sj, )/ (poj Inp) — oo by condition A4.

Next, we are going to show, for some constant C,

P( max e;HX(sj)ej < Ckpjlnp) > 1 —wip, (1)

855155 1<knj

and

P (| max  A(sj, pj, e5)] < \/A(sj7uj)knj lnp)) > 1 —way,, (III)

Sj7‘sj‘gknj

where w1, and wy,, will be given later. Then, condition A4, (I), (II) and (III) imply that

P (A(sj,yj) — A(s0j, e5) = CA(sj, ), for all s; : [s;] < k‘nj) >1-— wf], (14)

(2]

where wr,' = w1, + wa, + m, D,, = min; D,,;. It then follows from (13) and (14) that

; (15)

CA(s;,
lemn(HW)
n

uniformly for all s; such that |s;| < k,; with probability greater than 1 —w,, where w, = o.),[l} —|—w7[L2 I,

Inequalities (II) and (III) are verified in the following. Let d > 1 be a constant and m; =
2dk,;[In p+In(dk,; Inp)]. Since e;rH(sj)ej follows a y2-distribution with degrees of freedom [ = |s;|.
Let S; be the class of models consisting of exactly I covariates. Denote by 7(S;) the size of Sy, i.e.,
7(8)) = (’l’) By the Bonferroni inequality, we have

P( max el HX(s;)e; > m;
I, o F e 2 m)

=

nj

=P(max{xj(s) : s € Si,1 < knj} = m;) < ) T(SHP(xi = my).
1

~

There is a constant C close to 1, not depending on j for j < ky,;, such that

c (Sl)

ke 1/2—1
~olj2— 1F(l/2) (dknj Inpy)~ Tm

(&) P (Xl > m;) &

l
_11/2 C m; C
(knj h’lp) lmj/ = I: ( J ) :| = - dflpil’ say,

“mjpdt m;pd—1 dky,;Inp P

where

m; 2d[kpn; Inp + ky,j In(dk,,; Inp)]
—_— 1 1)) <
dknj h’lp 2 \/ dkn] lnp)g ( +0( )) =P



for some p between 0 and 1, when n is large enough, since p, — 0. Thus

C C P
P max e HX(s;)e; >m; | < L A 16
(sj,lsjlgxknj s 1 (sg)es 2 j) ~ mypt! ZZZIP ~omyp?Tt 1 —p (16)
that is,
P( max € H¥(s;)e; < Ck,lnp >1—L7
siolsi|<hn 7 = mp?=1
; < schea : _ C
which establishes (IT) with wy, = pop T

Furthermore, we can express
A(sj, pjrej) = /A(sg, 1) Z(s5),
where Z(s;) ~ N(0,1). For any s; with |s;| < kyj,

[A(s5, 155 €5)] < \/Als5, py) max{|Z(s)] : |s| < K}

Let m; be the same as above. We have

P(max{|Z(s)|: |s] < knj} > /m7) =P(max{|Z(s)| : s € §i,1 < knj} > y/77)

Enj Enj

<D T(SIP(Z(s) = img) = Y T(S)P(xT = my)
=1 =1
Enj

Thus, (IIT) follows with wa,, = w1,. Eventually, we have that, with probability greater than 1 — w,,
for all s; such that |s;| < k,;,
EBICV(S) - EBICW(SOJ')
CA(si, 11

=nln (1 + W) + (|sj] = poj)(Inn + 2y1np)

>nn[l 4+ CpojInp/n] — po;(Inn + 2yInp),
for an arbitrarily large C, when n is large enough, by condition A4. Then by choosing C' > 1 + 2+,
the difference goes to infinity as n — oc.

Case II: so; C sj. In this case, A(sj,y;) = A(sj, e;) and

A(soj,e5) — A(sj, e;) = e {H*(s;) — H(s0;) Ye; = x7(s;),



where x7(s;) is a x? random variable depending on s; with degrees of freedom [ = |s;| — poj. We
express

nx;(s)
x%<s>} = Aoy, €5) — 206)

Let Sj ={5:5€ Sjip,;,50 C s} and m; = 2dl[Inp + In(dlInp)]. By a similar argument leading to

A(so5, €;) Xi (s)
Ty =nlog | 22 ) =nlog{1 !
' nog(N%ﬁj)) nog{ +A($Oj’ej)—

(16), we have

p ( i max{x?(s) : s € S} > 1) < C (17)

1<1<kn; —po; my = pi~llnp’

Combining (13) and (17), we have, with probability greater than 1 — C[n=(*=% 4+ 1/(p?~'1np)],

<my(1+0(1)) = 2d(|s;] = poj) Inp(1 + o(1)),
uniformly for all s; such that |s;| < ky; and so; C s;. Thus
Ty = =2d(|s;| — poj) Inp(1 4 o(1)).

Finally we have

EBICW(S]‘) - EBIC,Y(Soj)

>(Isj] = poj)[Inn + 2yInp] — 2d(|s;| = po;) Inp(1 + o(1)) > 0,

Inn

uniformly for all s; with [s;| <k, and so; C s;, if n is big enough, when v > d — 5.

Let 7, = w, + Cn~ (=% 4 1/(p?~'Inp)]. Summarizing Case I and II, we conclude that

P( min EBIC(s;) > EBIC(sg;)) > 1 —ry.

sj:1851<kpo;
It is easy to see that r, is of the order 1/(R,, Inp) where R,, — co. Then, by Bonferroni inequality,

Lemma s3 holds with r3, = O

q
R,Inp"
Proof of Lemma s4

Proof. For convenience, denote B;- by B; and (Y;- — XB;-) by Z(B;). Thus y; =y, — Z(B;)§;.
Lety; =y, — Z(Bj)éj, where Bj and éj are the estimates from the previous iteration. Now write

@j =Y; - Z(Bj)gj + Z(Bj)gj - Z(Bj)é]‘ =y- Z(Bj)(éj - 5]) +X(Bj - Bj)&j'

10



By an abuse of notation, denote 1@ [I,, — HX(s5;.)]y; still by 4;(1, s7;). Decompose 4;(1, s7;) as

follows.

9lls5) = (o) + il [T = BN (s5)les + i [Ty HY(530]2(8) €, ~ &)

] 11— BN (s3)]X (B — By, (18)

We only need to show that v;(l, s7;) dominates all the other components of 4;(l, s7;). Replacing e;

in the proof of Lemma 1 by €;, we have

1 27 In p)?
P | max —a] [ — HX(sjk)}ej > C;T/LG’l/Q Inp| < 1/% exp {_(np) + lnp} . (19)
lesx n Cn Inp 2

We still have

max |7; (L, 534)| = Cjan ™" Inp,
lesy,

where Cj,, — oo. It suffices to verify that the third and fourth component in (18) are less than
Cn~'21Inp for some constant C. Let the the third and fourth component be denoted respectively
by Upn and Us,. Let H%(B;) and H(X) be the projection matrices of Z(5;) and X respectively.
Let vf = @ [I — HX(s},)JH*(B;)[I — H*(s,)]@ and Z, = -2 [I, — H¥(s3,)]2(B;)(§; — &,)-
We can express Uy, = 2+ Z,. By Theorem 4 of Luo and Chen (2014) and Sluskey’s theorem, Z,, has

an asymptotic normal distribution with mean zero and variance Tj2, and Z,/Inp converges to zero

in probability. Note that v < a:lTacl = n. Thus, there is constant C' such that

U1l = - p(|Z,]/Inp) < Chap/ /. (20)

Let v = @ [I — HX(s})|H(X)[I — HX(s},))@ and Z,; = ixﬂ]—[ﬂ@%ﬂX@i—ﬂJ

va
Similarly, Z,; has an asymptotic normal distribution with mean zero and variance ¢? and v3 < n.
We then have

Vg Inp
|U2 | n Z §]l q\/'FL Z |§7 |

1<i<q,ij 1<i<q,ij

4 7.

oy < Clnp/v/n, (21)

for some constant C. Note that ¢/Ilnp — 0. Combining (19) — (21), we have that the probability

in Lemma s4 converges to 1. It should be noted that (20) and (21) hold on a set with probability

11



converging to 1 since [;'j and € ; are estimates from stage 1. This affects the convergence rate of the

probability in Lemma s4 but not the convergence. O

Theorem 2. Assume conditions Bl — B4. Let 76 be the index set of the identified nonzero entries
of Q in a Q-step. Then

P(%:%)—)L as n — oo.
To show Theorem 2, we need Lemma 1 which is re-stated below.

Lemma 1. Assume that the correlations o,;/(0;o) are bounded by a constant less than 1, and

the variances 0]2- are bounded. Then

1
P( max |=z] 2z —oj| > n=1/3

cg) — 0
1<j,k<q'm ) ’

where ¢q is a fixed constant.

Once Lemma 1 is established, by following the same arguments in Jiang and Chen (2016),
conditions B2 — B4 can be transfered into empirical versions in terms of Z similar to A2 — A4. The
remainder of the proof will be exactly the same as that in Jiang and Chen (2016), and hence will be
omitted. Therefore, we only give the proof of lemma 1 in the following.

Proof of Lemma 1

Proof. Recall that z; = [I — H¥(30;)]y;. By theorem 1, P(30; = s9;,j = 1,...,q) — 1. Therefore,

in the proof, we can replace 5y; with so;. Thus, we have
— X _ X _ X
zj=[I — H" (s05)ly; = [I — H" (s50)][X (507)8,(s05) + €;] = [I — H" (s0;)]€;,
and

€ [I — H¥ (s0))]ll = H™ (s0r)]ew

1 1 1
ejTek — ﬁejTHX(sOk)ek — EejTHX(soj)ek + ;ejTHX(soj)HX(sOk)ek.

S| 3

12



By Chebyshev’s inequality,
1 _ a1 . _
P(|56;~|—HX($OJ')6]€‘ >n 1/3) < nl/SEﬁe;rHX(soj)ek = nl/spojcfjk/n <p =23 mjaxpoj rrj;fc}cxajak.
Similarly, we can show

1
P(|EejTHX(soj)ek| > n~Y3) <=3 max py; Max 7 0k;
J 7,

1
P(|Ee]THX(SOj)HX(SOk)Ek\ > n~Y3) <73 max py; mMax 70
J 7

A trivial argument yields that
1 _ _
P(E\e;—'—HX(SOk)ek + e;rHX(soj)ek — e;-'—HX(soj)HX(SOk)eH > 3n 1/3) <en~23 m;fabxpoj7
for a generic constant c. By Bonferroni’s inequality,
n

1 _ _
P(mizjlx 7|6;-FHX(801€)6]€ + ejTHX(soj)ek — ejTHX(st)HX(sok)ek| > 3n 1/3) < c¢*n 2/3 mjaxpoj.

If we take ¢ = O(n¢) with ¢ < 1/4, the above probability converges to zero. Thus, we have

1 T L T —1/3
e, e ol = e e m ol + 0,7
Hence
1 1
P( max |—z)z, — o] >n"Y3¢) = P( max |—€] e — o] >n"3c),

1<jk<q ' n 7 1<jk<q'n 7’

for a generic constant c. If ¢ is chosen such that ¢ > oyax where omax = max; i/ Var(e ex), the

lemma follows from Lemma 1 of Luo and Chen (2014). O

2 Miscellaneous materials

2.1 Some details for simulation study 1
Types of design matriz X and sq;’s:

e Type I. The rows of X are generated as i.i.d. observations from N,(0,I). Each so; is taken as

a random sample of size py from {1,...,p}.

13



e Type II. The rows of X are generated as i.i.d. observations from N,(0,X ), where the (i, j)th
entry of Yy is 0.5/"77! i.e., ¥x is a correlation matrix of power decay with p = 0.5. Each EYRE

generated as (j*,7*+1,...,7*+po—1) where j* is chosen at random from {1,2,...,p—po+1}.

e Type III. The rows of X are generated as i.i.d. observations of the random vector (XI, X;)T,
where X is of dimension p; = [£] and distributed as N, (0,1) and X is distributed as
N,,(0,Xx,), where po = p— p1 and Xx, is of power decay with p = 0.5. Each sy; consists of

po1 = [&] random numbers from {1,...,p1} and a random segment of length py — po1 from

{p1+177p}

o Type IV. The rows of X are generated as i.i.d. observations of the random vector (X]—7 X;)T7
where X is distributed as N, (0,Xx,), Xx, being of power decay with p = 0.5, and the

components of X, are given by

Po1 X
X2j == t] + 7k:1 k’
Po1
where ¢;’s are i.i.d. N(0,0.08). Each so; consists of {1,...,po1} and a random set of size ¢;
from {po1 +1,...,p} , where ¢, is chosen at random from {1,...,po1}.

Generation of B;’s
For each j, B3, is generated as follows. Let u follow Bernoulli(0.4), z be a normal random variable

with mean 0 and satisfying that P(|z| > 0.1) = 0.25. The components of 3, are first independently
ﬁ.fTEX 5_7 —

B, =xB+02

for a fixed h, where 032- is the variance of the Y;. The number h determines the proportion of the

generated from the random variable (—1)%(4n~%1° 4|z|) and then scaled such that

variation of Y; attributable to the covariates.
2.2 Network graph of the real example
Figure 1 visualizes the network graph of the 20 microRNAs detected by TASCS. There are 22

edges in the graph, that is, the TASCS identified 44 non-zero entries of the precision matrix €.
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Figure 1: The graphical networks of the twenty selected microRNAs based on sparsity of the esti-
mated precision matrix

It is worth noting that two microRNAs, "hsa.miR.136” and “hsa.miR.377”, are included in the
previous analyses; however, they are excluded in our study due to their small MAD values and are
replaced by another two microRNAs, ”hsa.miR.9” and ”hsa.miR.127”. Except the edges connected
to "hsa.miR.9” and "hsa.miR.127”, most of the rest edges detected by TASCS are also detected by
DML and aMCR. Moreover, the graph in Figure 1 has less edges then those detected by DML and

aMCR.
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