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Appendix S1. Derivation of asymptotic results

We first present two lemmas to assist the proofs of all the theorems. The key idea of the
proofs is to approximate each of the corresponding weighted estimating functions by a sum of
independent and identically distributed random variables to establish its asymptotic normality
using the central limit theorem.

Lemma 1 Suppose sup |hn(t) —h(t)| = 0, sup |gn(t) — g(t)] — 0, where
te(0,7] t€[0,7]
(a) his continuous on [0, 7]

(b) gn(-) and g(-) are left continuous on [0, 7] with total variations bounded by a constant B,

independent of n and t.

Then
t t t t
sup | [ hlu) dgate) = [ 1y 0. swp | [ o) dgatn) = [ hatudgu)] 0.
tefo,r] Jo 0 tefo,7] Jo 0
t t t t
swp | [ gulw)din(w) ~ [ gidhw] > 0. swp | [ gafu)dhn() ~ [ gl -0,
tefo,r] Jo 0 tefo,7] Jo 0

Lemma 2 Under the regularity conditions listed in the Appendix of the main manuscript, we

have

(1) Man(t) = n= Y230 Vim 2(Fi — mi)M;(t) converges to a zero-mean Gaussian process
Wan with continuous sample paths.
(2) sup ||Mgan(t)||—0 in probability as n — oo, where
tel0,T
_ i Vi b
Mpan(t) =n"2 (1- — ) | [E{dMi(s) | Wi} — E{dMi(s) | Wi}].

i=1

(3) Mg, (t) converges to a zero-mean Gaussian process with continuous sample paths, where
MEn(t) = 77,71/2 Z?:l V;(’frz — 7T1)7T1_2E{Mz(t) | Wz}

(4) sup ||Mggn(t)||=0 in probability as n — oo, where

tel0,T

Mpga(t) =+ 3 (1 - ”) [ Btz | Wy - Bz | W

T
i=1 v
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The proof of Lemma 1 is similar proof to Lemma A.3 of Bilias et al. (1997). The proof of
Lemma 2 follows immediately from Lemma 1 to Lemma 4 in Wang and Wang (2001).

1 Proofs of Theorems 1 and 3

We only give the proof of Theorem 1. Theorem 3 can be proven in the same manner. There are
four steps. The result in the first step, i.e., Eq. (1) is a direct application of Corollary II1.2., a
corollary to Theorem III.1, given in the Appendix (p. 1118) of Anderson and Gill (1982).

Step A1. Using Corollary II1.2 given in the Appendix (p. 1118) of Anderson and Gill (1982),
we have

sup ||S() (. t) — s (1)]| =0 (1)
tel0,7]

almost surely for £ =0, 1.

Step A2.  We establish the asymptotic normality of n='/2U,, (3, 7). Write Ugy(B,7) =
Bl + BQ, where

B - ZZ/OT{Zi—e(t)}dMi(t),
By — —Z;/z/OT{st(w,t)—e(t)}dMi(t).

Using Lemma 1 we can show that n~'/2 By converges to 0 in probability. Let M, (t) = n=Y/23""" |
(Vi/mi)M;(t). Using regularity conditions (a4) and (a6) and that M, (¢) is the difference of two
non-decreasing processes, M, (t) converges weakly to a process Wy, (t) with continuous sample
paths on [0,7] by Example 2.11.16 of Van Der Vaart and Wellner (1996, pp. 215). By the
strong embedding theorem (Shorack and Wellner 1986, pp. 47-48), there exists a new probability
space where (Mn,S§B (w,t),5§?3 (7r,t))—>(WM,8(1)(25),3(0)(75)) almost surely. For SE;B(?T,t) and
549 (77 t) are left continuous with bounded variations on [0, 7], applying Lemma 1 twice we have
fo sw (T, 1) dM,, (1) — j;) t) dWis(t) almost surely. Similarly, fo t) dM,, (t)— fo t) dWs(t)
almost surely. Hence n—1/ 2B2 —0 almost surely in the new space, and the convergence is in prob-
ability back in the original probability space. So n~/2Uy, (8, m) can be approximated by the sum
of independent and identically distributed zero-mean random variables n~1/2 S (Vi/m) My i
with variance equal to ¥4, (7) = var{(V/m)M}. By the central limit theorem,

12 Usy (B, m)—N(0, Sy (7)) in distribution. (2)

Step A3. Applying (1) and Lemma 1, we can get

10 . -
_E%Uw(ﬁ, ) — ¥—0 in probability. (3)
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Step A4. We establish the asymptotic normality of n'/ QBsw(ﬁ). Rearranging the Taylor
expansion of n~Y/ 2U,w(B, ) at the true parameter value (3, we obtain
1 10 -1
nH{Buum) = ) = {1 55U (B m)a=p | U(6,) ()

where 8% is in the interval between By (7) and . The asymptotic normality of n'/? Bsw (7) follows
from (2) - (3), and using the asymptotic normality the consistency of B4, (7) can be derived.

2 Proof of Theorem 2

Theorem 2 presents the results for the simple weighted estimators with 7. The key steps to prove
Theorem 2 are similar to those to derive Theorem 1 while complications are in the arguments
concerning 7(w). The following five steps are used.

Step B1. We show that

sup [|S®)(7,t) — s (¢)|]—0 in probability. (5)
te(0,7]

Using a Taylor expansion of 1/7 about 7, we write Ss(lfu) (7, 1) as
1 &K V(7 —m))
S (m,t) — - > %Yj(ﬂzj@k + 0p(1)
=1 J

Using (1), we only need show that the second term converges to 0 in probability uniformly in ¢.
We give the proof for k = 0 and the proof for k =1 is similar.
Let a, =n~! Ej V(7 —m;) j_QYj(t), and let f(W;) = (nh®) =1 Y| Ky(W; —W,). Then

Sy ViV — ) w2 K (W — Wi)Y5(t)
*Z (7, )
g”  Vi(Vi — m) K (W — Wi)Y;(t)
n? gg w2hd f(W;) '

By Taylor’s expansion of 1/f(W;) about f(W;), (6) can be written as Sy, — San + 0p(1),
where

(6)

n n _ﬂ_] K W W
1"_n222 th;( ) 0

Vi — ) Kp(W; — WYt (W) — F(W;

After some tedious calculations, we can show that var(S1,) = O,{h*" +(nh?*?)~1} — 0, implying
S1,—0 in probability. Similarly, Ss,—0 in probability, thus a,—0 in probability. Since a,, is
monotone and bounded in ¢, the convergence is uniform in ¢.
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Step B2. Using Taylor’s expansion and through tedious calculations, we can show that

n

S (fi )Mz =n %Z M |W;) + 0p(1). (7)

i=1 " i=1

| =

n

D=
3

Step B3. We establish the asymptotic normality of n=/2U,,,(3,7). By a Taylor expansion
of 7 about 7, n™'/2U, (8,7) = Cip + Cap + O3y, + Cup, Where

Clearly, Cy,, is a sum of independent and identically distributed random variables and Cs,, can
be approximated by a sum of independent and identically distributed random variables as in
(7). We show that Cs,, and Cy, converge to 0 in probability. It follows from Step Bl that
supieio,r| | Zsw(7,t) —e(t)|| — 0 in probability. Applying the strong embedding theorem (Shorack
and Wellner (1986), Page 47-48) and the similar arguments as in Theorem 1 (with Zg, (1)
replaced by Z,,,(#,t)), we have C3,—0 in probability. To show Cy,,—0 in probability, we use

5 a i Vi
Cin < supreqo.ril| Zow(F,t) —e(t)[[n72 > o (i = i) Mi().
i=1

Hence n~'/2U,,, (3, #) can be approximated by a sum of independent and identically distributed
random variables:

n

Zm/ {Z; — e(t)YdM;(t) +n~ 2Z@E(MZ|W¢).

=1 =1 v

By the central limit theorem,
n- 2Usw(ﬁ, 7)—N(0, E” v (7)) in distribution. (8)

Step B4. We show that —2 -2 5Usw (B, %) — X—0 in probability.

j“,fﬁ ol Zm/ {Z: — e i() 2] dt

%Zm/{ ZouR YY) 28 dt
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By Step B1 and the Slutsky Theorem, supte [0,7] | Zsw(7,t) — e(t)||—0 in probability, with which
we can show that 1/n 7" | V;/7; [ {e(t) — Zsw (7, 1) }Y;(t) ZT dt — 0 in probability. By the Taylor
expansion, the first term asymptotically equals the sum of the following two term:

=38 [z - oz o

n

Ba= 23 L m) [ 12— copiozTa

n -
=1

And By — E[V/7 [[{Z — e(t)}Y (t)Zdt] = ¥ in probability. By similar arguments for (7), we
can show By converges to 0 in probability.

Step B5. The consistency of By, (7) and asymptotic normality of n1/235w(%) can be estab-
lished in the same manner as for n'/2f,,(7) in Theorem 1.

3 Proofs of Theorem 4

Theorem 4 includes results for three FAWEs. The asymptotic distribution theory for B taw (T, E)
can be established similarly as for Bsw(fr) in Theorem 2. Also using similar techniques for devel-
oping the asymptotic distribution theory for Bsw(fr) and B Faw (T, E), we can derive the asymptotic
distribution theory for B Faw (T, E‘) So we only present the proofs for B Faw (T, E) The key steps
of the proofs are similar to those of Theorem 1. Complications are in the arguments regarding
the conditional expectations estimated by the Nadaraya-Watson (Nadaraya 1964; Watson 1964)
estimator. R

We use the followng four steps to derive the asymptotic distribution theory for Bq., (7, E)

Step C1. We show that

sup [|S%) (m, B,t) — s (£)||=0 in probability. (9)
te[0,7]
Write
1Y ok ok
Sfaw()ﬂ-Et EZ; Z + = Z 1_7 () (Z |W)
1 - R
gy (1 ) HeEE W - B W o)

Using Corollary I11.2 given in the Appendix (p. 1118) of Anderson and Gill (1982), the sum of
the first two terms converges to s(*) (t) uniformly in ¢t. With similar techniques in Step B1, we
can show that the last term in (10) converges to 0 in probability.
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Step C2. We establish the asymptotic normality of n_l/Qﬁfaw(ﬁ, 7). Write
Ufaw(B, 7 {2~ Zpau(m B.0) } ang;
fou0sm) = 3> 2 [ Zyautr B0} 1)

=1
n

+3(1- 1) [ BAZAM) | W) - Zpou(m BN ()| W)

= Uln - U2n + U?m + U4n - Ufma

where

_ Z WK /T{ZZ- — e(t)} dM;(1)

Uzn—zﬂ_l/{zfaw Et)fe()}dM()

=1

v =3 (1-2) [(1Btzasw | W) - B0 | Wy

Uin =3 (1 - :) /0 (B{Z:dM(t) | Wi} — EAZi dMi(t) | W]

Us,, = Z ( > /OT[Zfaw(ﬂ E ) E{dM;(t) | W;} — e(t)E{ dM;(t) | W;}].

i=1

Following similar arguments and techniques in Step B2, we can show that n=/2Us,,, n='/2U,,,
and n=1/2Us, converge to 0 in probability.

Then n~1/2U taw (B, ™) can be approximated by the sum of independent and identically dis-
tributed random variables:

T

n—%gﬁ{/oT{zi—e<t>}dMi<t>+ (1= 2) Btz - et anse) | wil}.

By the central limit theorem,
n_%f]\faw (B,7)—N (0, faw(7))in distribution. (11)
Step C3. We show that

1 0 ~

o Ufaw(b’, ) — £—0 in probability. (12)



Weighted Estimating Equations for Additive Hazards Models 7

Write —1/n aﬁfaw(ﬁﬂr)/aﬂ = U + Us, where
T ~
_ ®2 Vi ®2
Ulf,zm/ )22t + — § (17“)/0 EY,(t)Z2%%dt | Wi}

Iy %Yi(t)ZTdt + %znj (1 - :) B{v.t)27 | Wi}dt]

n
i=1 " i=1 v

Us

—/ Zfaw(ﬂ',E,t)
0

T - 1
__ /0 Ztan(m, B, )8 (, ,1),

And the results can be shown by applying similar arguments used in Step B2.
Step C4. The existence and the consistency of 5 faw( E) as well as the asymptotic normality

of nl/QB\faw (7, E) can be established similarly as that of nl/Qﬁsw( ) in Theorem 1.
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