
Supplementary Materials for ‘Discovering Model
Structure for Partially Linear Model’

Xin He† and Junhui Wang‡

† School of Statistics and Management
Shanghai University of Finance and Economics

‡ Department of Mathematics
City University of Hong Kong

1 Updating g and H

1.1 Update g
Denote gl(x) =

∑n
i=1 α

l
iK(xi,x) = αT

l Kx, where αl = (αl1, ..., α
l
n)T ∈ Rn. Let α =

(αT
1 , ...,α

T
p )T ∈ Rnp, we have g(x) = (g1(x), ..., gp(x))T = (αT

1 Kx, ...,αT
pKx)T = αT Ip ⊗Kx

and λ0

∑p
l=1 ‖gl‖2

HK
= λ0α

T Ip ⊗Kα, where Ip is the p-dimensional identity matrix. Assuming
the current iteration time is t, then minimizing (4) in the main paper is equivalent to solve

0 = ∇α

(
EZn(g,H

t) + λ0

p∑
l=1

‖gl‖2
HK

)

=
2

n(n− 1)

n∑
i,j=1

wij

((
Ip ⊗Kxi

(xi − xj)
)(
Ip ⊗Kxi

(xi − xj)
)T)

α + 2λ0Ip ⊗Kα

+
2

n(n− 1)

n∑
i,j=1

wij

(
yi − yj +

1

2
(xi − xj)

T
H
t(xi)(xi − xj)

)
Ip ⊗Kxi

(xj − xi).

Then we get the explicit solution for α as

αt+1 =

(
1

n(n− 1)

n∑
i,j=1

wij
(
(Ip ⊗Kxi

(xi − xj))(Ip ⊗Kxi
(xi − xj))

T
)

+ λ0Ip ⊗K

)−1

(
1

n(n− 1)

n∑
i,j=1

wij

(
yi − yj +

1

2
(xi − xj)

T
H
t(xi)(xi − xj)

)
Ip ⊗Kxi

(xi − xj)

)
.

1



1.2 Update H

For the one-homogeneous functional Ω(·), Ω(ϑH) = ϑΩ(H) for ϑ > 0 and H ∈ Hp×p
K , the

equivalent relationship between the proximal operator and the projection operator is given by the
Moreau identity (Combettes and Wajs, 2005),

proxµΩ = I − πµCn , (S1)

where Cn = (∇Ω(0)) is the subdifferential of Ω at the origin, and πµCn : Hp×p
K → Hp×p

K is a
projection on µCn. Furthermore, applying the Proposition 2 of Rosasco et al. (2009) and the
identity (S1), the proximal operator can be computed as

[I−πµCn(H)]ll′ = [H]ll′−min{µλll′ , ‖[H]ll′‖HK
} [H]ll′

‖[H]ll′‖HK

=
[H]ll′

‖[H]ll′‖HK

(‖[H]ll′‖HK
− µλll′)+ ,

where λll′ = λ1πll′ . In our algorithm, we set µ = 1/D, where D is the Lipschitz constant. Then
following (S1), the proximal operator at the t-th iteration can be expressed explicitly as

[H
t+1]ll′ =

[H̄
t]ll′

‖[H̄]ll′‖HK

(‖[H̄]ll′‖HK
− λll′

D
)+,

where H̄
t+1 = H̃

t − 1
D
∇HEZn(gt+1, H̃

t
), H̃

t
= Ht + t−1

t+2
(Ht −Ht−1) and

∇HEZn(gt+1,H
t) =

1

n(n− 1)

n∑
i,j=1

wij

(
yi − yj−gt+1(xi)

T (xi − xj) +
1

2
(xi − xj)

T
H
t(xi)(xi − xj)

)
Kxi

((
(xi − xj)⊗ 1p

)T � (1Tp ⊗ (xi − xj)
T
))
.

Here � denotes the componentwise product and 1p is a p-vector with all ones.

2 Technical proofs

Proposition 1. Assume g∗ ∈ Hp
K and H∗ ∈ Hp×p

K . Let ϕ1(Zn) = E(ĝ, Ĥ)−EZn(ĝ, Ĥ), ϕ2(Zn) =
EZn(g∗,H∗)−E(g∗,H∗) and Λ(λ0, λ1,K) = E(g∗,H∗)+λ0

∑p
l=1 ‖g∗l ‖2

HK
+λ1

∑p
l,l′=1 πll′‖H∗ll′‖HK

.
Then the following inequality holds

E(ĝ, Ĥ) + J(ĝ, Ĥ) ≤ ϕ1(Zn) + ϕ2(Zn) + Λ(λ0, λ1,K).

Proof of Proposition 1. Simple algebra yields that

E(ĝ, Ĥ) + J(ĝ, Ĥ)

= E(ĝ, Ĥ) + EZn(ĝ, Ĥ)− EZn(ĝ, Ĥ) + J(ĝ, Ĥ)

≤ E(ĝ, Ĥ)− EZn(ĝ, Ĥ) + EZn(g∗,H
∗) + J(g∗,H

∗)

= E(ĝ, Ĥ)− EZn(ĝ, Ĥ) + EZn(g∗,H
∗) + E(g∗,H

∗)− E(g∗,H
∗) + J(g∗,H

∗)

= ϕ1(Zn) + ϕ2(Zn) + E(g∗,H
∗) + λ0

p∑
l=1

‖g∗l ‖2
HK

+ λ1

p∑
l,l′=1

πll′‖H∗ll′‖HK
,
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where the inequality comes from the definition of (ĝ, Ĥ). 2

Next, we consider the following function space

Frn = {g ∈ Hp
K ,H ∈ H

p×p
K : λ0

p∑
l=1

‖gl‖HK
≤ rn, λ1

p∑
l,l′=1

πll′‖Hll′‖HK
≤ rn},

for some positive rn ≥ 1
n(n−1)

∑n
i,j=1(yi−yj)2. By the definition of (ĝ, Ĥ), EZn(ĝ, Ĥ)+J(ĝ, Ĥ) ≤

EZn(0,0) + J(0,0) ≤ 1
n(n−1)

∑n
i,j=1(yi − yj)2, implying that (ĝ, Ĥ) ∈ Frn . Denote

S(Zn, rn) = sup
(g,H)∈Frn

|E(g,H)− EZn(g,H)|.

By McDiarmid’s inequality (McDiarmid, 1989), we obtain the upper bound of S(Zn, rn).

Lemma 1. Suppose that Assumption 3 is met. If |y| ≤Mn then for any ε > 0,

P (|S(Zn, rn)− E(S(Zn, rn))| ≥ ε) ≤ 2 exp

− nε2

32
(
Mn + cxκ

(
prnλ

−1
0

)1/2
+ c2

xκrnλ
−1
1 c−1

2

)4

,
where cx = maxx∈X ‖x ‖∞ and κ = supx∈X (K(x,x))1/2.
Proof of lemma 1. Denote Zn′ as a sample that is the same as Zn except the i-th entry replaced
by (x′i, y

′
i), then we have

S(Zn, rn)− S(Zn′
, rn) = sup

(g,H)

|E(g,H)− EZn(g,H)| − sup
(g,H)

|E(g,H)− EZn′ (g,H)|

≤ sup
(g,H)

(
|E(g,H)− EZn(g,H)| − |E(g,H)− EZn′ (g,H)|

)
≤ sup

(g,H)

|EZn(g,H)− EZn′ (g,H)|,

where the first inequality is trivial and the second inequality follows from the triangle inequality.
Now we decompose EZn(g,H) as

EZn(g,H) =
1

n(n− 1)

( n∑
t6=i,j 6=i

h(zt, zj) +
n∑

j=1,j 6=i

h(zi, zj) +
n∑

t=1,t6=i

h(zt, zi)
)
,

where h(zi, zj) = wij
(
yi−yj−g(xi)

T (xi−xj)+ 1
2
(xi−xj)

TH(xi)(xi−xj)
)2 and zi = (xi, yi).
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Then

|EZn(g,H)− EZn′ (g,H)|

=
1

n(n− 1)

∣∣∣∣∣
n∑

j=1,j 6=i

h(zi, zj)−
n∑

j=1,j 6=i′
h(zi′ , zj) +

n∑
t=1,t6=i

h(zt, zi)−
n∑

t=1,t6=i′
h(zt, zi′)

∣∣∣∣∣
≤ 4

n

(
Mn + cx

p∑
l=1

‖gl(x)‖∞ + c2
x

∑
l,l′

‖Hll′(x)‖∞

)2

≤ 8

n

(
Mn + cx

p∑
l=1

〈gl,Kx〉HK
+ c2

x

p∑
l,l′=1

〈Hll′ ,Kx〉HK

)2

≤ 8

n

(
Mn + cxκ

p∑
l=1

‖gl‖HK
+ c2

xκ

p∑
l,l′=1

‖Hll′‖HK

)2

≤ 8

n

(
Mn + cxκ

(
prnλ

−1
0

)1/2
+ c2

xκrnλ
−1
1 c−1

2

)2

,

where the first inequality is trivial, the second inequality follows from the property of RKHS, and
the last two inequalities follow from Cauchy-Schwartz inequality, the definition of the Frn and
Assumption 3. Therefore, we have∣∣∣EZn(g,H)− EZn′ (g,H)

∣∣∣ ≤ 8

n

(
Mn + cxκ

(
prnλ

−1
0

)1/2
+ c2

xκrnλ
−1
1 c−1

2

)2

.

Finally, by McDiarmid’s Inequality, we have

P (|S(Zn, rn)− E(S(Zn, rn))| ≥ ε) ≤ 2 exp

− nε2

32
(
Mn + cxκ

(
prnλ

−1
0

)1/2
+ c2

xκrnλ
−1
1 c−1

2

)4

.
This completes the proof of the desired lemma. 2

Lemma 2. If |y| ≤Mn, there exists a constant bκ,x such that

E (S(Zn, rn)) ≤ bκ,xn
−1/2

(
Mn +

(
prnλ

−1
0

)1/2
+ rnλ

−1
1

)2

.

Proof of Lemma 2. For simplicity, denote

ξ(x, y,u, v) = w(x−u)

(
y − v − g(x)T (x−u) +

1

2
(x−u)TH(x)(x−u)

)2

,
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where (u, v) is an independent copy of (x, y). Then

S(Z, rn) = sup
(g,H)∈Frn

|EZ(g,H)− E(g,H)|

≤ sup
(g,H)∈Frn

∣∣E(g,H)− 1

n

n∑
j=1

Eξ(x, y,xj, yj)
∣∣+ sup

(g,H)∈Frn

∣∣ 1
n

n∑
j=1

Eξ(x, y,xj, yj)− EZ(g,H)
∣∣

≤ sup
(g,H)∈Frn

E(x,y)

∣∣E(u,v)ξ(x, y,u, v)− 1

n

n∑
j=1

ξ(x, y,xj, yj)
∣∣

+ sup
(g,H)∈Frn

1

n

n∑
j=1

∣∣E(x,y)ξ(x, y,xj, yj)−
1

(n− 1)

n∑
i 6=j

ξ(xi, yi,xj, yj)
∣∣

≤ E(x,y) sup
(g,H)∈Frn

∣∣E(u,v)ξ(x, y,u, v)− 1

n

n∑
j=1

ξ(x, y,xj, yj)
∣∣

+ sup
(g,H)∈Frn

1

n

n∑
j=1

sup
(u,v)∈X

∣∣E(x,y)ξ(x, y,u, v)− 1

(n− 1)

n∑
i 6=j

ξ(xi, yi,u, v)
∣∣

def
= S1(Z) + S2(Z),

where the first inequality follows from the triangle inequality, and the next two inequalities follow
from the definition of E(g,H) and Jensen’s inequality, respectively.

Next, we use Rademacher complexity (Bartlett and Mendelson, 2002) to get the upper bounds
of E(S1) and E(S2). In fact, there holds

E[S1(Z)] = EZE(x,y) sup
(g,H)∈Frn

∣∣E(u,v)ξ(x, y,u, v)− 1

n

n∑
j=1

ξ(x, y,xj, yj)
∣∣

≤ 2E(x,y)EZ,σ
(

sup
(g,H)∈Frn

∣∣ 1
n

n∑
j=1

σjξ(x, y,xj, yj)
∣∣)

≤ 4
(
Mn + cxκ

(
prnλ

−1
0 c−1

2

)1/2
+ c2

xκrnλ
−1
1 c−1

2

)
E(x,y)EZ,σ

(
sup

(g,H)∈Frn

∣∣∣∣∣ 1n
n∑
j=1

σj

(
y − yj−

g(x)T (x−xj) +
1

2
(x−xj)TH(x)(x−xj)

)∣∣∣∣)
≤ 4

(
Mn + cxκ

(
prnλ

−1
0 c−1

2

)1/2
+ c2

xκrnλ
−1
1 c−1

2

)(
E(x,y)EZ,σ

(
sup

(g,H)∈Frn

∣∣∣∣∣ 1n
n∑
j=1

σj

(
g(x)T (x−xj)−

1

2
(x−xj)TH(x)(x−xj)

)∣∣∣∣)+ 2n−1/2Mn

)
≤ bκ,x

2
n−1/2

(
Mn +

(
prnλ

−1
0

)1/2
+ rnλ

−1
1

)2

,
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where σj’s are a sequence of Rademacher variables. Similarly, we have

ES2(Z) ≤ bκ,x
2
n−1/2

(
Mn +

(
prnλ

−1
0

)1/2
+ rnλ

−1
1

)2

,

which implies the desired inequality. 2

Proposition 2. If |y| ≤Mn and 1
n(n−1)

∑n
i,j=1(yi− yj)2 ≤M0, there exists a constant b1 such that

with probability at least 1− δn
2

,

ϕ1(Zn) ≤ b1

(
1

n
log

4

δn

)1/2 (
Mn +

(
pM0λ

−1
0

)1/2
+M0λ

−1
1

)2

.

Proof of Proposition 2. Since 1
n(n−1)

∑n
i,j=1(yi − yj)2 ≤ M0, it implies that (ĝ, Ĥ) ∈ FM0 . By

Lemma 1, we have with probability at least 1− δn
2

,

ϕ1(Zn) ≤ E
[
S(Zn, rn)

]
+

(
32

n
log

4

δn

)1/2 (
Mn + cxκ

(
pM0λ

−1
0

)1/2
+ c2

xκM0λ
−1
1 c−1

2

)2

.

The desired inequality follows immediately after Lemma 2. 2

Now we derive the upper bound of E(g∗,H∗). By Assumption 1, for some positive constant b2

we have

E(g∗,H
∗)− 2σ2

s ≤
∫∫

w(x,u)c2
0‖x−u ‖6

2dρxdρu ≤ b2s
p+6

∫
e− tT ttT td t,

where b2 = c2
0c4, t = (u−x)/s, and the inequalities directly follow from Assumptions 1 and 2.

Lemma 3. Suppose that the assumptions of Theorem 1 are met. If |yn| ≤Mn and 1
n(n−1)

∑n
i,j=1(yi−

yj)
2 ≤M0, there exists b3 > 0 such that with probability at least 1− δn,

E(ĝ, Ĥ)+J(ĝ, Ĥ)−2σ2
s ≤ b3

(
log

4

δn

)1/2 (
n−1/2M2

n + n−1/2M0λ
−1
0 + n−1/2M2

0λ
−2
1 + sp+6 + λ0 + λ1

)
.

Proof of Lemma 3. By Proposition 1, we have

Λ(λ0, λ1,K)− 2σ2
s = E(g∗,H

∗)− 2σ2
s + λ0

p∑
l=1

‖g∗l ‖2
HK

+ λ1

p∑
l,l′

πll′‖H∗ll′‖HK

≤ b2s
p+6

∫
e− tT ttT td t+λ0

p∑
l=1

‖g∗l ‖2
HK

+ λ1

p∑
l,l′

πll′‖H∗ll′‖HK

≤ b4(sp+6 + λ0 + λ1),
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where b4 = max{b2

∫
e− tT ttT td t,

∑p
l=1 ‖g∗l ‖2

HK
,
∑p

l,l′=1 πll′‖H∗ll′‖HK
}. Following a similar proof

of Lemma 1, we have with probability at least 1− δn
2

,

ϕ2(Zn) ≤
(

32

n
log

4

δn

)1/2
(
Mn + cxκ

p∑
l=1

‖g∗l ‖HK
+ c2

xκ

p∑
l,l′=1

‖H∗ll′‖HK

)2

≤ 4

(
32

n
log

4

δn

)1/2

M2
n,

where the second inequality follows from the fact that ‖g∗l ‖HK
and ‖H∗ll′‖HK

are smaller than Mn

when n is sufficient large. Together with Lemma 2 and Proposition 2, there exists a constant b5

such that with probability at least 1− δn,

E(ĝ, Ĥ)+J(ĝ, Ĥ)− 2σ2
s ≤ ϕ1(Zn) + ϕ2(Zn) + Λn(λ0, λ1,K)− 2σ2

s

≤ b5

(
log

4

δn

)1/2 (
n−1/2M2

n + n−1/2pM0λ
−1
0 + n−1/2M2

0λ
−2
1 c−2

2 + sp+6 + λ0 + λ1

)
,

which immediately leads to the desired upper bound with some constant b3. 2

Lemma 4. Suppose that Assumption 1 is met, g∗ ∈ Hp
K and H∗ ∈ Hp×p

K . There exists some
constant b6 such that for any g ∈ Hp

K and H ∈ Hp×p
K ,∫

Xs

‖H(x)−H
∗(x)‖2

Fdρx ≤ b6

(
s+ s−(p+5)(E(g,H)− 2σ2

s)
)
,

where Xs = {x ∈ X : d(x, ∂X ) > s, p(x) > s+ c1s
θ}.

Proof of Lemma 4. Let M1(x,u) = f ∗(x)− f ∗(u)− g∗(x)T (x−u) + 1
2
(x−u)TH∗(x)(x−u),

and M2(x,u) = (g(x)− g∗(x))T (x−u)− 1
2
(x−u)T (H(x)−H∗(x))(x−u). Then we have

E(g,H)− 2σ2
s =

∫∫
w(x,u) (M1(x,u)−M2(x,u))2 dρudρx

≥
∫∫

w(x,u)(M2(x,u))2ρuρx − 2

∫∫
w(x,u)M1(x,u)M2(x,u)dρudρx.

By Assumption 1, we have |M1(x,u)| ≤ c0‖x−u ‖3, and then∫∫
w(x,u)(M1(x,u))2dρudρx ≤

∫∫
w(x,u)c2

0‖x−u ‖6dρudρx ≤ b2
7s
p+6,

for some constant b7. This inequality, together with Cauchy-Schwarz inequality, yields that∫∫
w(x,u)M1(x,u)M2(x,u)dρudρx

≤
(∫∫

w(x,u)(M1(x,u))2dρudρx

)1/2(∫∫
w(x,u)(M2(x,u))2dρudρx

)1/2

≤ b7s
p/2+3

(∫∫
w(x,u)(M2(x,u))2dρudρx

)1/2

.
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Next, we turn to bound
∫∫

w(x,u)(M2(x,u))2dρudρx. Specifically,

Q(g,H) =

∫∫
w(x,u)(M2(x,u))2dρxdρu

≥ 1

4

∫
Xs

∫
‖u−x ‖<s

w(x,u)
(
(x−u)T (H(x)−H

∗(x))(x−u)
)2
p(u)du dρx+∫

Xs

∫
‖u−x ‖<s

w(x,u)
(
(g(x)− g∗(x))T (x−u)

)2
p(u)du dρx+∫

Xs

∫
‖u−x ‖<s

w(x,u)
(
(x−u)T (H

∗(x)−H(x))(x−u)
) (

(g(x)− g∗(x))T (x−u)
)
p(u)du dρx

= Q1(g,H) +Q2(g,H) +Q3(g,H).

Then we bound Q1(g,H), Q2(g,H) and Q3(g,H) separately. Note that for any x ∈ Xs, it is clear
that {u; ‖u−x ‖ < s} ⊂ X . Moreover, for any u ∈ {u; ‖u−x ‖ < s}, Assumption 2 implies
that p(u) > p(x)− c1‖x−u ‖θ2 > s+ c1s

θ − c1s
θ = s. For Q1(g,H), there exists some constant

b8 such that

Q1(g,H) ≥ sp+5

p∑
l,l′=1

∫
Xs

(Hll′(x)−H∗ll′(x))2dρx

∫
‖ t ‖<1

e−t
T t(tltl′)

2d t

≥ b8s
p+5

p∑
l,l′=1

∫
Xs

(Hll′(x)−H∗ll′(x))2dρx = b8s
p+5

∫
Xs

‖H(x)−H
∗(x)‖2

Fdρx,

where the first inequality follows from the fact that
∑p

l,l′,s 6=k
∫
‖ t ‖<1

e−t
T ttltl′tstkd t = 0, and

‖ · ‖F is the Frobenius norm. Similarly, there exists some constant b9 such that Q2(g,H) ≥
b9s

p+3
∫
Xs
‖g(x)− g∗(x)‖2dρx and Q3(g,H) = 0.

Since E(g,H) − 2σ2 ≥ Q(g,H) − 2b7s
p/2+3 (Q(g,H))1/2, solving the inequality equation

yields that Q(g,H) ≤ b10(s6+p + E(g,H) − 2σ2
s) for some positive constant b10. As Q(g,H) ≥

Q1(g,H) ≥ b8s
p+5
∫
Xs
‖H(x)−H∗(x)‖2

Fdρx, combing these two inequalities yields that∫
Xs

‖H(x)−H
∗(x)‖2

Fdρx ≤ b6s
−(p+5)(s6+p + E(g,H)− 2σ2

s).

This completes the proof of the desired lemma. 2
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