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In this supplementary material, we give proofs to the Theorems in the Section We
begin by proving several useful lemmas.

Asymptotic Consistency

To prove Theorem [1} we need to introduce several lemmas firstly. The following lemma pro-
vides an initial approximation of m(z) by a spline function, resulting in an approximation
bias.

Lemma 1 (Corollary 6.21, |Schumaker (2007)) Define Ry(x) = B"(z)B3* — m(z). If As-
sumption (A1) holds, then there exists 3* € RN=*P such that

sup |Ry(z)| = sup |B"(2)B8" —m(z)| = O(N,").
z€[0,1] xz€[0,1]

The above results states that to prove Theorem (I} we can replace m by m*(-) = B*(-)3*
up to a order of Ny,”. In particular, we just need to prove ||/ — m*||3 = Op (n"!Nyy,).
Define
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Sn N;B(N)B <N> B<N> S; B<N> and 8 =SY%(B8 -8, (1)
where (3* is defined in Lemma

Lemma 2 (Lemma A.3,|Cao et al.| (2012)) There are two positive constants My and M,
such that except on an event whose probability tends to zero, all the eigenvalues of (N, /n)Sy,
fall between My and Ms, and S, is invertible consequently.

By Lemma and the definition of B() in , we have Y;; — B" (%) B =eij + Ryj —
BT (%) 0. This implies that
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where p(e;; + Ry;) is a constant term with respect to 6, so it does not change the minimum.
Let I,(0) be the operator defined in , that is,

g Jbé [P <€z’j + Ry — B” (}(,) 0> —plei+ an)] ,
and define
An(6) = [,,(0) — ) + Y ;i [ e;;)B <]JV) 0] . (3)

=1 7=1

Before proving Theorem (1} we need to obtain asymptotic upper bounds on A, (0), 1,(0)
and E (I7,(0)) in the following three lemmas.

Lemma 3 Under Assumptions (A1) - (A4) and (A6) and for a fized constant L > 1,

sup
6]l2<1

A, (N 9)' — op(1). (4)

Proof Bernstein’s theorem is used to prove that P (sup||9H2<1 ‘A ( 1/2L 9)‘ >

— 0, for any € > 0. To do this, first define I = {0 € RV»+P; H9||2 <1}, and find a
decomposition IT = IT; U --- U Ik, , where {I1, k}ngl are pairwise disjoint sets and for any
1 < k < K,,, diam(I1y) = maxg, g,err, {61 — 022} < go = eC~1N,,,n~1. Notice that we

Np+p
can find such decomposition with K, < (27%) + 1) . For each 1 < k < K,,, select
0. € II.. Then, by we have

‘A (N1/2L9) A, (N,;/QLG,C))

1<k<K N
1
< mi NY2L6 NI/QLB‘
< v n( ) = In( k)
1/2 1/2 ‘
+ min o !E( (N3*L0)) ~E (Lu(N}*L b))

N ' '
" 1<r£g}< Nl/zL Z Z [ W(eij) (]if) 6 —1(e;;) - B (J{7> ak]

= I+1II+1I.
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We proceed by obtaining an asymptotic upper bound for I, IT and I1l. Using the definition
of I,(0), we have

1 (7
N > {P <€¢j + R, — N,/°’LB <N> 9> —p(€ij + an)}
n 1 N ~ ,]

- Z N Z [P (%’ + Rp; — Ny/?LB” <N) 91:) —p (e + an)} ;
and using the mean value theorem on p(-) and Assumption (A2), we have
o ()
5 ()
()l

Similarly, max{I1, III} < N;'CnNY?Lmaxi<;<y HBT (%) ], minishs, 11-642. Com-
<j< , Min1<he

bining the previous results, we have

I <N, 1CnN1/2L max

max. min  ||@ — 6x||2.

1<k<K,

min }A (N1/2L 0) A, (N,;/?L 0k) ‘

1<k<K, N
5 ()
2

< 3N, 'Cqod, = 3ed,, (5)

< 3N, 'C rinn |6 — Ongan/QL max

where d, = N, | maxi<j< v (HB (%) HQLN#2 + Rl )|
By Lemma [2| one has N, [maxlngN HB (%)‘ QLN,%/Q} = O( N3/? 71/2) = o(1).

According to Lemma one has N,, maxi<j<n |Rn;| = O Ny ?) = o(1). Combining

these two upper bounds we have d,, = o(1). In particular, by and choosing d,, < 1/12,
we have

nin o ’A (N1/2L9) A, (N;/2L9k)‘<e/4. (6)

Forany 1 <i<mn,1<j<N,and 6§ cRV*P_define
Using an argument similar to equation 1} we can prove that supjg,<1 [£2:;(8)| = O(N,, b,

and consequently supg,<1 [£2i;(0) — E(£2:5(8))| = O(N,, —1). Using the previous equatlon
we have supjg|,<1 > _j—; Var (% ijl Qij(B)) = O (nRN~'N;;!). Using the above three
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upper bounds, Bernstein’s Inequality and Assumption (A1), we have

1
P sup — |4, N:,L/QLG ) > ¢
<||9||2<1 N < )

N=INL' + Nyot(eN,,/2n)

1
n
2
< K, exp (_ Cn (eNp,/2n) )
<_ Ce?NN3, )

Therefore, the Lemma [3] is proved.
The asymptotic bound for I7,(0) is given by the following lemma.
Lemma 4 Under the Assumptions (A1) and (A4), for a fixed constant L > 1,

sup lei‘;;i[w(em@ (jv) o] — op(1).

[6]l<L
Proof Notice that by Assumption (A4) and Lemma [2| one has
1

; }Vi i) B (5 ) o]

Var
1
Nm/ i=1 " j=1

n

1 &1 2| pr(J ?
<— =) Efpley)) |B* (=)0 <CON.,' 0|2
<3 1§ LB 5 (%)6] <onztiol.
Using Tchebychev’s Inequality, the lemma is proved.
The last asymptotic bound needed is given by the following lemma.

Lemma 5 Under Assumptions (A1) - (A5) and for a fized constant L > 1,

P ( inf
16]|-=L

Nm

L [Fn (N,}/Z‘e)} ‘ > o) 1
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- 2
Proof By Lemma [2 we can assume that supg,<r, <an| + NY? HBT (%) 0H2> < C. By
Assumption (A4) we have

s (1 (v410)
R,;—N}/*B"(%)6

- 12 Z/ P s + ) du

n N rR.,;,—NY?BT(L)e j
) (N) u + O(u?)du

N . . 2

_ ar—1 1 J\1 125 [ J 2
S (N[ (a (9N o) n-vep e (S

= J— - BT = _N_ n.BT P
Y o(x) [z (B (5)0) -mtnad(5)o

Jj=1

+0(1)

+o(1)

N

> Cn inf §(x )63 - Z ZN V2R, B* <ij> 6+ o(1)
= CnL? — CnL + o(1), (8)

which is positive for large enough L. This finishes the proof of the lemma. O

The following lemma is standard in the spline approximation theory and we omit the
proof here.

Lemma 6 (Theorem 5.4.2,DeVore and Lorentz (1993)) There is a constant Cp, > 0,
such that for any spline S(-) = ZJ’"I p’}/JBJ() of order p, and for each 0 < p < oo,
CpNy VI < 1ISIE < Ny tlivlig, where v = (1—p, - - ,,) "

Proof (Proof of Theorem|1]) Combining Lemmas and |5}, and using the convexity of p(-)
we have

1 1
P( inf —I'(NY?6 >0>:IF’< inf —I'(NY?@ >0>
<||e||2>L N, ( ) I6l=L Ny, ( )

This in turn implies

n N .
P inf Z]iszlp(eij—l—an—Ngl/?LBT <]]\7> 9) >Z$Zp(6ij+an)

1/2
H0||22LN771 ’L:1

— 1. )
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Define § = S,/ <ﬁ—,6’*) = arg mingcpnn,+» I1(0). By equation @) one has ||0]|; =

Op(Nﬁzm), and using Lemma we obtain |8 — 8*||3 = Op (n"'NZ) . The approximation
property of B-Splines implies that [i() — B(-)"8[3 = | B()™(8 - 8°)I13 = O(N;)|I3 -
B*|I3 = Op (nile) , where the second-to-last equality comes from Lemma @ Finally, by
Lemma [1] and Assumption (A2), Theorem [1|is proved. O

Asymptotic Normality

In this section we will prove the asymptotic normality of the estimator m(z) for 0 < z <
1. Let W, = S:2?W,S7Y2 and 6 — ng > %Zj\leé (%) Y (eij), Where W,, was
defined in equationA. T~he first step is to obtain an asymptotic upper bound on the
difference between 6 and 6.

Lemma 7 Under Assumptions (A1) - (A7), we have N%l/QHGA — 0|2 = op(1).

Proof By Assumpti~0n (A5), note that Wn is invertible and, for all n, Amin (Wn) > >0
for some constant A\y. We will use an to the proof of the Theorem |1 and first show that,

for any fixed € > 0, P (ian;1/2H0_9~”2>E N HT(6) — I(0)] > 0) — 1. To prove the above

result, using the convexity of p(-), we only need to show that

P inf N Y(0)—I'(0)] > 0; N2 0] <L | — 1. (10)
Niz'/?(16—6]) ==

Using and the argument similar to show the bound in equation , we have

n N ;
N,'T(6) = N,,' | An(8) + E(I0,(6)) — > % > vleq) B’ <zjv> b
i=1 Jj=1

| "W, 0 ~ ~
=N, |A.(0)+ % - 0"W,,0

m

+o(1). (11)

Notice that 20"W,0 = 6"W,0 + 6"W,0 — (6 — 8)"W,, (8 — 6). Substituting this into
equation ([L1]) we obtain

1 1 [(0-0)W,(6-6) 6°W,6
In particular we have
1 _ 1 0™W,,0 _
—1,(0) = N [— 5 An(0)| + o(1). (13)
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Using Lemmas [2| and Assumption (A3) we have 0]y = O(ern/ 2), which implies that for
a large enough constant L > 0, we can assume Nn_zl/QHéHg < L. Notice that if NW_ZI/QHG —
0|2 = ¢ and N;1/2H0~||2 < L, then Nrﬁl/QHGHQ < L + e. Subtracting equation from
we get,

inf

1 ~
— |r@y-r@é ’
N /2(|60—6||2=¢,N:n"?||6]|2< L Np, (©) ©)

N é)T?"(e =)\ A 0)— ALE)| +o(1)
SN2 o NRANE) o) = 2 o),

N 2)10)<L+e

where the last equality comes from Lemma |3l This proves equation and implies that
anl/2||é — 0|z = op(1). Lemmais proved. O

Proof of Theorem [2]

Proof By Lemmas [2] and [7} we have

|68 -s.726)| —|s.12[sv28-p) 8]

o

=op (Nmnfl/Q) ,

2

which implies that, for any vector v € RN=*P with ||v|| < L, for a fixed constant L > 0,
(B B =755 + op (N )
— ~Tyy—1 il J g —1/2
W ;N;B<N> Wlew) +or (Nan2). (14)

We can rewrite

n N

TS B (3) e =X yvwten (15)

where v = (VTW;lB (%) o, Y"WoLB (%))T Notice also that

Var (i vaTw(ei)> = iN*Q'vTGi'v.
i=1

i=1
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Using this calculation, we can rewrite equation 1 as y -, a;&;, where a% = N20"G,v,

1 < i < n, and {&}, are independent with mean zero and unit variance. By Linde-

berg’s Central Limit Theorem, if max;—1,_,a?/ >~ a? = o(1), then &%5 converges
i=1 %

in distribution to N(0,1). According to Assumption (A4) and Lemma i we have

max a < ma X N™ ZHUH?ZE (€i5)]

i=1,...,n i=1,.

N 2
< -1 Typy—1 J _ 2,2y
<CN ]El (’y W,,'B <N>> O(N;,n" )

We also have 1" ja? = Y | N 20"Gvo > N "Ny W, 'S, W, 1y = O(N,,n "IN,
where the inequality comes from the Assumption (A7), and the last equation from Lemma
Collecting the previous bounds we have

lilfaanQ/; 2 = O(N,,Nn™1) = 0(1)

due to Assumption (Al). This proves that the condition of Lindeberg’s central limit theo-
rem is satisfied. Setting v = B(x) we obtain

Y NG =B (x)"W,' <Z N‘QIBBTGJB%> W 'B (z) = D, (),
=1

i=1

and due to the Assumption (A1) and we finish the proof of Theorem O
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