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Abstract Amultivariate distribution function F is in the max-domain of attraction of
an extreme value distribution if and only if this is true for the copula corresponding to
F and its univariate margins. Aulbach et al. (Bernoulli 18(2), 455–475, 2012. https://
doi.org/10.3150/10-BEJ343) have shown that a copula satisfies the extreme value
condition if and only if the copula is tail equivalent to a generalized Pareto copula
(GPC). In this paper, we propose a χ2-goodness-of-fit test in arbitrary dimension for
testing whether a copula is in a certain neighborhood of a GPC. The test can be applied
to stochastic processes as well to check whether the corresponding copula process is
close to a generalized Pareto process. Since the p value of the proposed test is highly
sensitive to a proper selection of a certain threshold, we also present graphical tools
that make the decision, whether or not to reject the hypothesis, more comfortable.

Keywords Multivariate max-domain of attraction · Multivariate extreme value
distribution · Copula · D-norm · Generalized Pareto copula · χ2-goodness-of-fit test ·
Max-stable processes · Functional max-domain of attraction

1 Introduction

Consider a random vector (rv) U = (U1, . . . ,Ud)
ᵀ whose distribution function (df)

is a copula C , i.e., each Ui follows the uniform distribution on (0, 1). The copula C
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is said to be in the max-domain of attraction of an extreme value df (EVD) G on R
d ,

denoted by C ∈ D(G), if

Cn
(
1 + 1

n
x
)

→n→∞ G(x), x ≤ 0 ∈ R
d , (1)

where 0 := (0, . . . , 0)ᵀ ∈ R
d and 1 := (1, . . . , 1)ᵀ ∈ R

d . The characteristic property
of the df G is its max-stability, precisely,

Gn
( x
n

)
= G(x), x ∈ R

d , n ∈ N;

see, e.g., Falk et al. (2011, Section 4).
Let U (1), . . . ,U (n) be independent copies of U . Equation (1) is equivalent with

P

(
n

(
max
1≤i≤n

U (i) − 1
)

≤ x
)

→n→∞ G(x), x ≤ 0.

All operations on vectors such as max1≤i≤n U (i) are meant componentwise.
From Aulbach et al. (2012, Corollary 2.2), we know that C ∈ D(G) if and only if

(iff) there exists a norm ‖ · ‖ on R
d such that the copula C satisfies the expansion

C(u) = 1 − ‖u − 1‖ + o (‖u − 1‖) (2)

uniformly for u ∈ [0, 1]d as u ↑ 1, i.e.,

lim
t↓0 sup

u∈[0,1]d\{1}
‖u−1‖<t

|C(u) − (1 − ‖u − 1‖) |
‖u − 1‖ = 0.

In this case, the norm ‖ · ‖ is called a D-norm and is commonly denoted by ‖ · ‖D ,
where the additional character D means dependence. The corresponding EVD G is
then given by

G(x) = exp (−‖x‖D) , x ≤ 0 ∈ R
d ; (3)

we refer to Falk et al. (2011, Section 5.2) for further details. We have in particular
independence of the margins of G iff the D-norm ‖ · ‖D is the usual L1-norm ‖ · ‖1,
and we have complete dependence iff ‖ · ‖D is the maximum-norm ‖ · ‖∞.

If the copula C satisfies

C(u) = 1 − ‖u − 1‖D, u0 ≤ u ≤ 1,

for some u0 ∈ [0, 1)d , then we refer to it as a generalized Pareto copula (GPC). The
characteristic property of a GPC is its excursion stability: The rv U = (U1, . . . ,Ud)

ᵀ

follows a GPC iff there exists u0 ∈ [0, 1)d such that

P(Uk − 1 > t (uk − 1), k ∈ K ) = t P(Uk > uk, k ∈ K ), t ∈ [0, 1],
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Testing for a δ-neighborhood of a generalized Pareto copula 601

for all u ≥ u0 and each nonempty subset K of {1, . . . , d}; see Falk et al. (2011,
Proposition 5.3.4). Based on this characterization, Falk andMichel (2009) investigated
a test whether U follows a GPC; see also Falk et al. (2011, Section 5.8).

If the remainder term in Eq. (2) satisfies

r(u) := C(u) − (1 − ‖u − 1‖D) = O
(
‖u − 1‖1+δ

D

)
(δ − n)

as u ↑ 1 for some δ > 0, then the copula C is said to be in the δ-neighborhood of a
GPC. Note that (2) is already implied by (δ − n) and that O

(‖u − 1‖1+δ
D

) = O
(‖u −

1‖1+δ
)
for an arbitrary norm ‖ · ‖ on R

d . The significance of such δ-neighborhoods
is outlined in Sect. 2 where we also give some prominent examples. In Sect. 3.1, we
will derive a χ2-goodness-of-fit test based on U (1), . . . ,U (n) which checks whether
the pertaining copula C satisfies condition (δ − n).

Let X = (X1, . . . , Xd)
ᵀ be a rv with arbitrary df F . It is well known (Deheuvels

1978, 1983; Galambos 1987) that F is in the max-domain of attraction of an EVD iff
this is true for the univariate margins of F together with the condition that the copula
CF corresponding to F satisfies (1). While there are various tests which check for
the univariate extreme value condition—see, e.g., Dietrich et al. (2002), Drees et al.
(2006) as well as Reiss and Thomas (2007, Section 5.3)—much less has been done for
the multivariate case. Utilizing the empirical copula, we can modify the test statistic
from Sect. 3.1 and check, whetherCF satisfies condition (δ−n), based on independent
copies X(1), . . . , X(n). This is the content of Sect. 3.2.

Sections 4 and 5 carry the results of Sect. 3 over to function space. The aim is
to test whether the copula process of a given stochastic process in C[0, 1] is in a
δ-neighborhood of a generalized Pareto copula process (GPCP). While Sect. 4 deals
with copula processes or general processes as a whole, respectively, Sect. 5 considers
the case that the underlying processes are observed at a finite grid of points only.

It is by no means obvious to find a copula C , which does not satisfy C ∈ D(G)

for any EVD G. An example is given in Kortschak and Albrecher (2009). A family of
copulas, which are not in the max-domain of attraction of an EVD but come arbitrary
close to a GPC, is given in supplementary material.

In order to demonstrate the performance of our test, supplementary material con-
tains the results of a simulation study. Since the results from the main part of the
work highly depend on a proper choice of some threshold, in supplementary material
we also present graphical tools that make the decision, whether or not to reject the
hypothesis, more comfortable.

2 δ-neigborhoods

The significance of the δ-neighborhood of a GPC can be seen as follows. Denote by
R := {t ∈ [0, 1]d : ‖t‖1 = ∑d

i=1 ti = 1} the unit sphere in [0,∞)d with respect to
the L1-norm ‖ · ‖1. Take an arbitrary copula C on R

d and put for t ∈ R

Ct(s) := C(1 + s t), s ≤ 0.
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602 S. Aulbach et al.

Then Ct is a univariate df on (−∞, 0] and the copula C is obviously determined by
the family

P(C) := {Ct : t ∈ R}
of univariate spectral df Ct . This family P(C) is the spectral decomposition of C ;
cf. Falk et al. (2011, Section 5.4). A copula C is, consequently, in D(G) with corre-
sponding D-norm ‖ · ‖D iff its spectral decomposition satisfies

Ct(s) = 1 + s‖t‖D + o(s), t ∈ R,

as s ↑ 0. The copula C is in the δ-neighborhood of the GPC CD with D-norm ‖ · ‖D
iff

1 − Ct(s) = (
1 − CD,t(s)

) (
1 + O(|s|δ)) (4)

uniformly for t ∈ R as s ↑ 0. In this case, we know from Falk et al. (2011, Theo-
rem 5.5.5) that

sup
x∈(−∞,0]d

∣∣∣∣Cn
(
1 + 1

n
x
)

− exp (−‖x‖D)

∣∣∣∣ = O(n−δ). (5)

Under additional differentiability conditions onCt (s)with respect to s, also the reverse
implication (5) 
⇒ (4) holds; cf. Falk et al. (2011, Theorem 5.5.5). Thus, the δ-
neighborhood of a GPC, roughly, collects those copula with a polynomial rate of
convergence of maxima.

Remark 1 A similar condition as (δ − n) has also been considered in Einmahl et al.
(2006), where a test for the bivariate extreme value condition is performed. Precisely,
(δ − n) corresponds to Einmahl et al. (2006, Equation2.5) and assures that the under-
lying bivariate D-norm is estimated consistently. However, the cited authors rely on a
certain representation of the bivariate spectral measure, which does not seem to extend
to higher dimensions in an obvious manner.

Example 1 (Archimedean Copula) Let

C(u) = ϕ[−1]
(

d∑
i=1

ϕ(ui )

)
, u = (u1, . . . , ud)

ᵀ ∈ [0, 1]d ,

be an Archimedean copula with generator function ϕ : [0, 1] → [0,∞] and
ϕ[−1](t) := inf{u ∈ [0, 1] : ϕ(u) ≤ t}, 0 ≤ t ≤ ∞. The function ϕ is in particular
strictly decreasing, continuous and satisfies ϕ(1) = 0; for a complete characterization
of the function ϕ, we refer to McNeil and Nešlehová (2009).

Suppose that ϕ is differentiable on [ε, 1] for some ε < 1 with derivative satisfying

ϕ′(1) < 0, ϕ′(1 − h) = ϕ′(1) + O(hδ) (6)

for some δ > 0 as h ↓ 0. Then C is in the δ-neighborhood of a GPC with D-norm
given by ‖x‖D = ‖x‖1, x = (x1, . . . , xd)

ᵀ ∈ R
d .
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Testing for a δ-neighborhood of a generalized Pareto copula 603

The Clayton family with ϕϑ(t) = ϑ−1
(
t−ϑ − 1

)
, ϑ ∈ [−1,∞)\{0} satisfies con-

dition (6) with δ = 1 if ϑ > −1
d−2 , which becomes ϑ > −∞ for d = 2. In the case

d = 2, the parameter ϑ = −1 yields a GPC with D-norm ‖ · ‖1.
The Gumbel–Hougaard family with ϕϑ(t) = (− log(t))ϑ , ϑ ∈ [1,∞), does not

satisfy condition (6). But for ϑ ∈ [1, 2) it is in the δ-neighborhood with δ = 2 − ϑ

of a GPC having D-norm ‖x‖ϑ = (
∑d

i=1 |xi |ϑ)1/ϑ . Moreover, for any ϑ ≥ 1, the
corresponding Gumbel–Hougaard copula is in the 1-neighborhood of a GPC with
D-norm ‖ · ‖ϑ . This follows from the easily proven fact that any copula C̃ of an
EVD with D-norm ‖ · ‖D—i.e., C̃(u) = exp(−‖(log(u1), . . . , log(ud))ᵀ‖D) for u =
(u1, . . . , ud)

ᵀ with 0 < u ≤ 1, cf. (3)—is in the δ-neighborhood of a GPC with the
same D-norm for δ = 1.

For general results on the limiting distributions of Archimedean copulas, we refer
to Charpentier and Segers (2009) and Larsson and Nešlehová (2011).

Example 2 (Normal Copula) Let C be a normal copula, i.e., C is the df of U =
(Φ(X1), . . . , Φ(Xd))

ᵀ, where Φ denotes the standard normal df and (X1, . . . , Xd)
ᵀ

follows a multivariate normal distribution N (μ,�) with mean vector μ = 0 and
covariance matrix � = (ρi j )1≤i, j≤d , where ρi i = 1, 1 ≤ i ≤ d. If −1 < ρi j < 0 for
1 ≤ i 
= j ≤ d, then C is in the δ-neighborhood of a GPC CD with ‖ · ‖D = ‖ · ‖1 and

δ = min
1≤i 
= j≤d

ρ2
i j

1 − ρ2
i j

.

A proof of this assertion is given in online supplementary material.

3 A test based on copula data

This section deals with deriving a test for condition (δ − n) based on independent
copies U (1), . . . ,U (n) of the rv U = (U1, . . . ,Ud)

ᵀ having df C . Put for s < 0

SU (s) :=
d∑

i=1

1(s,∞)(Ui − 1),

which is a discrete version of the sojourn time thatU spends above the threshold 1+s;
see Falk and Hofmann (2012) for details as well as Sect. 4. If C satisfies condition
(δ − n), then we obtain with s := s1 ∈ (−∞, 0)d

P (SU (s) = 0) = P(U ≤ 1 + s)

= C(1 + s)

= 1 − |s|mD + O(|s|1+δ) as s → 0. (7)

The constant mD := ‖1‖D , which is always between 1 and d, measures the tail
dependence of the margins of C . It is the extremal coefficient (Smith 1990) and equal
to one in case of complete dependence of the margins and equal to d in case of
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604 S. Aulbach et al.

independence (Takahashi 1988); we refer to Falk et al. (2011, Section 4.4) for further
details.

3.1 Observing copula data directly

In order to test for condition (7), we fit a grid in the upper tail of the copula C and
observe the exceedances with respect to this grid: Choose k ∈ N and put for 0 < c < 1

n j (c) :=
n∑

i=1

1(0,∞)

(
SU (i)

(
− c

j

))
, 1 ≤ j ≤ k. (8)

n j (c) is the number of those rv U (i) among the independent copies U (1), . . . ,U (n) of
U , whose sojourn times above 1− c

j are positive, i.e., at least one component of U (i)

exceeds the threshold 1 − c
j . On the other hand,

n − n j (c) =
n∑

i=1

1{0}
(
SU (i)

(
− c

j

))
=

n∑
i=1

1[
0,

(
1− c

j

)
1
](U (i))

is the number of those rv U (i) whose realizations are below the vector with constant
entry 1 − c

j .
IfC satisfies condition (δ−n), then each n j (c) is binomial B(n, p j (c))-distributed

with

p j (c) := 1 − P

(
SU

(
− c

j

)
= 0

)
= c

j
mD + O(c1+δ) as c → 0.

Motivated by the usual χ2-goodness-of-fit test, we consider in what follows the test
statistic

Tn(c) :=
∑k

j=1

(
j n j (c) − 1

k

∑k
	=1 	 n	(c)

)2
1
k

∑k
	=1 	 n	(c)

(9)

which does not require the constant mD to be known. By →D , we denote ordinary
convergence in distribution as the sample size n tends to infinity.

Theorem 1 Suppose that C satisfies condition (δ − n) with δ > 0. Let c = cn satisfy
cn → 0, ncn → ∞ and nc1+2δ

n → 0 as n → ∞. Then we obtain

Tn(cn) →D

k−1∑
i=1

λiξ
2
i ,

where ξ1, . . . , ξk−1 are independent and standard normal distributed rv and

λi = 1

4 sin2
( i
k

π
2

) , 1 ≤ i ≤ k − 1.
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Testing for a δ-neighborhood of a generalized Pareto copula 605

Remark 2 We have λ1 = 1/2 in case k = 2, and λ1 = 1, λ2 = 1/3 in case k = 3. If
the copula C is a GPC, then the condition nc1+2δ

n →n→∞ 0 in the preceding result
can be dropped.

Proof (Theorem 1) Lindeberg’s central limit theorem implies

1

(ncn)1/2
(
j n j (cn) − ncnmD

) →D N
(
0, jmD

)
(10)

and, thus,
j n j (cn)

ncn
→n→∞ mD in probability, 1 ≤ j ≤ k, (11)

yielding

1

ncnk

k∑
j=1

j n j (cn) →n→∞ mD in probability. (12)

We, therefore, can substitute the denominator in the test statistic Tn(cn) by ncnmD ,
i.e., Tn(cn) is asymptotically equivalent with

1

ncnmD

k∑
j=1

(
j n j (cn) − 1

k

k∑
	=1

	 n	(cn)

)2

= 1

ncnmD

⎛
⎜⎝
1 · n1(cn) − ncnmD

...

k · nk(cn) − ncnmD

⎞
⎟⎠

ᵀ (
Ik − 1

k
Ek

)⎛
⎜⎝
1 · n1(cn) − ncnmD

...

k · nk(cn) − ncnmD

⎞
⎟⎠

= Yᵀ
n

(
Ik − 1

k
Ek

)
Yn,

where Yn = (Yn,1, . . . ,Yn,k)
ᵀ with

Yn, j = 1

(ncnmD)1/2

(
j n j (cn) − ncnmD

)
, 1 ≤ j ≤ k,

Ik is the k × k unit matrix and Ek that k × k-matrix with constant entry 1. Note that
the matrix Pk := Ik − k−1Ek is a projection matrix, i.e., Pk = Pᵀ

k = P2
k , and that

Pkx = 0 for every vector x ∈ R
k with constant entries.

The Cramér–Wold theorem and Lindeberg’s central limit theorem imply Yn →D

N (0,�), where the k × k-covariance matrix � = (σi j ) is given by

σi j = lim
n→∞

1

ncnmD
E

((
i ni (cn) − ncnmD

)(
j n j (cn) − ncnmD

))

= lim
n→∞

i j

cnmD
E

[
1(0,∞)

(
SU

(
−cn

i

))
1(0,∞)

(
SU

(
−cn

j

))]
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606 S. Aulbach et al.

= lim
n→∞

i j

cnmD
P

(
SU

(
− cn
max(i, j)

)
> 0

)

= i j

max(i, j)
= min (i, j) .

Note that � = MkM
ᵀ
k where the k × k-matrix Mk is defined by

Mk := (
1[ j,∞)(i)

)
1≤i, j≤k =

⎛
⎜⎜⎜⎜⎜⎝

1 0 0 . . . 0
1 1 0 . . . 0
...

...
. . .

. . .
...

1 1 . . . 1 0
1 1 . . . 1 1

⎞
⎟⎟⎟⎟⎟⎠

.

Altogether we obtain

Tn(cn) →D ξ
ᵀMᵀ

k

(
Ik − 1

k
Ek

)
Mkξ

with a k-dimensional standard normal rv ξ = (ξ1, . . . , ξk)
ᵀ. It is well known that the

eigenvalues of

k Mᵀ
k

(
Ik − 1

k
Ek

)
Mk = (

kmin(i − 1, j − 1) − (i − 1)( j − 1)
)
1≤i, j≤k

are

kλ j = k

4 sin2
(

j
k

π
2

) , j = 1, . . . , k − 1, and λk = 0,

see, for example, Anderson and Stephens (1997) or Fortiana and Cuadras (1997), with
corresponding orthonormal eigenvectors

r j =
√
2

k

(
sin

(
(i − 1) jπ

k

))
1≤i≤k

, j = 1, . . . , k − 1, and rk = (1, 0, . . . , 0)ᵀ.

This implies

Tn(cn) →D ξ
ᵀ diag(λ1, . . . , λk−1, 0) ξ =

k−1∑
i=1

λiξ
2
i

as asserted. ��
The proof of Theorem 1 shows that the distribution of

∑k−1
i=1 λiξ

2
i equals the one

of
∑k

i=1(B(i) − 1
k

∑k
j=1 B( j))2, where (B(t))t≥0 is a standard Brownian motion on

[0,∞). Computing the expected values, we obtain as a nice by-product the equation

k−1∑
i=1

1

4 sin2
( i
k

π
2

) = (k − 1)(k + 1)

6
, k ≥ 2.
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Using characteristic functions, it is straightforward to prove that

6

(k − 1)(k + 1)

k−1∑
i=1

λiξ
2
i →D

24

π2

∞∑
i=1

1

i2
ξ2i (13)

as k → ∞. Taking expectations on both sides motivates the well known equality

∞∑
i=1

1

i2
= π2

6
.

Remark 3 The previous arguments suggest to replace k in Theorem 1 with a sequence
(kn)n∈N. If kn → ∞ as n → ∞ at a proper rate of convergence, it should be possible to
reproduce the limit distribution in (13). Although this might be of theoretical interest,
we avoid doing so for several reasons: On the one hand, a data set will typically
contain not too many exceedances above a high threshold. If cn is sufficiently small
to detect a δ-neighborhood, i.e., the threshold (1− cn)1 is sufficiently large, there will
be even less data that exceed (1 − cn

k )1. This means that we would need a very large
sample size in order to increase k and to assure that there are still sufficiently many
exceedances in the outermost extremal region. On the other hand, it will be necessary
to complement cn and k with another parameter as soon as we consider more general
data. While Theorem 1 allows to choose, e.g., k = 2 or k = 3 independently of the
sample size, the problem of obtaining reasonable values for these parameters would
become even more challenging if k depended on n as well. We also refer to Section 2.1
about parameter selection in supplementary material.

Remark 4 The test provided by Theorem 1 is based on k + 1 estimators of the value
mD in arbitrary dimension, cf. (11) and (12). In contrast, the test of Einmahl et al.
(2006), cf. Remark 1, considers two different estimators of the D-norm on the whole
set (0, 1]2; recall that this approach is restricted to the bivariate case. However, the
cited authors need to consider further technical details, such as the existence of certain
continuous densities. Related tests for the copula of an EVD can be found in Ghoudi
et al. (1998), Kojadinovic et al. (2011) and Berghaus et al. (2013), to name just a
few. The latter tests could be exploited to test for the extreme value condition via a
(componentwise) blockmaxima approach (even though it is not completely validated).

To evaluate the performance of the above test, we consider in what follows n
independent copies U1, . . . ,Un of the rv U , whose df C satisfies for some δ > 0 the
expansion

C(u) = 1 − ‖u − 1‖D − J

(
u − 1

‖u − 1‖1
)

‖u − 1‖1+δ
D + o

(
‖u − 1‖1+δ

D

)

as u ↑ 1, uniformly for u ∈ [0, 1]d , where J (·) is an arbitrary function on the set
{z ≤ 0 ∈ R

d : ‖z‖1 = 1} of directions in (−∞, 0]d . The above condition specifies
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608 S. Aulbach et al.

the remainder term in the δ-neighborhood condition (δ − n). We obtain for c ∈ (0, 1)
and j ∈ N

p j (c) = 1 − P

(
U ≤ 1 − c

j

)
= c

j
mD + K

(
c

j
mD

)1+δ

+ o(c1+δ) as c → 0,

where K := J (1/d). For n j (c) as defined in (8), we obtain by elementary arguments

1

(ncnmD)1/2
( jn j (cn) − ncnmD) →D N

(
s1/2m1/2+δ

D K

jδ
, j

)

if cn → 0, ncn → ∞ and nc1+2δ
n → s ≥ 0 as n → ∞. Repeating the arguments in

the proof of Theorem 1 then yields for the test statistic Tn defined in (9)

Tn(cn) →D

k−1∑
i=1

λi (ξi + μi )
2,

where

μi := K

√
2s

k
m1/2+δ

D

k−1∑
j=1

1

( j + 1)δ
sin

(
j
iπ

k

)
, 1 ≤ i ≤ k − 1.

Note that each μi > 0 if Ks > 0. With K > 0, the fact that C is not a GPC is,
therefore, detected at an arbitrary level one error iff nc1+2δ

n → ∞. Using the test
statistic Tn , this way will even seperate a GPC from elements of its δ-neighborhood.
That is why we use the rate nc1+2δ

n → 0 for most part in this paper, as this relaxes the
test not to reject elements of the δ-neighborhood.

3.2 The case of an arbitrary random vector without further assumptions

Consider a rv X = (X1, . . . , Xd)
ᵀ whose df F is continuous and the copula CF (u) =

F
(
F−1
1 (u1), . . . , F

−1
d (ud)

)
, u ∈ (0, 1)d , corresponding to F satisfies condition (2).

Now we will modify the test statistic Tn(cn) from above to obtain a test which checks
whether CF satisfies condition (δ − n) with Fi unknown, i = 1, . . . , d. We denote
in what follows by H−1(q) := inf{t ∈ R : H(t) ≥ q}, q ∈ (0, 1), the generalized
inverse of an arbitrary univariate df H .

Let X(i) = (
X (i)
1 , . . . , X (i)

d

)ᵀ
, i = 1, . . . , n, be independent copies of X and fix

k ∈ {2, 3, . . .}.We now face the problem thatwe need to estimate the unknownmargins
F1, . . . , Fd from the same sample as the test is based on. In order to guarantee that
the approximations of the margins perform sufficiently well, the test statistic will be
computed from the first mn < n observations, whereas the estimates of the margins
consider the whole data set, cf. (16) and Lemma 1. Precisely, we put for 0 < c < 1
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n j,mn (c) :=
mn∑
i=1

1(0,∞)

(
d∑

r=1

1(
F−1
r

(
1− c

j

)
,∞

)(X (i)
r

))

= mn −
mn∑
i=1

1(−∞,γ j (c)]
(
X(i)), 1 ≤ j ≤ k, (14)

which is the number of all rv X(1), . . . , X(mn) exceeding the vector

γ j (c) :=
(
F−1
1

(
1 − c

j

)
, . . . , F−1

d

(
1 − c

j

))ᵀ

in at least one component. Inwhat followswe show thatwe asymptoticallymay replace
the quantiles in γ j (c) with componentwise order statistics of X(1), . . . , X(n). If these
quantiles were known, we would be in the same situation as in Sect. 3.1 and could
simply choose mn = n.

Since F is continuous, transforming each X (i)
r by its df Fr does not alter the value

of n j,mn (c) with probability one:

n j,mn (c) = mn −
mn∑
i=1

1[
0,

(
1− c

j

)
1
](U (i)) (15)

where U (i) = (
U (i)
1 , . . . ,U (i)

d

)ᵀ
, U (i)

r := Fr
(
X (i)
r

)
, and U (1), . . . ,U (n) are iid

with df CF . By replacing F1, . . . , Fd with their empirical counterparts F̂n,r (x) :=
n−1 ∑n

i=1 1(−∞,x](Xr ), x ∈ R, 1 ≤ r ≤ d, we obtain analogously

n̂ j,mn (c) :=
mn∑
i=1

1(0,∞)

(
d∑

r=1

1(
F̂−1
n,r

(
1− c

j

)
,∞

)(X (i)
r

))

= mn −
mn∑
i=1

1×d
r=1[0,U〈n(1− c

j )〉:n,r ]

(
U (i)) (16)

with probability one. Note that F̂−1
n,r (1 − c

j ) = X〈n(1− c
j )〉:n,r where 〈x〉 := min{	 ∈

N : 	 ≥ x} and X1:n,r ≤ X2:n,r ≤ · · · ≤ Xn:n,r denote the ordered values of
X (1)
r , . . . , X (n)

r for each r = 1, . . . , d. Thus, Ui :n,r = Fr
(
Xi :n,r

)
and Xi :n,r =

F−1
r

(
Ui :n,r

)
, 1 ≤ i ≤ n, almost surely. Two alternatives to this approach will be

presented in Sect. 3.3.

Remark 5 In (14) and (16), we consider the (empirical) number of exceedances among
X(1), . . . , X(mn). We could also take any subset M(n) of {1, . . . , n} withmn elements
and use the observations X(i), i ∈ M(n), instead. However, since the test statistic in
(9) requires the data to be iid, there seem to be no reasonable criteria for deriving a
kind of “optimal” set M(n). Thus, we chose M(n) = {1, . . . ,mn} for convenience.
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Since U (1), . . . ,U (n) are iid with df CF , (16) shows that the distribution of(
n̂1,mn (c), . . . , n̂k,mn (c)

)ᵀ
does not depend on the margins F1, . . . , Fd but only on

the copula CF of the continuous df F . The following auxiliary result assures that we
may actually consider n̂ j,mn (c) instead of n j,mn (c).

Lemma 1 Suppose that the df F is continuous and that its copula CF satisfies expan-
sion (δ − n) for some δ > 0. Assume mn → ∞ and mn/n → 0 as n → ∞, and let
c = cn satisfy cn → 0, mncn → ∞, and nc1+2δ

n → 0 as n → ∞. Then we obtain for
j = 1, . . . , k

(mncn)
−1/2 (

n j,mn (cn) − n̂ j,mn (cn)
) →n→∞ 0 in probability.

Proof It suffices to show the assertion for j = 1. For j > 1, simply note that
n j,mn (cn) = n1,mn (cn/j) and n̂ j,mn (cn) = n̂1,mn (cn/j). Put

δn := max

{
mn

n
,

1

mncn

}
and εn :=

(
cn
mn

δnγn

)1/2

with some sequence γn > 0 such that γn → ∞ and δnγn → 0 as n → ∞, e.g.,
γn = δ

−1/2
n . This yields in particular εn → 0, εn/cn → 0, mnε

2
n/cn → 0,

εn

c1+δ
n

=
(

γn max

{
1

nc1+2δ
n

,
1

(mnc
1+δ
n )2

})1/2

≥
(

γn

nc1+2δ
n

)1/2

→ ∞, (17)

nε2n

cn
= γn max

{
1,

n

m2
ncn

}
≥ γn → ∞, (18)

mnεn =
(

γn max

{
m2

ncn
n

, 1

})1/2

≥ γ
1/2
n → ∞

as n → ∞.
With μn := E

(
U〈n(1−cn)〉:n,1

) = 〈n(1 − cn)〉/(n + 1), we get for arbitrary η > 0
that

P

(∣∣∣∣n1,mn (cn) − n̂1,mn (cn)

(mncn)1/2

∣∣∣∣ > η

)

= P

(
n1,mn (cn) − n̂1,mn (cn)

(mncn)1/2
> η

)

+ P

(
n1,mn (cn) − n̂1,mn (cn)

(mncn)1/2
< −η

)

≤ P

(
n1,mn (cn) − n̂1,mn (cn)

(mncn)1/2
> η, max

1≤r≤d
|U〈n(1−cn)〉:n,r − μn| ≤ εn

)

+ P

(
n1,mn (cn) − n̂1,mn (cn)

(mncn)1/2
< −η, max

1≤r≤d
|U〈n(1−cn)〉:n,r − μn| ≤ εn

)

+ 2 P

(
max
1≤r≤d

|U〈n(1−cn)〉:n,r − μn| > εn

)
. (19)

123



Testing for a δ-neighborhood of a generalized Pareto copula 611

Furthermore, we deduce from Reiss (1989, Lemma 3.1.1) the exponential bound

P

(
max
1≤r≤d

|U〈n(1−cn)〉:n,r − μn| > εn

)
≤ d P(|U〈n(1−cn)〉:n,1 − μn| > εn)

≤ d exp

⎛
⎝−

n
σ 2
n
ε2n

3
(
1 + εn

σ 2
n

)
⎞
⎠,

where σ 2
n := μn(1 − μn). Note that cn → 0 and ncn → ∞ as n → ∞ together with

σ 2
n ∈

(
n2(1 − cn)

(n + 1)2
cn,

(
1 − ncn

n + 1

)
1 + ncn

(n + 1)cn
cn

)

show σ 2
n /cn → 1 as n → ∞. Thus, εn/cn → 0 and nε2n/cn → ∞ as n → ∞ prove

that the above exponential bound has limit 0 as n → ∞.
It remains to show that the both leading terms in (19) are asymptotically zero.

Consider (15) and (16) and put Vn,i := 1[0,(μn+εn)1]\[0,(1−cn)1]
(
U (i)

)
as well as

Wn,i := 1[0,(1−cn)1]\[0,(μn−εn)1]
(
U (i)

)
for i = 1, . . . ,mn ; note that εn → 0,

εn/cn → 0, and nεn → ∞ as n → ∞ yield

0 ≤ n(1 − cn)

n + 1
− εn ≤ μn − εn < 1 − cn − 1

n

(
nεn − ncn

n + 1

)
≤ 1 − cn

as well as

1 − cn ≤ 1 − cn + 1

n

(
nεn − n(1 − cn)

n + 1

)
≤ μn + εn < 1 − cn

(
n

n + 1
− εn

cn

)
≤ 1

whenever n is sufficiently large. Then we obtain

P

(
n1,mn (cn) − n̂1,mn (cn)

(mncn)1/2
> η, max

1≤r≤d
|U〈n(1−cn)〉:n,r − μn| ≤ εn

)

≤ P

( mn∑
i=1

1[0,(μn+εn)1]
(
U (i)) −

mn∑
i=1

1[0,(1−cn)1]
(
U (i)) > (mncn)

1/2η

)

= 1 − P

( mn∑
i=1

Vn,i ≤ (mncn)
1/2η

)

and

P

(
n1,mn (cn) − n̂1,mn (cn)

(mncn)1/2
< −η, max

1≤r≤d
|U〈n(1−cn)〉:n,r − μn| ≤ εn

)

≤ 1 − P

( mn∑
i=1

Wn,i ≤ (mncn)
1/2η

)
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for large n. Since CF satisfies (δ − n), we get

pn := P(Vn,1 = 1) = CF ((μn + εn)1) − CF ((1 − cn)1)

= (εn + μn − (1 − cn))mD + O
(
c1+δ
n

)

= εn

[(
1 + O

(
1

nεn

))
mD + O

(
c1+δ
n

εn

)]
(20)

and

qn := P(Wn,1 = 1) = εn

[(
1 + O

(
1

nεn

))
mD + O

(
c1+δ
n

εn

)]
(21)

if n tends to infinity. Since mnεn → ∞ as n → ∞, Lindeberg’s central limit theorem
and the continuity of Φ, the df of the standard normal distribution, show that for each
η̃ > 0 and sufficiently large n

P

( mn∑
i=1

Vn,i ≤ (mncn)
1/2η

)
= P

( ∑mn
i=1(Vn,i − pn)

(mn pn(1 − pn))1/2
≤ (mncn)1/2η − mn pn

(mn pn(1 − pn))1/2

)

≥ Φ

(
c1/2n

p1/2n

(
η − m1/2

n pn

c1/2n

) 1

(1 − pn)1/2

)
− η̃

→ 1 − η̃ (22)

since pn/εn → mD , εn/cn → 0, and mnε
2
n/cn → 0 as n → ∞. The same arguments

also show

P

( mn∑
i=1

Wn,i ≤ (mncn)
1/2η

)
→ 1 as n → ∞ (23)

and the proof is complete. ��
Remark 6 The main idea of the preceding proof was the construction of a sequence
εn such that all three terms in (19) have limit zero. For the last term, we applied
Reiss (1989, Lemma 3.1.1) and needed nε2n/cn → ∞ as n → ∞. For the both leading
terms, however, we exploited Lindeberg’s central limit theorem and the convergence
mnε

2
n/cn → 0 as n → ∞. Thus, the condition mn/n → 0 as n → ∞ in Lemma 1

cannot be dropped easily.
Another crucial condition on εn was

0 ≤ μn − εn ≤ 1 − cn ≤ μn + εn ≤ 1 for large n,

which led to suitable bounds of the difference n1,mn (cn)− n̂1,mn (cn) and thus allowed
to apply Lindeberg’s central limit theorem. While it is natural to assume μn − εn ≤
1− cn ≤ μn + εn since μn ∼ 1− cn as n → ∞, the bounds 0 and 1 implied the both
representations (20) and (21). If we would have μn + εn > 1 for large n, this would
yield pn = cn[mD + O(cδ

n)] and (22) would fail since we would require mncn → ∞
and mnc2n/cn → 0 as n → ∞ at the same time. Similarly, μn − εn < 0 for large n
would mean (23) to fail.
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Lemma 1 suggests a modification of our test statistic in (9)

T̂n(c) :=
∑k

j=1

(
j n̂ j,mn (c) − 1

k

∑k
	=1 	 n̂	,mn (c)

)2
1
k

∑k
	=1 	 n̂	,mn (c)

which does not depend on the margins but only on the copula of the underlying df F .
The following result is a consequence of Theorem 1 and Lemma 1.

Theorem 2 Suppose that the df F is continuous and that its copula CF satisfies
expansion (δ − n) for some δ > 0. Assume mn → ∞ and mn/n → 0 as n → ∞, and
let c = cn satisfy cn → 0, mncn → ∞, and nc1+2δ

n → 0 as n → ∞. Then we obtain

T̂n(cn) →D

k−1∑
i=1

λiξ
2
i

with ξi and λi as in Theorem 1.

The condition nc1+2δ
n → 0 can again be dropped if the copula CF is a GPC. Note

that the assertion of Theorem 2 still holds if we replace the condition nc1+2δ
n → 0

with, e.g., the two assumptions mnc1+2δ
n → 0 and nc1+2δ

n → s as n → ∞ for some
s > 0; cf. Theorem 1 and (17).

3.3 The case of an arbitrary random vector with further assumptions

The strategy in the previous section was to set aside a lot of data to estimate the
marginal dfs of the random vector. Then a small part of the data is used to emulate
iid observations of the copula. This emulation is good enough that the asymptotics in
Theorems 1 and 2 are the same.

We will present two other ways to emulate iid observations of the copula without
setting aside data. However, each approach comes with a cost.

The empirical copula way: Let X(i) = (
X (i)
1 , . . . , X (i)

d

)ᵀ
, i = 1, . . . , n, be inde-

pendent copies of a random vector X . Then there are random ranks R j
i = |{	|X (	)

j ≤
X (i)

j }| = n · F̂j (X
(i)
j ), where F̂j is the empirical distribution function in the j th com-

ponent. Scaling the ranks linearly to lie in the interval [0, 1] produces what is known as
the empirical copula. The question arises what happens if the test statistic Tn is applied
to the empirical copula instead of the copula itself. The answer can be derived from
Bücher et al. (2014). The positive message is that Tn applied to the empirical copula
still converges in distribution to a random variable if condition (δ −n) is fulfilled. The
downside is that the distribution of this variable depends on the D-norm. So different
underlying D-norms produce different critical values.

Theorem 3 Let R j
i be the ranks of n independent copies of a random vector whose

copula fulfills (δ − n) for some δ > 0 and let c = cn satisfy cn → 0, ncn → ∞ and
nc1+2δ

n → 0 as n → ∞. Put

123



614 S. Aulbach et al.

n j (c) :=
n∑

i=1

1(1−c/j,∞)

(
max
1≤ j≤d

Ri
j − 1/2

n

)
(24)

and Tn(c) like in equation (9), then there exists a stochastic process W on [0,∞)d

such that the following convergences hold

√
ncn

(
j n j (cn) − mD

ncn

)k

j=1
→D ( j · W(1/j))kj=1 (25)

Tn(cn) →D

∑k
j=1( j · W(1/j) − 1

k

∑k
	=1 	 · W(1/	))2

mD
(26)

T ′
n(cn) := ncn

k∑
j=1

(
jn j (cn)

ncn
− mD

)2

→D

k∑
j=1

( j · W(1/j))2 (27)

as n → ∞.

Proof Consult Section 5 of Bücher et al. (2014). Our paper’s ncn is their paper’s k, our
D-norm ‖ · ‖D is their stable tail dependence function L and our δ is their α. Thus, the

n j (cn)/(ncn) above is their estimator L̂(1/j). By homogeneity of L , we have
jn j (cn)
ncn

−
md = j · (L̂ − L)(1/j). Because their paper’s stochastic process convergence implies
convergence in distribution on the compact set {1/j, j = 1, . . . , k} equation (25) holds.
For a precise definition of the limiting process W, we refer to their paper. Equation
(27) follows from the continuous mapping theorem. Further Tn can be rewritten as

Tn(cn) =
ncn

∑k
j=1

((
jn j (cn)

ncn
− mD

)
− 1

k

∑k
	=1

(
	n	(cn)
ncn

− mD

))2
1
k

∑k
	=1

	n	(cn)
ncn

. (28)

The denominator converges almost surely to mD , and therefore, the limit in Eq. (26)
holds as well. ��

The effect of the D-norm on the right-hand side of Eq. (26) will not cancel. There-
fore, the empirical copula approach of testing for a δ-neighborhood does not work
without knowing the underlying D-norm in advance. But if you know the D-norm,
you can instead evaluate the easier test statistic given by (27). The stochastic process
W can be simulated. You therefore can get the critical values of both test statistics
with a Monte Carlo procedure.

The parametric tail behavior way is another possibility to avoid splitting the data.
In this scenario, we have observations of an arbitrary random vector and assume

to know nothing about the marginal distributions but their tails, which could, e.g., be
given by generalized Pareto distributions.

Theorem 4 Suppose (X1, . . . , Xd)
ᵀ is a random vector with continuous univariate

margins Fj (y) = P(X j ≤ y) and a copula C with realizations (U1, . . . ,Ud)
ᵀ =

(F1(X1), . . . , Fd(Xd))
ᵀ, which fulfills (δ − n) for some δ. Let G j be dfs with
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G j (F
−1
j (1 − u)) = 1 − u + O(u1+δ) (1D-δ-n)

for all j as u ↓ 0 . Let c = cn satisfy cn → 0, ncn → ∞ and nc1+2δ
n → 0.

Then (Ũ1, . . . , Ũd)
ᵀ = (G1(X1), . . . ,Gd(Xd))

ᵀ does not necessarily define a
copula, but if we apply the test statistic Tn(cn) on these observations, we obtain the
same limit distribution as in Theorem 1.

Note that this theorem is stated with deterministic G j , j = 1, . . . , d, which fulfill
(1D-δ-n). In practice, only parametric estimates are available. In the light of Theo-
rems 2 and 3, it is plausible that doing the tail estimation and testing on the same data
leads to different limit distributions.

Proof It is sufficient to show that P(Tn(cn) = T̃n(cn)) → 1, where Tn is the test
statistic applied on the true copula observations U (i) and T̃n is the test statistic applied
on Ũ (i).

Define n j (c) and ñ j (c) as in equation (8) with the only difference that ñ j uses Ũ (i).
Because Ũ j = G j (F

−1
j (Uj )) and Uj is uniformly distributed, we have the series of

inequalities

P(n j (c) 
= ñ j (c))/n

≤ P(∃	 : U	 ≤ 1 − c
j , Ũ	 > 1 − c

j or U	 > 1 − c
j , Ũ	 ≤ 1 − c

j )

≤ d sup
	

P(U	 ∈ (G	(F
−1
	 (1 − c

j )), 1 − c
j ] or U	 ∈ (1 − c

j ,G	(F
−1
	 (1 − c

j ))])

≤ d sup
	

2 ·
∣∣∣G	

(
F−1

	

(
1 − c

j

))
−

(
1 − c

j

) ∣∣∣ = n O

((
c

j

)1+δ
)

and thus, we can assume P(n j (c) 
= ñ j (c)) ≤ n C(c/j)1+δ for some C > 0. Finally

P(Tn(cn) 
= T̃n(cn)) ≤
k∑
j=1

P(n j (cn) 
= ñ j (cn)) ≤ (nc1+δ
n )C

k∑
j=1

(1/j)1+δ → 0

as n → ∞, and therefore, T̃n has the same limit distribution as Tn has in Theorem 1.
��

Both the empirical copula way and the parametric tail behavior way require addi-
tional knowledge about the underlying distribution, but avoid splitting the data. This
can also be seen in Fig. 1, which features a flowchart on how to test some rv for a
δ-neighborhood with the methods presented in this paper.

4 Testing for δ-neighborhoods of a GPCP

In this section, we carry the results of Sect. 3 over to function space, namely the space
C[0, 1] of continuous functions on [0, 1]. A stochastic process η = (ηt )t∈[0,1] with
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Fig. 1 Flowchart

sample paths in C[0, 1] is called a standard max-stable process (SMSP), if P(ηt ≤
x) = exp(x), x ≤ 0, for each t ∈ [0, 1], and if the distribution of nmax1≤i≤n η(i)

equals that of η for each n ∈ N, where η(1), η(2), . . . are independent copies of η. All
operations on functions such as max, + and / are meant pointwise. To improve the
readability, we set stochastic processes such as η or Z in bold font and deterministic
functions like f in default font.

From Giné et al. (1990)—see also Aulbach et al. (2013) as well as Hofmann
(2013)—we know that a stochastic process η ∈ C[0, 1] is an SMSP iff there exists a
generator process Z = (Zt )t∈[0,1] ∈ C[0, 1] with 0 ≤ Zt ≤ q, t ∈ [0, 1], for some
q ≥ 1, and E(Zt ) = 1, such that

P(η ≤ f ) = exp

(
−E

(
sup

t∈[0,1]
(| f (t)|Zt )

))
, f ∈ E−[0, 1].

By E[0, 1], we denote the set of those functions f : [0, 1] → R, which are bounded
and have only a finite number of discontinuities; E−[0, 1] is the subset of those func-
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tions in E[0, 1] that attain only nonpositive values. Note that

‖ f ‖D := E

(
sup

t∈[0,1]
(| f (t)|Zt )

)
, f ∈ E−[0, 1],

defines a norm on E[0, 1].
Let U = (Ut )t∈[0,1] be a copula process, i.e., each component Ut is uniformly

distributed on (0, 1). A copula process U ∈ C[0, 1] is said to be in the functional
max-domain attraction of an SMSP η, denoted by U ∈ D(η), if

P
(
n(U − 1[0,1]) ≤ f

)n →n→∞ P(η ≤ f ) = exp (−‖ f ‖D) , f ∈ E[0, 1], (29)

where 1[0,1] denotes the indicator function of the interval [0, 1]. This is the functional
version of (1).We refer toAulbach et al. (2013) for details.Amore restrictive definition
of functional max-domain of attraction of stochastic processes in terms of usual weak
convergence was introduced by de Haan and Lin (2001).

FromAulbach et al. (2013, Proposition 8), we know that condition (29) is equivalent
with the expansion

P
(
U ≤ 1[0,1] + c f

) = 1 − c‖ f ‖D + o(c), f ∈ E−[0, 1],

as c ↓ 0. In particular, we obtain in this case

P
(
U ≤ (1 − c)1[0,1]

) = 1 − c (mD + r(−c)) , (30)

where mD := E(supt∈[0,1] Zt ) = ‖1[0,1]‖D is the uniquely determined generator
constant pertaining to η, and the remainder term satisfies r(−c) → 0 as c ↓ 0.

A copula process V ∈ C[0, 1] is a generalized Pareto copula process (GPCP), if
there exists ε0 > 0 such that

P
(
V ≤ 1[0,1] + f

) = 1 − ‖ f ‖D, f ∈ E−[0, 1], ‖ f ‖∞ ≤ ε0.

A GPCP with a prescribed D-norm ‖ · ‖D can easily be constructed; cf. Aulbach
et al. (2013, Example 5). Its characteristic property is its excursion stability; cf. deHaan
and Ferreira (2006). A copula process U ∈ C[0, 1], consequently, satisfies U ∈ D(η)

iff there exists a GPCP V such that

P
(
U ≤ 1[0,1] + c f

) = P
(
V ≤ 1[0,1] + c f

) + o(c), f ∈ E−[0, 1], (31)

as c ↓ 0. If the remainder term o(c) in expansion (31) is in fact of order O(c1+δ) for
some δ > 0, then the copula process U ∈ C[0, 1] is said to be in the δ-neighborhood
of a GPCP; cf. (δ − n).
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4.1 Observing copula processes

The test statistic Tn(cn) investigated in Sect. 3.1 carries over to function spaceC[0, 1],
which enables us to check whether a given copula process U = (Ut )t∈[0,1] is in a δ-
neighborhood of an SMSP V . Put for s < 0

SU (s) :=
∫ 1

0
1(s,∞) (Ut − 1) dt ∈ [0, 1],

which is the sojourn time that the process U spends above the threshold 1 + s. If
U ∈ D(η), then we obtain from equation (30)

P (SU (s) > 0) = 1 − P (SU (s) = 0)

= 1 − P
(
U ≤ (1 + s)1[0,1]

)
= |s| (mD + r(s)) .

Choose again k ∈ N, k ≥ 2, and put for j = 1, . . . , k and c > 0

n j (c) :=
n∑

i=1

1(0,1]
(
SU (i)

(
− c

j

))

where U (1), . . . ,U (n) are independent copies ofU . Then n j (c) is the number of those
processes among U (1), . . . ,U (n), which exceed the threshold 1 − c

j in at least one
point.

If U ∈ D(η), then each n j (c) is binomial B(n, p j (c)) distributed with

p j (c) = P

(
SU

(
− c

j

)
> 0

)
= c

j

(
mD + r

(
− c

j

))
.

Put again

Tn(c) :=
∑k

j=1

(
j n j (c) − 1

k

∑k
	=1 	 n	(c)

)2
1
k

∑k
	=1 	 n	(c)

. (32)

Repeating the arguments in the proof of Theorem 1, one shows that its assertion carries
over to the functional space as well.

Theorem 5 Suppose that the copula process U ∈ C[0, 1] is in the δ-neighborhood
of a GPCP for some δ > 0. In this case, the remainder term r(s) in expansion (30) is
of order O

(|s|δ) as s → 0. Let c = cn satisfy cn → 0, ncn → ∞ and nc1+2δ
n → 0 as

n → ∞. Then we obtain

Tn(cn) →D

k−1∑
i=1

λiξ
2
i ,

with ξi and λi as in Theorem 1.
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4.2 The case of more general processes

In what follows we will extend Theorem 5 to the case when observing the underlying
copula process is subject to a certain kind of nuisance. Let X = (Xt )t∈[0,1] ∈ C[0, 1]
be a stochastic process with identical continuous univariate marginal df, i.e., F(x) :=
P(X0 ≤ x) = P(Xt ≤ x), t ∈ [0, 1], is a continuous function in x ∈ R. X is said to
be in the functional max-domain of attraction of a max-stable process ξ = (ξt )t∈[0,1],
if the copula process U = (F(Xt ))t∈[0,1] satisfies U ∈ D(η), where η is a SMSP, and
the df F satisfies the univariate extreme value condition; for the univariate case, we
refer to Falk et al. (2011, Section 2.1), among others.

Let X(1), . . . , X(n) be independent copies of the process X and denote the sam-
ple df pertaining to the univariate iid observations X (1)

0 , . . . , X (n)
0 by F̂n(x) :=

n−1 ∑n
i=1 1(−∞,x]

(
X (i)
0

)
, x ∈ R. As in Sect. 3.2, fix k ∈ {2, 3, . . .}, choose some

integer mn ≤ n and put for c > 0 and j = 1, . . . , k

n j,mn (c) :=
mn∑
i=1

1(0,1]
(∫ 1

0
1(γ (c),∞)

(
X (i)
t

)
dt

)

=
mn∑
i=1

1[0,1)
(∫ 1

0
1(−∞,γ (c)]

(
X (i)
t

)
dt

)

=
mn∑
i=1

1[0,1)
(∫ 1

0
1[

0,1− c
j

](U (i)
t

)
dt

)

=
mn∑
i=1

1{U (i)�(1− c
j )1[0,1]} (33)

where γ (c) := F−1
(
1 − c

j

)
and the next to last equation holds almost surely. Again,

we replace the marginal df F with its empirical counterpart and obtain analogously
with γ̂n(c) := F̂−1

n

(
1 − c

j

)

n̂ j,mn (c) :=
mn∑
i=1

1(0,1]
(∫ 1

0
1(γ̂n(c),∞)

(
X (i)
t

)
dt

)

Thus, the rv n̂ j,mn (c) is the total number of processes X(i) = (
X (i)
t

)
t∈[0,1] among

X(1), . . . , X(i), which exceed the random threshold F̂−1
n

(
1 − c

j

)
for some t ∈ [0, 1].

Note that the distribution of the rv
(
n̂1(c), . . . , n̂k(c)

)ᵀ
does not depend on F but on

the copula process U since

n̂ j,mn (c) =
mn∑
i=1

1[0,1)
(∫ 1

0
1(−∞,γ̂n(c)]

(
X (i)
t

)
dt

)
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620 S. Aulbach et al.

=
mn∑
i=1

1[0,1)
(∫ 1

0
1[0,U〈n(1− c

j )〉:n ]
(
U (i)
t

)
dt

)

=
mn∑
i=1

1{
U (i)�U〈n(1− c

j )〉:n1[0,1]
} (34)

with probability one, where U1:n ≤ · · · ≤ Un:n denote the ordered values of
U (1)
0 , . . . ,U (n)

0 . The following auxiliary result is the extension of Lemma 1 to function
space. Its proof is similar to the one of Lemma 1 and is given in online supplementary
material.

Lemma 2 Suppose that the copula process U ∈ C[0, 1] corresponding to X is in the
δ-neighborhood of a GPCP for some δ > 0. In this case, the remainder term r(s) in
expansion (30) is of order O(|s|δ) as s ↑ 0. Choose mn ∈ N and cn > 0 such that
mn → ∞, mn/n → 0, cn → 0, mncn → ∞, and nc1+2δ

n → 0 as n → ∞. Then we
obtain for j = 1, . . . , k

(mncn)
−1/2 (

n j,mn (cn) − n̂ j,mn (cn)
) →n→∞ 0 in probability.

Analogously to Sect. 3, we now choose mn ≤ n and replace n j (c) in (32) with
n̂ j,mn (c) and obtain

T̂n(c) :=
∑k

j=1

(
j n̂ j,mn (c) − 1

k

∑k
	=1 	 n̂	,mn (c)

)2
1
k

∑k
	=1 	 n̂	,mn (c)

.

By this statistic, we can in particular check whether the copula process U =
(F(Xt ))t∈[0,1] pertaining to X is in a δ-neigborhood of some GPCP V . Its distri-
bution does not depend on the marginal df F of X but on the copula process U . The
next result follows from Lemma 2 and the arguments in the proof of Theorem 1.

Theorem 6 We have under the conditions of Lemma 2

T̂n(cn) →D

k−1∑
i=1

λiξ
2
i ,

with ξi and λi as in Theorem 1.

5 Testing via a grid of points

Observing a complete process on [0, 1] as in the preceding section might be a too
restrictive assumption. Insteadwewill require inwhat follows thatwe observe stochas-
tic processes with sample paths in C[0, 1] only through an increasing grid of points
in [0, 1].
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Let V ∈ C[0, 1] be a GPCP with pertaining D-norm

‖ f ‖D = E

(
sup

t∈[0,1]
(| f (t)|Zt )

)
, f ∈ E[0, 1].

Choose a grid of points 0 = t (d)
1 < t (d)

2 < · · · < t (d)
d = 1. Then the rv

Vd :=
(
V
t (d)
1

, . . . , V
t (d)
d

)ᵀ

follows a GPC, whose corresponding D-norm is given by

‖x‖D,d := E

(
max
1≤i≤d

(
|xi |Zt (d)

i

))
, x ∈ R

d .

Let now d = dn depend on n. If we require that

max
1≤i≤dn−1

|t (dn)i+1 − t (dn)i | →n→∞ 0,

then, by the continuity of Z = (Zt )t∈[0,1],

max
1≤i≤dn−1

|Z
t (dn )
i+1

− Z
t (dn )
i

| →n→∞ 0, max
1≤i≤dn

Z
t (dn )
i

→n→∞ sup
t∈[0,1]

Zt a.s.,

and, thus, the sequence of generator constants converges:

mD,dn := E

(
max

1≤i≤dn
Z
t (dn )
i

)
→n→∞ E

(
sup

t∈[0,1]
Zt

)
= mD. (35)

5.1 Observing copula data

Suppose we are given n independent copies of a copula process U . The projection
of each process onto the grid 0 = t (dn)1 < t (dn)2 < · · · < t (dn)dn

= 1 yields n iid rv in

R
dn , which follow a copula. Let n j (c) as defined in (8) be based on these rv. Note that

n j (c) depends on dn as well. But in order not to overload our notation, we suppress
the dependence on the dimension.

Moreover, we require that

P
(
U ≤ 1[0,1] + c f

) = 1 − c‖ f ‖D + O(c1+δ) as c ↓ 0 (36)

holds uniformly for all f ∈ E−[0, 1] satisfying ‖ f ‖∞ ≤ 1. Again a suitable version
of the central limit theorem implies

1

(ncn)1/2
(
j n j (cn) − ncnmD,dn

) →D N (0, jmD)
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and thus,
j n j (cn)

ncn
→n→∞ mD in probability, 1 ≤ j ≤ k,

yielding

1

ncnk

k∑
j=1

j n j (cn) →n→∞ mD in probability.

Theorem 1 now carries over:

Theorem 7 Let U be a copula process satisfying (36). Choose a grid of points 0 =
t (d)
1 < t (d)

2 < · · · < t (d)
d = 1 such that d = dn → ∞ as well as max1≤i≤dn−1 |t (dn)i+1 −

t (dn)i | → 0 as n → ∞. Let Tn as defined in (9) be based on the projections of
n independent copies of U onto this increasing grid of points. If c = cn satisfies
cn → 0, ncn → ∞ and nc1+2δ

n → 0 as n → ∞, then we obtain

Tn(cn) →D

k−1∑
i=1

λiξ
2
i ,

with ξi and λi as in Theorem 1.

5.2 The case of an arbitrary process

Now we will extend Theorem 7 to a general process X = (Xt )t∈[0,1] ∈ C[0, 1] with
continuous marginal df Ft , t ∈ [0, 1]. We want to test whether the copula process
U := (Ft (Xt ))t∈[0,1] ∈ C[0, 1] corresponding to X satisfies (36). As before this will

be done by projecting the process X onto a grid of points 0 = t (d)
1 < · · · < t (d)

d = 1

with d = dn →n→∞ ∞ and max1≤i≤dn−1

∣∣∣t (dn)i+1 − t (dn)i

∣∣∣ →n→∞ 0.

Let X(1), . . . , X(n) be independent copies of X and consider the n iid rv of pro-

jections X(i)
dn

:=
(
X (i)

t (dn )
1

, . . . , X (i)

t (dn )
dn

)ᵀ
, i = 1, . . . , n. Fix k ∈ {2, 3, . . .}, choose an

integer mn ≤ n, and put for 0 < c < 1

n j,mn (c) :=
mn∑
i=1

1(0,∞)

( dn∑
r=1

1(γ j,r (c),∞)

(
X (i)

t (dn )
r

))

= mn −
mn∑
i=1

1(−∞,γ j (c)]
(
X(i)
dn

)

which is the number of all rv X(i)
dn
, i = 1, . . . ,mn , exceeding the vector

γ j (c) := (
γ j,1(c), . . . , γ j,dn (c)

)ᵀ :=
(
F−1
t (dn )
1

(
1 − c

j

)
, . . . , F−1

t (dn )
dn

(
1 − c

j

))ᵀ
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in at least one component. Clearly we have

n j,mn (c) = mn −
mn∑
i=1

1[
0,

(
1− c

j

)
1
] (

U (i)
dn

)
(37)

almost surely where U (i)
dn

=
(
U (i)

t (dn )
1

, . . . ,U (i)

t (dn )
dn

)ᵀ
is the copula process of X(i)

dn
.

Again we replace γ j (c) with

γ̂ j (c) := (
γ̂ j,1(c), . . . , γ̂ j,dn (c)

)ᵀ

where γ̂ j,r (c) := F̂−1
t (dn )
r

(
1 − c

j

)
and F̂

t (dn )
r

(x) := n−1 ∑n
i=1 1(−∞,x]

(
X (i)

t (dn )
r

)
, 1 ≤

r ≤ dn , yielding an estimator of n j (c):

n̂ j,mn (c) =
mn∑
i=1

1(0,∞)

(
d∑

r=1

1(γ̂ j,r (c),∞)

(
X (i)

t (dn )
r

))

= mn −
mn∑
i=1

1(−∞,γ̂ j (c)]
(
X(i)
dn

)
.

We have
γ̂ j,r (c) = X〈n(1− c

j )〉:n,r ,

where X1:n,r ≤ X2:n,r ≤ · · · ≤ Xn:n,r are the ordered values of X (1)

t (dn )
r

, . . . , X (n)

t (dn )
r

for

each r = 1, . . . , dn , and 〈x〉 = min{k ∈ N : k ≥ x} is the right integer neighbor
of x > 0. Since transforming each X (i)

t (dn )
r

by its df F
t (dn )
r

does not alter the value of

n̂ j,mn (c) with probability one, we obtain

n̂ j,mn (c) = mn −
mn∑
i=1

1×dn
r=1[0,U〈n(1− c

j )〉:n,r ]

(
U (i)
dn

)
(38)

almost surely where U1:n,r ≤ U2:n,r ≤ · · · ≤ Un:n,r denote the order statistics of
U (1)

t (dn )
r

, . . . ,U (n)

t (dn )
r

. Since U (1)
dn

, . . . ,U (n)
dn

are independent copies of the rv

Udn :=
(
F
t (dn )
1

(
X
t (dn )
1

)
, . . . , F

t (dn )
dn

(
X
t (dn )
dn

))ᵀ
,

the distribution of
(
n̂1,mn (c), . . . , n̂k,mn (c)

)ᵀ
does not depend on the marginal df F

t (d)
r
.

The following auxiliary result is crucial and its proof, which is similar to the one of
Lemma 1, is given in online supplementary material.
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Lemma 3 Suppose that mn → ∞ and mn/n → 0 as n → ∞. Let cn > 0 satisfy
cn → 0, mncn → ∞, and nc1+2δ

n → 0 as n → ∞. Assume that

dn →n→∞ ∞ and lim sup
n→∞

(
max

{
m1/2

n

n1/2
,

1

(mncn)1/2

}
log(dn)

)
≤ 1

4
. (39)

Ifmax1≤i≤dn−1 |t (dn)i+1 − t (dn)i | → 0 as n → ∞ for a grid of points 0 = t (dn)1 < t (dn)2 <

· · · < t (dn)dn
= 1, then we obtain for j = 1, . . . , k

(mncn)
−1/2 (

n j,mn (cn) − n̂ j,mn (cn)
) →n→∞ 0 in probability.

Now we consider the modified test statistic

T̂n(c) :=
∑k

j=1

(
j n̂ j,mn (c) − 1

k

∑k
	=1 	 n̂	,mn (c)

)2
1
k

∑k
	=1 	 n̂	,mn (c)

which does not depend on the marginal df Ft , t ∈ [0, 1], of the process X . The
following result is a consequence of the arguments in the proof of Theorem 1 and
Lemma 3.

Theorem 8 Suppose that the process X = (Xt )t∈[0,1] ∈ C[0, 1] has continuous
marginal df Ft , t ∈ [0, 1] and that the pertaining copula process U = (Ft (Xt ))t∈[0,1]
satisfies (36). Let mn ∈ N and cn > 0 be sequences such that mn → ∞, mn/n → 0,
cn → 0, mncn → ∞, and nc1+2δ

n → 0 as n → ∞. Choose a grid of points 0 =
t (dn)1 < t (dn)2 < · · · < t (dn)dn

= 1 satisfying (39) and max1≤i≤dn−1 |t (dn)i+1 − t (dn)i | → 0
as n → ∞. Then we obtain

T̂n(cn) →D

k−1∑
i=1

λiξ
2
i

with ξi and λi as in Theorem 1.
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