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Abstract Recently, itis becoming more active to apply appropriate statistical methods
dealing with missing data in clinical trials. Under not missing at random missingness,
MLE based on direct-likelihood, or observed likelihood, possibly has a serious bias. A
solution to the bias problem is to add auxiliary variables such as surrogate endpoints
to the model for the purpose of reducing the bias. We theoretically studied the impact
of an auxiliary variable on MLE and evaluated the bias reduction or inflation in the
case of several typical correlation structures.

Keywords Auxiliary variables - Surrogate endpoints - Direct-likelihood - Not
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1 Introduction

In clinical trials, it often happens that the endpoints cannot be measured or are missing,
due to the subjects’ discontinuation from the study (e.g., dropout). It has already
been realized that “Missing values represent a potential source of bias in a clinical
trial” (International Conference on Harmonisation Guideline E9 1999). Recently, it is
becoming more active to apply appropriate statistical methods dealing with missing
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data, following the recommendations by O’Neill and Temple (2012) and National
Research Council (NRC) report (2010).

Missing data are typically classified into three groups according to their causes,
which are called missing-data mechanisms. Missing data are referred to as missing
completely at random (MCAR) if missingness is independent of all the variables to
be collected in the study; missing at random (MAR) if missingness can depend on the
components of observed variables only and not on the value of missing variables; and
not missing at random (NMAR or MNAR) if missingness is neither MCAR nor MAR
(Rubin 1976; Little and Rubin 2002).

When a missing-data mechanism is MCAR, complete-case analysis, omitting all
units involving missing values from the data set, will provide consistent estimators for
parameters in the model, but the collected information is not fully utilized. In the case
of MAR, the direct-likelihood based on observed data, or observed likelihood, will
provide consistent estimators (Takai and Kano 2013). However, MCAR and MAR are
often not realistic and cannot be expected to hold routinely, because the missingness
due to subjects’ study discontinuation is possibly affected by the post-study treatment
such as lack of efficacy or adverse event.

When a missing-data mechanism is NMAR, we can obtain consistent estimators,
using the full-likelihood (Rubin 1976) which includes an appropriate missing-data
mechanism in the likelihood. The approach, however, has difficulty with modeling the
missing-data mechanism appropriately and computational difficulty in optimizing the
likelihood or even to create identification problems. As a result, the estimation based
on the direct-likelihood instead of the full-likelihood is often made. In such cases, it
has been suggested that auxiliary variables (Ibrahim et al. 2001; O’Neill and Temple
2012) be added to the model to make up for the lost outcomes to be assessed and
to supplement the missing information. The inclusion of auxiliary variables seems to
reduce the bias of the direct-likelihood estimator. No theory for the bias reduction has
been reported, however.

In clinical trial, post-treatment information such as surrogate endpoints can be aux-
iliary variables to be added to the model for the analysis of the clinical (true) endpoint.
Surrogate endpoints are often evaluated instead of the true endpoint so as to reduce
the cost and to shrink the study duration. Prentice (1989) proposed some criteria for
external variables to be surrogate endpoints: they should be correlated with the clini-
cal endpoint and fully capture the net effect of treatment on the clinical endpoint, that
is, conditional independence between an endpoint variable and a treatment given the
surrogate variable (Fleming and DeMets 1996). Several studies which utilize surro-
gate endpoints as auxiliary variables are found (Fleming et al. 1994; Finkelstein and
Shoenfeld 1994; Li et al. 2011).

There are some papers which study the impact of adding auxiliary variables on
the bias reduction, but those are based on simulation or application of their approach
to actual data. In this paper, we theoretically study the bias of a direct-likelihood
estimator when a missing-data mechanism is NMAR, and compare the bias between
the models with and without an auxiliary variable. We found that there are cases where
inclusion of an auxiliary variable can increase the bias in a simple setup, where the
clinical endpoint and auxiliary variable are normally distributed. We derive several
conditions for an auxiliary variable to reduce or increase the bias.
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Bias reduction using surrogate endpoints 839

In our study, we do not use the assumption that given auxiliary variables a treatment
group variable is independent of the clinical endpoint, required by Prentice (1989) as
a surrogate endpoint. Hence, the results in this paper can also apply to the mixed-
effects model repeated measures (MMRM) (Mallinckrodt et al. 2001) including two
post-baseline time points in longitudinal data, by considering intermediate time point
value as auxiliary variable.

2 Likelihood and estimators

Let X, Y and Y, be a treatment, clinical endpoint and auxiliary variables, respectively.
Suppose that

X ~ fx(x|y),
YIX ~ frix(ylx; 0),
Y, YDIX ~ fryvx (v, yalx; 0, 64). (1)

Here, ¥, 6, and 6, are distinct parameters from one another and 6 is a parameter of
interest to be estimated. Only the variable Y can be missing. Assume that we have the
following sample of size n from a distribution with fxyy, (x, y, Ya):

Xl Xm Xm+l Xn
Y weees | Y |, | missing |,...,| missing |, 2)
Ya,l Yu,m Ya,m+1 Ya,n

where Y1, ..., Y, are actually observed, and Y;, 41, .. ., Y, are missing.

First, let us estimate 6 based on (X, Y). The direct-likelihood (Rubin 1976) or the
observed likelihood, without any missing-data mechanism, is defined as

DLO,yIX, V) =[] fxr(Xi, Yily,0) [ fxXily). 3)
i=1

i=m+1

Let 6 denote the MLE which maximizes the likelihood in (3). Next, let us estimate 0
based on (X, Y, Y,). The direct-likelihood then becomes

m
DLy (0,04, 91X, Y, Ya) =] | fxvv,(Xi, Yi, Yail6, 6, )

i=1

< [T Frv(Xi. Yailba, ¥). )

i=m+1
Let & denote the MLE which maximizes the likelihood in ).
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Assume further multivariate normality for (X, Y, Y,) as

X Mx Oxx Oxy Oxy,
Y | ~N3(u, X) withp=| puy |, X=| oyx 0Oyy Oyy, |- ®))
Yy Hyq Oyax Oyay Oyaya

In the case, the marginal distribution of X and that of (Y, Y,) given X are obtained as
follows:

X ~ N, ¥2),
Y N 01 + X 03 Ouq
[YJ X~ N2 ([eul +0a2X} : [9a4 eaa])' ©

The parameter vector (Y1, V2, 01, 02, 03, 041, 042, 043, O44) in (6) can be expressed
by those of i and X in (5), and the correspondence is one to one. Let ¥ = (Y1, ¥2),
0 = (01, 62,03), 64 = (Ba1, 642,43, 6as)’, and 0 = (8, 0))". We write the sample
means and (co)variances based on complete cases as:

1 & 1 &
X(m):ZZXi» Y(m):ZZYi’
i=1 i=1
1 & 1 &
Sern = — D _(Xi = X%, Sy = — D (¥ = ¥im)?,
i=1 i=1

1 « . _
Sevg = — 2 (Xi = Xan) (¥ = Y-
i=1

The MLE 6 for 6 based on the likelihood in (3) is known to have the form:

é] ZY_'(m)—S 51 X(m),

YX(m) XX (1)
N o—1
92 - Sxx(m) SXy(m)’
n. _ Q2 —1
63 - Syy'x(m) - Syy(m) Syx<m) SXX(m)' (7)

Proposition 1 Let éi ’s be defined in (7). The MLE él- s based on (X, Y, Y,) defined in
(4) can be expressed as follows:

A ~ SyVa'x m > SXy“ n) o SXya m) v
6, =0, + S—() Ya(n) - 3 w Xy ) — Ya(m) — S o) X(m) s
YaYa X(m) XX (n) XX (m)

A ~ SYzIY'X(m) SXy‘l(n) SXy‘l(Vﬂ)
6 =06 + — s
S Sxx(n) Sxx(m)

YaYa:X(m)

2

S

A A YYa X(m)

93 - 93 + S (S)szwx(n) - S_Vaya 'X(m)) ’
YaYa X (m)
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6 - Ya(n) Syax(n) SXX(,,) X(”) ’
-1
9(12 - SXX(n) Sx)’a( )’
953 = Sytl)’u'x(n)’
é =S SYa,Va‘x(n)
a4 = Oyay-X(m) —S s
YaYa X(m)

where the sample means and (co)variances such as X ), 17%), Sxya(,,)’ Yais Sxyagm»
Syyarxm s Syayaxen Will be defined in “Appendix A.”

Derivations of the results in Proposition 1 will be given in “Appendix A.” It should
be noted that every 6; is an addition of certain terms to 6;.

3 Bias of direct-likelihood-based MLE

In this section, we shall derive the bias of 6 and 6 under NMAR missingness, and
then compare between those biases theoretically. For the purpose, we need to specify
a missing-data mechanism. Let Ry be a response indicator taking O or 1 for ¥ being
observed or missing, respectively. We use a shared-parameter model (Follmann and
Wu 1995; Albert and Follmann 2009) as a distribution of Ry. We introduce a latent
variable Z which connects between Ry and Y, and suppose that:

ZI[X, Ya, Y1~ fzixv,y (21X, Ya, ¥; @), (8)
Ry|Z ~ P(Ry = 1|z; 1), )
[X,Y,, YILRy|Z, (10)

where A L B|C stands for conditional independence between A and B given C, in
which L is called Dawid’s symbol (Lauritzen 1996, p. 28; Dawid 1979). The missing-
data mechanism can then be expressed in the form

P(RY = 1|X, Ya, Y; Ips 0+7 @, T)

=/P(Ry =1lx,ya, ¥, 2 ¥, 04,0, T) f71xv,v (2|X, Ya, ¥; @)dz

:[P(RY = 1lz; ) fz1xv,y Z|x, Ya, ¥ @)dz

in view of the assumption (10). Note that the mechanism is unrelated with ¢ and 6,
and we can then write the missing-data mechanism as

P(Ry = 1|x, Y4, y; ¢, T) = / PRy = 11z; T) fz1xv, v 2%, Ya, y; @)dz.  (11)

It is seen that the conditional probability in (11) generally depends on y, and thus, the
missing-data mechanism is not MAR.
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Take the following conditional distribution of R, given Z as an example:

L ifz <,
P(RY_”Z’T)_{O, ifz>t’ (12)
and assume the following distribution:
Z|(X,Ya,Y) ~ N(po + 1 X + ¢2Ya + ¢3Y, @a). 13)

We then have
T
P(Ry = 1|x, ya, y; ¢, T) =/ fzixv,y @lx, Ya, y: @)dz
—0o0

T
= / N (zlpo + ¢1x + @2Ya + 3y, p4)dz
—0o0

= ¢>((r — @0 — Q1X — 2Ya — wsy)/«/@),

where N (z|u, 02) means the probability density function of the normal distribution
with mean p and variance o2, and @ (z) means the cumulative distribution function
of the standard normal distribution. Note that the missing-data mechanism is a probit
regression model of (7 — o — @1x — @2y, — @3y)//@4. If we specify the functional
form in (12) appropriately, we can express a wide range of missing-data mechanisms.

By the weak law of large numbers we easily see that X ) Sxxny S Y,y CONVErge in
probability to pty, 0xy and oy, , respectively. Under the above setup, we have that the
statistics, X (m) Sxx(m) and Sxya(m) using complete cases only, converge when n — oo
as follows:

— P Oy
Rom L e+ ZEE(Z — pa|Ry = 1,
Ozz
2
P Oy
Sxxem = Oxx + —5 (Var[Z|Ry = 1] —022),
02
Oxz0zy,
2
02

P
Xya<m) - UXYa + (Var[leY = 1] - UZZ) . (14)

The other statistics such as Y, Yaiys Syyim» SYaya(m)’ SxYmy» Syya(m) have similar
convergence properties. Proofs will be provided in “Appendix B.”
Using those results we obtain the asymptotic bias of 0 as follows.

Proposition 2 Under the model without auxiliary variable Y,, we have:

~ . A

b — 0 > L’;<E[Z—MZIRy=1]—U“—M), (15)
0z + p5, A OxxO0zz

P sz(oxxazz)_lAUzy-x

6, — 0, — (16)
Ozz —|—p)%ZA
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-1 2
ég — _P> Oz Aozy-x

—, (17)
0z + p?xA

where A = Var[Z|Ry = 1] — 0,;, 0zy.x = 02y — 040, Oy
Note that o, + p)%ZA is always nonnegative and positive if 0., > 0. Under the model

without Y, we can easily see that the MLEs are consistent if Z L Y| X, implying that
the missing is MAR, since each asymptotic bias has the factor oy ..

Similarly, we also obtain the asymptotic bias of 6 as follows.

Proposition 3 Under the model with auxiliary variable Y,, we have:

A P Ozy-xya
91 — 91 —
Ozz + ,O%ZA + Pzzya.x(l - P)%Z)A
A
(E[Z—uzuey —1]- u) (18)
Oxx0zz
-1
éz — 6 _P) 0x7(0xx077) Aazyucya (19)

GZZ + p)%ZA + pz2ya~x(1 - p%z)A '
UZEIAUZY'XYG
Ozz + IO)%ZA + Iozzya.x(l - p)%z)A

(072 + /02 A)Uzyxya
207y — 2 A xzz 1 — 02)A |’ (20)
Ozz +pxz +pzya‘x( pxz)

é3—93—P>

where A = Var[Z|Ry = 1] — 04z, 0zy.xy, = Ozyy, — sz-yaffx_xl.yaaxyya-
Note thato,, + p%z A+ ,ozzya L= p%Z)A is always nonnegative and positive if oyy., > 0
and p%a” < 1.

We can also easily see that the MLEs are consistent if Z I Y|(X, Y,), implying
MAR, since each asymptotic bias has the factor 0;y.xy,.

Here, we use ratio to evaluate the bias of MLE with Y, against that without Y,. We
have the following proposition.

Proposition 4 If 0,,.. # 0, we obtain the bias of each MLE with auxiliary variable
(Y,) divided by that without Y, as follows:

b

=6 g @1
6, — 6,

6, — 6

27" B op (22)
6> — 6,

6 —0

3773 K Bo—-B), (23)
03 — 03

@ Springer
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where

2
B — (1 _ sza-xpyay-x> 5 Ozz +2'0sz 5 . (24)
pZ}"X UZZ + prA + pzya-x(l - pxz)A

An interesting point of the proposition is that it holds true irrespective of the form of
the missing-data mechanism in terms of Z given in (9).

4 Several investigations on bias reduction

We shall consider the bias ratio under several conditions to study effects on bias
reduction due to inclusion of an auxiliary variable. It follows from Proposition 4 that
the biases of MLEs for 61 and 6, and for 653 will be reduced by adding the auxiliary
variable Y, if |B| < 1for6; and 6, and |B—1| < /2 for 63, respectively. In particular,
the biases of the MLEs for all the parameters reduce if 0 < B < 1.

Next, we explore some situations on the constant B to meet the conditions above.
First, consider the case where p,y.xy, = 0, and then the expression in (24) shows the
bias is zero. The case is, however, that the missing-data mechanism under the model
with Y, is MAR, and thus, the bias of the direct MLE is known to be zero (see, e.g.,
Little and Rubin 2002; Takai and Kano 2013).

In the case where p.y,.xy = 0, meaning no direct effect of Y,, on Z, it follows that
Pzya-x = Pzy-x Pyy,-x- Hence, we obtain:

B— (I- P}zvya.x)(azz + p)%zA) (25)
Ozz + p)%zA + p22,v~xp)2’yq~x(1 - p)%z)A ’

from which we have that 0 < B < 1. Thus, the biases will reduce due to the Y,,.

In the case where pyy,.x; = 0, meaning no direct effect of ¥, on Y, we can consider
the case as an extreme case with small correlation between Y and Y,. Notice that Y,
is no longer said to be a surrogate endpoint. In the situation, it follows that py,, ., =
Pyz-x Pzy,-x- Hence, we obtain

(1= p2, oz + p A)
0z + )OZZXA + Pzzya.x(l - P)%Z)A

B = (26)

from which we also have that 0 < B < 1, and the biases will reduce due to the Y,,.
Summarizing these results, we obtain the following result.

Proposition 5 Suppose that p;y,.xy = 0 or pyy,.x; = 0 holds true. Then, we have
0 < B < 1, and the biases of the MLEs for all parameters are reduced by adding the
auxiliary variable Y,. The results hold true for any functional form of P(Ry = 1|z; 7)
in (9).
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Bias reduction using surrogate endpoints 845

Next, consider general unstructured covariances, where the assumption in Proposi-
tion 5 does not necessarily hold. Let us write B = By B,, where

Bl —-1— Pzya-xPyay-x

)

Pzy-x
07z + P)%ZA
GZZ + IO)%ZA + pzzya~x(l - p,%z)A

B, =

In case of A > 0, we can easily see that 0 < By < 1, and that a sufficient condition
for reducing the biases by adding Y, is | B1| < 1, that is,

0 < PzyaxPyay-x <. 27)
Pzy-x

Since B» is monotonically decreasing in A on A > —o;, we have

P2 1
2z <B<-——. (28)
p)%z + 'Ozzya‘x(l - p)%z) - pzzya'x
Thus, a sufficient condition to reduce the biases of MLE by adding Y, is
1
|Bi|l——>— < L, (29)
1 - ZVa X
which is equivalent to
Pl < PRI R (30)

Pzy-x
Now we obtain the following result.

Proposition 6 Under the inequality assumption in (30), the bias of MLE by adding
Y, is reduced. If A > 0, the assumption in (30) can be relaxed as that in (27).

In general, the condition A > 0 does not hold, as shown below. Suppose Z is
normally distributed and the conditional distribution of Ry given Z is expressed in
(12), and then Z follows a truncated normal distribution. It is well known that the
variance of a truncated normal distribution is smaller than that of the untruncated
normal distribution. In the case, we have that A < 0.

5 Numerical evaluations of bias ratio
Here, we shall numerically calculate and plot the bias ratios under several conditions.

We put in (24) 0,y = 0,; = 1, and take A = —0.95, 0, 1. Note that A = V[Z|Ry =
11—1> —1.
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0.8

0.6 - -
i 1 A=-0.95
. L i
0al  — A=0
» 1 A=1
0.2+ -
0.0+ B
1 n n n n 1 n n n n n n n n 1 n n n n 1
-1.0 -0.5 0.0 0.5 1.0
pyayx)
Fig. 1 Graph of B against py, .y in the case where pzy,.xy =0
———— —— 7
1.0 - -
0.8 -
0.6 - -
i 1 A=-0.95
o L i
0al  — A=0
» 1 A=1
0.2+ -
0.0 - -
1 I I I I 1 I I I I I I I I 1 I I I I 1
-1.0 -0.5 0.0 0.5 1.0

p(z yax)

Fig. 2 Graph of B against pzy,.x in the case where py,y.x; =0

In the case where p;y,.xy = 0, the graph of B against py, ., is shown as in Fig. 1.
It can be seen that the bias is always reduced when adding Y, with p, ., # 0, and
that the larger |py, y.<| is, the more reduced the bias of estimator with Y, is. It can
be interpreted that the bias reduction is due to the supplement of missing information
of endpoint values by adding the auxiliary variable Y,. The smaller A is, the more
gradual the reduction of the bias ratio is.

Under pyy,.x; = 0, we obtained the graph of B against py,., shown as Fig. 2.
It can be seen that the bias is always reduced when adding Y, with p,,.x # 0, as
before. The larger | ;y, x| is, the more reduced the bias of estimator with Y, is. It can
be interpreted that the bias is reduced as the variation of Z is reduced by adding Y, so
that the connection between Y and Ry is weaken. The smaller A is, the more gradual
the reduction of the bias ratio is.
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Bias reduction using surrogate endpoints 847

-1.0 -05 0.0 0.5 1.0
plya yx)

Fig. 3 Graph of B against py, y.x in the case of unstructured correlations

In the case of unstructured correlations unlike the above situations, we presented the
graphof B against py, y., as Fig. 3by puttingin B pzy.x = 0.2, p;y,.x = 0.4, p,; = 0.5.
The graph shows that the bias ratio is 0 when py,,., = 0.5, in which p;y.xy, = 0,
implying MAR under the model with Y,. When py,,.x < 0, the bias increases by
adding Y, regardless of A. When A > 0, the bias is reduced by adding Y, as long as

Pyay-x > 0.

6 Application to age-related macular degeneration study data

In this section, we take an actual data set of a clinical study of age-related macular
degeneration (ARMD) to see how our theoretical results in Sect. 2 agree to an analysis
of real data. For details about the study and results, see “Pharmacological Therapy
for Macular Degeneration Study Group (1997).” ARMD causes impairment of visual
acuity and vision loss at worst. The study is double-blinded, placebo-control, parallel-
group study to evaluate the efficacy and safety in patients with ARMD. Four hundred
and eighty-one patients are randomized to assign one of four dose groups («-2a 1.5
MIU, 3 MIU, 6 MIU, and placebo). For efficacy, the visual acuity test was performed
using Early Treatment of Diabetic Retinopathy Study chart. The actual data set of
visual acuity scores assessed at baseline, Week 4, 12, 24, and 52 from the study, is
available as an example data of the nlmeU package on R language.

We consider change from the baseline at Week 52 as clinical endpoint (Y) and
change from the baseline at Week 24 as a surrogate, auxiliary variable (Y,), and
compare the two estimates with and without Y, for the treatment difference in change
at Week 52 between 6MIU and Placebo (6MIU — Placebo).

The treatment difference MLE without auxiliary variable Y, is calculated as —4.122,
whereas that with Y, is —4.619. These estimates are consistent with those from
MMRM (Mallinckrodt et al. 2001). The observation is reasonable because the struc-

@ Springer



848 Y. Takagi, Y. Kano

ture of the direct-likelihood is similar to that of MMRM. Note that the estimate from
MMRM using all time point variables available is —4.862.

The primary purpose of the propositions given in Sect. 5 and the numerical evalu-
ations here is to give theoretical evidence to reduction or inflation of the biases of the
direct-likelihood MLE, and to give cautions practical users who blindly add auxiliary
variables.

For practical use, obviously more easy-to-check sufficient conditions need to be
developed. That is our future issue.

Appendix A: MLE based on direct-likelihood with Y,

We shall obtain MLE based on direct-likelihood with Y, according to Anderson (1957)
in which MLE is more easily derived by using characteristics of normal distribution
and reparametrization.

Assuming that (X, Y, Y,;) have a normal distribution in (5), the conditional distri-
bution of Y given (X, ¥,) follows a normal distribution with mean By + B X + By, Y,
and variance 062, where:

-1 -1
Po = iy = Bxttx — By ty,s Bx = Oxx-y,0xy-Yar By, = 0y0va-xTVay-x»
2 _ _ 2 -1
O = Oyyxy, = Oyyx — O3y Oy 4y 31

Hence, the direct-likelihood D L can be rewritten by the reparametrization as follows:

m
DL, = l_[ Srixv, YilXi, Ya i Bos Bxs Bya 02)

i=1

n
s ] Fxve X Yailtte, iy, 0xxs Oyay,0 xy,)- (32)

i=1

MLESs of ix, fiy,, Oxx, Oxy,» Oy,y, are easily obtained from the second factor of the
DL, asfollows:

- 1 . _ 1
Mx:X(n):_ZXia Mya:Ya(,,):_ZYa,h
n i=1 i=1
n n

. 1 S N2 4 1 = \2
Oxx = SXX(n) = ; Z (Xl - X(n)) v Oyaya = SYaYtI(n) = ; Z (Ya’i - Ya(")) ’

i=1 i=1
1 n
Oxyy = Sxya,, = . Z(Xi = X)) Ya,i — Yag,)-
i=1

The MLE of 6,1, 6,2, and 6,3 will easily be found from the results.
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Bias reduction using surrogate endpoints 849

MLEs of the remaining parameters of By, By, By, %2 are obtained from the first
factor of DL from the standard results on the linear regression as follows:

a2 _ o—1 2 _ ¢o—1
ﬂx - Sxx-ya(m) SXY‘ya(m) ) ﬂyg - Sygya~)C(m) S}’a}"x(m) ’
:30 = Y(m) - lgxx(m) - lgya Ya(,,,),

A

2~ _ _ @ o1
Ge - O-yy-Xya - Syy‘x})“(m) - Syylx(m) SYYH'X(M) YaYa X(m)’

where

1 & 1 & 1 &
X(m)ZZZXi’ YawF%ZYa-,iv Y(m)Z,;ZYf’
i=1 i=1 i=1
m

| — -, 1 -2
Sxx(m> = a Z(Xz = Xm)", Syaya(m) = Z (Ya,i - Ya(m)) s
k=1 k=1

1 & _ _
Sevgy = = D_(Xi = Xom) Yai = Yag,),
i=1
-1
UV(m) — Suw(m) Sww<m) Swv(m)'

Suv-w(m>
It follows from (31) and the relationship in parameters between (5) and (6) that

01 =ty — 0yx0 tr = (Bo + Britx + Byoiy,) — Oalhs,
0 = a);claxy = a);l (OxxBx + OyoxBy,) = Bx + U);claxya By,
63 =0yyx =0, + ﬂﬁaayl,ya.x,

Oas = Oy,yx = OyyyuxBy,-

Hence, we obtain MLE of these parameters as follows, which means the results in
Proposition 2:

él = (BO + ,éx.&x + ,éya,&ya) - éZITva
éz = ﬁAx + &,&]&x)’aé)’a’
93 = 662 + Byz‘gaYuYa‘x’

Oas = Oy, y,x By, -

Appendix B: Limit of statistics using complete cases only

Here, we shall show the following convergences for limits of X (m) and SXXW) asn
tends to infinity. The limits of the other statistics also have the same properties.
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S P Oxz
Xm) = My + —E[Z — ps|Ry = 1], (33)
Ozz
2
P Oy7
SXX(m) — Oxx + U_z(var[Z|RY =1]—o0y). (34)

2z

Assuming that (X, Y, Y,, Z) have a normal distribution in addition to (5), where
the mean and variance of Z are u, and o, respectively, and covariance between Z
and (X, Y, Y,) is (04, 07y, 0zy,)-

Using the response indicator Ry, X (m) 1s expressed in the form:

n

1
e Ry. X;.
Z?:l Ry, ,Z:; e

X(m) =

By the weak law of large numbers, we obtain

- P E[RyX] E[X|Ry=1]P(Ry=1)
Xm) = =
E[Ry] PRy =1)

= E[X|Ry = 1].
By using the condition X 1L Ry|Z, we obtain (33) shown as follows:

EIX|Ry = 11= E[E[X|ZIIRy = 1] = ux + —2E[Z — /Ry = 11. (35

2z

For Syx,,,,» we can rewrite using response indicator Ry as follows:

n
>Ry (Xi = Xn)”

i=1

1

SXX = <n 5
"Xl Ry,

By applying the weak law of large numbers,

1 " 2 = 2

SXX(m) 22?21 RY; ;RYiXi - (X(M))

p E[RyX?]
E[Ry]

=E[X*|Ry = 1] = (E[X|Ry = 1]?

— (E[X|Ry = 1))

—E [{X — E[X|Ry = 11}*|Ry = 1] = Var[X|Ry = 1]

=E :{(X — E[X|Z]) + (E[X|Z] — E[X|Ry = 1)}* |[Ry = 1]

—E[{x — E[x1Z1)|Ry = 1]
+ E[(EIX12] - EIXIRy = 11 [Ry = 1]
F2E[{X — E[X|ZV{E[X|Z] — E[X|Ry = 1} |[Ry = 1].  (36)
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By noting that X I Ry|Z, we can evaluate the third term as follows:

2E[{X — E[X|ZI{E[X|Z] — E[X|Ry = 1]} [Ry = 1]
=2E[E[{X — E[X|ZIH{E[X|Z] — E[X|Ry =11} |Z, Ry = 1]|Ry = 1]
=2E[E[X — E[X|Z1|Z, Ry = 1{E[X|Z] — E[X|Ry = 1]} Ry = 1]
=2E[E[X — E[X|Z]|ZI{E[X|Z] — E[X|Ry = 1]} |Ry = 1]
=0.

The first term is written as follows:

E [{X — E[X|Z1)? |Ry = 1] —E [E [{X — E[X|Z])? |Z] IRy = 1]
= Oyx.z- 37

The second term is written by using (35) as follows:

E [{E[X|Z] — E[X|Ry = 11}% Ry = 1]

2
o
= E | 5H(Z — E[Z|Ry = 1])*|Ry =1
JZZ
2
o
= %Var[Z|Ry =1]. (38)
o
2z
Hence, we finally obtain:
P szz szz
Sxx(m) — Oxx.; + —2Var[Z|Ry =1]=ox + T(Var[Z|RY = 1] — 0y).
OZZ GZZ

Similar derivations have been used in Kano (2015).
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