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Abstract The Conway—Maxwell-Poisson distribution is a two-parameter general-
ization of the Poisson distribution that can be used to model data that are under- or
over-dispersed relative to the Poisson distribution. The normalizing constant Z (A, v)
is given by an infinite series that in general has no closed form, although several papers
have derived approximations for this sum. In this work, we start by using probabilistic
argument to obtain the leading term in the asymptotic expansion of Z(A, v) in the
limit A — oo that holds for all v > 0. We then use an integral representation to obtain
the entire asymptotic series and give explicit formulas for the first eight coefficients.
We apply this asymptotic series to obtain approximations for the mean, variance,
cumulants, skewness, excess kurtosis and raw moments of CMP random variables.
Numerical results confirm that these correction terms yield more accurate estimates
than those obtained using just the leading-order term.
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1 Introduction

The Conway—Maxwell-Poisson (CMP) distribution (also known as the COM-Poisson
distribution) is a natural two-parameter generalization of the Poisson distribution that
was introduced by Conway and Maxwell (1962) as the stationary number of occupants
of a queuing system with state-dependent service or arrival rates. The first in-depth
studies of the CMP distribution were carried out by Boatwright et al. (2003) and
Shmueli et al. (2005). Since then the distribution has received attention in the statistics
literature on account of the flexibility it offers in statistical models. In particular,
the CMP distribution is useful for modelling data that are under- or over-dispersed
relative to the Poisson distribution. Sellers and Shmueli (2010) have used the CMP
distribution to generalize the Poisson and logistic regression models; Kadane et al.
(2006) considered the use of the CMP distribution in Bayesian analysis; the CMP
distribution is also employed in a flexible cure rate model formulated by Rodrigues
et al. (2009); and a survey of further applications of the CMP distribution is given in
Sellers et al. (2012).
We shall write X ~ CMP(A, v) if

A

PX =D =2 Gy

j=0,1,2,..., 1

where Z (X, v) is a normalizing constant defined by

[e¢]

)\‘i
Zov) =)y o

i=0

The domain of admissible parameters for which (1) defines a probability distribution
isA,v > 0,and 0 < A < 1, v = 0. Its distributional properties were first studied
by Shmueli et al. (2005), and a comprehensive account is given in a recent work of
Daly and Gaunt (2016). The focus of this paper, however, is the normalizing constant
Z (X, v). Many important summary statistics of the CMP distribution can be expressed
in terms of Z(A, v) (see Shmueli et al. (2005), Daly and Gaunt (2016) and Sect. 3),
which motivates studying the properties of Z (A, v).

Plainly, X ~ CMP(X, 1) has the Poisson distribution Po(A) and the normaliz-
ing constant Z(A, 1) = e*. As noted by Shmueli et al. (2005), other choices of v
give rise to well-known distributions. Indeed, if v = 0 and 0 < A < 1, then X
has a geometric distribution, with Z(x,0) = (I — A)~'. In the limit v — oo, X
converges in distribution to a Bernoulli random variable with mean A(1 + 1)~! and
lim, o Z(A,v) = 1 + A. It was noted by Simsek and Iyengar (2016) and Daly and
Gaunt (2016) that Z(1,2) = Ip(2v/A), where Ip(x) = 3%, ﬁ(g)z" is a modi-
fied Bessel function of the first kind. Finally, Nadarajah (2009) noted that, for integer
v, the normalizing constant can expressed as generalized hypergeometric function:
Z(A,v) =oF,—-1G1,...,1;A) (see “Appendix A.1” for a definition). An elegant
integral representation of the normalizing constant has also recently been obtained by
Pogany (2016).
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In general, however, the normalizing constant Z(A, v) does not permit a closed-
form expression in terms of elementary functions. Asymptotic results are available,
however. Shmueli et al. (2005) proved that, for fixed positive integer v,

exp {v)»l/”}
)\(vfl)/2v(2n)(v71)/2\/g

Z(v) = (1+0(r1/”)), ash — 0o, (2)

Their approach involved a Laplace approximation of a (v — 1)-dimensional integral
representation of Z(A, v), and does not generalize to non-integer v. However, they
conjectured that (2) was valid for all v > 0. Earlier, Olver (1974) had used contour
integration to derive the leading term in the asymptotic expansion of Z(A, v) for
0 < v < 4. Gillispie and Green (2015) built on the work of Olver (1974) to confirm
that (2) holds for all v > 0.

Inarecent work, Simsek and Iyengar (2016) used a considerably simpler probabilis-
tic argument to derive the approximation (2). Their approach involved expressing the
normalizing constant as an expectation involving a Poisson random variable, which is
then approximated by a normal random variable to yield an approximation for Z (X, v).
However, as was noted by the authors, a slight gap in their argument meant that their
derivation was not rigorous. In this paper, we fill in this gap, which results in an elegant
and rigorous derivation of (2) that holds for all v > 0.

The natural next question is to ask for lower-order terms in the asymptotic expansion
of Z(A, v). In Theorem 1, we obtain the entire asymptotic expansion for v > 0, and
give explicit formulas for the first eight terms in the expansion. We arrive at our
asymptotic series by recalling that Z(A, v) =¢oF,_1( 1, ..., 1; 1) for integer v. This
leads us to a new integral representation which is just a generalization of the integral
representation 16.5.1 in the NIST Digital Library of Mathematical Functions (2016)

1 L(=t) (=)

ZOwv) =50 L (T(t + 1))V

3

where the contour L starts at infinity on a line parallel to the positive real axis, encircles
the nonnegative integers in the negative sense, and ends at infinity on another line
parallel to the positive real axis. The integral converges for v > 0 and A # 0. Hence,
v does not have to be a positive integer. The methods in Lin and Wong (2017) can be
used to obtain the complete asymptotic expansion for this integral. The details are in
“Appendix A.17.

Theorem 1 Fixv > 0. Then

exp {vkl/”

Z(,v) = 5= D2 2) =Dy £

ch v)»l/v , asi— oo, 4

where the c; are uniquely determined by the expansion
t+1/2 o .
pr(t+1/2) ¢

C@E+1)" = @m) IR S T+ T+ 02+ )

)
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In particular, co = 1, c1 = 24 ,C) = ‘;lgzl (v + 23) For more coefficients see (31).

This is the first instance in which correct lower-order terms have been obtained,
and numerical results, given in Sect. 4, show that these correction terms yield more
accurate estimates than those in the existing literature. The lower-order terms are given
in terms of the ¢, which can be determined from (5). The c¢; can be readily obtained
using computer algebra, and in “Appendix A.1” we provide a simple computational
method and give the first eight terms. Our code is available at http://www.maths.ed.
ac.uk/~adri/CMPdistr.mw.zip.

For any fixed v > 0, the asymptotic expansion is valid as A — oco. However,
because the asymptotic expansion is given in terms of negative powers of A!/V, for
sufficiently large A, the approximation will be particularly accurate for small v (the
over-dispersed v < 1 case), although the approximation is accurate even in the under-
dispersed v > 1 case. Indeed, as seen in Sect. 4, even in the fairly moderate A = 1.5
case, taking the first three terms in (4) gives an absolute error of less than 1% for
v = 1.9, and the approximation is improved further for smaller values of v. Based on
the numerical results of Sect. 4, we consider that a safe rule of thumb for obtaining
accurate approximations using the asymptotic approximation (4), with the first three
terms, is for both A > 1.5 and A!/Y > 1.5 to hold (the absolute error was always less
than 0.5% in our tests), but we refer the reader to Tables 1 and 2 for numerical results
that provide further insight into the quality of the approximation.

As mentioned above, certain important summary statistics of the CMP distribution
can be expressed in terms of the normalizing constant Z (A, v), and our asymptotic
series (4) allows us to obtain more accurate estimates for these summaries than those
in the current literature. In Sect. 3, we demonstrate this by applying expansion (4) to
obtain approximations for the mean, variance, cumulants, skewness, excess kurtosis
and raw moments of CMP random variables.

The rest of this article is organized as follows. In Sect. 2, we fill in the gap in the
derivation of Simgek and Iyengar (2016) to obtain a rigorous probabilistic proof of
the leading term in the asymptotic expansion of Z(X, v). In Sect. 3, we use Theorem
1 to derive approximations for several summary statistics of the CMP distribution.
In Sect. 4, we present numerical results that confirm that the lower-order correction
terms result in more accurate estimates of Z(X, v). We discuss our results in Sect. 5.
Finally, in “Appendix A”, we prove Theorem 1 and the technical Lemma 2.

2 A probabilistic derivation of the leading term in the expansion

In this section, we give a probabilistic derivation of the asymptotic formula (2). The
basic approach is the same as the one given in Simgek and Iyengar (2016), but additional
care is taken to make the proof rigorous. After presenting our proof, we shall compare
our argument to theirs; see Remark 4. Before giving the proof we state a technical
lemma, which we prove in “Appendix A.2”.

Lemma 2 Let X, ~ Po(a), where « > 0, and set Xy = X“—J;‘ Let Z ~ N(0, 1)

have the standard normal distribution. Suppose that h : R — R does not depend on
a.
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(1) If h is differentiable with bounded derivative on R, then
E[h(Xe)] = E[h(Z)] + O™ ?), asa — .

(i) Ifhis aneven function (h(x) = h(—x) forall x € R), and h is twice differentiable
with first and second derivative bounded on R, then

E[h(Xo)] = E[(Z)] + O@@™"), asa — oo.

Proof of (2) for all v > 0. For convenience let us reparametrize the CMP family with
o = AV, Then the asymptotic formula (2) for C(a, v) := Z YV, v) becomes

Clavy = — [1+0@™)]. asa— o ©6)
Qra) 2 /v

The proof involves three steps. First, we write the normalizing constant C(w, v) as
an expectation of a function of the random variable X, ~ Po(«). We then obtain an
asymptotic approximation for this function, and finally use a normal approximation
of the Poisson variate X, to approximate the expectations.

Step 1. Express normalizing constant as an expectation. Notice that

00 ak v ) ak ak v—1 aXa v—1
— N =% = =e”
C(O"”)—Z<kv) =¢ ];e k! (k') =k <Xa'> ’

k=0

)

where X, ~ Po(«). When « is large, X, will, with high probability, be concentrated
around «. Recalling Stirling’s approximation I'(x 4+ 1) & x*e™"+/2mx, as x — oo,
motivates writing the normalizing constant as

Xo eV

v—1

o a%e 2«

= ——E[fe(Xo)],
ae~ % 2ra I'Xe+1) ) Qra) 21 Jo(Xa

C(a,v) =e¢"E <

®)

where
£00) a¥e % 2ra\""!
X)) =\ —/——""T— .
* C'(x+1)
Note that the constant term here is the same as the asymptotic expression in (6) above,
except for the /v term in the denominator. The next steps of the proof involve showing
that E[ £, (Xo)] = v 2(1 + O(a™")), as o — oo.
Step 2. Approximation of f,. The central limit theorem says that as « — o0,

Xf/g“ 2) Z, where Z ~ N(0,1) (see “Appendix A.2” for further details). This
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motivates reparametrizing f, as follows:

T Vae= Dy ) vl

8a(¥) = fala +xya) = ( o+ xy/a+ 1)

We shall now obtain an asymptotic approximation for g, and later apply it together

D
the with approximation X, ~ o + Z./a. We begin by writing

e = (Ol +xva + %) In(e) —a + ln(iﬁ) —InT(e+xya+D. (9

v—1

Let us now note two useful asymptotic expansions:

1 In(2
T+ 1) = (r n E) I+ 1) — (¢t + 1) + n(zﬂ) +OGY, fort — oo,
(10)
28
1n(1+t)=t—5+§—|—(9(t4), fort — 0. (11)

From (10) we have that

InT (o + x4/t + 1)

_ <a+xﬁ+%)ln(a+xﬁ+l)—(a+xﬁ+l)+ ln(in)
+ O@™h
= (a—i—xﬁ-ﬁ-%)[ln(a)—}-ln (1+%+é)} — (@ +xJa+1)
lng”) + 0@,

Substituting into (9) and then applying the asymptotic formula (11) gives

—lnl()gi()lc)) f+1—<a+xf+ )m( +—+1)+O(a‘l)
e Ve x 1 1/ x  1)\?
=xJa+ —(a—i—x + )[7— ;—5(74‘_)
3
+l<i+é> }+O(a1)

3\ Ve
x2 X3 =3

=-= O™ Y.
5+ 6va +O@@™)
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Taking exponentials and using e’ = 1 41 4+ O(1?) as t — 0 gives

x2 x3—3x _1
go(x) =exp < —(v— 1);) exp <(v - I)W + O(a ))

—exp< (v 1)xz>|:1+(v 1)x3 — 3 +(’)(oc_l)i| as o — 00
U 2 RN ’ ‘
(12)

Step 3. Approximation of expectations. From the approximation (12), we have

E[ fo(Xo)] = Elga(Xe)]

;72 v—1 ~ 3 - s 2
— E[e—(v—l)Xa /2] n —IE[(XO, 3%, )e Do /2]
6/
+0@™),
where X, 2 X“—\/;‘ We now use Lemma 2 (see also Remark 3) to approximate the

expectations involving the random variable X, by the corresponding expectations of
the standard normal variate Z to obtain

Elfu (X)) = [E[e™"VZ2] + 0]

N { v—1 (IE[(Z3 _ 32)6—(V—1)22/2] + O(a_l/2)>} +0@™

6o
(13)
— E[e—(”—l)z2/2] + v—_lE[(z3 - 3z)e—<”—1>22/2] L 0@,
6V
(14)
Here, in applying Lemma 2, we made use of the fact that 4 (x) = e~ =Dx*/2 g ap

even function that is twice differentiable with bounded first and second derivative on
R, and that i (x) = (x> — 3x)e_(“_1)x2/2 has a bounded derivative on R. The second
expectation of (14) is equal to zero, because 3= 3x)e_("_1)"2/ 2 is an odd function.
We therefore have that

o
1
E X)) = —e_”tz/zdt—i—(’) aH=—+0@h,
o (Xo)] /_wm @) = 5=+ 06
so that
OlX“ v—1 eva
C(a,v) =¢e’E ( ‘> =—I1+ O], asa — oo,
Xo! Qra)z v
which completes the proof. O
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Remark 3 Using Lemma 2 allows us to quantify the size of the error in the approx-
imation (13). We could have derived the leading term in the asymptotic formula (2)
through a simpler argument by appealing to the fact that since X convergences in
distribution to the standard normal distribution we have that E[A (Xix)] — E[h(Z)],
as ¢ — 00, for all bounded functions # : R — R. However, this would have led to

the weaker result that C(«, v) = % [14 0(1)], as @ — oo.

Qra) T Jv

Remark 4 The basic outline of our proof follows that of Simsek and Iyengar (2016),
D D
who used the approximation 2+/Xy ~ N(2/a, 1),0r X ~ a + Z /o + ZTZ. Instead,

here we use the central limit approximation X, g a + Z./o, which is simpler and
leads to no error terms of larger order. Most importantly, our approach allows us to
appeal to results for approximating expectations from the Stein’s method literature.
Applying these results allows us to make the derivation rigorous and quantify the size
of the error in the approximation.

3 Applications: approximation of summary statistics

Many important summary statistics, such as moments and cumulants, of the CMP
distribution can be expressed in terms of the normalizing constant Z(A, v); see Section
2 of Daly and Gaunt (2016) for a comprehensive account, where all formulas below can

be found. Let X ~ CMP(A, v). The probability generating function is EsX = ZZ((S)LA ’v”)),
and the mean and variance are given by
d
EX =1—{In(Z(x,v))}, (15)
dx
d
Var(X) = A—EX. 16
ar(X) o (16)
The cumulant generating function is
g(0) = In(Ele™]) = In(Z(re', v) = In(Z(2, 1)),
and the cumulants are given by
an
kn=g"(0) = —In(Z(re',v)| , n=>1 (17)
The skewness y; = (% and excess kurtosis y; = g—j, where 62 = Var(X), can

therefore also be expressed in terms of Z(X, v). As moments can be expressed in
terms of cumulants, it follows that they in turn can be expressed in terms of Z(X, v).
Let u,, = EX". Then

n
M;‘l ZZBn,k(Klv"'5Kn7k+l)’ (18)
k=1
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where the partial Bell polynomial (see Hazelwinkel (1997), p. 96) is given by

Bl’l,k(xl k] x2’ D) xn7k+l)
Z n! (Xl )jl <x2>j2 ( Xn—ktl )jnk+l
Jupt et \ 1)\ 21 (n—k+1)! ’
where the sum is taken over all sequences ji, j2, j3, ..., ju—k+1 Of nonnegative inte-

gers such that the following two conditions hold:

Ji+ a4+ k1 =K,
J+2p+3p+--+0—k+1)ji—k+1 =n.

The central moments wu,, = E[(X —EX)"] can be obtained by setting 1 = 0 in (18).
For general parameter values, there do not exist simple closed-form formulas for
these summary statistics. However, due to the asymptotic approximations of Z (%, v),
we can obtain approximations. Shmueli et al. (2005) used the formula (15) and the
approximation (2) for the normalizing constant to obtain the approximation

Ex~o Y=l an o 0o (19)
2v '
Their result was given for integer v, but as the approximation (2) has since been shown
to be valid for all v > 0, it follows that (19) also holds for all v > 0. Daly and Gaunt
(2016) used the approximation (2) to derive the leading-order term in the asymptotic
expansion of a number of further summary statistics, which hold for all v > 0.

In the following proposition, we use the asymptotic expansion (4) to obtain addi-
tional correction terms for several important summary statistics. The expansions we
present include the first four terms in the asymptotic series for the above summary
statistics, except for the moments for which we obtain the first three terms owing
to more complicated expressions. With further calculations, one could readily obtain
additional terms, although this would complicate the exposition and lead to only neg-
ligible improvements in accuracy.

Proposition 5 Let X ~ CMP(A, v), where v > 0. Then, as A — 00,

2 2
EX = A/v 1_V;I)L—l/v_v__l)h—z/v_v__l)h—3/v+0()\—4/‘)) ,
2403

2v 242
(20)
ALy v2—1 v —1
Var(X) = 1 ATV AT oYY ), 21
ar(X) v(+24v2 ST OGN @D
ALY (D" =1 5, (=" -1
_ —2/v —3/v —4/v
R <1+ T Ty o0 )>’
(22)
A2 502 =1) T2 —1)
= 1— AT 3 oYY ), 23
M= < 4812 YIE + OG0 23)
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AT -1, Wr=1
= 11— —— a2y 3007y ), 24
vz v < 2402 T + O ) 24)
W= Al (1 $ D5 g gy O(A—””)), 25)
where

B n(v—1)(6nv2—3nv—15n+4v+10)+1 AL
2= 2412 21\3 4l

The asymptotic series (22) for k, holds for alln > 2, and k1 = EX.

Proof We start with the mean. To obtain the desired level of accuracy, it suffices to
truncate the asymptotic series (4) for Z(A, v) at the third term:

exp {val/’}
70-D/20 2y 0-D2 /5

Z(v) = (14 () + e (al?) 2 + 0073,

as A — oo. Taking logarithms gives

v—1

In(Z(x, v)) = vAl/Y — In(2) + C,

v
+In (14 v A7V 4 ™27 4 00.73)).

where C, = —In ((27[)(”_1)/ 2\/;) Applying the asymptotic formula
In(1 + ax + bx*> + O(x>)) = ax + (b — a*/2)x*> + O(x>), asx — 0,
then yields

2 —¢1/2)
—
v

—1
In(Z (@, v)) = vA /Y — VT (1) +C, + %rl/” G 2V L 073,

(26)
We now differentiate the asymptotic series to obtain

d v—1 ¢ 2
EX = A—{In(Z(, )} = 2" = = = S = Sy = }y2)a
d)\{ n(Z(, v 2v v2 3\ i/
+0G7),
which on recalling that ¢; = % and noting that ¢; — c% /2 = ”igl yields the

desired asymptotic series for the mean. Here we differentiated the asymptotic series
(26) in the naive sense by simply differentiating term by term. This is justifiable here
(and throughout this proof) because the remainder term is of the form 322 5 ax A =%/7.
However, as noted by Hinch (1991), p. 23, asymptotic series cannot be differentiated
in this manner in general. The asymptotic series (21) for the variance now follows
from differentiating the series (20) and applying the formula (16).

@ Springer



The normalizing constant of the CMP distribution 173

‘We now move on to the cumulants. As k1 = [EX, we restrict our attention ton > 2.
From (26) we have

-1
In(ZGie' ) = va! el = et 4 oy ey (2!l ) !

+ (c2 — /2 (e ) L oY),

where C), , = —*5~ ln(k) + C,. Using (17) and differentiating gives, forn > 2,
on )Ll/v (—1)"6‘1 | ( 2)”(6‘2 —C1/2)
_ 7 — N Y A2/
Ky = P In(Z(xe', v)) - = prEs AL s v
+ 003,

which on substituting ¢ = 2571 and ¢ — ¢2/2 = =L yields (22),
We now obtain the asymptotic expansions for the skewness y; = % and excess
kurtosis y» = (%. From (22), (23) and (21) we have

A—I/ZV \12 -1 ) 1)2 -1
- _ =2/v _ 7 " 43/ -4/
n=-—r (1 T 0 ”))
-3/2

L PRETR e PEY —4/
1+ 24v2k P+ ——= Ao , (27)

12v

and

A v —1 v —1
— 1 A._Z/U —)\'—3/11 O )\'—4/1)
2 v ( + 2412 + 3v3 +0( )

-1 o V-1, )"
1 a2 T oy 28
< * 2412 + 1203 +0( )> (28)

Applying the asymptotic formula

1 4+ ax? + bx3

— 2 3 4
m—l—i—(a—nc)x +(b—nd)x +O(.X ), asx—>0,

with n = 3/2 and n = 2 to (27) and (28), respectively, then yields (23) and (24).

Finally, we obtain the asymptotic expansions for the moments /. Note that
K1, ...,k are all of order AV as A — oo. Hence, from (18) and the asymptotic
expansions (20) for EX = «; and (22) for the cumulants «,,, we have

e (o () (e nou

v—1 2 —1 "
— )Ln/v 1 — )L—l/u _ )L—Z/v O A—3/U
< 2v 2412 +0( )
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L 1 ) 2/
(2>< > +0(x )> (1 +0(r ))
A(n 2)/u {(2) ( )} + OG0
= /v _nv-Dh  1/n (n—1)/v n\(v—1 2_n(v2—1)
="+ { 5 i -1, ) 1 +15) = S
(M= =1 1 ([n 2\, 2w e
1)(2) 2v + 1)2{(3) +3(4>}})‘ + O ),

which on simplifying yields (25). The proof is complete. O

4 Numerical results

Tables 1 and 2 give the percentage errors in approximating the normalizing Z(A, v)
by the asymptotic series (4). The values of A and v in Table 1 are the same as those
used by Shmueli et al. (2005), who also looked at the percentage errors of the leading
term in the approximation. The values of A and v given in Table 2 provide additional
insight into the quality of the approximation in a different parameter regime. Looking
at Table 1, we see that when A is small the approximation underestimates Z (A, v), and
the approximation is particularly poor when v is also small. In these cases, including
additional corrections terms actually leads to a worse approximation. However, as
expected, the approximation improves as  increases, particularly when A!/" increases.
For A > 1.1, including the first correction term always leads to a more accurate
approximation, and when A > 1.5 including both the first- and second-order correction
always leads to the most accurate estimate. For A = 1.9, including second-order
correction gives estimates that are more accurate by an order of magnitude than using
just the leading-order term, and the absolute error is always less than 1%. One can
also see from Table 1 that the approximation is particularly accurate when v is close
to 1. This is to be expected because when v = 1 the leading term in the asymptotic
expansion (4) reduces, for all A > 0, to e*, meaning that the approximation is exact
since Z(A, 1) = e*.

We carried out a similar analysis for the mean, variance, skewness and excess
kurtosis. We obtained very similar results, which is unsurprising given that all the
these summary statistics can be expressed in terms of Z(A, v). For space reasons, we
omit the results.

Lastly, we remark that the largest value of the normalizing constant in our study
was Z(1.9,0.1) = 5.49743309747796 x 10?8, For larger A, approximating Z (%, v) by
truncating the exact sum at some large value would be computationally challenging,
whereas the asymptotic approximation (4) offers an accurate and computationally
efficient alternative. Indeed, taking eight terms in the asymptotic approximation gives
us 5.49743309747884 x 10?8, and hence the relative error is 1.59 x 10713

@ Springer



The normalizing constant of the CMP distribution

175

Table 1 Percentage error for the approximation of Z(A, v) by the leading-order term, with first-order
correction, and with second-order correction in (4)

A 0.1 0.3 0.5 0.7 0.9 1.1 1.3 1.5 1.7 1.9

0.1 —-100 -—-78.7 =358 —108 —1.39 0.106 —1.89 —-524 —-896 —12.6
0.1 -101 —101 —101 —834 —12.6 6.57 10.9 10.0 7.38 4.19
0.1 -101 —101 —101 —101 -92.3 30.6 40.5 34.9 27.5 20.7
03 =977 =384 -6.81 1.10 1.08 —1.37 —442 744 —-10.2 —12.7
03 -101 —-101 =715 —16.0 —2.31 0.974 0918 —-0.268 —1.78 —3.31
03 -101 —-101 -101 —83.0 -9.42 4.19 6.25 5.34 3.66 1.87
05 —833 —120 287 3.70 142 —145 —424 —-677 -9.02 -11.0
05 -—-101 —101 —229 —4.77 —0.505 0.023 —-0.631 —-1.64 —2.68 —3.66
05 —-101 —101 —101 —20.7 —2.80 1.29 1.80 1.23 0.338  —0.575
0.7 —49.1 2.16 6.05 4.16 138 —133 378 —-596 —7.86 —9.54
07 —-101 —402 =747 —1.11 0.058 —0.244 —0.985 —-1.81 —2.56 -3.29
07 -101 —101 =342 -7.23 —1.03 0.444 0473  0.030 —0.538 —1.09
09 =859 7.77 6.59 3.93 125 —-1.18 =334 —-524 —6091 —8.39
09 -101 —11.6 —1.63 0.258 0.248 -0.315 -1.02 -—-1.71 =232 —2.85
09 -101 =557 —115 —2.72 —-0.372  0.121 —-0.022 —-0.377 —-0.775 —1.14
1.1 9.76 8.51 6.05 3.48 1.10 —-1.04 —-294 —464 —6.15 —7.49
1.1 =770 —1.47 0.575 0.740 0.300 —0.317 —0.949 —-1.53 —-2.04 —2.46
1.1 —400 -—-13.1 —3.81 —-0.933  —0.097 -0.014 -0.215 -0.507 —-0.802 —1.06
1.3 4.80 7.08 5.15 3.00 0.960 —0.915 -2.61 —4.14 —553 —6.77
1.3 1.67 1.43 1.26 0.853 0.296 —0.294 —-0.852 —-1.35 —1.78 —2.13
1.3 0576 =234 —-0970 —0.180 0.023 —0.069 —0.283 —0.527 —0.755 —0.944
1.5 0813 5.09 4.20 2.56 0.835 —0.809 -2.34 =374 —-5.02 —6.19
1.5 0.092 1.65 1.31 0.812 0.270 -0.263 —-0.754 —-1.19 —1.55 —1.85
1.5 0.032 0227 0.062 0.129 0.072 —0.090 -0.296 —-0.503 —-0.686 —0.829
1.7 0210 3.36 3.36 2.17 0.729 —-0.719 -2.10 -3.40 —4.60 —5.71
1.7 0.005 1.14 1.12 0.713 0.238 —0.231 —0.662 —1.04 —1.36 —1.63
1.7 0.000 0.526 0.371 0.237 0.087 —0.093 —0.284 —-0.462 —-0.612 —0.724
1.9 0.068 2.14 2.65 1.84 0.639 —0.643 —-191 -3.11 —4.25 —5.30
1.9 0.001 0.620 0.875 0.600 0.205 —-0.202 —-0.581 —-0.918 —1.20 —1.44
1.9 0.000 0333 0.398 0.255 0.088 —0.089 —0.262 —0.416 —0.543 —0.633

A negative number means that the approximation is less than the true value.
denoted by 101

5 Discussion

Errors greater than 100% are

The problem of approximating the CMP normalizing constant Z (X, v) dates back to
Shmueli et al. (2005), who derived the leading-order term in the asymptotic expansion
for large A and integer v. Their conjecture that the approximation is valid for all v > 0
was recently confirmed by Gillispie and Green (2015). In this paper, we complemented
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Table 2 Percentage error for

the approximation of Z (%, v) by
the leading-order term, with A 25 3 3.5 4 4.5 5
first-order correction, and with

second-order correction in (4) —6.40 —8.24 —9.88 —11.3 —126 —13.6
—1.12 —1.17 —1.06 —-0.791 —-0.356 0.257
—-0.292  —0.083 0.291 0.834  1.56 2.48
—5.58 —7.42 -9.12 -10.7 —12.1 —134
—0.838 —0.936 —-0.930 -0.822 —0.604 —0.257
—0.174  —0.029 0.226 0.595 1.09 1.73
—5.04 —6.86 —-8.60 —10.3 —11.8 —133

—-0.679 —-0.809 —-0.875 —-0.881 —0.821 —0.675
—0.120 —0.023 0.149 0.393  0.718 1.15
—4.65 —6.45 —8.21 -9.92 —11.6 —13.1
-0.577 -0.727 -0.839 -0.923 —-0.978 —0.984
—-0.092  —0.027 0.088 0.244  0.446 0.713

O O© O 0 0 W N J 9NN N R R R W W W

—435 —612 -788 —9.63 —113  —130

—0.505 —0.666 —0.808 —00945 —108 —120

—0.075 —0.032  0.044  0.139 0250  0.395

—4.10 —-585 —7.61 -937 —11.1  —12.9

—0451 —0.617 —0778 -0951 —1.15 —135

—0.064 —0.036  0.013 0065 0.112 0.163

-390 562 —737 -9.14  —109 —12.7

—0.409 —0.576 —0.749 —0946 —1.18  —1.46
—0.056 —0.038  0.007 0015 0015 —0.005

10 —3.73 —542 —716 —893 —107 —126

A negative number means that 10 -0.375 —-0.542 -0.720 -0.932 —1.20 —1.52
the approximation s less than 10 —0.049 —0.039 —0.021 —0.018 —0052 —0.126

the true value

this result by filling in a gap in a work of Simgek and Iyengar (2016) to obtain a simpler
probabilistic derivation.

Whilst novel and interesting, these approaches do not easily allow one to obtain
lower-order terms. The main contribution in this paper is Theorem 1, which gives the
entire expansion for all v > 0. We arrived at our proof by recognizing Z (X, v) as
a generalized hypergeometric function, for which there is a large body of literature
on its asymptotics, some quite recent. We then simply generalized results of Lin and
Wong (2017) to obtain the expansion.

The coefficients in the expansion are given in terms of quantities c¢; that are uniquely
determined by (5). We stated the first eight terms, which should suffice for most prac-
tical purposes. Further terms will involve computer algebra. We used our expansion to
approximate several important summary statistics. We gave the first four terms, which
again we expect to suffice in most practical situations, and straightforward calculations
would allow one to readily obtain further terms.
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Part of the motivation for studying the asymptotics of the normalizing constant is
that many important summary statistics can be expressed in terms of it. However, there
are of course important summaries that do not involve such simple representations,
such as the median. We were therefore unable to exploit our asymptotic series to
improve on the current best approximation of Daly and Gaunt (2016). We leave this
and related approximations as interesting further open problems.
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A Further proofs
A.1 Proof of Theorem 1

The generalized hypergeometric function is defined by

o
(@) (ap)n 2"

F (CZ], ’aP;Z) — —P 3
piq\by,.., bq Z (b])n(bq)n n!

k=0

provided none of the b; are nonpositive integers, where the Pochhammer symbol is
(a)o=1and (@), =ala+ 1)(@+2)---(a+n—1),n > 1. In the case that p < g
the infinite series converges for all finite values of z and defines an entire function.
For more details see §16.2 in the NIST Library (2016). As noted by Nadarajah (2009),
Z(A,v) =0F,_1(G 1, ..., 1; A) for integer v. Thus, we can exploit the well-developed
theory for asymptotics of the generalized hypergeometric function to obtained an
asymptotic expansion for Z(A, v) when v is an integer. Indeed, 16.11.9 in the NIST
Library (2016) can be used to write down the entire expansion for integer v. However,
this expansion is only valid for integer v, and, since by = --- = b,_; = 1, the
coefficients of the lower-order terms in the expansion must be obtained via a tedious
limiting procedure. We can, however, make use of a recent work on the asymptotics
of the generalized hypergeometric function to prove Theorem 1.

Proof of Theorem 1 We obtain the expansion (4) by appealing to results from the
recent work of Lin and Wong (2017), in which the large z asymptotics of the generalized
hypergeometric function , Fy (Z}Zf; ; z) are discussed. Here we will have p = 0,
all the by = 1 and ¢ = v — 1. In the proof of Lemma 4.3 in Lin and Wong (2009) it
is not essential that g is a nonnegative integer and below we copy the main steps.

Lin and Wong (2017) used as their starting point the integral representation 16.5.1
in the NIST Library (2016) of the generalized hypergeometric function. As mentioned
in the introduction, the integral representation (3) is just a simple generalization of
16.5.1 in the NIST Library (2016). We rewrite it as

_ _ t
Z0uv) = — (LA DI Ch o) (29)
mi), T TG+
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and use the inverse factorial expansion (again, see Lin and Wong (2017), or §2.2.2
in Paris and Kaminski (2001), and for more information about factorial series see
Weniger (2010))

o0
p(E+1/2) ¢

(re+1)—"= m)v=b/2 /X:(:) Ft+ A 4+v)/2+j) (30)

in the integral in (29) and combine this with the proof of Lemma 4.3 in Lin and Wong
(2017). The result is asymptotic expansion (4).
To compute the ¢; we substitute the Stirling approximation

2\ 1/2
I'(x) ~ e_xxx<—> E g—i X — 00,
X k_ox

(see 5.11.3 in the NIST Library (2016) into both sides of (30). Here go = 1, g1 = %,
&= ﬁ, and further values are given in 5.11.4 — 5.11.6 in the NIST Library (2016).
In this way we obtain large ¢ asymptotic expansions for both sides of (30) and we
can compare the coefficients to find the ¢;. Computer algebra is very useful for this
process; we used Maple to obtain the first eight coefficients. The result is:

V2 —1 v2—1 5
c=1 c= T 2= Tis; (v +23>,
v2 -1
= 5v% — 29812 +11237),
e 414720( v vt )
v —1 6 4 2
Cl=— <5v —1887v* — 24104102 + 2482411) ,
30813120
2
—1
R (7v8 — 742000 +14512740* — 220083004v2+1363929895) ,
6688604160
2
v —1
= (35019 —782950% + 762993261° + 25171388146v*
= 4815794995200 ( Y v v Y

—915974552561v% + 4175309343349) ,

_ w2 —1
~ 115579079884800
+7134232164555v* — 1428386629979821> + 525035501918789) . (31)

7 (5u12 —20190v'° + 4570049118 — 1995611798810

m}

A.2 Proof of Lemma 2

Let us first note two results that were derived using Stein’s method. Theorem 6 is
proved in Stein (1986), whilst Theorem 7 is a special (and slightly simplified) case of
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the general bound of Theorem 3.5 of Gaunt (2015). The simplified bound is, however,
sufficiently tight for the purpose of proving part (ii) of Lemma 2.

Theorem 6 Stein (1986). Let X1, ..., X, be i.i.d. random variables with EX; = 0,
EX? = 1 and E|X > < oo. Set W = %ﬁ Yo' Xi and let Z ~ N(0, 1). Suppose
h : R — R has a bounded first derivative on R. Then

1710

E[h(W)] — E[h(2)]| < 2+ E|X ),
[E[R(W)] — E[R(2)]] < ﬁ(+|1|)
where ||h| oo = sup,cp |A'(x)].
Theorem 7 Gaunt (2015). Let X1, ..., X, and W be defined as in Theorem 6, but

with the additional assumption that E|X1|® < oco. Suppose h : R — R is an even
function and is twice differentiable with first and second derivative bounded on R.
Then there exists a constant C independent of n such that

C
IE[h(W)] — E[h(Z)]| < ;(nh’noo + 117" o) (1 + [EXT 1) EIX 1 |°.

Proof of Lemma 2 Let X, ~ Po(a) and set X, = X“—\/g’ We shall suppose o > 1
(later we shall let oo — 00). Also, let Y1, ..., Y|4 bei.i.d. random variables following

the Po(Lg—J> distribution, where the floor function x| is the greatest integer less

than or equal to x. Then, by a standard result, Z}ijl Y; ~ Po(w), and so is equal in

distribution to X, . Therefore X, = \/L& ( Z}g Y; — ). In order to apply Theorems 6
and 7, we note that

~ D 1 L] -
Xy = i
Bt
where
= L] o .
Y=, —|Yi—-—), i=1,...,|a].
o L]
The random variables )71, R )7n are 1.1.d. with E)N’l =0and IEf’lz = 1. The absolute

moments of f’l up to sixth order are also finite and are O(1) as @ — o0. Parts (i) and
(i) of the lemma (for which different assumptions are made on the function /) now
follow from applying Theorems 6 and 7 to bound the quantity IIE[h(X~ )1 —E[R(Z)]]
and noticing that the resulting bounds are of order O (o /%) and O(a~1), respectively,
as o — 00. O

References

Boatwright, P., Borle, S., Kadane, J. B. (2003). A model of the joint distribution of purchase quantity and
timing. Journal of the American Statistical Association, 98, 564-572.

Conway, R. W., Maxwell, W. L. (1962). A queueing model with state dependent service rate. Journal of
Industrial Engineering, 12, 132-136.

@ Springer



180 R. E. Gaunt et al.

Daly, F., Gaunt, R. E. (2016). The Conway—Maxwell-Poisson distribution: Distributional theory and approx-
imation. ALEA: Latin American Journal of Probability and Mathematical Statistics, 13, 635-658.

Gaunt, R. E. (2015). Stein’s method for functions of multivariate normal random variables.
arXiv:1507.08688.

Gillispie, S. B., Green, C. G. (2015). Approximating the Conway—Maxwell-Poisson distribution normal-
izing constant. Statistics, 49, 1062—-1073.

Hazelwinkel, M. (1997). Encyclopedia of mathematics, Supplement I. Dordrehct: Kluwer Academic Pub-
lishers.

Hinch, E. J. (1991). Perturbation methods. Cambridge: Cambridge University Press.

Kadane, J. B., Shmueli, G., Minka, T. P., Borle, S., Boatwright, P. (2006). Conjugate analysis of the Conway—
Maxwell-Poisson distribution. Bayesian Analysis, 1, 403—420.

Lin, Y., Wong, R. (2017). Asymptotics of generalized hypergeometric functions. Frontiers of orthogonal
polynomials and g-series. Singapore: World Scientific. (preprint).

Nadarajah, S. (2009). Useful moment and CDF formulations for the COM-Poisson distribution. Statistical
Papers, 50, 617-622.

NIST Digital Library of Mathematical Functions. (2016). Olver, E. W. J., Olde Daalhuis, A. B., Lozier,
D. W, Schneider, B. L., Boisvert, R. F.,, Clark, C. W., Miller, B. R., Saunders, B. V. (eds.). http://dlmf.
nist.gov/. Release 1.0.12 of 2016-09-09.

Olver, F. W. J. (1974). Asymptotics and special functions. New York: Academic Press.

Paris, R. B., Kaminski, D. (2001). Asymptotics and Mellin—Barnes integrals. Cambridge: Cambridge Uni-
versity Press.

Pogany, T. K. (2016). Integral form of the COM-Poisson renormalization constant. Statistics and Probability
Letters, 116, 144—145.

Rodrigues, J., de Castro, M., Cancho, V. G., Balakrishnan, N. (2009). COM-Poisson cure rate survival models
and an application to a cutaneous melanoma data. Journal of Statistical Planning and Inference, 139,
3605-3611.

Sellers, K. F., Shmueli, G. (2010). A flexible regression model for count data. Annals of Applied Statistics,
4,943-961.

Sellers, K. F,, Borle, S., Shmueli, G. (2012). The COM-Poisson model for count data: A survey of methods
and applications. Applied Stochastic Models in Business and Industry, 28, 104-116.

Shmueli, G., Minka, T. P., Kadane, J. B., Borle, S., Boatwright, P. (2005). A useful distribution for fitting
discrete data: Revival of the COM-Poisson. Journal of the Royal Statistical Society: Series C, 54,
127-142.

Simsek, B., Iyengar, S. (2016). Approximating the Conway—Maxwell-Poisson normalizing constant. Filo-
mat, 30, 953-960.

Stein, C. (1986). Approximate computation of expectations. Hayward, California: IMS.

Weniger, E. J. (2010). Summation of divergent power series by means of factorial series. Applied Numerical
Mathematics, 60, 1429-1441.

@ Springer


http://arxiv.org/abs/1507.08688
http://dlmf.nist.gov/
http://dlmf.nist.gov/

	An asymptotic expansion for the normalizing constant of the Conway–Maxwell–Poisson distribution
	Abstract
	1 Introduction
	2 A probabilistic derivation of the leading term in the expansion
	3 Applications: approximation of summary statistics

	4 Numerical results
	5 Discussion
	Acknowledgements
	A Further proofs
	A.1 Proof of Theorem 1
	A.2 Proof of Lemma 2

	References




