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Proof of Lemma 3. Partition [—7,,7,]¢ into
d d
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many cubes Aj, ..., Ay of side length at most Hn/\/Zi Let x; be the center of A;. Then
Ai C Sg,2(z;) and x € Sy, jo(w;) implies Sy, (v) 2 Sp,, j2(wi). Consequently we have
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which implies the assertion. O

Proof of Remark 4.

In what follows we show how to choose bandwidths h,, and H,, in order to minimize
the expression (14). Here we ignore constants and logarithmic factors, so the aim is to
minimize

A, 1

i g A (€ H - Ca ) (37)

with respect to h, > 0 and H, > 0, where we have used the abbreviation

A, = / b (2) — an(2)| Px (dz).
[~ log(n),log(n)]4
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If (hy, Hy,) minimizes (37), then h,, satisfies

Ap
—————=A,-Cy-h.
n-HE- hy noE e
The last equation is equivalent to
1 _ h23+1
C2-A,-n-Hg o

from which we conclude

B, = 02—2/(25+1) ) A;1/(25+1) . Y/(2s+1) .Hgd/(2s+1)'

Plugging that bandwidth back into (37) yields

1 1/(2541) 4 (s+1)/(2541) . —5/(254+1)  py—d-s/(25+1)
— 4 A,-C-H,+2-C, CAL n H ,
n - H¢

(38)

So the optimal H,, > 0 minimizes (38), and it is easy to see, that a value H,, > 0 which
minimizes (38) does indeed exist.
The optimal H,, > 0 minimizing (38) must satisfy

;d_H;dfl_i_r_An_Cl_Hgfl_Q_Q.C;/(QSJrl)_A%s+1)/(2s+1).nfs/(25+1)_Hglfd-s/(2s+1) —0,
n 2s+1

which we can rewrite as
E.Hgd+2d%.2'021/(25+1)_A;s+1)/(25+1).n—s/(25+1).H;dAS/(Zs-Q-l)ir.An'Cl‘H; —0 (39)
n S

For the optimal H,,, either the first term on the left hand side of (39) will be larger than
the second one, or not. In the first case the optimal H,, lies between the solutions of

d
— - H; =r-A,-C, H'
n
and of g
2. — H,%=r.A,-C H,
n

and in the second case it lies between the solutions of
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If we ignore again all constants we get that the optimal H,, > 0 either satisfies

1
n- HZ

= A, Cy-H"

or
021/(25+1) ,A;s+1)/(23+1) s/ (2541 _H;d»s/(Qerl) = A,-Cy H.

In the first case we get
d -1 -1 -1
H =407 n

which implies
H, = A;l/(ﬂ-d) . Cl_l/(”‘d) .n—l/(?“-*-d)7 (40)

and in the second case we get

H7(lr-(23+1)+d-s)/(28+1) _ 01—1 ) A;s/(23+1) ) 021/(28+1) .n—s/(2s+1)’

from which we get

_ 2s+1 1 _ s
Hn _ Cl r-(2s+1)+d-s .C;(2s+1)+d-s 'An r-(2s+1)+d-s .nfip(gsfl)ﬁ_d.s' (41)

Plugging (40) into (38) and ignoring again all constants yields as an upper bound on the
error

A, Cy-H' + 021/(2s+1) ) A;s+1)/(2s+1) s/ (2s+1) H;d-s/(2s+1)

_d_ _d_ - ___ds L (rtd)(st+1)+ds rs
_ C{+d CAM T Cl(,.+d)(2s+1) -C’;S“ An<7-+d)<2s+1> .m D (2s+I) | (42)

And plugging (41) into (38) and ignoring again all constants yields as an upper bound
on the error
1 A ,
g A G

(2s+1)d _ d ds r(2s+1)
— Cl'r‘(25+1)+d5 A 02 r(2s+1)+ds . A;{](Zs«l»l)#»ds . n—m

ds r r(s+1)+ds s
+Clr(25+1)+ds . 02'1‘(25+1)+ds . Anr(25+1)+ds . n—m. (43)

From this we can conclude that (up to a logarithmic factor) the minimal value of (14) is
given by the minimum of (42) and (43).
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