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Abstract This paper develops a frequentist model averaging approach for threshold
model specifications. The resulting estimator is proved to be asymptotically optimal
in the sense of achieving the lowest possible squared errors. In particular, when com-
bining estimators from threshold autoregressive models, this approach is also proved
to be asymptotically optimal. Simulation results show that for the situation where the
existing model averaging approach is not applicable, our proposed model averaging
approach has a good performance; for the other situations, our proposed model aver-
aging approach performs marginally better than other commonly used model selection
and model averaging methods. An empirical application of our approach on the US
unemployment data is given.

Keywords Asymptotic optimality - Generalized cross-validation - Model averaging,
Threshold model

1 Introduction

Threshold models have developed rapidly over the past three decades since the pio-
neering studies of Tong and Lim (1980) and Tong (1983, 1990). Chan (1993) studied
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the consistency and limiting distribution of the estimated parameters of threshold
autoregressive (TAR) models. Hansen (2000) developed the asymptotic distribution
for the threshold estimator with a shrinking threshold effect. Delgado and Hidalgo
(2000) proposed estimators for the location and size of structural breaks in a non-
parametric regression model. An important question in the study of threshold models
is the selection of a candidate model. Kapetanios (2001) compared the small sample
performance of different information criteria in threshold models. Model averaging
(MA), as an alternative to the model selection (MS), considers model uncertainty by
weighting estimators across different models, instead of relying entirely upon a single
model. The MA estimator is generally more stable than the MS estimator, as a small
change in data can lead to a significant change in the selection of the optimal model
(Yang 2001; Shen and Huang 2006).

There are two strands of literature on model averaging: Bayesian model averaging
(BMA) and frequentist model averaging (FMA). Cuaresma and Doppelhofer (2007)
applied the BMA to take an average over possible threshold effects and associated
threshold observations. From the frequentist perspective, there are two research fields
on model averaging. One is on the limiting distribution theory of FMA estimator; see,
for example, Hjort and Claeskens (2003) and Xu et al. (2013). The other is on how to
choose weights in model averaging. Hansen (2009) applied Mallows model averaging
(MMA) in weight choice of averaging threshold models. He performed averaging on
models with and without a threshold effect, but did not consider models with different
threshold parameters and explanatory variables.

In the current paper, we explore how the FMA approach can be used to obtain an
average of threshold models. Two cases are considered. In Case I, we first estimate
the threshold parameters of different candidate models and then perform averaging on
these threshold models with different explanatory variables. In particular, we consider
the averaging of TAR models. In Case II, models with a break at different observed
threshold points are considered as different candidate models. We do not estimate the
threshold values in this case. In MMA, the variance of random error o2 is estimated
by the model with the largest number of variables (referred to as the largest model),
which leads to the following two problems:

(i) For Case II, the largest model is not unique.
(i) Even if there exists a unique largest model, using it to estimate o> places too much
confidence on a single model.

To address these two problems, this paper develops a new MA approach based on
the approximate generalized cross-validation (GCV) method of Craven and Wahba
(1979), for which the existence of a unique largest model is unnecessary and the
estimation of o> depends on the weights of MA. The resulting averaging estimator
is proved to be asymptotically optimal in achieving the lowest possible squared error.
In Case I, since the estimator of the threshold parameter is random, the associated
coefficient estimator is not a linear combination of the dependent variable. As a result,
the proof of asymptotic optimality is more challenging than the existing proofs for
other MA methods, such as MMA and optimal frequentist model averaging (Liang
etal. 2011).
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We investigate the performance of the proposed averaging estimators numerically.
The simulation results show that in most cases the new MA estimators have lower
MSEs than the MS estimators and other MA estimators. We also apply our method
to analyse the unemployment data for the USA and show that our model averaging
estimator has better forecasting performance than its competitors.

The remainder of this paper is organized as follows. Section 2 introduces the thresh-
old model and the estimation method. Section 3 provides the criterion for selecting
weights and develops the asymptotic optimality theory of the averaging estimator.
Section 4 compares our MA estimators with some commonly used MS and MA esti-
mators. Section 5 presents an empirical application of our method. Section 6 concludes
the paper. The technical proofs are are given in “Appendix”.

2 The model

We consider a threshold regression model with a possible threshold effect,
yvi=wi+e =x;pil(zi <y)+xBlzi>y)+e, i=1,...,n, (1)

where y; is the dependent variable, x; = (x;1, x;2, ...) are the explanatory variables
which can be countably infinite, 81 and B, are two vectors of coefficients, I(-) is
an indicator function, z; is the threshold variable and can be part of x;, y is the
threshold parameter, and ¢;’s are errors with E(e;|x;) = 0 and E (e?|x,~) = o2 Let
Y = O, e = (er,...,ey) and u = (1, ..., y) . In application, u is
generally approximated by

w=X(y)B,

where X (y)is ann x 25 matrix with the ithrow ((x;1, . .., x;)l(z; < ¥), (xi1, ..., Xip)
I(z; > y)) and B is the corresponding coefficient vector. Since the threshold models
can be regarded as piecewise linear models, the estimation and averaging methods for
linear models can be employed. In a similar way to Hansen (2000), we estimate the
parameters by conditional least squares. Let

SB.y) =X =X()B) 'Y - X()B), @)

which is the sum of squared errors (SSE). By minimizing (2), we obtain all theA estima-
tors. We assume that y belongs to a bounded set I' = [y, y]. First, given y, B(y) can

be obtained by minimizing S(8, y). We then replace by ,3()/), and the SSE becomes
S(B(y), y), which is written as S(y). The estimate of y is defined as:

p = argmin S(y),
yel,

where I'; = {z1,...,2,} NT. Let z(;) be the ith smallest element in {z1, ..., z,}.
To ensure that the model is estimable, I is assumed to satisfy y > z(;41) and y <
Z(n—y—1)- We also assume that I', is non-empty.
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3 Model averaging and weight choice

In this section, we propose a new criterion for selecting the optimal weights. Two
cases are considered. For Case I, we consider the uncertainty caused only by different
explanatory variables, and in Case I, we perform averaging on both different threshold
parameters and different explanatory variables. All limiting processes discussed in this
section are with respect to n — 00.

3.1 Averaging for models with estimated y

In this subsection, we aim to average threshold models with different explanatory
variables. We consider model averaging for threshold models that do not contain
lagged dependent variables and model averaging for TAR models. Moreover, we show
the asymptotic optimality of the proposed MA estimators in both cases under certain
regularity conditions.

3.1.1 Averaging for threshold models without lagged dependent variables

Assume that the errors (eq, . .., e,) are i.i.d. We consider a sequence of approximating
models among which the mth model includes k,, explanatory variables that form the
VeCtor x(); . Specifically, the mth model is:

Y = Xum)(¥)Bam) + € 3)

/

(m)l'I(Zi > y)) and
of full column rank, B,) is the coefficient vector of X (,,)(y), e(m) = /L(Cm) (y)+e,and

where X ;) (y) is a matrix stacking the vectors (xém)l.l(z,- <y)Xx

the term ,u(cm)(y) = 1t — X(m)(¥)Bom) of which is the approximation error of model
3).

Following the estimation method in Sect. 2, we can obtain the estimated threshold
parameter Y,y and coefficient

Bimy = Xy @) X my D) ™" Xy D)) Y (4)

under the mth model. Let X(m) = X(m) (]7(,”)) and 13(m) = )A((m) ()A(Em)f((m))_lx/

(m)’
so that the estimator of 1 under the mth candidate model is given by L) = Pin)Y.
Denote w = (wy, ..., wy), a weight vector in the unit simplex in R

~

M
H, = we[O,l]M:Zwmzl},

m=1

where M is the number of candidate models. Note that 7, is a continuous set and is
different from the weight set in Hansen (2007), which is discrete. In addition, Cheng
et al. (2015) used a continues weight set, which is more general than the discrete set
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of Hansen (2007) but is still a subset of H,,. The MA estimator of © can be expressed
as

M M
AW) =D Wl = ) wnPanY = Pw)Y,
m=1

m=1

where P(w) = fozl Wy f’(m) is symmetric but not necessarily idempotent. The
squared error is L,(w) = |a(w) — ,u,||2, and the corresponding risk is R, (w) =
E(L,(w)|X,Z), where X = (x1,...,x,) and Z = (21, ...,2n).

When o2 is known, one may obtain weights by minimizing the following Mallows’
criterion proposed by Hansen (2007):

Co(w) = ||Y — ()| + 202tr P(w).

Since o2 is usually unknown in practice, Hansen (2007) suggested estimating it by

the largest candidate model, i.e.

5% = — k)" Y = e |
where M* = arg maX,¢(1,... m} kn. It is shown that as n — oo, if kp+ — o0 and
ky+/n — 0, then 62 is consistent and the asymptotic optimality result still holds for
unknown o2,

In time series case, Hansen (2008) applied this criterion to averaging autoregressive
models. However, the largest model may not be unique in practice. In fact, even if the
largest model is unique, using the single model to estimate o> may deviate, in some
sense, from the objective of model averaging. Motivated by these concerns, we develop
a new least squares MA estimator for threshold models. The criterion for selecting
weights is as follows:

3
La(w) = Y — f(w)]? (1 12 n(“’)) . )

If we set one component of the weight vector w to be 1 and the others to be 0, then
(5) reduces to a criterion for model selection. Therefore, one may approximate the
GCV criterion by the MS version of (5) and use it to relate GCV to Mallows’ C),
(Li 1987). For any fixed w in (5), | Y — a(w) ||2 /n is the mean of residual squared
sums of the MA estimator (w). If we take it as an estimator of o2, then £, (w) can
be regarded as another estimator of C, (w). As mentioned previously, Hansen (2007,
2008) estimated o2 based on the largest model. We use a averaging estimator of o2
instead. Thus, our criterion can be viewed as an adjusted Mallows criterion, which can
be used in more general cases because MMA would be infeasible when the largest
model is not unique, as is the case in Sect. 4.2. If the covariance matrix of the error
term e is not diagonal, to estimate the inverse of the covariance matrix, we may use
the estimators proposed by Cheng et al. (2014, 2015).

We rewrite £, (w) as L, (w) = w’é¢’ew(1 + 2w’'K /n) for simplicity, where K =
ki, ... kp)', e = (eqys ..., ) and éuyy = Y — fion). When constraining w to
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'H,,, we can obtain weights through minimizing £, (w), i.e. w = argmin, e, L, (w).
The estimator f1(w) is referred to as the adjusted Mallows model averaging (AMMA)
estimator of p hereafter. Note that although £, (w) is a cubic function of w, the
numerical algorithms for minimizing such a criterion are actually readily available.
For example, one can use ‘solnp’ in the R package ‘Rsolnp’. Therefore, our AMMA
approach can be easily performed in practice.

Note that for each candidate model, the estimator of u depends on a random item
Pm, thus causing problems for conducting the asymptotic optimality. So the theory in
this subsection is not just an extension of that of Hansen (2007). To solve this problem,
we try to find a properly defined limit for ¥,y under each candidate model. We assume

that there exists a constant y(";n) such that ) RN y(”;n), where y(fn) is not necessarily
equal to the true value yy. If z; = i /n and k,, is bounded, the convergency was proved
by Koo and Seo (2015). However, if k,, is related to n, further work is required.

Let X0y = Xon Von)s Piwy = Xy (XZ‘,;>XE‘m>)71XEl;>’ P*(w) = Y| Wi
P(’;n), A*(w) =1, — P*(w) and L% (w) = || P*(w)Y — w||?. Then we have R¥(w) =
E(L:(w)|X, Z) = [[A*(w)ul*> + otr P*>(w). Define & = inf,,cp¢, R (w) and
Amax (A) as the maximum singular value of matrix A. The following theorem states
the asymptotic optimality of the AMMA estimator.

Theorem 1 For some finite integer G > 1, if

E(ef9x;) < oo, ©
M
MET20 3 (REw))® L 0, -
m=1
- 5 p
né;f llgnaixM)LmaX(P(ﬂ;n) — P(m)) — 0, 8)
k%/l*/n <a; < oo, ©)
and
Iell* = 0p(n), 10)
then
L (4
n(Ww) l) 1. an

infweHn L, (w)

where ay is a constant, and w?n is an M x 1 vector in which the mth element is one
and the others are zeros.

Proof See “Appendix.” O

Condition (6) is a moment condition and requires the regression error distribution
to have sufficiently thin tails. For example, it excludes the Cauchy distribution and
holds for Gaussian distribution. Condition (7) is a commonly used condition in the
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model averaging literature such as Wan et al. (2010) and Liu and Okui (2013). To
explain this condition, we consider a situation with &; = n, sup,, ¢y, R;(w) = nb
and 0 < a < b < 1; then, Condition (7) is implied by M 2p6(=2a) _, (0 which holds
when b < 2a and M doest not increase with n too fast. Cheng et al. (2015) pointed out
that Condition (7) will preclude some good models with smaller L, (w) in linear cases.
Similarly, it still may happen in the threshold models. However, they select weights on
a narrower set compared with our continuous set H,,. Thus, we need to add Condition
(7) to ensure the asymptotic optimality of AMMA, which means M cannot increase
with n as fast as it in Cheng et al. (2015). Condition (8) puts some restrictions on the
order of £ and the convergence rate of the elements of matrix ﬁ(m) — P,- Note that

because Py SN y(’jn), the elements of matrix 13(,") - 13(’;!) converge to zeros. The
proof of (58) in “Appendix” shows that Condition (8) can be satisfied when kps+ is
bounded. Condition (9) requires that the numbers of covariates in candidate models
do not increase faster than n'/2. Condition (10) is on the sum of u%, e, ,u% and need
only that u%, el ,u% do not expand with n.

3.1.2 Averaging for TAR models

The TAR model is a special case among threshold models and is widely used in
empirical analysis. However, when averaging TAR models, the asymptotic theory
developed above is no longer valid due to serial dependence and the existence of
lagged dependent variables. This subsection develops the asymptotic optimality for
averaging TAR models.! In the same way as in Sect. 3.1.1, we have

Yi=uit+e

)41 p2
=B+ Buiyii |1 <)+ | Bo+ D Bajyiej | 1Gi > v)
j=1 j=1
+e;, i=1,...,n,

where py is the lag order for regime k (k = 1, 2), ¢;’s are white noise with mean zero
and variance o2 and B j’s are autoregressive coefficients with Zf": Bkl < 1 (k=
1, 2). For simplicity, we set p;y = p» = p, where p can be infinite. In this case,
xi = (1, yi—1, ..., yi_,,)/ and each regime is an AR( k) process in the mth model.
We assume that for each m, k,, is fixed, so M is bounded.

We focus on u and apply the AMMA method to select the weights. Let Q7 (w) =
|A*(w)p||> + o%tr(P*2(w)) and ¢! = inf,epy, Qi (w). To study the asymptotic
optimality of the MA estimator, we make the following assumptions:

(a.1) {x;, zi, e;} is strictly stationary and ergodic, and E(e;|o (x;, xi—1,...)) = 0,
where o (x;, X;_1, . ..) is the o -algebra generated by x;, x;_1, . ... (a.2) E|y,'|4 <
oo and E|yiei|4 < 0.

1 Although Hansen (2008, 2009) studied averaging estimators in time series models, they did not develop
the asymptotic optimality.

@ Springer



282 Y. Gao et al.

(a.3) Let f2(z|pum)) be the conditional density of z; given P(,). Uniformly forz € T’
and Y € I, the conditional density f>(z|Y(n)) is bounded by a finite constant
f>, and the conditional expectation E (|x; iXikllzi = ¥, Pomy) With z; and Y
given is bounded.

(a4) E|pm) — y(’:n)| = 0O P)forsomeconstant0 < p <1, m=1,..., M.

Assumptions (a.1) and (a.2) are common assumptions for stationary processes. In
real data analysis, if the series is non-stationary, we can use some data conversion
methods, such as the differential operator and seasonal adjustment to get a stationary
series. Assumption (a.3) requires the conditional density and expectation are bounded.
Assumption (a.4) is based on the result of Koo and Seo (2015), who showed that the
convergence rate of 7 can be as fast as 7~ !/3 for the structural break model. Under
these assumptions, we have the following theorem.

Theorem 2 [f Assumptions (a.1)—(a.4) and Condition (10) are satisfied and
e N () (12)

then (11) is valid.

Proof See “Appendix.” O

3.2 Averaging for models without estimating y

In this subsection, we average models with different threshold parameters and different
explanatory variables simultaneously using the models set up in Sect. 3.1.1. Let ||
be the size of I',,. Since there are |I',;| possible threshold points, there will be ||
models with the same explanatory variables. Let y(s) be the sth item of I';,. Assume
that the mth candidate model contains k,,, explanatory variables, with y(s) being the
threshold parameter. Then the threshold parameter in every candidate model can be
regarded as a fixed constant. Therefore, the coefficient estimated by the m th model
is:

Bing) = Xy W) Xy Vi) ™ Xy vs)) Y.

and the estimator of u is given by

Ry = X(m)(V(s))(xgm)(V(s))X(m)(y(s)))71Xém)(y(s))y = Pimy(v(s))Y.

Let w = (wy,, ""lern\)/ and H, = {w € [0, 1]MITul Z;Ale 2‘21‘ Wy, = 1},
which is also a continuous weight set, so that the averaging estimator of p is:
M |Tnl M Tl
Aw) =" " wn Hmy = D Y W, Py ()Y = P(w)Y.
m=1 s=1 m=1 s=1
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The squared error is zn(w) = ||@(w) — ,LL||2, and the corresponding risk is ﬁn(w) =
E(Zn (w)|X, Z). Let En = infweﬁ,, En (w). In this subsection, the largest model is not
unique, so the Mallows’ criterion does not apply. In light of this concern, we make
use of the AMMA idea; that is, we select weights by the following criterion:

trP(w))

n

me=HY—ﬁWMZO+2

Let w = argmin, A, L, (w) and the corresponding AMMA estimator be ft(w). The
following theorem guarantees the asymptotic optimality of the AMMA estimator.

Theorem 3 For some finite integer G > 1, if Conditions (6), (9) and

M Ty
> ~ G
MIT(E729 S T (Raw), )" =5 0, (13)
m=1 s=1
hold, then
L, () p

—_—— — 1. (14)
1nfw€7ftn L, (w)

In the current case, since the threshold parameter is known in every candidate
model, the proof of Theorem 3 is more straightforward than that of Theorem 1. We
only provide a simple explanation in “Appendix”. The detailed proof is available on
request from the authors. Note that Condition (13) is similar to Condition (7).

4 Simulations

In this section, we conduct three simulation studies to compare the performance of the
MA estimator and the MS estimator. The first simulation performs averaging for mod-
els with different explanatory variables and i.i.d. errors, the second simulation performs
averaging for models with different explanatory variables and threshold parameters,
and the third simulation performs averaging for TAR models with different orders.

4.1 Simulation I: averaging for models with estimated y

The data generating process is:

o o0
Yi=Mite = injﬂljl(xﬁ <y)+ injﬁZjI(xB >y)+e,i=1,...,n,
i=1 j=1

where y = 0, x;1 = 1, all other x;;’s and e;’s come from N (0, 1) and are independent
of one another, and the coefficients B1; = c, the remaining B1; = ¢j ¢ with ¢ =
0.25, 0.5, 0.75 controlling the decay rate of the coefficients, and g, = aff; witha =
1.5 and ¢ > 0. The difference between coefficients is denoted by a. The parameter ¢
is set to make the population R?> = var(y; — ¢;)/var(y;) vary on a grid from 0.1 to
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0.9. To let the threshold variable x;3 appear in each candidate model, we set the mth
candidate model to include the first m + 2 explanatory variables (m = 1, ..., M), and
M = 3n'/3. When estimating y, we restrict it to the set containing the 20, 25, ..., 80%
quantiles of {x;3} for decreasing computation time, as suggested by Hansen (2000).
The sample size is set at 60, 100, 250 and 400. To evaluate the performance of the
estimators, we simulate 500 replications and compute mean squared risk by

500 n

1 NCEERY
00 2 2 — i)’ (15)

r=1i=1
where /ll@ is the estimates of u in the rth replication. For each parameterization, we
normalize the risks by dividing the risk by the infeasible optimal risk (the risk of the
best single model).

We compare our averaging estimator with the AIC and BIC model selection esti-
mators. The AIC score for the mth model is given by AIC,, = nlog 6,%, ~+ 2k,
where 6,3, = ||Y — ,&(m)||2/n, and the BIC score for the mth model is BIC,, =
n log 6"21 + kn, logn. We also compare our averaging estimator with the existing
model averaging methods: MMA, smoothed AIC (S-AIC), and smoothed BIC (S-
BIC), proposed in Buckland et al. (1997) and ARM (adaptive regression by mixing),
an adaptive method developed by Yang (2001). The S-AIC method assigns weight
walCc,m = exp(—AIC,,/2)/ Znﬂle exp(—AIC,,/2) to the mth model and the S-BIC
method assigns weight wgic,» = exp(—BIC,,/2)/ Zﬁwzl exp(—BIC,,/2) to the mth
model. The ARM method divides samples into a training part and a testing part. The
parameters are estimated by the training samples, while the weights are obtained by
the testing samples. For more details, one can refer to Yang (2001).

The simulation results are displayed in Figs. 1, 2, 3. In each panel, the relative risk
is displayed on the y axis and the population R? is displayed on the x axis. Since the
MA methods are always better than the MS methods, we only show the MA results
to distinguish different lines clearly. In addition, we cut off part of the figures to
make it easier to compare AMMA and MMA in some cases. Although some risks
do not appear in the figures, they are all bounded actually. The factors that affect the
relative performances of the competitors include n (sample size), ¢ ( the decay rate
of the coefficient) and R? (population). First, in the majority of cases of {n, ¢, Rz},
the AMMA outperforms S-AIC and S-BIC. Second, the AMMA performs better than
the MMA and ARM when R? is large; while when R? is small, the AMMA performs
worse than the MMA and ARM. Third, when n or ¢ decreases, the region of R?
where the AMMA outperforms the MMA and ARM becomes wider. Fourth, when n
increases, the AMMA and MMA perform more closely. In addition, we also conduct
simulations for a = 0.2 and @ = 3. The corresponding results are qualitatively similar
to those obtained for a = 1.5.

4.2 Simulation II: averaging for models without estimating y

The setup of this simulation is the same as that in Sect. 4.1 However, in this sub-
section, we do not estimate the threshold parameter. We average or select among
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Fig. 1 Results of Simulation I. Risks of averaging models with estimated y (¢ = 0.25)

models with different explanatory variables at all possible threshold points, and do

not compare the AMMA method with the MMA method as MMA is infeasible in this
example.
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Fig. 2 Results of Simulation I. Risks of averaging models with estimated y (¢ = 0.5)

The simulation results are displayed in Figs. 4, 5, 6. Again, we can find the AMMA
outperforms S-AIC, S-BIC and ARM. The detailed comparison findings are very
similar to those in Simulation I.
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Fig. 3 Results of Simulation I. Risks of averaging models with estimated y (¢ = 0.75)

4.3 Simulation III: averaging for TAR models

We now investigate the performance of the averaging estimator for TAR models. The
data generating process is as follows:
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14
vi=Bo+ Y Byi-Ni-a <v)

J=1

p
+ ﬁzo-l—Zﬁzjyi—j I(yica >y)te,i=1,...,n,
Jj=1

where y;_g4 is the threshold variable and d is the lag order. We set ¢; to be i.i.d.
N(@©,06%),d =3,y =0,p =6, B1p = 0.5 and By = —0.5. The coefficients
51+ )% (—¢)’
63 7 (1 +i)ugt’
andk = 1,2, j = 1,..., p, which is similar to the setting in Hansen (2008). As
Zle |Bijl < 1, {yn} is stationary. Note that By /Brj = (I]T*j.)a"(—qb)"—f @i > j),so
the item (—¢)'~/ determines the convergence rate of the coefficients. We leta; = 0.1,
apy = 0.3, n € {60, 100, 250, 400}, 62 =105,1,2 and ¢ vary on a grid from 0.6 to

0.9.

Candidate models differ in their lag orders. Identical orders are used in the two
regimes and the threshold parameter is estimated, so we have M = p = 6 candidate
models. Unlike the previous simulations, we also need to estimate d here. Denote by
d,, the estimator of d under the mth candidate model. According to the mth candidate
model, the one-step-ahead out-of-sample forecast of y,1 given y,, y,—1, ... is:

are generated by the rule By; = where ¢ and o are constants

m
Sur1(m) = | Buwyo + D By ynti—i | 101 < Pom)
j=1

m
+ | Bomro + Y By ynri—j | 10, 11_g, > Pem);
j=1

where ﬁ(m),j is the estimator of B, forr =1,2and j =0, ..., p. The combined

forecast is given by y,41(w) = Z,’:le Wy Yn+1(m). To compare the performance of
model selection and averaging methods, we use 500 replications. For each replication,
we generate a series of size n + 1 and use the first n samples to get the averaged
coefficients. Then we calculate the one-step-ahead out-of-sample prediction and get
the mean squared forecast error (MSFE) given by

1 500
o5 2= = D% (16)
r=1

where r denotes the rth replication.

Figures 7, 8, 9 show the simulation results. As the ARM method cannot be used for
time series prediction, we choose another adaptive method, named AFTER (Aggre-
gated Forecast Through Exponential Reweighting, Yang 2004) instead. We can see
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Fig. 4 Results of Simulation II. Risks of averaging models without estimating y (¢ = 0.25)

that the MMA and AMMA always perform better than the other methods. The factors
that affect the relative performances of the competitors include n (sample size), o2
(noise level) and ¢ (the convergence rate of the coefficients). First, in the major-
ity of cases of {n, o2, ¢}, the AMMA and MMA outperform S-AIC, S-BIC and
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Fig. 5 Results of Simulation II. Risks of averaging models without estimating y (¢ = 0.5)

AFTER. Second, when n = 60, 100, the MMA performs better than AMMA in
most of values of ¢, while when n = 250, 400, the AMMA performs better than the

MMA in most of values of ¢. Third, for different o', the comparison results are very
similar.
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Fig. 6 Results of Simulation II. Risks of averaging models without estimating y (¢ = 0.75)

5 Empirical application

In this section, we apply the averaging approach to a monthly data set for US unem-
ployment from January 1970 to Dec 2012. The sample size is 516 in total. The unit
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Fig. 7 Results of Simulation III. MSFEs for averaging TAR models with 62=05

root test for threshold model (Caner and Hansen 2001) suggests that the process is
a stationary nonlinear threshold autoregression. The model selection and averaging
methods are the same as those in Simulation III, with the largest order set to be 12. The
candidate set for d is {1, 2, ..., 12}. We use {yy, ..., y,} to fit the model and predict

@ Springer



Frequentist model averaging for threshold models

293

MSFE

MSFE

Yn+1. Then, we use {y2, ...

1.7

1.6

15

1.4

118 119 120 1.21 122 1.28

1.17

n=60

S-AIC
S-BIC
A= MMA

AFTER
AMMA

e\_ '/.’ /A,/
. ~& /
&

T T T T T T T
0.60 065 0.70 0.75 0.80 0.85 0.90

T T T T T T T
0.60 065 0.70 0.75 0.80 0.85 0.90

¢
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, Yn+1} to fit the model and predict y,4>. By pushing on

this procedure step by step, we can get 516 — n predictions at last. n is set at 60, 150,
250 and 400. We compare the AMMA method with the AIC, BIC, S-AIC, S-BIC,
AFTER and MMA methods using the MSFE. We also report the standard deviation
(SD) of the squared forecast error. The results are shown in Table 1.
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Fig. 9 Results of Simulation III. MSFEs for averaging TAR models with c2=2

The performance of the AMMA estimation is always better than that of the AIC,
BIC, S-AIC and S-BIC methods, since its means are the lowest. When n = 250 and
n = 400, the AMMA estimator has lower means than the MMA estimator, while the
MMA performs better when n = 60 and n = 150.
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Table 1 Squared forecast errors of different methods (x 10_2)

Method n =60 n =150 n =250 n =400
MSFE SD MSFE SD MSFE SD MSFE SD

AIC 9.6844 32.27 2.8071 4.999 2.1979 3.276 2.6816 3.610
BIC 5.4289 15.92 2.9072 5.284 2.5954 4913 2.8980 3.894
S-AIC 7.8667 26.22 2.7287 4.872 2.1697 3.316 2.6597 3.540
S-BIC 5.5677 15.34 2.8495 5.209 2.5803 4.857 2.7529 3.850
AFTER 5.9782 17.15 2.7696 4.900 2.3260 3.708 2.7379 3.796
MMA 4.7168 8.714 2.5690 4.612 2.1750 3.401 2.5248 3.406

AMMA 5.3363 8.683 2.6127 4.647 2.1662 3.354 2.5193 3.396

6 Conclusion remarks

Threshold models have wide empirical applications. In this paper, two cases of aver-
aging are considered: Case I studies models with different explanatory variables and
a given estimated threshold parameter and Case II studies models with different
explanatory variables at all possible threshold parameters. A new least squares MA
estimator—the AMMA estimator—based on an approximation of GCV is developed.
Compared with the MMA, our AMMA method has wider application because it does
not require a unique largest model. When the threshold is estimated, the coefficient
estimator in each candidate model is not a linear combination of the dependent vari-
able Y, and the proof of asymptotic optimality is challenging. Both the simulations
and the empirical analysis show the superiority of the AMMA estimator over some
commonly used MS and MA estimators.

For future research along this line, one could extend our method to allow for multiple
thresholds. For the case of TAR model averaging, one could allow the largest lag order
of the TAR model to be unbounded asymptotically. As this paper mainly focuses on the
asymptotic optimality of the AMMA estimator, the derivation of the consistency and
asymptotic distribution of the AMMA estimator would also be an interesting future
research topic. Hansen and Racine (2012) developed a jackknife model averaging
(JMA) estimator under heteroscedastic error settings, and Zhang et al. (2013) studied
the JMA in models with dependent data. Therefore, the development of a model
averaging method for threshold models with heteroscedastic errors also warrants future
research. Lastly, although we have developed theoretical properties for our model
averaging method, they only hold in large sample sense. Understanding the asymptotic
results when the sample size is limited and developing finite sample properties are also
very necessary in the future research.
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Appendix

Lemma 1 Let W be a weight vector set which can be related to the sample size n.
Define

w* = argmin (L, (w) + a,(w)) . (17)
weW
If
|an (w)] 0 (18)
wew Ry (w) ,
sup |Ln9) _ 1‘ 250, (19)
weWw Ry (w)

and there exists a constant k3 such that

wlgv R,(w) > k3 > 0, (20)
then
L k
: n(w*) p Q1)
infy,eyy L (w)

Proof From the definition of the infimum, there exist a non-negative series ¥, and a
vector w(n) € W such that ¢,, — 0 and

inf L,(w) = L,(wn))—19,. (22)
weW

In addition, it follows from (19) that

p L) e (M—l>+l

n =
weW Ry(w)  wew \ Ry(w)
L
z—sup‘ ”(w)—1‘+1—”>1. (23)
weW Ry (w)
From (20), (23) and 9%, — 0, we have
inf [L,(w) — B, > inf L, (w) — vy, > inf L,(w) _ U
weW R, (w) weW Ry (w) weW R,(w) inf,cpy R, (w)
L 1
Z—Sup‘ n(w)_l‘_'_l_.—n
wew Ry (w) inf, ey Ry (w)
2. (24)
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Now, by the definition of w*, (18), (20), (22)—(24), and ¥, — 0, we have, for any
6 >0,

o

inf, ey Ly (w) _ 1‘ - 5} — Pr { Ly (w*) —inf,epy Ly (w) - 5}

L, (w*) Ly (w*)
inf ey (L (w) + a,(w)) — ap(w*) — infy,epy Ly (w) }
= Pr >4
L, (w*)
< pr Ly(w(n)) + a,(w(n)) — a,(w*) — L,(w(n)) + 9, - 8}
L, (w*)
- pr la,(w®m)|  la, (w*)] Uy - 5}
L, (w*) L, (w*) L, (w*)
<pel. la, (w(n))] la, (w*)] Dn - 5}
infyepy Ly (w) L, (w*) L, (w*)
_ |an (w(n))] |an (w*)] Un
=P\ Law) — 90 T LaGw®) | Lo 5}
la, (w)] |lan (w)] D
= Tatw) — 0 T Tatw) o L) 5}
-p la, (w)] Ry, (w) lan (w)] Ry, (w)
T su
weW Rn(w) weW |Ln(w) - ﬁn| weW Rn(w) weW Ln(w)
+ su On S R (w) > 8}
wery Ra(w) weyy Ln(w)

-1 1
=PI‘{ sup jan(w) |:inf M} + sup |an (W) |:inf Ln(w):|

wew Rn(w) [wew R, (w) wew Rn(w) [wew R, (w)
Dy [ Ly(w)]™!
+—+——— | in >
inf ey Ry (w) |wew R, (w)
— 0. (25)
Therefore, inf,,cyy Ly (w)/ L, (w*) — 1, which implies (21). o

Proof of Theorem 1. First, from the fact that X,y (y) is of full column rank, we have
trP(w) =trP*(w) <23 M w,ky. Let A(w) = I, — P(w), so that

Law) = 1Y — p P (14272
= Lo(w) + [lelI* + 21/ (A(w) — A*(w))e + 21/ A% (w)e
+ 2(02trP*(w) — e P*(w)e) + 2¢'(P*(w) — ﬁ(w))e
+ 2tr P*(w) (| A* ()Y |*/n — 0°)
+ 2tr P*(w) (JAw) Y || — | A*(w)Y |1%) /n.
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Since ||e||? is unrelated to w and Condition (20) with W = H,, is implied by Condition
(7), according to Lemma 1, Theorem 1 is valid if

sup |/ A*(w)e|/R*(w) 2> 0, (26)
weH,
sup |/ P*(w)e — aztrP*(w)|/R;,k(w) L0, 27)
weH,
sup |LE(w)/Ri(w) — 1] - 0, 28)
weH,
sup |17 P*(w)(|A*(w)Y [ /n — 62)|/RE(w) > 0, (29)
weH,
sup W (P*(w) — P(w))e|/REw) > 0, (30)
sup |/ (P*(w) — P(w))e|/R}(w) 2> 0, 31
weH,
sup Ly (w) — L (w)|/R (w) = 0, 32)
weH,
and .
su71_3[ |tr P*(w) (| A* ()Y |I* — |Aw)Y |?)|/n R} (w) 0. (33)

(26)—(28) can been shown by following the proof of Theorem 1’ of Wan et al. (2010).
Therefore, we only need to verify (29)—(33). First, we prove (29). Note that

sup |er P*(w) (| A* ()Y |2/n — o) |/ Ry (w)

weH,
tr P*
— sup {r*—(w)“m — Pr)Y |2 + |lel? + 20 A* (w)e — 2¢' P*(w)e — n02|}
weH, an(w)
L¥(w) tr P*(w) 21 A*(w)el tr P*(w)
= sup * *
weH, Ry (w) weH, n weH, Ry (w) weH, n
N llell? — no?| 1 tr P*(w)
sup sup
ﬁ weH, R;’;(w) weH, ﬁ
2le' P*(w)e — o 2tr P*(w)| tr P*(w)
+ sup " sup
weH, Rn(w) weH, n
2 p*
tr2p
+ 207 sup — su r (w).
weH, Rn (w) weH, n

By the central limit theorem, we have lllell? — no?|/ Jn o= Op(1). In addition, it
follows from (7) and ( 9) that

sup — =o0,(1), sup tr’P*(w)/n = 0(1) and sup trP*(w)/n = o(1).
weH, Ry (w) weH, weH,,
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Together with (26)—(28), (29) is obtained.
To prove (30), we observe that

sup |i/ (P*(w) — P(w))e|/ R} (w)

weH,
1 2 11/2
< — sup [[lul*e (P*(w) — P(w))’e] /
sn we'Hn
Llll llell p
= G S Py — P

By Conditions (8) and (10), (30) is verified.
Note that

Ly(w) = [le]*> + [JA)|> 4 [A(w)el* — 2¢/ A(w)p — 2¢' A(w)e 4 21’ A*(w)e,
SO

sup |Ln(w) — LEw)|/R(w) 2> 0 <
weH,

sup 21/ (P*(w) — P(w)) e + 20/ (P*(w) — P(w))e

— W (P*w) + P(w))(P*(w) — P(w))u
—e'(P*(w) + ﬁ(w))(P*(w) - ﬁ(w))e
— 20 P*(w) (P*(w) — P(w))e

— 20/ (P*(w) — P(w)) P(w)e|/R¥(w) > 0.
Thus, if

sup |1/ (P*(w) + P(w))(P*(w) — B(w))u|/R}(w) 2> 0, (34)
weH,

sup |¢/(P*(w) + P(w))(P*(w) — P(w))e|/RE(w) > 0, (35)
weH,

sup |1 P*(w) (P*(w) — P(w))e|/REw) - 0, (36)
we /iy

sup |1/ (P*(w) — P(w)) P(w)e|/REw) > 0, (37)
weH,

and
sup | (P*(w) — Pw))u|/RE(w) -5 0, (38)
we Mty
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then (32) is valid. From Condition (8) and the following result

sup e/ (P*(w) + P(w))(P*(w) — P(w))e|/R}(w)
weH,

1 N N
3% Sup le'[(P*(w) + P(w))(P*(w) — P(w))
n weH,

+ (P*(w) — P(w))(P*(w) + P(w))]e]

=<

2
< L Sup A [(P* ) + Bw))(P*(w) — B(w))
25]1 wE'Hn
+ (P*(w) — P(w))(P*(w) + P(w))]
2
< Il sup [max (P*(w) + P () max (P*(w) = P(w))]
n wely
el S p
I Suf[ [)‘max(P*(w)) Amax P(w) Z maX(P(t”) — Pw)
_ 2 el £ _ b
n max )\max(P(m) - P(m))’

_g n 1<m<

we obtain (35). Similarly, (31), (34) and (38) can be verified. On the other hand,
analogous to the proof of (30), one can obtain (36) and (37).
Further, it can be shown that

Suft |trP*(w)(HA*(w)Y||2 - ||A(w)Y||2)|/nR,f(w)
we 1y

tr P*(w) A*(w)Y |12 = [|A(w)Y |||
p sup

weH, n weH, R (w)
_ NA* (W)Y [ — Aw)Y |||
= dj sup " ,

weH, Rn(w)

where the last step is from Condition (9). Observe that

[IA* )Y > = | Aw)Y |||
= 2/ (P(w) — P*(w))p + ' (P*(w) + P(w))(P*(w) — P(w))p
+2¢/(P(w) — P*(w))e + ¢/ (P*(w) + P(w))(P*(w) — P(w))e
+4p (P(w) — P*(w))e + 21/ P*(w)(P*(w) — P(w))e
+ 20/ (P*(w) — P(w)) P(w)el,
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so from (30), (31) and (34)—-(38 ), we have

A* )Y |2 — [A@)Y 1] p
—— 0.
weH, R¥(w)

Thus, we obtain (33). This completes the proof of Theorem 1. O
The following lemma is used in the proof of Theorem 2.

Lemma 2 For any y(y) and y(’;n) € I' and any random variable Y, if Assumptions
(a.3) and (a.4) are satisfied, and

|E(Y|zi = ¥, V)| < E, (39)
where E is a finite constant, then
E(YI(zi < Vi) — 1z < Pam)l) = O(n™"). (40)

Proof The proof is similar to that of Lemma A.1 in Hansen (2000).

VEYTz < Py [T [ 0 FO. 21Pm) dz
= y dy
ay —o0 dy

—+o00
= / Y, v Vm)dy

—00
+00

= / YA Vo) 22 [Py dy
—0Q

= LY EX |zi = v, Pm)),

where f, f and f> are density functions. Let C = f, E. By Lagrange’s mean value
theorem, there exists a y(,) between y; ) and y() such that

E(YI(zi < P |Pomy) — EQYNzi < ¥4 Pm))

= LG [ Pm) EXY |2 = Pmys Vo) Pimy — ¥(iny)
< Cl¥m) — J/(ﬁ;n)|' 41)

Define f3(y) as the density of p(,. By (41) and Assumptions (a.3) and (a.4), we have
E(Y(i < ¥ —1Gi < Pan)))

7
= / E(Y|I(z; < Yomy) — 1zi < Pl Pmy) F3Pom))d Py
y

Yom) . . . .
= / E(Y(I(Zi = VJ”)) —I(z; < V(m)))|V(m))f3(y(m))dy(m)
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%
+ /V* E(Y(1zi < Pm) = 1Gi < v3u)) | Pom) 3 Pim))dVim)
(m)

Y
< / Clom — Vi f3Gom)d Py = 007,
Y

The proof of Lemma 2 is completed. O

Proof of Theorem 2. Note that ' A*(w)e = u'e — ' P*(w)e. From the proof of
Theorem 1 and the fact that u’e is unrelated to w, Theorem 2 is valid if

sup ' P*(w)e — o*tr P*(w)|/ Q% (w) - 0, (42)
weH,
ws€u73n|u’P*<w>e|/Q::<w> -0, (43)
sup |Ly(w)/Q(w) — 1] - 0, (44)
weH,
wse“gn'”P*(w)(”*‘*(“’)y”z/” — o)/ (w) 0, (45)
sup [/ (P*(w) - P(w))e|/ @ (w) = 0, (46)
553,,‘6/(13*(”’) — P(w))e|/ 0} (w) - 0, @7)
Sup |Ly(w) — Ly w)l/ Qj(w) = 0, (48)
and
sup [er P*(w)([A*w)Y |12 = |Aw)Y ) |/n Qs (w) - 0. (49)

weH,

Because x; contains the lag values of y;, the proofs of (42)—(44) are different from
those of (26)—(28).

According to Theorem 3.35 of White (1984), Assumption (a.l) implies that
x(m)ixém)il(zl- < y(’;n)) is stationary and ergodic. Further, Assumption (a.2) ensures
Elxmyijxmyil(zi < y(’fn))| < 00. By Theorem 3.34 of White (1984), we have

szr;)X?m) p E(x(m)ixém)iI(Zi = V(tn))) 0 _
_ 0 ’ * = V(m)’
n E(x(m)ix(m)il(zi > V(m)))

(50)
where V() is an invertible matrix. From Assumptions (a.1) and (a.2), x;I(z; < y)e;
is a square integrable stationary martingale difference sequence. Therefore, by the
central limit theorem for martingale difference sequence, we obtain \/Lﬁ X E“’; e BN
N, UZV(m)). Thus, LnXE"r’n)e = Op(1). Together with the fact that ky;+ and M are
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bounded, it can be shown that

1 X*/ X* -1 1

(m) " (m)
and
M M
trP*(w) = Z Wi tr Py, <2 Z Winkm < 2k < 00. (52)
m=1 m=1

From Condition (12), we have

weH,

Consequently, (42) is verified.
Under (51) and Condition (10), it can be shown that

1 P*(w)e| = |¢' P*(w)up P*(w)e|? < |ullle’ P2 (w)el?

< IR 2 (P*(w)) e P*(w)e] /2 = 0, (/).

Hence, (43) is valid by Condition (12).
For (44), similar to (54), it can be shown that

¢ P2 (w)e = 0,(1)
and

' P2 (w)el = 0, (/).

In addition,
tr P2 (W) < Amax (P*(w))tr P*(w) < 2kp».

Thus,

ILE(w) — Q)| = || P*(w)ell* — 2p/ A*(w) P*(w)e — otr P** (w)]

sup |¢' P*(w)e — a’tr P*(w)|/ Q(w) < ¢!  max e P(el + 205 o ke 25 0.

(53)

(54)

(55)

(56)

(57)

< |P*(w)ell® + 2|/ P*(w)e| + 2|’ P**(w)e| + 202k

= 0,(/n).

Hence, (44) holds by Condition (12).

The proof of (45) is similar to that of (29). From the proofs of (30)—(33), if

—1 a 14
né‘: 1él;lnag(MXmax(P(tn) - Pgyy) — 0,

then (46)—(49) will hold. In the following, we will verify (58).

(58)
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By Lemma 2, for the mth candidate model,
E|xXmyijxmyik (I(zi < Yomy) — 1zi < Pn))l = 0(n™")

uniformly in i. Hence,

X< OXE XD X
T T = 0y (n ), (59)
and R R
X{y = X)) X3y — X))
=0,n""). 60
" p(n=") (60)
From (50) and (59), it follows that
X X
%(m) N Vim- 61)
Thus, by (50), (59) and (61), we obtain
X x5 NN /R R\
ST ) (20T 0,mmn). 62)
n n r

Note that

Py = Py = X LKy X)) ™" = Ky X)X
—Xm) = X)) X oy X)) ™ Ky — X))’
=Ko = X)) X X)) ™' X
—X oy Klyy X ) ™ Xy = X5,
= APyt + APy + APimys + AP, (63)

By using (60)—(62), we have

1 A A —1
X*/ X* X/ X(m) X*/ X*
)\max(AP(m)l) = )\max <M) - (L Kmax M

n n n
= 0,(n""),
- R 1 R R
X X (m) Xm) = XFp) Xy — X7o)
)Lmax(AP(m)Z) < Amax <% Amax ) " )

— 0,(1"),
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and

Amax (A P)3) = Amax (A Pgn)a)
12 (1% o 5 =l T R
= )“m/ax((X(m) - Xzﬁm))(XEm)X(m)) szlil)XEkm) (Xém)X(m)) (X(m) - Xzﬁm))/)

2 Xom\ X* X*
(m)“* (m) 1/2 (m) > (m)
S)\max n )"max n

S1/2 <(X<m> — X)) Xem) — X?mﬂ)

max n
= 0,(n"""?).
Therefore,

Amax (Ployy = Pam)) = Amax (A Piuy1) + Amax (A Piny2)
+)~maX(AP(m)3) + )"max(A P(m)4)
= 0,(n~"").

Thus, (58) holds under Condition (12). The proof of Theorem 2 is completed. O

Proof of Theorem 3. Let A(w) = I, — P(w). From Lemma 1, we need only to verify
that

sup [/ A(w)el/ R, (w) = 0, (64)
weH,
sup |e'P(w)e — otr P(w)|/Ry(w) 2> 0, (65)
weH,
sup | L, (w)/Ry (w) — 1] - 0, (66)
weH,
and B »
sup |tr P(w)(|A)Y[*/n = 6?)|/Ry(w) — 0. (67)
weH,
We obtain (64)—-(66) by following the proof of Theorem 1’ of Wan et al. (2010), while
(67) is valid from the proof of (29). O
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